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Wepresentanew methodfor thesolutionof theStokesequations.Ourgoalis to developarobust
andscalablemethodologyfor two andthreedimensional,moving-boundary, �o w simulations.Our
methodis basedonAnita Mayo'smethodfor thePoisson'sequation:“The Fast Solution of Poisson’s
and the Biharmonic Equations on Irregular Regions”, SIAM J. Num. Anal., 21 (1984), pp. 285–
299. We embedthe domainin a rectangulardomain,for which fastsolversareavailable,andwe
imposethe boundaryconditionsasinterface(jump) conditionson the velocitiesandtractions.We
usean indirect boundaryintegral formulation for the homogeneousStokes equationsto compute
the jumps. The resultingintegral equationsarediscretizedby Nyström's method.The rectangular
domainproblemis discretizedby �nite elementsfor avelocity-pressureformulationwith equalorder
interpolationbilinearelements(Q1-Q1). Stabilizationis usedto circumventtheinf − sup condition
for thepressurespace.For theintegralequations,fastmatrixvectormultiplicationsareachievedvia a
N log N algorithmbasedon a block representationof thediscreteintegral operator, combinedwith
(kernel independent)singularvaluedecompositionto sparsifylow-rank blocks. Our codeis built
on top of PETSc,an MPI basedparallellinear algebralibrary. The regular grid solver is a Krylov
method(ConjugateResiduals)combinedwith anoptimaltwo-level Schwartz-preconditioner. For the
integral equationwe useGMRES.We have testedour algorithmon severalnumericalexamplesand
we have observedoptimalconvergencerates.

Key Words: Stokesequations,fastsolvers,integral equations,double-layerpotential,
fastmultipolemethods,embeddeddomainmethods,immersedinterfacemethods,�ctitious
domainmethods,Cartesiangrid methods,moving boundaries

1. INTRODUCTION

In this paperwe proposea boundaryintegral methodfor the steadytwo-dimensional
Stokesequationsin irregulardomains.We havedevelopedthismethodasabuilding block
for a Navier-Stokessolver for problemswith moving boundaries.Most state-of-the-art
methodsfor suchproblems,with thenotableexceptionof theimmersedboundarymethod,
requireunstructuredmeshesfor local discretizations.For irregular domains,meshgen-
eration is still a bottleneck—especiallyfor three-dimensionalproblems,problemswith
moving boundariesandwhenparallelimplementationsareused[2]. This makesmethods
basedon �x edCartesiangridsattractive for suchproblems.

For certaintypesof PDEsthereis an alternative formulationwhich is basedon inte-
gral equations.For example,a constantcoef�cient elliptic problemcanbe solved using

1Thiswork is supportedby theNationalScienceFoundation's KnowledgeandDistributedIntelligence(KDI)
programthroughgrantDMS-9980069.
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a boundaryintegral formulation. This approachis ideal for exterior problems,it allevi-
atestheneedfor unstructuredmeshes,andit dramaticallyreducesthesizeof thediscrete
problem(reductionof dimensionality).

Several researchershave usedboundaryintegral formulationsto solve the homoge-
neousStokesproblem.Thebasicformulationcanbefoundin [21, 35, 36]. In [12, 27, 34],
the homogeneousStokesproblemis solved usingboundaryintegral representationcom-
binedwith multipole-like far-�eld expansionsto acceleratethe matrix-vectormultiplica-
tions. In [33, 37, 41] boundaryintegralequationshavebeenusedfor problemswith moving
anddeformingboundaries.In [14] theStokesproblemis posedasa biharmonicequation
andit is solvedfor bothinteriorandexteriorproblems.

Despiteits effectiveness,a boundaryintegral formulationbecomeslessattractive for
problemswith distributedforces.If a boundaryformulationis usedthenit is necessaryto
computedomainconvolutionsof the forcing term with the fundamentalsolution. These
integrals are also known as Newton potentials. While fast multipole methods(FMM),
[15], canbe usedto acceleratethe integration,the integralsarequite dif�cult to evaluate
accuratelyfor pointscloseto theboundary, asthekernelsbecomenearlysingular.

An alternative methodwhich originally appearedin Anita Mayo's work [28], for the
Laplaceandbiharmonicoperators,uses�nite differenceson regular grids to ef�ciently
evaluatethecontribution from thedistributedforces.This approachwasalsousedin [29]
in combinationwith fastmultipole methodsfor the boundaryintegral equation. In this
paperwe term this methodasthe EmbeddedBoundaryIntegral method(EBI). With the
EBI methodwe embedthe �o w domaininsidea larger simpledomain,typically a regu-
lar domainfor which fastandscalablesolversareavailable.Thevelocityandpressureare
suitablyextendedto theregulardomain;theoriginalboundarybecomesaninterfaceacross
which, dependingon theextension,thevelocitiesandtractionsarein generaldiscontinu-
ous.An integralformulationis usedto computeasuitableextensionandtheintefacejumps
of thevelocityandits derivatives.Oncethis is done,Taylorexpansionsareusedto express
thesejumpsasa body force at regulargrid pointswhich arecloseto the interface. This
body force, which appearsin the right handsideof a the regular grid problem,we term
Taylor ExpansionStencilCorrection(TESC).Dependingon thedetailsof the implemen-
tation the methodcanbe �rst, second,or higherorderaccurate.In this paperwe extend
this approachto the Stokesequationandpresentfastnumericalmethodsfor solving the
boundaryintegral equationsandthecorrectedequationson theregulargrid. We havealso
extendedthemethodto theelastodynamicsandto theunsteadyNavier-Stokesequations.
For thelatterpreliminaryresultscanbefoundin [5].

Thereis a greatamountof work on fast solvers for PDE's in irregular geometries.
Researchon this topic datesbackto theseventies[6]. In this paperwe focusour attention
to methodswhicharecloselyrelatedto EBI.

Most of the fundamentalideasthat we will discussbelow, the connectionbetween
immersedinterfacespotentialtheoryand integral equations,the interpolationbasedap-
proximationsof jumps,the stencilmodi�cation aroundthe boundary, andthe utilization
of regulargrids,go backto thecapacitancematrix method[38]. NeumannandDirichlet
problemsaresolvedfor theLaplaceandHelmholtzproblemsusingdomainembeddingand
�nite differences.Thestencilsthatcrosstheinterfacearemodi�ed andtheresultingmatrix
is written asa sumof thestandard� ve-pointLaplaceoperatorandof a low rankmodi�-
cation.This matrix canbeinvertedby theSherman-Morrison-Woodbury formula. Instead
the authorssolve for the jump conditions�rst (the discretepotential). For the Neumann
problemthetwo approachesareequivalentbut for theDirichlet problemaredifferentsince
thedouble-layerapproximationresultsin well conditionedproblemsfor theunknown in-
terfacejumps. Oneshortcomingof themethodis the requirementof several regulargrid
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solves.
One of the most successfultechniquesis the ImmersedBoundaryMethod[31, 32]

which wasdesignedfor a Poissonproblemfor a solve for thepressurewithin a projection
algorithmfor theunsteadyNavier-Stokesequations.The interfaceis modeledasa setof
one-dimensionaldeltafunctionswhosediscretizationgivesa forcing term. Themethodis
�rst-order accuratedueto smearingof theboundarylayersby thediscretedeltafunctions.

TheImmersedInterfaceMethod[23] is anextensionof theimmersedboundarymethod
which is second-orderaccurate. It is designedfor problemswith discontinuouscoef�-
cientsandsingularforces.It hasbeensuccessfullyappliedto moving boundaryproblems,
for examplefor theStokesproblemwith elasticinterfaces[24] andfor theNavier-Stokes
problem[26]. If thesingularforcesareknown thenthejumpsareknown andTESCscan
becomputedexplicitly. For discontinuouscoef�cients IIM modi�es thestencilsfor points
closeto theboundaryin orderto accountfor the jump conditions.Themethodresultsin
non-standardmatricesandfastmethodsarenot straightforward to apply. The immersed
interfacemethodaspresentedin [23] wasnot usedon Dirichlet on Neumannproblemsin
generalirregularregions,sinceit requiresknown jump conditions.In [9], IIM is extended
to Neumannproblemsby modifying interfacestencilsto accountfor theunknown jumps.
Laterversionsof IIM, (Explicit ImmersedInterfaceMethod)[40], (FastImmersedInter-
faceMethod)[25], addressednon-standardmatricesby addingadditionalequationsfor the
jumpsandextendedIIM to Dirichlet problems;this approachhowever appearsto result
in considerableadditionalcomputationalcostsinceit requirestensto hundredsof regular
grid solves.

Several othermethodsproducediscretizationsbasedon regular grids, with modi�ed
stencilsand/orright-handsidesto accountfor theembeddedinterfaces.ChengandFed-
kiw [7] describea secondordermethodfor theDirichlet boundaryproblem.This method
resultsin symmetricpositive de�nite matriceswith diagonally-modi�edstencilsandwith
additionaltermson theright handside. In anotherclassof methods,Cartesian-�nitevol-
umemethods, thestencilsmodi�cations stemfrom appropriatemodi�cation of �nite vol-
umecellsto accountfor theintersectionsof theCartesiangridswith theinterface[1], [18].

Anotheralgorithm,similar to theIIM andcapacitancematrix methodsbut which �rst
appearedwithin the �nite elementcommunity, is the �ctitious domainmethod[8, 11].
Basedon a �nite elementvariationalformulation,Dirichlet boundaryconditionsareim-
posedweakly asside constraints.This approachresultsin a saddle-pointproblemthat
includesthe primitive variablesplus Lagrangemultipliers. In fact certain�ctitious do-
mainmethodsareintimatelyrelatedto theIIM andEBI methods.It canbeshown thatthe
Lagrangemultiplierscorrespondto Neumannconditionjumps.

The above methodssharesomecommonfeatures. Herewe restrictour attentionto
problemswith constantcoef�cients andforce singularitieswhich causeinterfacejumps.
Whenthesejumpsarea priori known, thestencilmodi�cations canbe transferredto the
right handsideusingTESC.However this is almostnever the case.In general,inteface
discontinuitieshave to be solved for. Oneapproachis to modify the stencilsof the dis-
cretizationcloseto the interface(Cartesiangrids, immersedinterfacemethod,Chengand
Fedkiwmethod),or to introduceadditionalequations(�ctitious domain,immersedbound-
ary, fastimmersedinterface,explicit immersedinterface).Modi�ed stencilsmake it more
dif�cult to apply fastsolvers,especiallyif the boundariesaremoving. If additionalun-
knowns areused,a commonapproachis to invert the Schurcomplementcorresponding
to theseunknowns.TheseSchurcomplementmatricescorrespondto discretizationsof in-
tegral equations[38]. A matrix-vectormultiplication with suchmatrix will beexpensive
sinceit involvesa regulargrid solve.

Computingthe jumpsdirectly via boundaryintegrals,which is the foundationof the
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EBI method,circumventssuchcostlyoperationsby decouplingtheintefacewith theback-
groundgrid. Onlyoneintegralsolveandtwo regulargridsolvesarerequiredindependently
of thecomplexity of theimmersedinterface.

In addition,transferringtheequationson the interfaceresultsin a naturalformulation
for coupledproblems.For examplein �uid-solid interactionproblems,theinterfacecondi-
tionsarethecontinuityof thetractionsandof thevelocities;theseconditionscanaugment
boundaryintegral formulationsfor the solid and �uid. If an implicit methodis usedto
solve the equations,in this formulation the nonlineariterationscanbe restrictedon the
interface.While time dependentproblemsrequirevolumecomputations,a fastsolver on
a structuredgrid helpsto minimize the computationalcostof the volumediscretization.
Theseconsiderationsindicatethat theEBI-basedmethodsmay have advantagesfor such
problemswhichweplanto explorein thefuture.

Oneshortcomingof the EBI methodis that it canbe usedonly for problemswith a
domainthatcanbepartitionedto subdomainsin whichthefundamentalsolutionis known.
The latter, however, doesincludeproblemswith piecewiseconstantcoef�cients, andthus
EBI is suitablefor aquitelargeclassof problems.Anotherproblemis thatEBI is relatively
complicatedto implementedbecause,for scalableand ef�cient implementations,a fast
matrixmultiplicationalgorithmfor theintegralequationmustbeused.Thedetailsof such
an implementation(for exampleFMM) tendto dependon the underlyingkernel. In this
paperwe discussan ef�cient N logN algorithmthat canbe usedwith any kernelwith
rapiddecayproperties,andonly requireskernelevaluations.

In thenext sectionwepresenttheoverview of themethod.Subsequentsectionsaddress
thedetailsof theboundaryintegral formulation(Section3); discretizationsof thebound-
ary integral equations(Section4.1), regular domainequations(Section4.2) andTaylor
expansionstencilcorrections(Section4.3). Section5 discussestheimplementationof the
method,a fastSVD-basedsolver for theboundaryintegralequationin particular.

Notation. Scalarswill be denotedwith lowercaseitalics, vectorswith lowercase
boldfaceletters;tensorsandmatriceswill bedenotedwith uppercaseboldfaceletters.In-
�nitely dimensionalquantitieswill be in italics, whereas�nite dimensionalones(usually
discretizations)will benon-italicfonts.Weuse[[�]] to denotethejumpof afunctionacross
aninterface(exterior � interior).

2. HIGH LEVEL DESCRIPTIONOF THE EBI METHOD

We seeksolutionsfor the interior, possiblymultiply-connected,Stokesproblemwith
Dirichlet boundaryconditions.We chooseaprimitivevariableformulation(velocitiesand
pressures),for which themomentumandmassconservationlawsaregivenby

� � � u + r p = b in ! ; div u = 0 in ! ; u = g on 
 : (1)

Hereu is thevelocity �eld, p is thepressure,b is a known forcing term,andg is a given
Dirichlet boundarycondition for the velocity. The stresstensorS associatedwith the
velocityandpressureis givenby

S = � pI + � (r u + r uT ): (2)

We split the solutionof the probleminto several stepsasfollows. We �rst embed!
in an easy-to-discretizedomain
 , typically a rectangle.By linearity we decompose(1)
into two problems:oneproblemthathasaninhomogeneousbodyforceandzeroboundary
conditionsfor 
 ; theotherhasnobodyforce,but nontrivial boundaryconditions:
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� � � u 1 + r p1 = b in 
 ; div u 1 = 0 in 
 ; u 1 = 0 on �; (3)

� � � u 2 + r p2 = 0 in ! ; div u 2 = 0 in ! ; u 2 = g � u 1 on 
 : (4)

Domain
 is chosento make the fastsolutionof (3) possible(Section4.2). For (4)
we usea doublelayer boundaryintegral formulation (Section3) to obtain the velocity
potential,� , on theboundary
 . Solutionu 2 for anarbitrarypoint in the interior of ! is
theconvolutionof thedoublelayerkernelswith thevelocitypotential.Thesolutionof the
originalproblem(1) is u = u 1 + u 2, p = p1 + p2.

In practicehowever, evaluatingu 2 usingconvolution presentsthesamedif�culties as
theevaluationof a forcing termby convolution. A differentapproachproposedby Mayo
[28], is to usethefactthatonceproblems(3) and(4) aresolved,thejumpsof thesolution
u canbeveryaccuratelycomputedon 
 . Conceptually, thereis a discontinuousextension
u 3 of u 2 on 
 thatsatis�es

� � � u 3 + r p3 = 0 in 
 ; div u 3 = 0; in 
 ; u 3 = u 2; on � ; (5)

[[u 3]]γ = � ; [[S3n ]]γ = [[� p3n + � (r u 3 + r uT
3 )n ]]γ = 0: (6)

Numerically, this problemis solvedusingthesamesolver usedfor problem(3), but with
a right-handsidethat takesinto accountthe interfacejumpscomputedfrom the velocity
potential(Section4.3).

In summary, theEBI approachusesthefollowing steps:

1. solve theproblem(3) on thesimplerdomain
 ;

2. solve the boundaryintegral problemderived from (4) on 
 to obtain the velocity
potential;

3. computetheright-handsidecorrectionsfrom thevelocitypotential;

4. solve thesecondregularproblemon 
 with thecomputedright-handside;

5. addthesolutionsobtainedat steps1 and4 to obtainthecompletesolutionon ! .

3. THE DOUBLE LAYER FORMULATION FORTHE STOKESEQUATIONS

In this sectionwe describethedoublelayer intergral formulationof a problemof the
form (4). We assumethattheboundarycurve
 is curvature-continuous,andthedomain!
is bounded.We usethenotation

C[w](x) :=
∫

γ

C(x; y)w (y) d
 (y );

to denotetheconvolution for a kernelC; C(x; y)w is a dot productfor vectorkernelsand
matrix-vectorproductfor matrix kernels.

Thefundamentalsolutionfor theStokesoperatorin two dimensionsit is givenby:

U(x; y) = U(r ) :=
1

4�

(

ln
1
�

+
r 
 r

� 2

)

; (7)

x is theobservationpoint,y is thesourcepoint,r := x � y , � := kr k2, and
 is thetensor
productof two vectors.Thiskernelis alsoknown astheStokeslet.
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Similar to the potentialtheoryfor the Laplaceequationwe canintroducesingleand
doublesurfacepotentialsfor thevelocity andthepressure.We useonly thedoublelayer
potentialD for velocityandthedoublelayerpotentialfor pressureK:

D(x; y) :=
1
�

r � n (y)
� 2

r 
 r
� 2

; K(x; y) := � �
1
�

1
� 2

(

I � 2
r 
 r

� 2

)

n (y) (8)

wheren (y) is theoutwardsurfacenormalat a boundarypoint y . For a derivationof [35]
and[36].

Green'ssecondidentitycanbeemployedto expressthesolutionof theStokesproblem
in termsof boundaryintegralsandthusreducetheproblemto aboundaryintegralequation.
While being most general,this approachresultsin ill-conditionedsystems. We usean
indirectformulationwhichyieldssystemswith boundedconditionnumber.

Welimit ourdiscussionto theinteriorDirichlet problem.Theextensionto exteriorand
Neumannproblemsis straightforward.Werepresentthevelocitiesandpressuresassurface
potentialsconvolutedby thedoublelayerkernel:

u (x) = D[� ](x); p(x) = K[� ](x); x in ! : (9)

Here� is thehydrodynamicpotential.Takinglimits to theboundaryfrom theinteriorand
exterior regionsweobtain

u(x) = �
1
2

� (x) + D[� ](x); x on 
 : (10)

Thevelocityu hasto satisfy
∫

γ u � n d
 = 0, a directconsequenceof theconservationof
mass.This constraintis an indicationthat for the simply-connectedinterior problemthe
doublelayeroperatorhasa null spaceof dimensionat leastone. In fact, it canbeshown
([35], p. 159) that thedimensionof thenull spaceis exactly one. The null spacecanbe
removedby a rank-onemodi�cation ([35], p. 615). Let N (x; y) = n (x) 
 n (y). We
representu as

u (x) = �
1
2

� (x) + D[� ](x) + N [� ](x); x on 
 : (11)

More generally, for the multiply connectedinterior problem,a direct calculationcan
verify that thedoublelayerkernelhasa largernull space:it is spannedby potentialsthat
correspondto restrictionsof rigid body motion velocity �elds on the boundary. These
�elds generatezeroboundarytractionsand thusbelongto the null spaceof the double
layerkernel. Supposethat theboundary
 consistsof n + 1 components
 0; 
 1; � � � ; 
 n,
where
 0 enclosesall othercomponents,andlet cp; p = 1; � � � ; n be an interior point of

 p. Following [35], werepresentu as

u(x) = �
1
2

� (x) + D[� ](x) + N [� ](x) +
n

∑

p=1

U(r p)� p[� ] +
n

∑

p=1

R(r p)� p[� ] (12)

wherer p = x � cp, R(r ) = r⊥=4� � 2, andif r = (r1; r2), r⊥ = (r2; � r1).
Thecoef�cients � p and� p arecomputedby augmenting(12)with

∫

γ

 j
p(y ) � � (y ) d
 (y ) = � p; j = 1; 2;

∫

γ

 3
p(y ) � � (y ) d
 (y ) = � p; (13)
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where i
p; p = 1; � � � ; n; i = 1; 2; 3 are3n functionsspanningthenull spaceof thedouble

layer potential. Thesefunctionsare explicitly known  i
p(y ) = (� 1i; � 2i) for i = 1; 2

 3
p(y ) = (y2; � y1) on 
 p—they are�uid rigid-bodymotions,restrictedon 
 p. In [35] is

shown thatequations(12) and(13) guaranteea uniquesolutionof � ; � and� for general
admissibleboundaryconditionu.

Jumpcomputation. Oncethe potenital� is known, we needto computethe jumps
at the interfaceandthe velocity to usein equation(5) Equation(9) is de�ned for points
inside! . We canuseexactly thesamerelationto extendu in R

2=�! . Theresulting�eld is
discontinuousacrosstheinterface.

From the propertiesof the doublelayer kernel for an interior problemwe have the
following jumprelationsfor velocityandstress:

[[u ]] = � ; [[Sn ]] = 0: (14)

The jump on the pressurecan be deducedif we notice that the doublelayer kernel
K(x; y) canbe alsowritten as� 2� r x(L (x; y)) , whereL (x; y) = (r � n (y))=� 2 is the
doublelayerkernelfor theLaplaceequation.

From(14)we canderiveaconditionfor thepressure:

[[p]] = � 2� � t ; (15)

wheret is thecurvetangent.
In additionto jumpsin velocity andpressure,we alsoneedthe jumpsfor derivatives

of velocity andpressureaswell asthe jumpsin secondderivativesof thevelocity; these
jumpsareusedto computecorrectionsto ensuresecond-orderaccuracy of thesolutionof
theproblemon thedomain
 . Thederivationis presentedin theappendix.

4. DISCRETIZATION

4.1. Boundary Integral Equation

We discretize(11) by the Nyström methodcombinedthe compositetrapezoidalrule
whichachievesuperalgebraicconvergencefor smoothdata.Without lossof generalitywe
assume! to be simply connected.Note that thedoublelayer kernelhasno singularities
for pointson theboundary. Indeed,

lim
y→x

D(x; y) = �
1
�

(t 
 t )
k
2

; x; y on 
 ;

wheret andk arethetangentvectorandthecurvatureatx.
Let [0; 2� ] be the curve parameterizationspaceand n the numberof discretization

pointswith h = 2� =n. We discretizeby:

u(y(ih )) = � 0:5� (ih ) +
1
h

n
∑

j=1

D(y(ih ); y (j h)) � (y (j h)) kr y(j h)k2

+ n (y(ih ))
n

∑

j=1

� (y (j h)) � n (y(j h) kr y(j h)k2; i = 1; : : : ; n;
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or

ui = � 0:5� i +
1
h

n
∑

j=1

D ij � j kr y jk2 + n i

n
∑

j=1

� j � nj kr y jk2; i = 1; : : : ; n (16)

which resultsin adense2n � 2n linearsystem.Herey(�) is theparameterizationof 
 .
While resultingsystemhasa boundedconditionnumber, it is dense.Fortunately, one

cantake advantageof the fastdecayof theGreen's functionwith distanceandusea fast
methodto solve the system. A numberof suchmethodsexist; we usean SVD-based
methoddescribedin detail in Section5.1.

4.2. Finite elementformulation of the regular region

To solvetheequationsin theregulardomain
 weusea�nite-elementdiscretizationof
theStokesoperator. It shouldbenotedthatweusethe�nite-elementformulationprimarily
asaconvenientmechanismto derivethediscretizationof theproblem.For theregulargrid
thediscretesystemobtainedby using�nite elementsis identicalto a systemobtainedby
a speci�c choiceof �nite differencestencilsto which we canapply the right-handside
correctionsdescribedin Section4.3.

Wehavechosento solvefor thevelocityandpressuresimultaneouslyratherthanusean
Uzawaor pressurecorrectionalgorithmusinga�nite elementmethodwith Q1-Q1bilinear
elements.Theadvantageof theQ1-Q1 elementsis that they probablyresultin oneof the
simplestimplementationsfor theStokessystemsincethey allow equalorderinterpolation
for thevelocity andthepressureon a unstaggeredgrid 2. A survey andrelatedreferences
on �nite elementmethodsfor theNavier-Stokesequationscanbefoundin [16], and[17].

With L 2(
) wedenotethespaceof scalarfunctions(in 
 ) whicharesquare-integrable
andwith H 1(
) we denotevectorfunctionswhose�rst derivativesarein L 2(
) .

We alsode�ne

V :=
{

v 2 H 1(
) : v jΓ = 0
}

;

Q :=
{

� 2 L 2(
) :
∫

Ω

� d
 = 0
}

:

The domainintegral constraintin Q is necessaryfor pressureuniqueness(for Dirichlet
problemspressureis de�ned up to a constant).It canbeimplementedby a null spacecor-
rectionwithin Krylov iterationsor by settingthepressuredatumat a boundarydiscretiza-
tion node.We choosetheformersinceit resultsin betterconditionedlinearsystems.

In theweakformulationof (1) we seeku 2 H 1(
) andp 2 Q suchthat:
∫

Ω

� r u � r v d
 �
∫

Ω

p div v d
 �
∫

Ω

b � v d
 = 0 8v 2 V ; (17)

�
∫

Ω

q div u d
 � � h2

∫

Ω

r p � r qd
 = 0 8q 2 Q: (18)

In unconstrainedelliptic systemslike theLaplaceandelasticityequationsmereinclu-
sion of the �nite elementspaceswithin the continuumspacessuf�ces for convergence.
However, this is not the casefor theStokesequationsandthe choiceof thepressureap-
proximationfunction spacecannotbe independentof the choicefor the velocities[16].

2P 1 � P 1 couldalsohavebeenused,but theimplementationis somewhatmoresensitive onthestabilization
parameter[30].
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To ensureconvergence,thewell-known (inf -supcondition)needsto besatis�ed,which is
not satis�ed by heQ1-Q1 element.The weighteddiffusive term in (18) is introducedto
circumvent the inf -sup condition[16]; parameter� controlsthe amountof stabilization.
In [30] it is shown how to chooseanoptimalvaluefor � ; for regulardomainsandperiodic
boundaryconditions� = 1=24. Theresultingapproximationis second-orderaccuratefor
thevelocitiesand�rst orderaccuratefor thepressuresin theL 2 norm.

The resultingdiscretesystemis whereU is the Laplacianwith Dirichlet boundary
conditions,V is the Laplacianwith homogeneousNeumannboundaryconditions(since
thepressureis unknown on theboundary).





U 0 B 1p

0 U B T
2p

B p1 B p2 � � h2V











u1

u2

p







=







b1

b2

0







: (19)

Thecorresponding�nite differencestencilsareprovidedin theappendix.
We usethis discretizationto solve all equationson the rectangulardomain
 .When

solving the system(5) we apply correctionscomputedasdescribedin Section4.3 to the
right-handsideof the system,which ensuressecond-orderconvergence.The derivation
of thesecorrectionsis basedon thestandard�nite differenceanalysis,assumingsuf�cient
smoothnessof the solution. Although the discretizationwe useis derived using �nite
elements,truncationerrorcanbeeasilyshowntobesecondorderaccuratefor (3). However
standardmaximumprincipletechniquescannotbeusedfor theStokesequations,because
they correspondto an inde�nite and thusnot coercive operator. For this reasonwe use
FEM theoryto obtainanerrorestimatein theL 2 norm.

Given f in H −1(
) , andg in L 2(
) for thestabilizedQ1-Q1formulationwe know
thatthefollowing problemhasa uniquesolution.Find u h 2 Vh , p 2 Qh suchthat:

∫

Ω

� r u h � r vh d
 �
∫

Ω

ph div vh d
 =
∫

Ω

f h � vh d
 8vh 2 Vh ; (20)

�
∫

Ω

qh div u h d
 � � h2

∫

Ω

r ph � r qh d
 =
∫

Ω

gh qh d
 8qh 2 Qh: (21)

If we denotek � km theusualnormin H m(
) , standardregularity results[10] give

kuhk1 + kphk0 � c(kf hk−1 + kghk0);

or (sincek � k−1 � k � k0 � k � k1)

kuhk0 + kphk0 � c(kf hk0 + kghk0): (22)

Now let wh = f u h; phg and bh = f f h; ghg. We can associatea linear operator
A h to (20), mappingwh to bh; since(20) hasa uniquesolutionfor all bh, we canalso
write wh = A−1

h bh. The regularity condition(22) implies that kwhk0 � kbhk0 andthus
kA−1

h k0 � 1 . Thenif eh is theapproximationerror and� h the truncationerror, we get
eh = A−1

h � h, or kehk0 � kA−1

h k0k� hk0. If we assumethat k� hk0 is O(h2) we obtain
kehk0 = O(h2). In our numericalexperimentswe have observeda similar convergence
ratein thein�nity norm.

4.3. Taylor ExpansionStencilCorr ections

In this sectionwe show how discontinuitiesacrossthe interface(jumps)canbe used
as a correctionterm for a discretizationobtainedusing a simpler domainin which the
interfaceis embedded.
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Thederivationof thebasicformulasfor thecorrectionsdoesnot dependon theprob-
lem,aslongasthejumpsof thevariablesacrosstheinterfacecanbecomputed.

To illustratethe basicidea,supposewe solve Poisson's equation� u = b, in ! with
given Dirichlet boundaryconditionson 
 (Fig. 4.3). Assumefurther that we usea dis-
continuousextensionof u in 
 which satis�es thesameequationoutside! . We assume
that thediscontinuitiesareknown up to secondderivatives. Typical discretizationsof el-
liptic PDE's (�nite elements,�nite differencesor �nite volumes)producea linearsystem
with i -th equationof the form �u i +

∑

j � juj = � bi, wherej runsthroughthe neigh-
bors of ui. The coef�cients of the equationsfor regular grids are the samefor all in-
terior points,anddependonly on the relative positionof ui anduj . Thesecoef�cients
togetherwith correspondingrelative displacementsareusuallyreferredto asstencils.For
the standard2D � ve-pointdiscreteLaplacian(Fig. 4.3(a)) the equationshave the form
(1=4)ui �

∑4

j=1
uj = h2bi, whereh is the meshsize. In the absenceof an interface

ωð
 γð


�

��

������
��

	


�

�

��
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FIG. 1 Stencilcorrections.(a)Theirregulardomain! is embeddedin asimplerdomain
 .
For thedepictedstencilthetruncationerroris constantasthediscretizationstepdecreases.
Figure(b) showsthenotationfor computingthecorrectionterms.

this stencil is well-de�ned andsecondorderaccurate.For stencilsthat intersectwith the
interface,however, this is not true, asthe solution is discontinuousacrossthe interface.
In Fig. 4.3(b),we show an examplefor which two unknownsui andue arerelatedin a
discretizationstencilthat“crosses”theinterfaceatpointX . Thelimit of thesolutionfrom
theinterior is denotedasu∗

i andthelimit from theexterior is denotedasu∗

e . Thekey idea
is that the truncationerror of the stencilcanbe correctedto be second(or higher-order)
accurateif weknow thedifferencebetweentheinterfacelimits, andnot their exactvalues.
De�ne n = p=h to be theunit-lengthdirectionvectororientedfrom ui to ue, pe = hen
andpi = hin , Fig. 4.3(d).By usingTaylorexpansionswecanwrite

ue = u∗

e + heD u∗

e � n +
h2

e

2
n � (D 2u∗

e)n + O(h3)

= ([[u]] + u∗

i ) + he([[D u]] + D u∗

i ) � n +
h2

e

2
n � ([[D 2u]] + D 2u∗

i )n + O(h3):

(23)

De�ning

si = [[u]] + he[[D u]] � n +
h2

e

2
n � [[D 2u]]n (24)
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andexpandingu∗

i usingTaylor seriesatui we obtain

ue = ui + hD ui � p +
h
2

p � (D 2ui)p + si + O(h3):

Similarly we canwrite

ui = ue � hD ue � p +
h2

2
p � (D 2ue)p + se + O(h3);

wherese is givenby:

se = � ([[u]] � hi[[D u]] � n +
h2

i

2
n � [[D 2u]]n ): (25)

For the stencilcenteredat ue we use(25) andfor thestencilcenteredat ui we use(24).
More speci�cally, in theequation�u i + � eue + � � � = � bi, we replaceue with ue � si,
which resultsin thecorrectionto theright-handside� esi, andyieldsthedesiredaccuracy.

By usingthecorrectionterm we achieve O(h3/2) truncationerror for a secondorder
discretizationof theLaplacianfor thepointsimmediateto theboundaryandO(h2) for the
remainingsetof points.This resultsto anO(h2) discretizationerrorfor all points[23, 28].
It also implies a secondorder truncationerror in the L 2 norm. Thereforesecondorder
convergencecanbeachievedusingjump informationup to secondderivatives.

5. THE IMPLEMENTATION OF THE EBI METHOD

In this sectionwe summarizethealgorithmiccomponentsof theEBI methodandwe
providesomeimplementationdetails.

The input datais the boundarygeometry
 , the body force, and the boundarycon-
ditions. The boundaryis representedasa collectionof cubic B-splinecurves. Solution
includesthefollowing steps.

1. De�ne theregulardomain
 . Its boundary� (Fig. 4.3)shouldnotbetoocloseto the
boundaryof thetargetdomain,sinceweuse(9) to evaluatethevelocity; theintegrals
arenearlysingularaswe approach
 .

2. Solve the problem(3) on the rectangulardomain
 . We usestandardnumerical
methodsto solve thediscretizedsystemasdiscussedin Section6. teststheforcing
termis analyticallyknown everywhere;in thegeneralcaseit will beknown only in
thedomain.We have usedShepardcubicextrapolation([39]) to computea smooth
extensionof thebodyforce.

3. Solve of the boundaryintegral equationcorrespondingto (4) usingSVD accelera-
tion discussedin Section5.1. This steprequiresthetraceof a particularsolutionto
correcttheboundaryconditionsfor u 2 by settingu 2jγ = g � u 1jγ . We usecubic
Lagrangeinterpolationto computeu 1 on 
 . Provided that the traceis interpolated
consistentlyto theaccuracy of theFEM solution,andprovidedthepotentialcalcula-
tion is higher-orderaccurate,theerror in theboundaryintegral equationdata(u 2jγ
includestheapproximationerrorfrom u 1) doesnotdecreasetheoverallaccuracy of
themethod.

4. Computecorrectionsusing the potential. First we computethe intersectionsof 

with the regular grid, usinga standardBezier-clipping algorithm. Then,usingthe
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velocitypotentialwe evaluatethecorrectiontermsfor theregulargrid neighborsof
every intersectionpoint. Furthermorein order to computethe jumpswe needto
compute�rst andsecondderivativesof thedoublelayerpotential.For this purpose
weusecubicsplineinterpolationfor everycurveon theboundary.

5. Solve (5) to evaluatethehomogeneoussolution.For this stepwe needto setappro-
priateboundaryconditionson� . Weuse(9) to evaluatetheboundarycondition.For
this stepwe usea denseevaluationof theboundaryintegral. This approachis not
scalablebut theconstantis verysmall.SVD accelerationcanbeused.

Theoverallsolutionis givenby therestrictionin ! of thesumof theparticularandthe
homogeneoussolutions.

To computethesolutionwe needtwo numericalmethods:oneto solve theboundary
integral equationsandthe otherto solve the linear systemsobtainedby discretizationof
theStokesequationon 
 .

5.1. FastBIE solver usingSVD

Thelinearsystemsresultingfrom theNyströmdiscretizationof adoublelayerpotential
haveboundedconditionnumber. Thedoublelayerkernelis weaklysingular, andthuscom-
pactfor domainswith C1-boundary. Compactperturbationsof theidentity have bounded
conditionnumber;for suchsystemtheexpectednumberof iterationsfor a Krylov method
(like GMRES)will be independentof themeshsize. For example,for theunit circle the
conditionnumberis exactly2, andit is independentof thenumberof discretizationpoints.
In addition,for the interior problem,thereareonly two eigenvalues—thereforeGMRES
convergesin two iterations.For multiply-connecteddomainstheconditionnumberscales
with thenumberof simply-connectedcomponents.In [13] aneffective preconditioneris
proposed;our implementationincludesthis preconditioner. However, asthematrix of the
systemis dense,eachiterationis expensive andfurther accelerationis requiredfor large
problems.

Thediscretizedequation(16)canbewritten in thevectorform as:

u = �
1
2

I � + DJW � + nn T (JW � ): (26)

u; � ; n are the vectorsof boundaryvelocity, densityandnormal respectively; D is the
matrix of thedoublelayerkernel;J is thediagonalJacobianmatrix of thecurve parame-
terization;andW is thediagonalmatrix of quadratureweights.Theessentialstepof the
iterative solver is themultiplicationof matrix � 1

2
I + DJW + nn T JW . SinceJ andW

areall diagonalmatrices,theonly expensivestepis themultiplicationwith D .
This matrix-vectormultiplication operationcostsO(N 2) whereN is the numberof

Nyström points. To acceleratethe methodwe shouldtake advantageof the fact that the
Green'sfunctionrapidlydecayswith distance,andthusthedoubleandsinglelayerkernels
becomenearlydegenerate.Severaltechniquesexist to acceleratethis matrix-vectormulti-
plication,for exampletheBarnes-Hutalgorithm( to O(N logN ) ) andtheFastMultipole
Method(to O(N )).

We usea fastmatrix-vectormultiplicationalgorithm,whichwas�rst proposedin [20]
and[19] for thesinglelayerformulationof theLaplaceequationsin triangulateddomains.
This methodusessingularvaluedecomposition(SVD) to sparsifylarge low-rank blocks
of the discretizeddoublelayer operator. The basicideasof the Fast Multipole and the
SVD-basedmethodareillustratedin Figure2.
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FIG. 2 Low rank approximationsof discreteinteraction. (a) Thedenseinteraction. (b)
FastMultipole method.(c) SVDbasedmethod.Arrowsrepresentlinear transformations.

ThedenselinearmapD representsthehydrodynamicforcesof n sourcepointsto m
targetpoints. If we assumethat thesetwo groupsaregeometricallywell separatedtheD
is expectedto benumericallylow rank,i.e. theratio s=s1 < � for all but r � m singular
valuess, wheres1 is the largestsingularvalueand� is a constantdeterminingtheaccu-
racy of thecomputations.Fastmultipole methodsusetruncatedanalyticexpansionsand
translationoperatorsto sparsifyD . Singularvaluedecompositioncomputesa coordinate
transformation,for which D is diagonal,andeliminatesthevectorscorrespondingto the
smallsingularvalues.Comparedwith FastMultipole Method,SVD-basedcompressionis
kernelindependentandeasyto implement.However, its maindisadvantageis thehigher
algorithmiccomplexity, O(N logN ) insteadof O(N ). In [19] anorthogonalrecursivebi-
sectionto createthepartitioninto low-rankblocks.Herewegiveaversionof thealgorithm
usingahierarchicalstructurebasedoncurvesubdivision. Therearetwo algorithms:theal-
gorithmthatsetsupthehierarchicalmatrix representationandthealgorithmimplementing
matrix-vectormultiplication.

Thesetupalgorithm. Theinput to thealgorithmis thecollectionof boundarycurves
and quadraturepoints, and threeparameters:p, � and � . Parametersp and � are used
in the computationof the low-rank representationfor blocksand� is usedto determine
whensetsof quadraturepointsarewell-separated.Theprecisemeaningof theparameters
is describedbelow. The output is a hierarchicalrepresentationof the matrix. To de�ne
thematrix representation,we partitionquadraturepointsinto a geometry-basedhierarchy.
First,wepartitiontheboundarycurvesinto severaltoplevel segmentsE 0

i ; i = 0; � � � ; ns �
1, eachcontainingroughly thesamenumberof quadraturepoints. Second,we subdivide
every E 0

i into two segments:E 1
2i andE 1

2i+1. We repeatthis procedureat eachlevel and
westopwhenthe�nest level segmenthaslessthannp quadraturepointsin it. WetakeL to
bethenumberof levelswith levelsnumbered0: : : L � 1. For eachsegmentat eachlevel,
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Algorithm 1 constructionof D
function constructMatrix(top segment list)

matrix trees:= ;
for X 2 top segment list do

matrix trees:= matrix trees[ constructSegmentTree(X,top segment list)
endfor
return matrix trees

endconstructMatrix

function constructSegmentTree(X, segment list)
node.submatrices,node.leftchild, node.rightchild := ;
node.segment:=X
near list := ;
for Y 2 segment list do

if separated(B (X ), B (Y ) ) then
node.submatrices:= node.submatices[ f (Y, SPARSE,constructSparse(X ; Y)g

else
near list := near list [ Y

endif
endfor
if level(X ) = L-1 then

for Y 2 near list do
node.submatrices:= node.submatices[ f (Y, DENSE,constructDense(X ; Y) )g

endfor
else

new list := ;
for Y 2 near list do

new list := new list [ f left(Y ),right(Y ) g
endfor
node.leftchild := constructSegmentTree( left(X ), new list)
node.rightchild := constructSegmentTree( right(X ), new list)

endif
return node

endconstructSegmentTree

we calculatea boundingbox of its quadraturepoints. For a segmentX , we useB (X )
to denoteits boundingbox, I (X ) to denotethe set of indicesof its quadraturepoints,
c(X ) centerof B (X ), r (X ) theradiusof B (X ), andleft(X)andright(X) theleft andright
subsegmentsof X .

D is representedasa collectionof blocksorganizedinto a hierarchy;eachblock cor-
respondsto the interactionbetweentwo segments.Similarly to FMM methods,we usea
low rankrepresentationif two segmentsarewell-separated;otherwisewecomputeadense
block.

Algorithm (1) is thepseudocodefor constructingthematrix D . The matrix is repre-
sentedasasetof trees,onetreepereachtop-level segment.Eachnodeof thetreeonlevel l
correspondsto a segmentE l

j . Eachnon-leafnodecorrespondingto a segmentX contains
a list of matricesin a low-ranksparcerepresentationdescribedbelow; eachmatrix corre-
spondsto asegmentonthesamelevel asY , for whichaseparationcriterionis satis�ed. In
addition,anon-leafnodecontainspointersto two nodescorrespondingto thesubsegments
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of X . Theleaf nodescontainonly a list of matrices;for segmentsY which do not satisfy
theseparationcriteriona densematrix is stored.

The main function constructMatrixsimply calls constructSegmentTreeon eachtop-
level segmentX to computethe interactionbetweenX andall othertop-level segments.
FunctionconstructSegmentTree(X,segment list) constructa treerepresentationof thesub-
matrix of D correspondingto interactionsof X with segmentsfrom segment list. Func-
tion separated(B1,B2) is usedto testwhethertwo boundingboxesB1 andB2 arewell-
separated.If theratio of thedistancebetweencentersc(B1) andc(B2) to thesumof their
radii is lessthanaconstant� , they areregardedto benotwell-separatedandeitherfurther
re�nementis necessary, or adensematrix hasto bebuilt.

Whentwo segmentsX andY arewell-separated,constructSparseis calledto construct
a low-rank representationof the interactionmatrix D X,Y betweenthesetsof quadrature
pointsof X andY , i.e. to �nd a columnbasisof matrix D X,Y andrepresentthe whole
matrix D X,Y asa linearcombinationof this basis:

D X,Y � U rV r;

(Figure2).
Let SX andSY be the setof p samplingpointsfrom the setsX andY respectively.

For the time being,we assumep to be signi�cantly greaterthanthe numericalrank r of
the interactionmatrix D X,Y . We explain the estimationof r andp, andthe selectionof
samplingpointsalongwith thenumericalexperiments.

FirstweconstructD X,SY
anduseSVD or modi�ed Gram-Schmidtto getU r which is

of sizen� r , wherer is thenumericalrankof matrixD X,SY
. TheModi�ed Gram-Schmidt

algorithmis faster, with small lossof compressioneffectiveness.In our implementation
we usea columnpivotedModi�ed Gram-Schmidtmethod;thepivoting is usedto detect
the maximum2-norm of the remainingvectorsand we stop the processwhenever that
maximumis lessthantheprescribedconstant� .

ThematrixU r is usedto computeV r. FirstweevaluateD SX ,Y , andthenwesubsam-
ple U r by choosing~U whoserows aretherows of U r correspondingto thesetof points
SX . We computeV r from theleastsquaresystem~U V r = D SX ,Y .

Complexity analysis. Therearethreeimportantobservationson which thecomplex-
ity analysisof the constructionalgorithm arebased. First, aswe pointedout, the time
complexity of constructSparse(X ; Y) canbe boundedby C � n, wheren is the number
of pointsin the larger of X andY . Second,thecomplexity of constructDense(X ; Y) is
O(n2). Lastly, exceptfor thesegmentsatthetoplevel,everysegmentgetsanO(1) number
of segmentsin thesegment list from its parentsegment,andpassesalsoanO(1) number
of segmentsin thenew list to its children,undertheassumptionthat theboundarycurve
is smoothand the distribution of quadraturepoints is uniform. Considera segmentX ,
the segmentsin the near list of X have centersin a circle centeredat c(X ) with radius
(2� + 1)r (X ). Thereareabout2� + 1 segmentsin this near list dueto theassumption
aboutuniformity. Therefore,thenew list containsabout4� + 2 segmentsbecauseeach
segmentin thenew list is a child of somesegmentin near list . However, amongthem,
therewould beroughlyonly half, about2� + 1, of themfalling in thethecircle centered
atc(left (X )) with radius(2� + 1)r (left (X )) becauser (left (X )) is half thesizeof r (X ),
andsamefor left(X ). We useg to boundthis 2� + 1 number.

At thecoarsestlevel,eachsegmentcomputesits interactionwith theremainingmax(ns�
g; 0) top level segmentsusingthe SVD method. The work canbe boundedby ns � ns �
(Cnp2L−1). For any otherlevel i , we have O(2ins) segments,eachof which computes
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Algorithm 2 Matvecof D
function matVec(matrix trees,x)

b := 0
for tree2 matrix trees do

b :=matVecSegment(tree, x, b)
endfor
return b

endmatVec

function matVecSegment(node, x, bold )
b := bold
for (type, matrix,src) 2 node.submatricesdo

if type= DENSE then
b(I(node.segment)):= b(I(node.segment))+ matVecDense(mat,x(I(src)))

else
b(I(node.segment)):= b(I(node.segment))+ matVecSparse(mat,x(I(src)))

endif
endfor
b :=matVecSegment(leftchild, x, b)
b :=matVecSegment(rightchild, x, b)
return b

endmatVecSegment

the interactionwith g other segmentsat the samelevel. This work is proportionalto
2ins � g � (Cnp2L−1−i). For the �nest level eachsegmentalsomustcomputethe dense
interactionbetweenitself andits neighbors,at mostg of them.Thiscosts2L−1ns � g � n2

p.
Thetotal costcanbeboundedby

ns � ns � (Cnp2L−1) +
∑L−1

i=1
2ins � g � (Cnp2L−1−i) + 2L−1ns � g � n2

p

� Cns � nsnp2L−1 + Cg � L � nsnp2L−1 + gnp � nsnp2L−1

= (Cns + Cg � L + gnp) � nsnp2L−1

Cns, Cg andgnp areall constants.nsnp2L−1 is the total numberof quadraturepoints
N . L is the depthof the hierarchicalstructure,so it is O(log N ). Thereforethe total
complexity (Cns + Cg � L + gnp) � nsnp2L−1 is boundedby O(N logN ).

Matrix-vectormultiplication. Algorithm(2) is thepseudocodefor matrix-vectormul-
tiplication usingtheSVD-basedrepresentationof D . FunctionmatVecDensesimply mul-
tiplies the denselystoredmatrix with a vector. On the otherhand,matVecSparseof two
segmentX andY usesthesparserepresentation:D X,Y = U rV r. SinceU r andV r are
both of sizen � r , assumingn is the sizeof X andY, multiplication with V r andU r

is muchcheaperthanmultiplicationwith D X,Y . Figure3 shows thesparsestructureof a
simply-connectedboundary.

NumericalExperiments. All experimentsin this sectionwereperformedon a SUN
Ultra80,450MHz workstation(singleprocessor).We usethreeparametersin thematrix
constructionalgorithm:� for separationdetection,� for modi�ed Gram-Schmidtalgorithm
andp for samplingmatrix columnsandrows. Thevalueof � is usuallychosento be1:5
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FIG. 4 Testdomains.Solid curvesrepresenttheboundaryof thedomain.Thedotsin the
domainsarethepointsusedfor errorestimation.

to 2. Numericalexperimentsindicatethatincreasingthevalue� reducesunacceptablythe
accuracy withoutsigni�cant savingsin speed.

Thetolerance� is themostimportantparameter;it determinesthespeedandaccuracy
of theSVD-approximationandin somesensecorrespondsto thetruncationof theanalytic
expansionsin theFastMultipole Method.

Theestimationof r andp canbeobtainedby thefollowing incrementalprocedure.For
two segmentsX andY , we �rst choosea small numberfor p, andusethesep sampling
points to constructthe SVD representationof D X,Y . If the numericalrank r of D X,Y

is closeto p, which meansthat the numberof samplingpointsp is not enough,thenwe
doublep andcomputetheSVD representationof D X,Y againuntil r is muchsmallerthan
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TABLE 1
Comparisonbetweenthedensematrixmatrix-vectormultiplicationandtheSVD-based

matrix-vectormultiplicationfor two different�o w �elds andgeometries.Setuptime
includestheconstructionof thematrixandthepreconditioner. Solve time is thetimeused

by GMRESsolver. We seethatastheproblemscales,thedenseapproachgrowsup
quadratically, while SVD basedapproachesscalesalmostlinearly.

domain,
solution

N matrix setup solve jujerr perr

Fig.4(a) 736 dense 1.79 4.89 2.34� 10−06 2.67� 10−7

svd 2.11 4.56 7.28� 10−06 3.18� 10−6

cubic�ow 1472 dense 6.37 17.0 8.82� 10−08 2.30� 10−8

svd 5.25 7.98 8.12� 10−06 4.63� 10−6

2944 dense 23.9 58.9 1.04� 10−08 2.65� 10−9

svd 12.2 15.8 5.65� 10−07 2.91� 10−7

5888 dense 100 224 1.30� 10−09 3.10� 10−10

svd 22.7 30.9 5.39� 10−07 2.31� 10−7

Fig.4(b) 384 dense 0.44 0.52 1.80� 10−06 1.07� 10−6

svd 0.74 0.37 5.08� 10−06 3.31� 10−6

Stokeslet 768 dense 1.53 2.75 2.47� 10−07 1.40� 10−7

svd 1.35 1.14 1.95� 10−06 2.89� 10−6

1536 dense 6.18 10.1 3.44� 10−08 1.80� 10−8

svd 3.01 2.50 1.07� 10−06 9.46� 10−7

3072 dense 29.1 39.3 4.63� 10−09 2.29� 10−9

svd 5.91 5.40 9.85� 10−07 4.84� 10−7

p. In practice,westopwhenr is lessthanp=3, whichensuresthatthealgorithmcan�nd a
goodbasisU of matrixD X,Y with veryhighprobability. Thepositionof thesep sampling
pointsarechosento beevenlyspacedon theboundary..

In Table1 wereportwall-clock timeandaccuracy comparisonsbetweenthedenseand
theSVD-sparsi�eddoublelayeroperators.We solve two differentproblems,acubic�o w,
anda �o w that correspondsto a Stokeslet. We usepointwiseerror on a �x ed numberof
pointsto evaluatetheaccuracy. We �rst solve the integral equationfor thehydrodynamic
potentialandthenweevaluatethevelocitiesandpressureswith (9).

The sparsi�cationis divided to setupa phaseandan iterative solutionphase.As ex-
pected,the setuptime for the densematrix scaleswith the squareof the numberof un-
knowns. The fastmethodsscalesalmostlinearly sincethe log(N ) is quitesmall. In this
examplewehaveuseda�x edtolerance� = 10−4—thatis why thereis no improvementin
theerrorfor thelargerproblem.Table2 comparesrunningtimeandaccuracy for different
choicesof � , for thegeometrydepictedin Fig. 4(b) with a Stokeslet�o w. As expectedthe
accuracy improveswithoutsigni�cant increasein runningtime.

Perhapsa morerepresentativeexamplefor thescalabilityof themethodis depictedin
Table3. Thegeometryis thatof Fig. 4(c) for a Stokeslet�o w. We solve for two different
valuesof � and for a eight-fold increasein the problemsize. It is apparentthat about
10,000quadraturepointsareenoughto getsingleprecisionaccuracy. Therunningtimes
areincreasealmostlinearly with theproblemsize.
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FIG. 5 Plotsof thedatafrom Table1
with linear�t for SVD-basedsolverandquadratic�t for thedensesolver.

TABLE 2
Runningtimesandpointwiseerrorsfor theSVD-basedsparsi�cation.We reportresults

for thegeometrydepictedin Figure4(b) for a Stokeslet�o w. We vary thenumericalrank
tolerance� andwe hold thenumberof quadraturepoints�x ed(768);heremaxrank

indicatesthemaximumnumericalrankfor aSVD-approximatedblock.
� setup(s) solve(s) jujerr perr maxrank

10−02 3.48 7.13 3.95� 10−4 1.84� 10−4 8
10−03 4.18 8.09 3.67� 10−5 1.43� 10−5 10
10−04 5.49 7.95 6.68� 10−6 4.63� 10−6 12
10−05 6.00 8.59 8.31� 10−7 5.82� 10−7 14
10−06 6.99 9.71 1.77� 10−7 9.49� 10−8 16
10−07 7.93 10.8 1.17� 10−7 4.65� 10−8 18

5.2. Regular grid solver

Thereexist severalmethodsfor theef�cient solutionof linearsystemsrepresentingdis-
cretizationsof elliptic PDEs.ExamplesareFFTs,multigrid andtwo-level domaindecom-
positionalgorithmswhichareasymptoticallyoptimal.Howeverfor mediumsizeproblems
it turnsout the domaindecompositionmethodsarefaster. We have developedour code
on topof thePETSclibrary [3, 4]. PETScincludesseveralmethodsfor regulargridssuch
asdomain-decompositionpreconditionersandmultigrid. In Table5.2 we report timings
for four differentpreconditioners:block-Jacobi,single-gridadditive Schwarz, two-grid
additive Schwarz, anda V-cycle multigrid. We report isogranularscalability resultsfor
problemsup to 10 million unknownson 16 processors3. Our intentionis not a detailed

3Let usnoteherethatonly theregulargrid solver is parallelizedin our implementation.Theparallelizationof
theboundaryintegral solver is in progress.
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TABLE 3
Runningtimesandpointwiseerrorsfor theSVD-basedsparsi�cation.We reportresults

for thegeometrydepictedin Figure4(c) (64circles)for aStokeslet�o w; for two different
valuesof thenumericalranktolerance� andfor aneight-foldincreasein problemsize.

Observethealmostlinearscalingin setupandsolverunningtimeswith theproblemsize.
For thisexampleabout10,000Nyströmpointsgivesingleprecisionmachineaccuracy.

� L=N setup(s) solve(s) jujerr perr maxrank
10−04 4/4,544 49.6 111 9.02� 10−6 1.63� 10−5 14

5/9,088 118 226 1.52� 10−6 1.59� 10−6 14
6/18,176 217 435 1.35� 10−6 1.02� 10−6 14
7/36,352 487 904 1.07� 10−6 9.24� 10−7 14

10−06 4/4,544 67.2 137 4.64� 10−7 1.11� 10−6 19
5/9,088 164 287 1.85� 10−7 2.60� 10−7 19
6/18,176 294 559 1.09� 10−7 1.23� 10−7 19
7/36,352 682 1,172 1.23� 10−7 1.57� 10−7 19

comparisonbetweenthedifferentsolutiontechniques,but to give an numericalevidence
of thescalabilityof thedifferentpreconditionersfor theQ1 � Q1 discretization.

TABLE 4
In this tablewecompareiterationcountandwall-clock time for 4 differentlinearsolvers
for thediscretizedStokesproblem.All usethesameKrylov solver (ConjugateResiduals).

Whatdiffersis thepreconditioner. Heregrid is thenumberof grid points(3 degreesof
freedompergrid point); p is thenumberof processors;BJ denotesa block-Jacobi

domain-decompositionwith ILU(1) preconditioningin eachsubdomain;ASMis an
additiveSchwarzpreconditionerwith �x edoverlap;2L-ASMis a two level additive

Schwarzpreconditionerin which the�ne grid usestheASM methoddescribedaboveand
thecoarsegrid is solvedredundantlyoneveryprocessorusinga sparseLU factorization.

Thecoarsegrid is 10 timessmaller;MG is a5-level singleV-cyclemultigrid
preconditionerwith sparseLUs for thecoarsestlevel andtheBJpreconditionerfor the
rest.For eachdifferentpreconditionerwe reportwall-clock time in seconds(sec) and

iterationcounts(it) for a relativeresidualreductionof 1� 10−7 . Thelargestproblemhas
10million unknownsandit took 15secondsto solve. Thepreconditionersarepartsof the
PETSclibrary. Therunswereperformedona 900MHz Compaqserverat thePittsburgh

SupercomputingCenter.

grid p BJ ASM 2L-ASM MG
it sec it sec it sec it sec

1282 2 296 78 161 45 26 3 34 11
2562 4 602 350 330 220 21 6 47 36
5122 8 1,240 1,450 692 950 18 11 56 98
10242 16 2,578 6,100 1,391 3,910 19 24 57 260

As expectedthe single-gridpreconditionersperform quite poorly comparedto mul-
tilevel methods. For the latter we can observe meshsize-independenceon the number
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of Krylov steps. Notice that we quadruplethe problemsizeandwe doublethe number
of processors.Thus, for an optimal algorithm, wall-clock time shoulddoublewith the
problemsize. Indeed,this is the casefor the2L-ASMpreconditionerwhich outperforms
the othermethods.Multigrid is optimal in the numberof iterations,but (for thespeci�c
implementation)it is signi�cantly slower, probablydueto interprocessorcommunication
overhead.We havenotattemptedto �ne-tune themultigrid preconditionerandthuswe do
not advocateonemethodover the other. We have chosenthe two-level methodbecause
is somewhatsimplerto combinewith theboundaryintegral solver. For detailson thethe
theoryof two-level preconditionersfor inde�nite elliptic systemssee[22].

6. NUMERICAL EXPERIMENTS

In this sectionwe testEBI on problemswith exact analyticsolutions. We assessthe
pointwiseaccuracy of thesolverandweinvestigatetheeffectsof theaccuracy of thebound-
ary integralsolveron theoverallaccuracy of themethod.

FIG. 6 Domainsusedin numericalexamples

Wepresentresultsfor four differentproblems.Thesolutionsarerestrictedto thetarget
domains(Figure6), whichareembeddedin theunit square.Wehavechosenthefollowing
analyticsolutions:a Poiseuille�o w

u = f y(1 � y); 0g; p = � 2x;

a “cubic �o w”
u =

{

y3; x3
}

; p = 6xy;

a “body force�o w”

u = 2
{

� x2y; y2x
}

; p = sin(xy); b = 4� f y(1 + cos(xy); � x(1 + cos(xy)g :

We also usea Stokeslet(7) centeredat (0:5; 0:7) and orientedalong e = f 1; 1g. The
correspondingpressureis givenby

p =
1

2�
r
� 2

� e:

All experimentsin this sectionwereperformedon a SUN Ultra80,450MHz workstation
(singleprocessor).

In the�rst exampleweusethecubic�o w solutionfor theinteriorproblemin acircleof
radius0.3. Convergenceresultsarepresentedin Table5. We reportandcompareconver-
genceratesfor �rst-order accurate(dense-1) andsecond-orderaccurateTESCs(dense-2);
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for the latterwe alsoreportresultsfor theSVD acceleration(svd). The integral equation
hasbeendiscretizedby 320quadraturepoints. Increasingthis numberdid not affect the
accuracy signi�cantly. For the �rst orderTESCsthe convergenceratefor thevelocity is
superlinearandhencesuboptimal;with secondorderTESCsbothdenseandsparsecom-
putationsresultin optimalconvergenceratesfor thevelocitiesandpressures.

TABLE 5
Convergenceresultsfor thecubic�o w insideacircle. In (dense-1) TESCswere�rst order

accurate;in (dense-2) TESCsincludesecondorderderivatives.In (svd) we usesecond
orderTESCscombinedwith thesvdacceleration.Theranktolerance� is 10−7; (u) and

(p) denoteerrorin thein�nity normfor thevelocitiesandpressures.

dense-1 dense-2 svd
grid u p u p u p
322 2.43� 10−3 1.19� 10−1 8.35� 10−4 2.31� 10−2 8.84� 10−4 2.43� 10−2

642 8.06� 10−4 1.07� 10−1 1.81� 10−4 1.33� 10−2 1.90� 10−4 1.37� 10−2

1282 3.06� 10−4 8.44� 10−2 4.95� 10−5 1.83� 10−3 5.23� 10−5 2.16� 10−3

2562 1.20� 10−4 4.21� 10−2 1.12� 10−5 4.79� 10−4 1.20� 10−5 7.54� 10−4

In thesecondexamplewerepeatthesametest,but for thegeometrydepictedin Figure
6(b)andfor two differentanalyticsolutions,thePoiseuilleandthebody-force�o w. In this
examplethenumberof quadraturepointsfor theintegralequationvaries.Fordense-1(�rst-
order)we used768pointsfor the322 grid, 1546for theothertwo grids,and3,072points
for the2562 grid. For thedense-2(second-order)we used768pointsfor all background
grid sizes.In svdwe used1536points.Theincreasednumberof quadraturepointsdid not
improve the convergenceratefor the �rst-order TESCs. Optimal pointwiseconvergence
ratesareobserved for the velocitiesandpressuresfor both the denseandSVD versions.
Theexactsolutionalongwith theerrordistribution for threedifferentgridsareshown in
Figure7 (for thePoiseuille�o w).

In our previousexamplestheapproximationtolerancefor theSVDswaskeptconstant
to 10−7. For the following testwe have chosenanexamplefor which both thegeometry
andthesolutionvary rapidly closeto a speci�c location.We look at the2D-heart-shaped
domain,Figure6(b), for which theexactsolutionis givenby thestokesletsolutionfrom a
pole locatedat (0.5,0.7). This locationis very closeto the rapidly changinggeometryat
thetop of the2D-heart.As a resultwe expectthata largenumberof quadraturepointsis
requiredto obtainsuf�cient accuracy. Table7 summarizestheresultsfor this experiment
andFigure8 depictstheexactsolutionandtheerrordistribution. Thenumberof necessary
quadraturepointsto obtainoptimalpointwiseconvergencein thebackgroundgrid wasde-
terminedexperimentallybasedondensesolves;nearly800pointsareenoughto resolvethe
problem;in this testwe took 1,664quadraturepoints;we foundthat this extra discretiza-
tion doesnot helpaswe canseeby comparingthecolumnsof Table7. We usedense-1as
thereferencecalculation.In svd-1thetruncationtolerancefor themodi�ed Gram-Schmidt
is 10−3; it resultsin suboptimalconvergencerates. By usinga tighter tolerance,10−5,
we recover optimal rates.In Figure8 we show theexactsolutionandthepointwiseerror
distribution.

In the next examplewe look at an interior �o w (body force �o w) around81 circles.
For the642 grid we use9,088Nyström pointsandfor the two �ner grids we use18,176
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TABLE 6
Convergenceresultsfor two �o ws in thedomainFigure6(a).Here(dense-1), (dense-2),

(svd) and(u), (p) areasin Table5.

dense-1 dense-2 svd
grid u p u p u p

Poiseuille
322 8.84� 10−3 1.01� 10−1 4.30� 10−4 3.70� 10−2 4.83� 10−4 3.79� 10−2

642 2.71� 10−4 9.33� 10−2 1.31� 10−4 9.84� 10−3 1.43� 10−4 1.09� 10−2

1282 1.39� 10−4 4.07� 10−2 2.76� 10−5 3.67� 10−3 2.98� 10−5 2.86� 10−3

2562 2.93� 10−5 1.57� 10−2 7.45� 10−6 2.22� 10−3 7.51� 10−6 8.14� 10−4

Body force
322 3.47� 10−2 8.99� 10−1 2.25� 10−2 6.31� 10−2 1.36� 10−3 7.28� 10−2

642 2.33� 10−3 2.68� 10−1 5.62� 10−4 5.03� 10−2 6.67� 10−4 4.19� 10−2

1282 6.23� 10−4 1.45� 10−1 1.46� 10−4 3.87� 10−2 1.47� 10−4 2.67� 10−2

2562 2.43� 10−4 1.15� 10−1 3.58� 10−5 1.06� 10−2 4.31� 10−5 1.14� 10−2

TABLE 7
Convergenceresultsfor a stokeslet�o w generatedby a polejust outsidethedomain.Here

thejumpsaresecond-orderaccurate.All problemsuse1,664quadraturepoints.In
(dense-1) we evaluateda densedoublelayermatrix. In (svd-1) and(svd-2) wesparsify

usingvariableranktolerance;10−3 for theformerand10−5 for thelatter.

dense-1 svd-1 svd-2
grid u p u p u p
322 7.01� 10−3 3.36� 10−1 7.05� 10−3 2.97� 10−1 7.05� 10−3 2.46� 10−1

642 1.01� 10−3 1.55� 10−1 1.08� 10−3 2.27� 10−1 9.96� 10−4 1.57� 10−1

1282 2.10� 10−4 9.70� 10−3 4.12� 10−4 1.21� 10−1 2.13� 10−4 1.48� 10−2

2562 4.61� 10−5 4.16� 10−3 9.55� 10−5 4.69� 10−2 4.80� 10−5 1.04� 10−2

points. We vary theaccuracy of theSVD approximationsby truncatingat 10−3 (svd-1),
10−5 (svd-2), and10−7 (svd-3). Table8 summarizestheconvergencestudy. Optimalrates
areobtainedfor themostaccuraterepresentationof thedoublelayer. Figure9 depictsthe
exactsolutionandtheerrordistribution. For the lastexamplewe do not have ananalytic
solution, andwe just solution in �gure 10. The boundaryconditionsare f 1; 0g on the
enclosingcurve,andzeroon theinternaldomains.

7. CONCLUSIONSAND EXTENSIONS

We have presenteda second-orderaccuratesolver for theStokesoperatorde�ned on
arbitrary geometrydomains. We usea hybrid boundaryintegral, �nite elementformu-
lation to circumvent the needfor meshgeneration.We employ an ef�cient doublelayer
formulationfor the integral equations.The methodrequirestwo regular grid solvesand
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FIG. 7 Exactsolution(color maps)anderror distribution (top to bottom),for 642,1282,
and2562; theerrorplot for the2562 grid is omitted.Thesolutionis a Poiseuille�o w.
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FIG. 8 Exactsolutionanderrordistribution (top to bottom),for 642,1282, and2562; the
errorplot for the2562 grid is omitted.Thesolutionis theStokesletlocatedat (0.5,0.7).
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FIG. 9 Exactsolutionanderrordistribution (top to bottom),for 642,1282, and2562; the
errorplot for the2562 grid is omitted.Theexactsolutionis a thebodyforce�o w.
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FIG. 10 Solution for a problemwith Dirichlet conditionscorrespondingto a unit wind
�o w, presentedfor two differentgeometries.Thetwo bottompicturesdepicttheresulting
streamlines.
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TABLE 8
Convergenceratesandpointwiseaccuracy for the81-circlegeometryandfor the

“body-force” �o w. Here(svd-1) is computedwith � = 10−3, (svd-2) with � = 10−5, and
(svd-3) with � = 10−7. Optimalconvergenceratescanbeveri�ed for svd-3.

svd-1 svd-2 svd-3
grid u p u p u p
642 5.89� 10−2 7.72� 10−0 5.65� 10−3 4.76� 10−1 5.79� 10−3 4.89� 10−1

1282 2.65� 10−2 5.53� 10−0 2.38� 10−4 5.54� 10−2 1.68� 10−4 1.57� 10−2

2562 6.61� 10−3 2.99� 10−0 7.75� 10−5 2.33� 10−2 3.45� 10−5 6.95� 10−3

oneintegralsolve.
We looked in detail theproblemfor which theboundaryconditionsfor thevelocities

given. Themethodextendsto Neumannandmixedboundaryvalueproblems.The latter
casehowever, theintegralequationsrequirepreconditioning.

We alsopresentedscalabilityandconvergencestudiesfor boththeregularandbound-
arysolvers.We have implementedaneasywayto to acceleratethematrix-vectormultipli-
cationsrequiredin thesolutionof theintegral equation.

Onerestrictionof themethodaswe presentedit, is thestringentrequirementson the
regularity of theboundarygeometry. However this canbecircumventedby replacingthe
jump computationby directevaluation.For examplethe jump termscanbecomputedto
machineaccuracy by pluggingin theexactsolutionin thestencilsthatcrosstheboundary.
The exact solutioncanbe obtainby direct evaluationof the velocity. This will require
adaptivequadratures—but only for thepointscloseto a corner.

Currently only the backgroundgrid computationsare parallelized,but we work on
parallelizingtheboundaryintegral solveraswell.

Acknowledgments. We thankL. Greengardfor valuablediscussionsleadingto the
formulationof theapproach.

APPENDIXA: COMPUTATION OFJUMPSFORTHE STOKESOPERATOR

Herewe show how the jumpson the velocitiesandpressurescanbe computed.We
use[[�]] to denotethe jump of a function acrossthe interface(exterior � interior). We
useD to denoteGateauxdifferentiation.We alsoassumethat thecurve parameterization
t 7! y(t) is smoothenough(at leastin C2). We write _y and •y to denotethe �rst and
secondderivative with respectt. In order to derive the jumps for the pressurewe �rst
de�ne apotentialq correspondingto asolutionof theLaplaceoperator:

q(x) =
∫

γ

r � n (y)
� 2

� (y ) d
 (y ); x 2 !

Thenq(x) satis�es � � q = 0, in R
2=
 with appropriateDirichlet boundaryconditions.

Frompotentialtheorywe know that theextensionof q outside! is discontinuous.More
preciselythefollowing relationshold true:

[[q]] = �; (27)

[[Dq � n ]] = 0: (28)
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The�rst equationgivesthezerothorderjump. To computethe�rst orderjumpswe differ-
entiatethe�rst equation(with respectto t) andby thechainruleweobtain

[[Dq]] � _y = _� (29)

for the tangentialderivative. Equations(28) and(29) de�ne a systemwith two equations
andtwo unknowns, [[@xq]]; [[@yq]]. Secondorderderivativescanbe computedby taking
tangentialderivatives,andthejumpsin theLaplacian.Thuswe obtain

[[� q]] = 0; (30)

[[D 2q]] _y � _y + [[Dq]] � •y = •� ; (31)

[[D 2q]] _y � n + [[Dq]] � _n = 0: (32)

Now we havethreeequationswith threeunknowns: [[@xxq]], [[@yyq]], [[@xyq]].
Thepressurejumpscanbederivedfrom theaboverelations.Sincethediscretizationis

only �rst orderaccuratefor thepressure,we only needzeroand�rst orderjumps.For the
doublelayerpotentialwehave

p(x) = K[� ](x) =
1

2�

∫

γ

r x
r � n (y)

� 2
� (� 2� � (y )) d
 (y ):

Let qi begivenby

qi =
1

2�

∫

γ

r � n
� 2

� i d
 ; i = 1; 2;

with
� i = � 2� � i:

Then
p =

∑

i=1,2

@iqi;

andhence
[[p]] =

∑

i=1,2

[[@iqi]];

thatis thezeroth-and�rst-order jumpsin thepressurecorrespondthesumof the�rst- and
second-orderjumpsof qi.

For thedoublelayerformulationof thevelocitywe usesimilar relationswith (27) and
(28). Theserelationscanbederivedby takingappropriatelimits acrosstheinterface[35].
In fact,if thevelocity is givenby

u(x) =
1
�

∫

γ

r 
 r
� 2

r � n (y)
� 2

w(y) d
 (y );

thenthefollowing interfaceconditionshold for thejumpsacrosstheinterface:

[[u ]] = � ; (33)

[[Sn ]] = [[� pI + � (Du + Du T )n ]] = 0: (34)

In orderto constructTESCsfor themomentumandincompressibilityequationswe need
to compute[[Du]] and[[D 2u]]. (Wealreadyhave[[p]] and[[Dp]]). If wedifferentiate(33)
(with respectthecurveparameterizationt), weobtain:

[[Du ]] _y = _� : (35)

29



Equations(35) and (34) give four equationswith four unknowns [[Du ]]. If we differ-
entiateoncemore andusethe momentumequationbalancewe obtain (u = f ux; uyg,
n = f nx; nyg)

� [[� u ]] = � [[Dp]];
{

[[D 2ux]] _y � _y
[[D 2uy]] _y � _y

}

= •� � [[Du]]•y ;
{

[[D 2ux]] _y � n
[[D 2uy]] _y � n

}

+ [[D 2ux]] _ynx + [[D 2uy]] _yny = [[Dp]] � _y � [[� (Du + DuT )]] _n :

This systemhassix equationswith six unknowns.

APPENDIXB: STENCILSFORTHE FEM DISCRETIZATION OF STOKES
EQUATIONSON A REGULARGRID

As discussedin Section4.2the�nite elementdiscretizationon a regulargrid is equiv-
alentto a �nite differencediscretizationfor a certainchoiceof stencils.

Thestencilsareshown explicitly in Figure11.

FIG. 11Essentiallydifferentstencilsof theQ1-Q1 �nite elementdiscretization.All other
stencilsareobtainedby re�ectionsof thesestencilsaboutvertical,horizontalanddiagonal
directions.
Thecoef�cients stencilsin theupperrow arecomputedas

∫

Ω
r � ir � j d
 for a �x edgrid

point i andvarying j , where� i is the Q1-Q1 nodefunctionscenteredat i . The stencils
in the lower row resultfrom computing

∫

Ω
r � i� j d
 . Theomittedscalingfactorfor the

stencilsin theupperrow is 1=6h2, andfor thelower row 1=12h.

Interior stencilsa andd aresecond-orderaccurate.Stencilsb andc areusedonly in
discretizationof thestabilizationtermwhich hasanextra scalingfactorh2 in front of it.
Although thesestencilsdo not approximateLaplacian,becauseof the scalingfactor the
termsin the equationcorrespondingto thesestencilsvanishasO(h). Edgeandcorner
stencilsfor �rst derivativese,f,g areonly �rst-order accurate;however thesestencilsare
usedonly at theboundaryin equationsfor pressure,hencedonotaffect theL 2 normof the
truncationerror.
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