An Embeddedoundaryintegral Solver for the
StokesEquations'

GeogeBiros , Lexing Ying , andDenisZorin
CourantInstituteof MathematicalSciencesiNew York University, Nen York 10012
Email: f biros,lexing,dzorirg@cs.tyu.edu

Version:June2002

We presentanew methodfor thesolutionof the StokesequationsOurgoalis to developarobust
andscalablemethodologyfor two andthreedimensionalmoving-boundary o w simulations.Our
methodis basedn Anita Mayo's methodfor thePoissors equation:“The Fast Solution of Poisson’s
and the Biharmonic Equations on Irregular Regions”, SIAM J. Num. Anal., 21 (1984), pp. 285—
299. We embedthe domainin a rectanguladomain,for which fastsolvers are available,andwe
imposethe boundaryconditionsasinterface (jump) conditionson the velocitiesandtractions. We
usean indirect boundaryintegral formulation for the homogeneous$tokes equationsto compute
the jumps. Theresultingintegral equationsarediscretizedby Nystrom's method. The rectangular
domainproblemis discretizedby nite elementdor avelocity-pressuréormulationwith equalorder
interpolationbilinearelementgQ1-Q1). Stabilizationis usedto circumenttheinf — sup condition
for thepressurepace For theintegral equationsfastmatrix vectormultiplicationsareachiezedvia a
N log N algorithmbasedon a block representationf thediscreteintegral operator combinedwith
(kernelindependentkingularvalue decompositiorto sparsifylow-rank blocks. Our codeis built
ontop of PETSc,an MPI basedparallellinear algebralibrary. Theregulargrid solver is a Krylov
method(ConjugateResidualsgombinedwith anoptimaltwo-level Schwartz-preconditionef~or the
integral equationwve useGMRES.We have testedour algorithmon severalnumericalexamplesand
we have obsered optimal cornvergencerates.

Key Words: Stokesequationsfastsolvers,integral equationsdouble-layerpotential,
fastmultipolemethodsembeddediomainmethodsimmersednterfacemethods,ctitious
domainmethodsCartesiargrid methodsmoving boundaries

1. INTRODUCTION

In this paperwe proposea boundaryintegral methodfor the steadytwo-dimensional
Stokesequationsn irregulardomains We have developedthis methodasa building block
for a Navier-Stokes solver for problemswith moving boundaries. Most state-of-the-art
methoddor suchproblemsywith the notableexceptionof theimmersedoundarymethod,
requireunstructuredneshedor local discretizations.For irregular domains,meshgen-
erationis still a bottleneck—especialljor three-dimensionaproblems,problemswith
moving boundarieandwhenparallelimplementationgreused[2]. This makesmethods
basedn x edCartesiargridsattractve for suchproblems.

For certaintypesof PDEsthereis an alternatve formulationwhich is basedon inte-
gral equations.For example,a constantcoefcient elliptic problemcanbe solved using
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a boundaryintegral formulation. This approachs ideal for exterior problems,it allevi-
atesthe needfor unstructuredneshesandit dramaticallyreduceshe sizeof the discrete
problem(reductionof dimensionality).

Several researcherdave usedboundaryintegral formulationsto solve the homoge-
neousStokesproblem.Thebasicformulationcanbefoundin [21, 35, 36]. In [12, 27, 34],
the homogeneousStokes problemis solved using boundaryintegral representatiomom-
binedwith multipole-like far- eld expansiongo acceleratehe matrix-vectormultiplica-
tions. In [33, 37, 41] boundaryintegralequationdave beenusedfor problemswith moving
anddeformingboundariesin [14] the Stokesproblemis posedasa biharmonicequation
andit is solvedfor bothinterior andexterior problems.

Despiteits effectivenessa boundaryintegral formulationbecomedessattractve for
problemswith distributedforces.If aboundaryformulationis usedthenit is necessaryo
computedomainconvolutionsof the forcing term with the fundamentakolution. These
integrals are also known as Newton potentials While fast multipole methods(FMM),
[15], canbe usedto acceleratehe integration,the integralsarequite dif cult to evaluate
accuratelyfor pointscloseto theboundaryasthe kernelsbecomenearlysingular

An alternative methodwhich originally appearedn Anita Mayo's work [28], for the
Laplaceand biharmonicoperatorsuses nite differenceson regular grids to ef ciently
evaluatethe contribution from the distributedforces. This approachwasalsousedin [29]
in combinationwith fastmultipole methodsfor the boundaryintegral equation. In this
paperwe term this methodas the Embeddedoundaryintegral method(EBI). With the
EBI methodwe embedthe o w domaininside a larger simple domain,typically a regu-
lar domainfor which fastandscalablesolversareavailable. The velocity andpressurere
suitablyextendedo theregulardomain;theoriginalboundarnbecomesninterfaceacross
which, dependingon the extension the velocitiesandtractionsarein generaldiscontinu-
ous.An integralformulationis usedto computea suitableextensionandtheintefacejumps
of thevelocity andits derivatives.Oncethisis done, Taylor expansionsareusedto express
thesejumpsasa body force at regular grid pointswhich are closeto the interface. This
body force, which appearsn the right handside of a the regular grid problem,we term
Taylor ExpansionStencil Correction(TESC).Dependingon the detailsof theimplemen-
tationthe methodcanbe rst, secondor higherorderaccurate.In this paperwe extend
this approacho the Stokes equationand presentfastnumericalmethodsfor solving the
boundaryintegral equationsandthe correctedequationson theregulargrid. We have also
extendedthe methodto the elastodynamicandto the unsteadyNavier-Stokesequations.
For thelatter preliminaryresultscanbefoundin [5].

Thereis a greatamountof work on fast solversfor PDE's in irregular geometries.
Researclon this topic dateshackto the seventies[6]. In this paperwe focusour attention
to methodswhich arecloselyrelatedto EBI.

Most of the fundamentalideasthat we will discussbelow, the connectionbetween
immersedinterfacespotentialtheory and integral equationsthe interpolationbasedap-
proximationsof jumps,the stencilmodi cation aroundthe boundary andthe utilization
of regular grids, go backto the capacitancenatrix method[38]. NeumannandDirichlet
problemsaresolvedfor the LaplaceandHelmholtzproblemsusingdomainembeddingnd
nite differencesThestencilsthatcrosstheinterfacearemodi ed andtheresultingmatrix
is written asa sumof the standard ve-pointLaplaceoperatorandof a low rank modi -
cation. This matrix canbeinvertedby the Sherman-Morrison-Wodhury formula. Instead
the authorssolve for the jump conditions rst (the discretepotential). For the Neumann
problemthetwo approacheareequialentbut for theDirichlet problemaredifferentsince
the double-layempproximatiorresultsin well conditionedproblemsfor the unknown in-
terfacejumps. Oneshortcomingof the methodis the requiremenbf several regular grid



solves.

One of the most successfutechniquess the Immesed BoundaryMethod[31, 32]
which wasdesignedor a Poissorproblemfor a solve for the pressurawvithin a projection
algorithmfor the unsteadyNavier-Stokesequations.The interfaceis modeledasa setof
one-dimensionalleltafunctionswhosediscretizatiorgivesa forcing term. The methodis

rst-order accuratedueto smearingof the boundarylayersby the discretedeltafunctions.

ThelmmesedinterfaceMethod[23] is anextensionof theimmersedoundarymethod
which is second-orderaccurate. It is designedfor problemswith discontinuouscoef-
cientsandsingularforces.It hasbeensuccessfullyappliedto moving boundaryproblems,
for examplefor the Stokesproblemwith elasticinterfaceg24] andfor the Navier-Stokes
problem[26]. If the singularforcesareknown thenthe jumpsareknown and TESCscan
be computedxplicitly. For discontinuougoefcients IIM modi es the stencilsfor points
closeto the boundaryin orderto accountfor the jump conditions. The methodresultsin
non-standaranatricesand fastmethodsare not straightforwardto apply The immersed
interfacemethodaspresentedn [23] wasnot usedon Dirichlet on Neumanrproblemsin
generalrregularregions,sinceit requiresknown jump conditions.In [9], [IM is extended
to Neumanrproblemsby modifying interfacestencilsto accountfor the unknown jumps.
Laterversionsof IIM, (Explicit ImmersednterfaceMethod)[40], (Fastimmersednter-
faceMethod)[25], addressedon-standardhatricesby addingadditionalequationgor the
jumpsandextendedlIM to Dirichlet problems;this approachhowever appeardo result
in considerabladditionalcomputationatostsinceit requirestensto hundredf regular
grid solves.

Several other methodsproducediscretizationsbasedon regular grids, with modi ed
stencilsand/orright-handsidesto accountfor the embeddednterfaces.Chengand Fed-
kiw [7] describea secondordermethodfor the Dirichlet boundaryproblem. This method
resultsin symmetricpositive de nite matriceswith diagonally-modi edstencilsandwith
additionaltermson theright handside. In anotherclassof methods Cartesian- nitevol-
umemethodsthe stencilsmodi cations stemfrom appropriatemodi cation of nite vol-
umecellsto accounfor theintersection®f the Cartesiargridswith theinterface[1], [18].

Anotheralgorithm,similar to the IM andcapacitancenatrix methodsbut which rst
appearedvithin the nite elementcommunity is the ctitious domainmethod[8, 11].
Basedon a nite elementvariationalformulation, Dirichlet boundaryconditionsareim-
posedweakly as side constraints. This approachresultsin a saddle-pointproblemthat
includesthe primitive variablesplus Lagrangemultipliers. In fact certain ctitious do-
mainmethodsareintimatelyrelatedto the IM andEBI methodsIt canbe shovn thatthe
Lagrangamultiplierscorrespondo Neumanrconditionjumps.

The above methodssharesomecommonfeatures. Here we restrict our attentionto
problemswith constantcoefcients andforce singularitieswhich causeinterfacejumps.
Whenthesejumpsarea priori known, the stencilmodi cations canbe transferredo the
right handside using TESC.However this is almostnever the case. In general,inteface
discontinuitieshave to be solved for. Oneapproachs to modify the stencilsof the dis-
cretizationcloseto the interface(Cartesiargrids,immersednterfacemethod,Chengand
Fedkiwmethod) or to introduceadditionalequationg ctitious domain,jmmersedound-
ary, fastimmersednterface,explicit immersednterface).Modi ed stencilsmake it more
dif cult to apply fastsolvers, especiallyif the boundariesare moving. If additionalun-
knowns are used,a commonapproachis to invert the Schurcomplementorresponding
to theseunknowns. TheseSchurcomplementnatricescorrespondo discretization®f in-
tegral equationg38]. A matrix-vectormultiplication with suchmatrix will be expensve
sinceit involvesaregulargrid solve.

Computingthe jumpsdirectly via boundaryintegrals,which is the foundationof the



EBI method circumventssuchcostly operationdy decouplingheintefacewith the back-
groundgrid. Only oneintegral solve andtwo regulargrid solvesarerequiredndependently
of thecompleity of theimmersednterface.

In addition,transferringthe equationn the interfaceresultsin a naturalformulation
for coupledproblems.For examplein uid-solid interactionproblemstheinterfacecondi-
tionsarethe continuity of thetractionsandof thevelocities;theseconditionscanaugment
boundaryintegral formulationsfor the solid and uid. If animplicit methodis usedto
solve the equationsjn this formulationthe nonlineariterationscan be restrictedon the
interface. While time dependenproblemsrequirevolume computationsa fastsolver on
a structuredgrid helpsto minimize the computationakostof the volume discretization.
Theseconsiderationgndicatethat the EBI-basedmethodsmay have advantagedor such
problemswhich we planto explorein thefuture.

Oneshortcomingof the EBI methodis thatit canbe usedonly for problemswith a
domainthatcanbe partitionedto subdomain# which thefundamentasolutionis known.
The latter, however, doesinclude problemswith piecavise constantoefcients, andthus
EBI is suitablefor aquitelargeclassof problems Anotherproblemis thatEBI is relatively
complicatedto implementedbecausefor scalableand ef cient implementationsa fast
matrix multiplicationalgorithmfor theintegral equatiormustbe used.Thedetailsof such
animplementationfor exampleFMM) tendto dependon the underlyingkernel. In this
paperwe discussan ef cient N logN algorithmthat canbe usedwith ary kernelwith
rapiddecaypropertiesandonly requireskernelevaluations.

In thenext sectionwe presentheoverview of themethod.Subsequergectionsaddress
the detailsof the boundaryintegral formulation(Section3); discretizationsf the bound-
ary integral equationg(Section4.1), regular domainequationg(Section4.2) and Taylor
expansionstencilcorrectiongSection4.3). Section5 discussesheimplementatiorof the
method afastSVD-basedsolverfor the boundaryintegral equationin particular

Notation. Scalarswill be denotedwith lowercaseitalics, vectorswith lowercase
boldfaceletters;tensorsandmatriceswill be denotedwith uppercasdoldfaceletters.In-
nitely dimensionauantitieswill bein italics, whereasnite dimensionabnes(usually
discretizationsyvill benon-italicfonts. We use][[ ]] to denotehejump of afunctionacross
aninterface(exterior interior).

2. HIGH LEVEL DESCRIPTIONOF THE EBI METHOD

We seeksolutionsfor the interior, possiblymultiply-connected Stokes problemwith
Dirichlet boundaryconditions.We choosea primitive variableformulation(velocitiesand
pressures¥or whichthe momentumandmassconsenrationlaws aregivenby

u+rp=b in!; divu=0in!; u=g on : 1)

Hereu is thevelocity eld, p isthe pressureb is a known forcing term,andg is a given
Dirichlet boundarycondition for the velocity. The stresstensorS associatedvith the
velocity andpressurés givenby

S= pl+ (ru+ruf): )

We split the solution of the probleminto several stepsasfollows. We rst embed!
in an easy-to-discretizdomain , typically a rectangle.By linearity we decompos€1)
into two problems:oneproblemthathasaninhomogeneouBodyforceandzeroboundary
conditionsfor ; theotherhasno bodyforce,but nontrivial boundaryconditions:



up+rp=b in ; divu; =0 in u;=0 on ; €))
Ug+rpe=0 in !; divus =0 in !; us=g u; on : (4)

Domain is chosento make the fastsolution of (3) possible(Section4.2). For (4)
we usea doublelayer boundaryintegral formulation (Section3) to obtain the velocity
potential, , ontheboundary . Solutionu, for anarbitrarypointin theinterior of ! is
the corvolution of thedoublelayerkernelswith the velocity potential. The solutionof the
originalproblem(1)isu = u; + us,p= p1 + po.

In practicehowever, evaluatingu » usingcorvolution presentghe samedif culties as
the evaluationof a forcing term by corvolution. A differentapproachproposedy Mayo
[28], is to usethefactthatonceproblems(3) and(4) aresolved, the jumpsof the solution
u canbeveryaccuratelycomputedon . Conceptuallythereis a discontinuougxtension
us of ug on thatsatis es

us+rp3s=0in ; dvusg=0;, in ; uz=uy on ; (5)
Musll, = 5 [Ssnll, =1 psn+ (rusz+rul)n], =0 (6)

Numerically this problemis solved usingthe samesolver usedfor problem(3), but with
aright-handsidethat takesinto accountthe interfacejumps computedfrom the velocity
potential(Section4.3).

In summarythe EBI approachusesthefollowing steps:

1. solvwetheproblem(3) onthesimplerdomain ;

2. solve the boundaryintegral problemderived from (4) on to obtainthe velocity
potential;

3. computetheright-handsidecorrectionsrom the velocity potential;
4. solvethesecondegularproblemon with thecomputedight-handside;

5. addthesolutionsobtainedat stepsl and4 to obtainthe completesolutionon! .

3. THEDOUBLE LAYER FORMULATION FORTHE STOKESEQUATIONS

In this sectionwe describethe doublelayerintergral formulationof a problemof the
form (4). We assumehattheboundarycurve is curvature-continuousandthe domain!
is bounded We usethe notation

awl(x) = / cxy)w(y)d (v);

Y

to denotethe corvolutionfor akernelC; C(x; y)w is adot productfor vectorkernelsand
matrix-vectorproductfor matrix kernels.

Thefundamentakolutionfor the Stokesoperatorin two dimensionst is givenby:

Uy = U = 5 (it e D0 ™
4 2
x istheobsenationpoint,y isthesourcepoint,r := x y, := krky,and isthetensor

productof two vectors.This kernelis alsoknown asthe Stokeslet.



Similar to the potentialtheoryfor the Laplaceequationwe canintroducesingle and
doublesurfacepotentialsfor the velocity andthe pressure We useonly the doublelayer
potentialD for velocity andthe doublelayer potentialfor pressureX :

Dicy) = 2T T Ky = 1%<| 2! 2r>n(y) ®)

wheren (y) is theoutward surfacenormalat a boundarypointy. For aderivationof [35]
and[36].

Greensseconddentity canbeemployedto expressthe solutionof the Stokesproblem
in termsof boundaryintegralsandthusreducetheproblemto aboundaryintegralequation.
While being most general,this approachresultsin ill-conditioned systems. We usean
indirectformulationwhich yields systemawith boundedconditionnumber

We limit ourdiscussiorio theinterior Dirichlet problem.Theextensionto exteriorand
Neumanmroblemss straightforvard. We representhevelocitiesandpressureassurface
potentialscorvolutedby the doublelayerkernel:

u(x) = D[ 1(x); p(x) = K[ ]J(x); x in I: (9)

Here isthehydrodynamigotential. Takinglimits to the boundaryfrom theinterior and
exterior regionswe obtain

u(x) = % (x)+ D[ I(x); x on : (20)

Thevelocity u hasto satisfy f7 u nd = 0,adirectconsequencef theconserationof
mass. This constraintis anindicationthat for the simply-connectednterior problemthe
doublelayer operatorthasa null spaceof dimensionat leastone. In fact,it canbe shovn
([35], p- 159)thatthe dimensionof the null spaceis exactly one. The null spacecanbe
removed by a rank-onemodi cation ([35], p. 615). Let N (x;y) = n(x) n(y). We
representi as

u(x) = % (x)+ D[ 1)+ N[ 1(x); x on (11)

More generally for the multiply connectednterior problem,a direct calculationcan
verify thatthe doublelayerkernelhasa larger null space:it is spannedy potentialsthat
correspondo restrictionsof rigid body motion velocity elds on the boundary These

elds generatezero boundarytractionsand thus belongto the null spaceof the double
layerkernel. Supposdhatthe boundary consistsof n + 1 components; 1; ; »,

where ( enclosesll othercomponentsandletc,;p = 1; ;n beaninterior point of
p»- Following [35], werepresenti as

W)= 5 00+ DL+ NLI+ DU S 1+ SR, 01 (12)

p=1 p=1

wherer, = x ¢, R(r) = rt=4 2 andifr = (ry;ra3),rt = (ra; ry).
Thecoefcients , and , arecomputedby augmentind12) with

[ wdm= i=u2

i
[ wdm= . 13
ol



where ;;p= 1, ;n;i = 1;2;3are3n functionsspanninghenull spaceof thedouble
layer potential. Thesefunctionsare explicitly known ;,(y) = (1 2) fori = 1,2

g(y) = (y2; Y1) on ,—they are uid rigid-bodymotions,restrictedon ,,. In [35] is
shavn thatequationg12) and(13) guarante@ uniquesolutionof ; and for general
admissibleboundaryconditionu.

Jumpcomputation. Oncethe potenital is known, we needto computethe jumps
at the interfaceandthe velocity to usein equation(5) Equation(9) is de ned for points
inside! . We canuseexactly the samerelationto extendu in R2=! . Theresulting eld is
discontinuousicrosgheinterface.

From the propertiesof the doublelayer kernelfor an interior problemwe have the
following jump relationsfor velocity andstress:

[ull= : [Sn]l= 0 (14)

The jump on the pressurecan be deducedf we notice that the doublelayer kernel
K(x;y) canbealsowrittenas 2 r (L(x;y)), whereL(x;y) = (r n(y))= 2 isthe
doublelayerkernelfor the Laplaceequation.

From(14)we canderive a conditionfor the pressure:

[pl= 2 ¢t (15)

wheret is thecurvetangent.

In additionto jumpsin velocity and pressurewe alsoneedthe jumpsfor derivatives
of velocity and pressureaswell asthe jumpsin secondderivativesof the velocity; these
jumpsareusedto computecorrectiongo ensuresecond-ordeaccurag of the solutionof
theproblemonthedomain . Thederivationis presentedn theappendix.

4. DISCRETIZATION

4.1. Boundary Integral Equation

We discretize(11) by the Nystrom methodcombinedthe compositetrapezoidalrule
which achieve superalgebraicornvergencefor smoothdata. Without lossof generalitywe
assumé to be simply connected.Note thatthe doublelayer kernelhasno singularities
for pointsontheboundaryIndeed,

lim D(x;y) = 1(t t)E; X;y on
y—x 2

wheret andk arethetangentvectorandthe curvatureatx.
Let [0;2 ] be the curve parameterizatiorspaceand n the numberof discretization
pointswith h = 2 =n. We discretizeby:

u(y(ih)) = 05 (ih) + %ZD(y(ih):Y(i h)) (y(h) kry(hke
j=1

+n(y@) D> (yGh) n(yGh kry(hks i= L,

Jj=1



or

n

ZDU S Kry ke + niz i njkryjke; i=1:n (16)
j=1

j=1

u;= 05 ;+

Sl

whichresultsin adense2n  2n linearsystem.Herey () is the parameterizationf

While resultingsystemhasa boundedconditionnumber it is dense.Fortunately one
cantake advantageof the fastdecayof the Greens function with distanceandusea fast
methodto solve the system. A numberof suchmethodsexist; we usean SVD-based
methoddescribedn detailin Section5.1.

4.2. Finite elementformulation of the regular region

To solvetheequationsn theregulardomain we usea nite-elementdiscretizatiorof
the Stokesoperator It shouldbenotedthatwe usethe nite-elementformulationprimarily
asacorvenientmechanismo derive thediscretizatiorof the problem.For theregulargrid
the discretesystemobtainedby using nite elementds identicalto a systemobtainedby
a speci ¢ choiceof nite differencestencilsto which we canapply the right-handside
correctiongdescribedn Section4.3.

We have choserto solve for thevelocity andpressureimultaneouslyatherthanusean
Uzawaor pressureorrectionalgorithmusinga nite elemenimethodwith Q1-Q1 bilinear
elements. Thadwantageof the Q1-Q1 elementss thatthey probablyresultin oneof the
simplestimplementationgor the Stokessystemsincethey allow equalorderinterpolation
for the velocity andthe pressureon a unstaggeredrid 2. A surwey andrelatedreferences
on nite elementmethoddor the Navier-Stokesequationsanbefoundin [16], and[17].

With L2() we denotethespaceof scalarfunctions(in ) which aresquare-intgrable
andwith H '() we denotevectorfunctionswhose rst derivativesarein L %() .

We alsode ne

\Y

Q

{v2H) :vjr=0};

{ 2L%() : i d =0}:

The domainintegral constraintin Q is necessaryor pressureuniquenesgfor Dirichlet
problemspressuras de ned up to a constant)It canbeimplementedy a null spacecor
rectionwithin Krylov iterationsor by settingthe pressuralatumat a boundarydiscretiza-
tion node.We choosetheformersinceit resultsin betterconditionedinearsystems.

In theweakformulationof (1) weseeku 2 H !() andp 2 Q suchthat:

/ rurvd /pdivvd /bvd

Q Q Q
/qdivud h2/rprqd
Q Q

In unconstrainealliptic systemdik e the Laplaceandelasticityequationsmereinclu-
sion of the nite elementspaceswithin the continuumspacessufces for corvergence.
However, this is not the casefor the Stokesequationsandthe choiceof the pressureap-
proximationfunction spacecannotbe independendf the choicefor the velocities[16].

0 8v2V; an

0 8q2Q: (18)

2P1 P1 couldalsohave beenused but theimplementatioris somavhatmoresensitve onthe stabilization
parametef30].



To ensureconvergencethewell-known (inf -sup condition)needgo besatis ed,whichis
not satis ed by he Q1-Q1 element. The weighteddiffusive termin (18) is introducedto
circumwentthe inf-sup condition[16]; parameter controlsthe amountof stabilization.
In [30] it is shovn how to chooseanoptimalvaluefor ; for regulardomainsandperiodic
boundaryconditions = 1=24. Theresultingapproximatioris second-ordeaccurateor
thevelocitiesand rst orderaccuratefor the pressures thel. 2 norm.

The resultingdiscretesystemis whereU is the Laplacianwith Dirichlet boundary
conditions,V is the Laplacianwith homogeneousleumannboundaryconditions(since
thepressuras unknovn ontheboundary).

U 0 Bip Ui by
0 u B, Uz p =< by »: (19)
Bpl Bpg h2v P 0

Thecorrespondingnite differencestencilsareprovidedin theappendix.

We usethis discretizationto solve all equationson the rectanguladomain .When
solving the system(5) we apply correctionscomputedasdescribedn Section4.3to the
right-handside of the system,which ensuressecond-ordecorvergence. The derivation
of thesecorrectionds basedn the standardnite differenceanalysisassumingsufcient
smoothnes®f the solution. Although the discretizationwe useis derived using nite
elementstruncationerrorcanbeeasilyshovn to besecondrderaccuratdor (3). However
standardnaximumprinciple techniquesannotbe usedfor the Stokesequationshecause
they correspondo aninde nite andthus not coercie operator For this reasonwe use
FEM theoryto obtainanerrorestimatan theL 2 norm.

Givenf inH ~!() ,andgin L2() for the stabilizedQ1-Q1formulationwe know
thatthe following problemhasa uniquesolution.Findu, 2 Vi, p 2 Q;, suchthat:

/ ru, rvy,d /ph divv, d =/fh vpd  8vy 2 Vi, (20)
Q Q Q

/qhdivuhd hz/rph ro,d = /ghqhd 8g, 2 Qu: (21)
Q Q Q

If wedenotek k,, theusualnormin H ™() , standardegularity results[10] give
kupky + kprko  c(kf ,k_1 + kgKo);

or(sincek k1 k ko Kk ki)
kupko + kppko  c(kf ko + kgrko): (22)

Now let w;, = fup;prg andb, = ff ,;0,9. We canassociate linear operator
A}, to (20), mappingw,, to by; since(20) hasa uniquesolutionfor all by, we canalso
write wy, = A,jlbh. The regularity condition(22) impliesthatkw,ky kb, ko andthus
kA,jlkO 1 . Thenif g, is theapproximatiorerrorand , thetruncationerror, we get
en = Al p,orkepko KA 'kok pko. If we assumehatk ,ko is O(h?) we obtain
kerko = O(h?). In our numericalexperimentswe have obsened a similar corvergence
ratein thein nity norm.

4.3. Taylor Expansion Stencil Corr ections

In this sectionwe shav how discontinuitiesacrossthe interface(jumps)canbe used
as a correctionterm for a discretizationobtainedusing a simpler domainin which the
interfaceis embedded.



The derivation of the basicformulasfor the correctionsdoesnot dependon the prob-
lem, aslong asthe jumpsof thevariablesacrosgheinterfacecanbe computed.

To illustrate the basicidea, supposave solve Poissors equation u = b, in! with
given Dirichlet boundaryconditionson (Fig. 4.3). Assumefurther thatwe usea dis-
continuousextensionof u in ~ which satis esthe sameequationoutside! . We assume
thatthe discontinuitiesareknown up to secondderivatives. Typical discretizationof el-
liptic PDE's ( nite elements,nite differencesor nite volumes)producea linearsystem
with i-th equationof theform u ; + Zj ;U; = by, wherej runsthroughthe neigh-
borsof u;. The coefcients of the equationsfor regular grids are the samefor all in-
terior points, and dependonly on the relative positionof u; andu;. Thesecoefcients
togethemwith correspondingelative displacementareusuallyreferredto asstencils.For
the standard2D ve-pointdiscreteLaplacian(Fig. 4.3(a))the equationshave the form
(1=4)u, Z?:l u; = h2b;, whereh is the meshsize. In the absencef an interface

FIG. 1 Stencilcorrections(a) Theirregulardomain! is embeddedh asimplerdomain .
For thedepictedstencilthetruncationerroris constanasthediscretizatiorstepdecreases.
Figure(b) shavs the notationfor computingthe correctionterms.

this stencilis well-de ned andsecondorderaccurate.For stencilsthatintersectwith the
interface,however, this is not true, asthe solutionis discontinuousacrossthe interface.
In Fig. 4.3(b), we shov an examplefor which two unknovnsu; andu,. arerelatedin a
discretizatiorstencilthat“crossestheinterfaceatpoint X . Thelimit of thesolutionfrom

theinterioris denotedasu andthelimit from the exterioris denotedasu?’. Thekey idea
is thatthe truncationerror of the stencilcanbe correctedto be second(or higherorder)
accurateaf we know thedifferencebetweertheinterfacelimits, andnottheir exactvalues.
De ne n = p=hto betheunit-lengthdirectionvectororientedfrom u; to u., p. = hen

andp; = h;n, Fig. 4.3(d). By usingTaylor expansionsve canwrite

— gk * hg 2 * 3

u.=u:;+hDu; n+ ?n (D “ui)n + O(h°)

= ([[ull + u7) + he([Dull+ Duj) n+ h_zﬁn (I[D *u]l+ D *uj)n + O(h°):
(23)

De ning
2
5= [ull+ hDul] n+ "en D un (22

10



andexpandingu; usingTaylor seriesatu; we obtain
— h 2 3\.
Us= u;+hDu; p+ 5P (D “uy)p + s; + O(h?):
Similarly we canwrite
h2
Ui= U, hDu. p+ —p (D’u)p+ s+ O(h?);
wheres, is givenby:
h? 210
Se= ([ul h([Dull n+ —n [D ulln): (25)

For the stencilcenteredat u. we use(25) andfor the stencilcenteredat u; we use(24).
More speci cally, in the equationu ; + .u. + = b;, wereplaceu, withu, s;,
whichresultsin the correctionto theright-handside .s;, andyieldsthe desiredaccurag.
By usingthe correctionterm we achieve O(h?3/2) truncationerror for a secondorder
discretizatiorof the Laplacianfor the pointsimmediateto the boundaryandO(h?2) for the
remainingsetof points. This resultsto anO(h?) discretizatiorerrorfor all points[23, 28].
It alsoimplies a secondordertruncationerror in the L2 norm. Thereforesecondorder
convergencecanbe achieredusingjump informationup to secondierivatives.

5. THEIMPLEMENTATION OF THE EBI METHOD

In this sectionwe summarizethe algorithmiccomponent®f the EBI methodandwe
provide someimplementatiordetails.

The input datais the boundarygeometry , the body force, and the boundarycon-
ditions. The boundaryis representea@sa collectionof cubic B-spline curves. Solution
includesthefollowing steps.

1. De ne theregulardomain . Itsboundary (Fig. 4.3)shouldnotbetoo closeto the
boundaryof thetargetdomain sincewe use(9) to evaluatethevelocity; theintegrals
arenearlysingularaswe approach .

2. Solwe the problem(3) on the rectangulardomain . We use standardhumerical
methodgo solve the discretizedsystemasdiscussedn Section6. teststhe forcing
termis analyticallyknown everywhere;jn the generalcaseit will be known only in
thedomain.We have usedShepardubic extrapolation([39]) to computea smooth
extensionof the bodyforce.

3. Solwve of the boundaryintegral equationcorrespondindo (4) usingSVD accelera-
tion discussedn Section5.1. This steprequiresthetraceof a particularsolutionto
correctthe boundaryconditionsfor u, by settingusj, = g  uij,. We usecubic
Lagrangeinterpolationto computeu; on . Providedthatthetraceis interpolated
consistentlyto theaccurag of the FEM solution,andprovidedthe potentialcalcula-
tion is higherorderaccuratethe errorin the boundaryintegral equationdata(u o]
includestheapproximatiorerrorfrom u ;) doesnotdecreas¢heoverallaccurayg of
themethod.

4. Computecorrectionsusing the potential. First we computethe intersectionsof
with the regular grid, usinga standardBezierclipping algorithm. Then, usingthe
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velocity potentialwe evaluatethe correctiontermsfor the regulargrid neighborsof
every intersectionpoint. Furthermorein orderto computethe jumpswe needto
computerst andsecondderivativesof the doublelayer potential. For this purpose
we usecubicsplineinterpolationfor every curve ontheboundary

5. Solve (5) to evaluatethe homogeneousolution. For this stepwe needto setappro-
priateboundaryconditionson . We use(9) to evaluatetheboundarycondition. For
this stepwe usea denseevaluationof the boundaryintegral. This approachs not
scalablébut the constanis very small. SVD acceleratiortanbeused.

Theoverall solutionis givenby therestrictionin !  of the sumof the particularandthe
homogeneousolutions.

To computethe solutionwe needtwo numericalmethods:oneto solve the boundary
integral equationsandthe otherto solve the linear systemsobtainedby discretizationof
the Stokesequationon

5.1. FastBIE solver using SVD

Thelinearsystemgesultingfrom the Nystromdiscretizatiorof adoublelayerpotential
have boundedtonditionnumber Thedoublelayerkernelis weaklysingular andthuscom-
pactfor domainswith C!'-boundary Compactperturbationsf theidentity have bounded
conditionnumber;for suchsystenthe expectechumberof iterationsfor a Krylov method
(like GMRES)will beindependenbf the meshsize. For example,for the unit circle the
conditionnumberis exactly 2, andit is independenof thenumberof discretizatiorpoints.
In addition, for the interior problem,thereare only two eigervalues—therefor& MRES
corvergesin two iterations.For multiply-connectediomainsthe conditionnumberscales
with the numberof simply-connectedomponentsin [13] an effective preconditioneiis
proposedpur implementatiorincludesthis preconditionerHowever, asthe matrix of the
systemis densegachiterationis expensve andfurther acceleratioris requiredfor large
problems.

Thediscretizecequation(16anbewritten in the vectorform as:

1
us= I +DIw +nnTEw ): (26)

u; ;n arethe vectorsof boundaryvelocity, densityand normalrespectiely; D is the
matrix of the doublelayerkernel;J is the diagonalJacobiarmatrix of the curve parame-
terization;andW s the diagonalmatrix of quadratureveights. The essentiabtepof the
iterative solveris the multiplication of matrix %I + DIW + nnTJW . SinceJ andW
areall diagonalmatricesthe only expensve stepis the multiplicationwith D .

This matrix-vector multiplication operationcostsO(N 2) whereN is the numberof
Nystrom points. To acceleratehe methodwe shouldtake advantageof the factthatthe
Greensfunctionrapidly decayswith distanceandthusthedoubleandsinglelayerkernels
becomenearlydegenerateSereraltechniquesxist to acceleratehis matrix-vectormulti-
plication,for examplethe Barnes-Hutlgorithm(to O(N log N ) ) andthe FastMultipole
Method(to O(N)).

We usea fastmatrix-vectormultiplication algorithm,which was rst proposedn [20]
and[19] for thesinglelayerformulationof the Laplaceequationsn triangulatecdomains.
This methodusessingularvalue decompositior(SVD) to sparsifylarge low-rank blocks
of the discretizeddoublelayer operator The basicideasof the Fast Multipole andthe
SVD-basednethodareillustratedin Figure2.
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(a) dense matrix R - R

(b) fast multipole methods

~

multipole series

local expansion translation
(multipole-local)
m, m n, n

(c) SVD based methods
D |U(6Q)) LY,

FIG. 2 Low rank approximationf discreteinteraction. (a) Thedenseinteraction. (b)
FastMultipole method.(c) SVDbasedmethod Arrowsrepresentinear transformations.

ThedensdinearmapD representshe hydrodynamidorcesof n sourcepointsto m
tamgetpoints. If we assumehatthesetwo groupsaregeometricallywell separatedhe D
is expectedto be numericallylow rank,i.e. theratios=s; < forall butr  m singular
valuess, wheres; is the largestsingularvalueand is a constantdeterminingthe accu-
ragy of the computations.Fastmultipole methodsusetruncatedanalyticexpansionsand
translationoperatordo sparsifyD . Singularvaluedecompositiorcomputesa coordinate
transformationfor which D is diagonal,andeliminatesthe vectorscorrespondingo the
smallsingularvalues.Comparedvith FastMultipole Method,SVD-basedompressionis
kernelindependenaindeasyto implement. However, its main disadwantageis the higher
algorithmiccompleity, O(N logN ) insteadof O(N ). In [19] anorthogonakecursve bi-
sectionto createhepartitioninto low-rankblocks. Herewe give aversionof thealgorithm
usinga hierarchicaktructurebasedn curve subdvision. Therearetwo algorithms:theal-
gorithmthatsetsup the hierarchicamatrix representatioandthealgorithmimplementing
matrix-vectormultiplication.

Thesetupalgorithm. Theinputto the algorithmis the collectionof boundarycurves
and quadraturepoints, and threeparametersp, and . Parameterp and areused
in the computationof the low-rank representatioffior blocksand is usedto determine
whensetsof quadraturgoointsarewell-separatedT he precisemeaningof the parameters
is describedbelon. The outputis a hierarchicalrepresentatiof the matrix. To de ne
the matrix representationye partition quadraturgointsinto a geometry-basebierarchy
First, we partitiontheboundarycurvesinto severaltoplevel sgmentsE ;i = 0;  ;n;

1, eachcontainingroughly the samenumberof quadraturgpoints. Secondwe subdvide
every E! into two segments:E3; andEJ; ;. We repeatthis procedureat eachlevel and
we stopwhenthe nest level sgmenthaslessthann,, quadraturgoointsin it. WetakeL to
bethe numberof levelswith levelsnumbered:::L 1. For eachsegmentat eachlevel,
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Algorithm 1 constructiorof D
function constructMatriXtop_ segment list)
matrix_trees.= ;
for X 2 top_segment list do
matrix_trees:= matrix_trees[ constructSgmentTed X,top. sggment list)
endfor
return matrix_trees
endconstructMatrix

function constructSgmentTeg X, segment list)
nodesubmatricespodeleftchild, noderightchild ;= ;
nodesgment=X
near_list := ;
for Y 2 sgment list do
if sepaatedB (X),B(Y)) then
nodesubmatrices= nodesubmatice$ f (Y, SFARSEconstructSpasdX;Y)g
else
near.list ;= near_list[ Y
endif
endfor
if level(X) = L-1 then
for Y 2 near_list do
nodesubmatrices= nodesubmatice$ f (Y, DENSEconstructDenseX;Y) )g
endfor
else
new_list := ;
for Y2 near_list do
new_list ;= new_list[ f left(Y),right(Y) g
endfor
nodeleftaild := constructSgmentTeq left(X ), new_list)
noderightchild := constructSgmentTeq right(X ), new_list)
endif
return node
endconstructSgmentTee

we calculatea boundingbox of its quadraturepoints. For a sgmentX , we useB (X )
to denoteits boundingbox, | (X) to denotethe setof indicesof its quadraturepoints,
c(X) centerof B(X), r(X) theradiusof B (X ), andleft(X) andright(X) theleft andright
subsgmentsof X .

D is representedsa collectionof blocksorganizedinto a hierarchy;eachblock cor-
responddo the interactionbetweentwo segments.Similarly to FMM methodswe usea
low rankrepresentatioif two sggmentsarewell-separatedytherwisewe computeadense
block.

Algorithm (1) is the pseudocodéor constructingthe matrix D. The matrix is repre-
sentedasasetof treesonetreepereachtop-level sggment.Eachnodeof thetreeonlevel |
correspondso asegmentEj. Eachnon-leafnodecorrespondingo a segmentX contains
alist of matricesin a low-rank sparcerepresentationescribecbelow; eachmatrix corre-
spondgo aseggmentonthesameevel asY , for which aseparatiorriterionis satis ed. In
addition,a non-leafnodecontaingpointersto two nodescorrespondingo the subsgments
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of X . Theleaf nodescontainonly alist of matrices;for sggmentsY which do not satisfy
theseparatiortriteriona densematrix is stored.

The main function constructMatrixsimply calls constructSgmentTee on eachtop-
level sgmentX to computethe interactionbetweenX andall othertop-level sgments.
FunctionconstructSgmentTee(X,sgment list) constructa treerepresentatioof the sub-
matrix of D correspondindo interactionsof X with segmentsfrom segment list. Func-
tion sepaatedB,B>) is usedto testwhethertwo boundingboxesB andB, arewell-
separatedlf theratio of thedistancebetweercenters(B ;) andc(B,) to the sumof their
radii is lessthana constant , they areregardedo be notwell-separate@ndeitherfurther
re nementis necessaryor adensematrix hasto be built.

Whentwo sggmentsX andY arewell-separated;onstructSpaseis calledto construct
a low-rankrepresentationof the interactionmatrix D x y betweenthe setsof quadrature
pointsof X andY, i.e. to nd acolumnbasisof matrix D x y andrepresenthe whole
matrix D x y asalinearcombinatiorof this basis:

DX,Y Urvr;

(Figure2).

Let Sy andSy bethe setof p samplingpointsfrom the setsX andY respectiely.
For the time being,we assumep to be signi cantly greaterthanthe numericalrankr of
the interactionmatrix D x y. We explain the estimationof r andp, andthe selectionof
samplingpointsalongwith the numericalexperiments.

Firstwe construcD x g, anduseSVD or modi ed Gram-Schmidto getU , whichis
of sizen r,wherer isthenumericakrankof matrixD x s, . TheModi ed Gram-Schmidt
algorithmis faster with smalllossof compressioreffectiveness.In our implementation
we usea columnpivotedModi ed Gram-Schmidinethod;the pivoting is usedto detect
the maximum 2-norm of the remainingvectorsand we stop the processwvhenever that
maximumis lessthanthe prescribedtonstant .

ThematrixU , is usedto computeV .. Firstwe evaluateD g, y, andthenwe subsam-
ple U,. by choosingd whoserows aretherows of U ,. correspondingdo the setof points
Sx. WecomputeV ,. from theleastsquaresystemOV , = Dg, y.

Compleity analysis. Therearethreeimportantobsenationson which the complex-
ity analysisof the constructionalgorithm are based. First, aswe pointedout, the time
compleity of constructSpasg X ;Y) canbe boundedby C n, wheren is the number
of pointsin thelargerof X andY. Secondthe compleity of constructDenggX; Y) is
0(n?). Lastly, exceptfor thesegmentsatthetoplevel, everysegmentgetsanO(1) number
of sggmentsin the sggment list from its parentsggment,andpasseslisoan O(1) number
of sgmentsin the new_ list to its children,underthe assumptiorthat the boundarycurve
is smoothand the distribution of quadraturepointsis uniform. Considera segmentX,
the sggmentsin the near_list of X have centersn a circle centeredat ¢(X ) with radius
(2 + Dr(X). Thereareabout2 + 1segmentsin thisnear. list dueto the assumption
aboutuniformity. Therefore the new_ list containsabout4 + 2 seggmentsbecauseach
segmentin the new_ list is a child of somesegmentin near. list . However, amongthem,
therewould be roughlyonly half, about2 + 1, of themfalling in thethe circle centered
atc(left(X)) with radius(2 + 1)r(left(X)) because (left(X)) is half thesizeof r (X)),
andsamefor left(X ). We useg to boundthis2 + 1 number

At thecoarseslevel, eachsegmentcomputests interactiorwith theremainingmax(n 4
g; 0) top level sggmentsusingthe SVD method. The work canbe boundedby n, n,
(Cn,2E=1). For ary otherlevel i, we have O(2'n;) segments,eachof which computes
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Algorithm 2 Matvecof D
function mat\éc(matrix trees x)
b:=0
for tree2 matrix_treesdo
b :=mat\ecSgment(tee x, b)
endfor
return b
endmat\éc

function mat\ecSgment(nodex, b,14)
b:=bow
for (type matrix,src) 2 nodesubmatricesdo
if type= DENSE then
b(I(nodesgment)).= b(l(nodesgment)+ mat\ecDense(max(l(src)))
else
b(I(nodesggment)).= b(l(nodesgment)+ mat\ecSpase(matx(l(src)))
endif
endfor
b :=matVecSgment(leftbild, x, b)
b :=mat\ecSgment(rightdild, x, b)
return b
endmat\ecSgment

the interactionwith g other sgmentsat the samelevel. This work is proportionalto
2ing g (Cn,2L=17%). For the nest level eachsegmentalso mustcomputethe dense
interactionbetweeritself andits neighborsat mostg of them. Thiscosts2”~'n, g nZ.
Thetotal costcanbe boundedoy

L—1 . .
ny ng (Cn,2L=1y+ Zi:l 2'ng g (Cny2" ')+ 28 'n, g n?
Cng, n,n,2"t+ Cg L nyny287 1+ gn, ngny2t
= (Cny+ Cg L+gn,) ngn,2-71

Cng, Cg andgn, areall constants.n;n,2-~1 is the total numberof quadraturepoints
N. L is the depthof the hierarchicalstructure,soit is O(logN). Thereforethe total
compleity (Cng + Cg L + gn,) nsn,2L~1 isboundedoy O(N logN).

Matrix-vectormultiplication. Algorithm (2) isthepseudaodefor matrix-vectormul-
tiplication usingthe SVD-basedepresentationf D . Functionmat\écDenseimply mul-
tiplies the denselystoredmatrix with a vector On the otherhand,mat\écSpaseof two
sgmentX andY usesthesparseaepresentationD xy = U,V ,. SinceU, andV , are
bothof sizen r, assumingn is the sizeof X andY, multiplicationwith V . andU ..
is muchcheapethanmultiplicationwith D x y-. Figure3 shavs the sparsestructureof a
simply-connectetboundary

NumericalExperiments. All experimentsin this sectionwere performedon a SUN
Ultra80, 450MHz workstation(single processor).We usethreeparametersn the matrix
constructioralgorithm: for separatiomletection, for modi ed Gram-Schmidalgorithm
andp for samplingmatrix columnsandrows. Thevalueof is usuallychoserto be 1:5
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FIG. 3 Thesparsitystructureof matrixD x y of aboundarycurve. Thecurveis discretized
into 1024quadraturgoints. Thematrixis of size2048 2048 Thenumberin eachblock
denotests numericalrank r. The black blocks along the diagonalcorrespondo close
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FIG. 4 Testdomains.Solid curvesrepresenthe boundaryof the domain. Thedotsin the
domainsarethe pointsusedfor errorestimation.

to 2. Numericalexperimentdndicatethatincreasinghevalue reducesinacceptablyhe
accurag withoutsigni cant savingsin speed.

Thetolerance is the mostimportantparameterit determineshe speedandaccurag
of the SVD-approximatiorandin somesensecorrespondso thetruncationof theanalytic
expansionsn the FastMultipole Method.

Theestimatiorof r andp canbeobtainedby thefollowing incrementaprocedureFor
two sggmentsX andY, we rst choosea small numberfor p, andusethesep sampling
pointsto constructthe SVD representatiof D x y. If the numericalrankr of D x y
is closeto p, which meansthatthe numberof samplingpointsp is not enough thenwe
doublep andcomputethe SVD representationf D x y againuntil r is muchsmallerthan
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TABLE 1
Comparisorbetweerthe densematrix matrix-vectormultiplicationandthe SVD-based
matrix-vectormultiplicationfor two different o w elds andgeometriesSetuptime
includesthe constructiorof the matrix andthe preconditionerSolve time is thetime used
by GMRESsolver. We seethatasthe problemscalesthe denseapproachgrows up

quadraticallywhile SVD basedapproachescalesalmostlinearly.

domain . .
' I'N matrix | setup solve u
solution P IUerr Perr

Fig.4(a) | 736 dense| 1.79 489 234 109 267 107
svd 211 456 7.28 1079 318 10°°
cubicow | 1472 | dense| 6.37 17.0 8.82 10°°® 230 10°°
svd 525 7.98 8.12 107% 463 10°°
2944 | dense| 239 589 1.04 109 265 10°°
svd 12.2 158 5.65 1097 291 107
5888 | dense| 100 224 1.30 10" 3.10 107"
svd 227 309 539 10797 231 1077
Fig.4(b) | 384 dense| 0.44 052 1.80 1079 1.07 10°°
svd 0.74 0.37 5.08 107% 3.31 10°¢
Stokeslet | 768 | dense| 1.53 2.75 2.47 1097 1.40 10~
svd 1.35 1.14 195 10°% 2389 10°¢
1536 | dense| 6.18 10.1 3.44 10°% 1.80 10°°®
svd 3.01 250 1.07 1079 9.46 10”7
3072 | dense| 29.1 39.3 463 109 229 10°°
svd 591 540 9.85 107°7 4.84 1077

p. In practice we stopwhenr is lessthanp=3, which ensureshatthealgorithmcan nd a
goodbasisU of matrixD x y with veryhigh probability. The positionof thesep sampling
pointsarechoserto be evenly spacedn theboundary.

In Table1 we reportwall-clock time andaccurag comparisonbetweerthedenseand
the SVD-sparsi eddoublelayeroperatorsWe solve two differentproblemsa cubic o w,
anda o w thatcorrespondso a Stoleslet. We usepointwiseerroron a x ed numberof
pointsto evaluatetheaccurag. We rst solve the integral equationfor the hydrodynamic
potentialandthenwe evaluatethe velocitiesandpressuresvith (9).

The sparsi cationis divided to setupa phaseandan iterative solutionphase.As ex-
pected,the setuptime for the densematrix scaleswith the squareof the numberof un-
knowns. The fastmethodsscalesalmostlinearly sincethelog(N ) is quite small. In this
examplewe have useda x edtolerance = 10~*—thatis why thereis noimprovementn
theerrorfor thelargerproblem.Table2 comparesunningtime andaccurayg for different
choicesof |, for thegeometrydepictedn Fig. 4(b) with a Stokeslet o w. As expectedthe
accurag improveswithout signi cant increasen runningtime.

Perhaps morerepresentatie examplefor the scalabilityof the methodis depictedn
Table3. Thegeometnyis thatof Fig. 4(c) for a Stokeslet o w. We solve for two different
valuesof andfor a eight-fold increasein the problemsize. It is apparenthat about
10,000quadraturepointsare enoughto getsingleprecisionaccurag. Therunningtimes
areincreasealmostlinearly with the problemsize.
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Cubic flow in thedomain of Fig. 3a Stokedet in the domain of Fig. 3b
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FIG. 5 Plotsof thedatafrom Tablel
with linear t for SVD-basedolverandquadratict for thedensesolver.

TABLE 2
Runningtimesandpointwiseerrorsfor the SVD-basedparsi cation.We reportresults
for thegeometrydepictedn Figure4(b) for a Stokeslet o w. We vary the numericalrank
tolerance andwe hold the numberof quadraturgoints x ed(768); heremaxrank
indicateghe maximumnumericalrankfor a SVD-approximatedblock.
setup(s) solve(s) jUjers Perr maxrank
10792 3.48 7.13 |3.95 10* 1.84 101 8
10793 4.18 8.09 |3.67 10°° 1.43 10°° 10
1079 5.49 795 | 6.68 10°¢ 4.63 106 12
1079 6.00 859 |831 107 582 107 14
10796 6.99 9.71 | 1.77 1007 9.49 1078 16
10797 7.93 10.8 | 1.17 107 4.65 10°® 18

5.2. Regular grid solver

Thereexist severalmethoddgor theef cient solutionof linearsystemsepresentinglis-
cretizationsof elliptic PDEs.ExamplesareFFTs,multigrid andtwo-level domaindecom-
positionalgorithmswhich areasymptoticallyoptimal. Howeverfor mediumsizeproblems
it turnsout the domaindecompositiormethodsare faster We have developedour code
ontopof the PETSclibrary [3, 4]. PETScincludesseveralmethoddor regulargridssuch
asdomain-decompositiopreconditionerand multigrid. In Table 5.2 we reporttimings
for four different preconditioners:block-Jacobi,single-gridadditve Schwarz, two-grid
additive Schwarz, and a V-cycle multigrid. We reportisogranularscalability resultsfor
problemsup to 10 million unknavns on 16 processors Our intentionis not a detailed

SLet usnoteherethatonly theregulargrid solveris parallelizedn ourimplementationThe parallelizatiorof
theboundaryintegral solver is in progress.
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TABLE 3
Runningtimesandpointwiseerrorsfor the SVD-basedparsi cation.We reportresults
for thegeometrydepictedn Figure4(c) (64 circles)for a Stokeslet o w; for two different
valuesof thenumericalranktolerance andfor aneight-foldincreasen problemsize.
Obsene thealmostlinearscalingin setupandsolverunningtimeswith the problemsize.
For this exampleabout10,000Nystdm pointsgive singleprecisionmachineaccurag.
L=N setup(s) solve(s) jUjers Perr maxrank
10794 | 4/4,544 49.6 111 | 9.02 106 1.63 10°° 14
5/9,088 118 226 1.52 1006 1.59 10°¢ 14
6/18,176| 217 435 1.35 106 1.02 10°¢ 14
7/36,352| 487 904 | 1.07 1006 9.24 107”7 14
10796 | 4/4,544 67.2 137 | 4.64 1007 1.11 10°° 19
5/9,088 164 287 1.85 1007 2.60 1077 19
6/18,176| 294 559 1.09 1007 1.23 107”7 19
7/36,352| 682 1,172 | 1.23 1007 1.57 1077 19

comparisorbetweernthe differentsolutiontechniqueshut to give an numericalevidence
of thescalabilityof the differentpreconditioneréor theQ1 Q21 discretization.

TABLE 4
In this tablewe compardterationcountandwall-clock time for 4 differentlinearsolvers
for thediscretizedStokesproblem.All usethe sameKrylov solver (ConjugateResiduals).
Whatdiffersis the preconditionerHeregrid is the numberof grid points(3 degreesof
freedompergrid point); p is the numberof processorsBJ denotesa block-Jacobi
domain-decompositiowith ILU(1) preconditioningn eachsubdomainASMis an
additive Schwarz preconditionewith x edoverlap;2L-ASMis atwo level additive
Schwarzpreconditionein which the ne grid useshe ASM methoddescribedabove and
thecoarsegrid is solvedredundantlyon every processousinga sparsd_U factorization.
Thecoarsayrid is 10timessmaller;MG is a 5-level singleV-cycle multigrid
preconditionexvith sparsd.Us for the coarsestevel andthe BJ preconditionefor the
rest.For eachdifferentpreconditionemwe reportwall-clock time in secondgseg and
iterationcounts(it) for arelative residualreductionof 1 10~7 . Thelargestproblemhas
10 million unknonvnsandit took 15 secondgo solve. The preconditionersirepartsof the
PETSdibrary. Therunswereperformedon a 900MHz Compagsener at the Pittshurgh
Supercomputin@enter

grid p BJ ASM 2L-ASM MG
it sec it sec | it sec| it sec
12& 2 296 78 161 45 |26 3 |34 11
256 | 4 602 350 330 220 |21 6 |47 36
512 8 | 1,240 1,450| 692 950 |18 11 |56 98
1024 | 16 | 2,578 6,100 1,391 3,910| 19 24 | 57 260

As expectedthe single-grid preconditionergperform quite poorly comparedo mul-
tilevel methods. For the latter we can obsene meshsize-independencen the number
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of Krylov steps. Notice that we quadruplethe problemsize and we doublethe number
of processors.Thus, for an optimal algorithm, wall-clock time shoulddoublewith the
problemsize. Indeed,this is the casefor the 2L-ASMpreconditionemwhich outperforms
the othermethods.Multigrid is optimalin the numberof iterations,but (for the speci c
implementation)t is signi cantly slower, probablydueto interprocessocommunication
overheadWe have notattemptedo ne-tune the multigrid preconditioneandthuswe do
not adwocateone methodover the other We have chosenthe two-level methodbecause
is somavhatsimplerto combinewith the boundaryintegral solver. For detailson the the
theoryof two-level preconditionergor inde nite elliptic systemsee[22].

6. NUMERICAL EXPERIMENTS

In this sectionwe testEBI on problemswith exactanalyticsolutions. We assesshe
pointwiseaccurag of thesolverandwe investigataheeffectsof theaccurag of thebound-
ary integral solver onthe overallaccurag of the method.

FIG. 6 Domainsusedin numericalexamples
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We presentesultsfor four differentproblems.Thesolutionsarerestrictedo thetarget
domaing(Figure6), which areembeddedh the unit square We have choserthefollowing
analyticsolutions:a Poiseuille o w

u="fy(l y);0g9;p= 2x
a‘“cubic ow”
u={y*x*};p= 6éxy;
a“body force ow”
u=2{ x?;y>}; p=sin(xy); b= 4 fy(l+ cogxy); X(1+ cogxy)g:

We also usea Stokeslet(7) centeredat (0:5; 0:7) and orientedalonge = f1;1g. The
correspondingpressures givenby

1r
P=5— ©

All experimentsn this sectionwere performedon a SUN Ultra80, 450MHz workstation
(singleprocessor).

In the rst examplewe usethecubic o w solutionfor theinterior problemin acircle of
radius0.3. Convergenceresultsarepresentedn Table5. We reportandcomparecorver-
genceratesfor rst-order accuratgdense-)andsecond-ordeaccurateTESCs(dense-2;
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for the latter we alsoreportresultsfor the SVD acceleratior{svd. Theintegral equation
hasbeendiscretizedby 320 quadraturepoints. Increasingthis numberdid not affect the
accurag signi cantly. For the rst order TESCsthe corvergenceratefor the velocity is
superlineaandhencesuboptimal;with secondorder TESCsboth denseandsparsecom-
putationsresultin optimal corvergenceratesfor thevelocitiesandpressures.

TABLE 5
Convergenceresultsfor the cubic o w insideacircle. In (dense-) TESCswere rst order
accuratein (dense-2 TESCsincludesecondrderderivatives.In (svd we usesecond
orderTESCscombinedwith the svdaccelerationTheranktolerance is 10~7; (u) and
(p) denoteerrorin thein nity normfor thevelocitiesandpressures.

dense-1 dense-2 svd

grid u p u p u p

322 [ 243 10 119 10°'[835 10* 231 102 |8.84 100* 2.43 102
64> | 8.06 10-* 1.07 107! | 1.81 100* 1.33 102 | 1.90 100* 1.37 1072
128 | 3.06 10°* 8.44 1072 | 495 10° 1.83 103 |5.23 10°° 2.16 103
256 | 1.20 100* 4.21 1072 | 1.12 10°® 4.79 10| 1.20 10°® 7.54 10

In the secondexamplewe repeathe sametest,but for the geometrydepictedn Figure
6(b) andfor two differentanalyticsolutions the Poiseuilleandthebody-force o w. In this
examplethenumberof quadraturgointsfor theintegralequationvaries.For dense-{ rst-
order)we used768 pointsfor the 322 grid, 1546for the othertwo grids,and3,072points
for the 256 grid. For the dense-Xsecond-ordenve used768 pointsfor all background
grid sizes.In svdwe used1536points. Theincreasechumberof quadraturgointsdid not
improve the corvergenceratefor the rst-order TESCs. Optimal pointwisecorvergence
ratesare obsered for the velocitiesand pressuregor both the denseand SVD versions.
The exact solutionalongwith the error distribution for threedifferentgrids areshovn in
Figure7 (for the Poiseuille o w).

In our previousexamplesthe approximatiortolerancefor the SVDswaskeptconstant
to 10~7. For the following testwe have choseran examplefor which both the geometry
andthe solutionvary rapidly closeto a speci c location. We look at the 2D-heart-shaped
domain,Figure6(b), for which the exactsolutionis givenby the stokesletsolutionfrom a
polelocatedat (0.5,0.7). This locationis very closeto the rapidly changinggeometryat
thetop of the 2D-heart.As aresultwe expectthata large numberof quadraturgointsis
requiredto obtainsufcient accurag. Table7 summarizeshe resultsfor this experiment
andFigure8 depictstheexactsolutionandtheerrordistribution. The numberof necessary
quadraturgointsto obtainoptimal pointwisecorvergencean thebackgroundyrid wasde-
terminedexperimentallybasedndensesolves;nearly800pointsareenougho resohethe
problem;in this testwe took 1,664quadraturgoints; we foundthatthis extra discretiza-
tion doesnot helpaswe canseeby comparingthe columnsof Table7. We usedense-las
thereferencecalculation.In svd-1thetruncationtoleranceor themodi ed Gram-Schmidt
is 10~3; it resultsin suboptimalcorvergencerates. By usinga tighter tolerance, 10~?,
we recover optimalrates.In Figure 8 we shav the exact solutionandthe pointwiseerror
distribution.

In the next examplewe look at aninterior o w (body force o w) around81 circles.
For the 64? grid we use9,088Nystrom pointsandfor thetwo ner gridswe use18,176
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TABLE 6

Convergenceresultsfor two o wsin thedomainFigure6(a). Here(dense-}, (dense-2,
(svd and(u), (p) areasin Table5.

dense-1 dense-2 svd

grid u p u p u p
Poiseduille

322 [ 884 10 101 10'[4.30 100% 3.70 102 | 4.83 100* 3.79 102

64 | 2.71 10* 9.33 102|131 100* 9.84 103 | 1.43 10* 1.09 102

128 | 1.39 10* 4.07 102 | 2.76 10° 3.67 103 | 2.98 10°°® 2.86 107

256 | 2.93 10°° 157 102|745 106 222 103|751 10 8.14 10
Bodyforce

322 [ 347 102 899 101|225 102 6.31 102 ] 1.36 103 7.28 1072

64 | 2.33 10® 268 10! | 562 100¢ 5.03 102 | 6.67 10°* 4.19 102

128 | 6.23 107* 145 10! | 1.46 10¢ 3.87 1072 | 1.47 10°* 2.67 1072

256° | 2.43 10~* 1.15 10! | 358 10°° 1.06 102 | 4.31 105 1.14 102

TABLE 7

Cornvergenceresultsfor a stokeslet o w generatedby a polejust outsidethedomain.Here
thejumpsaresecond-ordeaccurate All problemsusel,664quadraturgoints.In
(dense-1we evaluateda denseadoublelayermatrix. In (svd-1) and(svd-2 we sparsify

usingvariableranktolerance 102 for theformerand10~5 for thelatter.

dense-1 svd-1 svd-2
grid u p u p u p
322 [ 701 103 3.36 10°' | 7.05 103 2.97 10°' | 7.05 1073 2.46 107!
64> | 1.01 103 155 107! | 1.08 1073 2.27 107! | 9.96 10~* 1.57 107!
128 | 2.10 100* 9.70 103 | 4.12 100¢ 1.21 107! | 2.13 107* 1.48 102
256° | 4.61 10°° 4.16 1073 | 955 10°® 4.69 102 | 4.80 10° 1.04 102

points. We vary the accurag of the SVD approximationsy truncatingat 10~3 (svd-1J,

10~° (svd-2, and10~7 (svd-3. Table8 summarizeshe cornvergencestudy Optimalrates
areobtainedfor the mostaccurataepresentatioof the doublelayer. Figure9 depictsthe
exactsolutionandthe error distribution. For the lastexamplewe do not have ananalytic
solution, andwe just solutionin gure 10. The boundaryconditionsaref 1; 0g on the

enclosingcurve,andzeroontheinternaldomains.

7. CONCLUSIONSAND EXTENSIONS

We have presented second-ordeaccuratesolver for the Stokesoperatorde ned on
arbitrary geometrydomains. We usea hybrid boundaryintegral, nite elementformu-
lation to circumwentthe needfor meshgeneration.We employ an ef cient doublelayer
formulationfor the integral equations.The methodrequirestwo regular grid solvesand
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FIG. 7 Exactsolution (color maps)and error distribution (top to bottom), for 642,128,
and256?; theerrorplot for the 256 grid is omitted. The solutionis a Poiseuille o w.
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FIG. 8 Exactsolutionanderror distribution (top to bottom),for 642,128, and256?; the
errorplot for the 256 grid is omitted. The solutionis the Stokesletlocatedat (0.5,0.7).
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FIG. 9 Exactsolutionanderror distribution (top to bottom),for 642,128, and256?; the
errorplot for the 256 grid is omitted. The exactsolutionis athebodyforce o w.
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FIG. 10 Solutionfor a problemwith Dirichlet conditionscorrespondingo a unit wind
o w, presentedor two differentgeometriesThetwo bottompicturesdepicttheresulting
streamlines.
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TABLE 8
Cornvergenceratesandpointwiseaccurag for the81-circlegeometryandfor the
“body-force” o w. Here(svd-1) is computedwvith = 1073, (svd-) with = 107°, and
(svd-3 with = 10~7. Optimalcorvergenceratescanbeveri ed for svd-3

svd-1 svd-2 svd-3

grid u p u p u P

64° | 589 102 7.72 10°[5.65 10° 476 10! [ 579 103 4.89 10!
128 | 2.65 1072 553 10°°| 2.38 100* 554 1072 | 1.68 10°* 1.57 102
256’ | 6.61 107 299 10°°|7.75 107> 233 102 | 3.45 105 6.95 1073

oneintegral solve.

We lookedin detail the problemfor which the boundaryconditionsfor the velocities
given. The methodextendsto Neumannand mixed boundaryvalue problems. The latter
casehowever, theintegral equationgequirepreconditioning.

We alsopresentedcalabilityandcorvergencestudiesfor boththeregularandbound-
ary solvers.We haveimplementedaneasyway to to acceleratéhe matrix-vectormultipli-
cationsrequiredin the solutionof theintegral equation.

Onerestrictionof the methodaswe presentedt, is the stringentrequirement®n the
regularity of the boundarygeometry However this canbe circumwentedby replacingthe
jump computatiorby directevaluation. For examplethe jump termscanbe computedo
machineaccuray by pluggingin the exactsolutionin the stencilsthatcrosstheboundary
The exact solution can be obtain by direct evaluationof the velocity. This will require
adaptve quadratures—int only for the pointscloseto a corner

Currently only the backgroundgrid computationsare parallelized,but we work on
parallelizingthe boundaryintegral solver aswell.

Acknowledgments. We thank L. Greengardor valuablediscussiondeadingto the
formulationof theapproach.

APPENDIXA: COMPUTATION OF JUMPSFORTHE STOKESOPERATOR

Herewe shov how the jumpson the velocitiesand pressuregan be computed. We
use[[ ]] to denotethe jump of a function acrossthe interface (exterior  interior). We
useD to denoteGateauxdifferentiation.We alsoassumethatthe curve parameterization
t 7! y(t) is smoothenough(at leastin C?). We write y andy to denotethe rst and
secondderivative with respectt. In orderto derive the jumpsfor the pressurewe rst
de ne apotentialg correspondindo a solutionof the Laplaceoperator:

q(x)=/% (y)d () x 2!
Y

Thenq(x) satises g = 0, in R2= with appropriateDirichlet boundaryconditions.
From potentialtheorywe know thatthe extensionof g outside! is discontinuous.More
preciselythefollowing relationshold true:

([al] = ; 27
[[ODg n]l= 0 (28)
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The rst equationgivesthezerothorderjump. To computethe rst orderjumpswe differ-
entiatethe rst equation(with respecto t) andby thechainrule we obtain

[(Da] vy = — (29)

for the tangentialderivative. Equationg28) and(29) de ne a systemwith two equations
andtwo unknawns, [[@d]]; [[@d]]. Secondorderderivativescanbe computedby taking
tangentiaderivatives,andthe jumpsin the Laplacian.Thuswe obtain

([ dl=0; (30)
(D%clly. y+[Ddl y="*; (31)
[Ddly. n+[[Dcl] n=o0: (32)

Now we have threeequationswith threeunknavns: [[@..d]l, [[@,dl], [[@,d]].

Thepressurgumpscanbederivedfrom theabove relations.Sincethediscretizatioris
only rst orderaccuratedor the pressureywe only needzeroand rst orderjumps. For the
doublelayerpotentialwe have

P = KL 100 = 5 (1.2 (2 o o

Y

Let g; begivenby

1 rn
q = 5 jc 5 ;di=1;2
with
iz 2
Then
p= > @y;
i=1,2
andhence

[P = @l

i=1,2

thatis thezeroth-and rst-order jumpsin the pressureorrespondhe sumof the rst- and
second-ordejumpsof g;.

For the doublelayerformulationof the velocity we usesimilar relationswith (27) and
(28). Theserelationscanbe derivedby takingappropriatdimits acrossheinterface[35].
In fact,if thevelocityis givenby

u(x) = 5/% "0 yyyd (y);
Y

thenthefollowing interfaceconditionshold for thejumpsacrosgheinterface:

[ull= ; (33)
[(Snli=1 pl+ (Du+Du”)n]=o0: (34)

In orderto constructTESCsfor the momentumandincompressibilityequationsve need
to computd[D u]] and[[D 2u]]. (We alreadyhave [[p]] and[[D p]]). If we differentiate(33)
(with respecthe curve parameterizatioh), we obtain;

[Dully = _: (35)

29



Equations(35) and (34) give four equationswith four unknavns [[Du]]. If we differ-
entiateonce more and use the momentumequationbalancewe obtain(u = fu,;u,g,
n = fng; ny,Q)

([ ull= [Dpll;

Dully v | _ |
{ B b=+ muny:

[Opll y [ (Du+ Du)n:

{ [[D%uz]ly n
[(O2uylly. n

This systemhassix equationswith six unknowns.

} + [D2u,Jlyn, + [D2u,llyn,

APPENDIXB: STENCILSFORTHE FEM DISCRETIZATION OF STOKES
EQUATIONS ON A REGULARGRID

As discussedn Section4.2the nite elementdiscretizatioron aregulargrid is equiv-
alentto a nite differencediscretizatiorfor a certainchoiceof stencils.
Thestencilsareshavn explicitly in Figurel11l.

interior corner

stencils for
UandV

stencils for
Blp :B2p,
pl )BpZ

FIG. 11 Essentiallydifferentstencilsof the Q1-Q1 nite elementdiscretizationAll other
stencilsareobtainedby re ections of thesestencilsaboutvertical,horizontalanddiagonal
directions.

Thecoefcients stencilsin theupperrow arecomputedas [,r ;r ;d fora x edgrid
pointi andvaryingj, where ; is the Q1-Q1 nodefunctionscenteredati. The stencils
in thelower row resultfrom Computingfﬂr i ;d . Theomittedscalingfactorfor the
stencilsin the upperrow is 1=6h2, andfor thelowerrow 1=12h.

Interior stencilsa andd are second-ordeaccurate.Stencilsb andc areusedonly in
discretizationof the stabilizationterm which hasan extra scalingfactorh? in front of it.
Although thesestencilsdo not approximatelaplacian,becausef the scalingfactorthe
termsin the equationcorrespondingo thesestencilsvanishas O(h). Edgeand corner
stencilsfor rst derivativese,f,g areonly rst-order accuratehowever thesestencilsare
usedonly attheboundaryin equationdor pressurehencedo notaffecttheL 2 normof the
truncationerror.
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