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Abstract

We report the development of Hessian FORTRAN routines for testing unconstrained non-
linear optimization. An existing package, “Algorithm 566" (J. Moré, B. G. Garbow, and
K. Hillstrom, ACM Trans. Math. Softw. 7, 14-41 and 136-140, 1981) provides function and
gradient subroutines of 18 test functions for multivariate minimization. Qur supplementary
Hessian segments will enable users to test optimization software that requires second deriva-
tive information. Eigenvalue analysis throughout the minimization will also be possible in the
goal of better understanding minimization progress by different algorithms and the relation

of progress to eigenvalue distribution and condition number.



1 Introduction

A robust and easy-to-use package of FORTRAN subroutines for testing unconstrained op-
timization software was prepared about a decade ago [14,15]. The package includes testing
software for three problem areas: systems of nonlinear functions, nonlinear least squares, and
unconstrained minimization. For unconstrained minimization, 18 test problems are provided

with the following associated subroutines:
e INITPT(N,X,NPROB,FACTOR),
e OBJFCN(N,X,F,NPROB),
e GRDFCN(N,X,G,NPROB).

The user specifies an integer NPROB to select the test problem (1 < NPROB < 18); a
dimension N, which must be in a feasible range for the function NPROB; and a value for FACTOR,
specifying how the starting vector X(N) should be chosen as a multiple of a “standard” initial
point associated with each function. The subroutine INITPT generates the starting point
corresponding to NPROB and FACTOR, and subroutines 0BJFCN and GRDFCN return, respectively,
the values of the function F, and the gradient vector, G(N), at X(N). Each of the 18 objective

functions for unconstrained optimization is defined through subfunctions fi, f3,..., fi:
m
2
F(X) =) fAX)
=1
where X = (z1,29,...,2,)" € R™.

The names of all objective functions, corresponding values of m and n, and original
sources for all functions are summarized in Table I. The test functions were mainly col-
lected from papers reporting new optimization approaches and illustrating the methods on
specially-designed functions [1-6, 8, 9, 11, 12, 19, 24]. Thus, some of these functions involve

characteristics that complicate minimization progress, such as steep valleys near the minimum



(see Figures 1-4 for examples) and magnitude differences among the independent variables.
Although “real life” optimization problems are unlikely to possess these characteristics to
such a degree, these model functions are useful for observing trends in performance among
different minimization algorithms as a function of problem structure.

In this paper, we report the development of FORTRAN Hessian routines for these 18
test problems, package HESFCN. We use a compatible program format with Algorithm 566
[14,15] in which

e HESFCN(N,X,HESD,HESL,NPROB)

returns the diagonal, HESD, and lower-diagonal, HESL (stored by rows), of the Hessian ar-
rays corresponding to NPROB and X(N). These Hessian segments enable optimization-software
testers to implement minimization methods that require second-derivative information. Hes-
sian information will also allow users to perform eigenvalue analysis throughout the mini-
mization process in the goal of better understanding progress and its relation to eigenvalue
distribution and condition number.

Indeed, new developments in hardware and software are now opening new possibilities for
large-scale optimization applications. Greater computing powers and storage are expanding
our range of applicable methods for solving important physical problems (e.g., in meteorol-
ogy, fluid dynamics, computational chemistry) and our ability to exploit function structure
(e.g., natural separability among the components) and analytic derivative information. For
example, new variants of Newton methods for large-scale problems include truncated Newton
[7, 16, 17, 20-22, 25] and limited-memory quasi-Newton methods [10,13,17,18,25]. Truncated
Newton methods maintain the rapid convergence of Newton methods while reducing required
second-derivative information. They can be particularly powerful when Hessian information
is exploited for preconditioning [16,21]. Limited-memory quasi-Newton methods maintain
the superlinear convergence of quasi-Newton methods while relaxing the typical storage re-

quirements for the full Hessian (or inverse Hessian) through a flexible and cyclic strategy for



storing and updating vectors. Since limited-memory quasi-Newton and truncated Newton
approaches are likely to have quite different performance characteristics, HESFCN can be
used to relate problem structure with performance.

In Section 2 we list each function definition, associated standard starting point, gradi-
ent and Hessian expressions, and minima. The appendix contains the FORTRAN program

segments.

2 Test Functions

The test functions are defined by the following format:
(a) Dimension
(b) Function definition
(c) Standard starting point
(d) Gradient expression
(e) Hessian expression
(f) Minima
We mention special function characteristics when relevant.

2.1 Helical valley function

This function contains a steep-sided helical valley in the direction of z3.
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2.2 Biggs EXP6 function

This function, described by Biggs [2], involves m exponential subfunctions that all contain
curving steep-sided valleys. The subfunctions depend on two to six variables, and problem

difficulty increases with dimension [2]. Here we use a version of the function with six variables.
(a) m > 6 = n variable

(b) fi X) = zzexp(—t;x1) — zqexp(—t;z2) + veexp(—t;x5) — exp(—1;) + 5exp(—1i)
— 3exp(—4t;), i=1,...,m

where t; = /10

(¢) Xo=1(1,2,1,1,1,1)T

W ag(}x) _ _émexp(—tiwnfi()f)
agg) _ Qizztm exp(—tizs) [i( X)
ag()&) _ Qéexpmm)ﬁm
ag(X ) _ _géexp(—mz)fi()f)
ag(X) _ _Qgtixﬁexpwm)ﬁ(m
ag(X ) _ Qg;exp(—m)fi(m
() 05700 = Qén;t?xgexp(—tifl)fi(X) + tfag exp(=2tiz)
ai)giﬂg) = —2§;t?x4 exp(—tiw2) [i(X) — t{wj exp(~2;z2)



92F(X)
dul

P*F(X)
du’

*F(X)
dx?

0*F(X)
dul

92F(X)
3$28$1

*F(X)
8%38$1

92F(X)
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92F(X)
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*F(X)
8w68x1

*F(X)
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92F(X)
8%48%2

*F(X)
0$58$2

I*F(X)
6$68$2

=2 Z exp(—2t;z1)

=1

=2 Z exp(—2t;z7)
=1

=2 Z t?zgexp(—t;x5) fi( X) + 22k exp(—2t;75)
=1

=2 Z exp(—2t;z5)
=1

m
= -2 Z 24 exp(—t;xz1)zaexp(—t;zz)
=1

= -2 Z L exp(—t;x1) fi( X) — tizg exp(—2t;z1)
=1

m
=2 Z lixs exp(—t;z1) exp(—t;xz2)
=1

m
=2 Z t2xy exp(—t;z1)zeexp(—t;x5)
=1

m
= -2 Z tixs exp(—t;z1) exp(—t;x5)
=1

m
=2 Z lizg exp(—t;za) exp(—t;zq)
=1

= Qiti exp(—t;22)(fi:(X) — x4 exp(—t;22))

=1

m
= -2 Z tizg exp(—t;zq)ze exp(—t;zs)
1=1

m
=2 Z tizg exp(—t;z2) exp(—t;x5)
=1



92 F(X)

= -2 Z exp(—t;z2) exp(—t;z1)

0z 4013 —

%2;:59‘;(3) = QZH;QXP(—tixl)eXp(—ti%)

%2301:53‘;(4) = _Qii:;exp(_ti$2)eXp(—tix5)

(Z)Zg);) = —Qéti exp(—tiws)(fi(X) + v exp(—tizs))

(f) F(X)=~5.7x 107 for m = 13
F(X)=0at X =(1,10,1,5,4,3)" and X = (4,10,3,5,1,1)T for m = 6

(These minima are taken from [14].)
2.3 Gaussian function

(a) m=15,n=3

—a9(t; — 23)*

—yi=1,...,15
2 ) Yis b

(b) fi(X)=zrexp (

where {; = (8 —4)/2 and

1,15 | 0.0009
2,14 | 0.0044
3,13 | 0.0175
4,12 | 0.0540
5,11 | 0.1295
6,10 | 0.2420
7, 9 0.3521

8 | 0.3989




(c) Xo=(0.4,1,0)

oF(X 02
(d) —22 f i

(?351
OF _ ~f1 afz( )

0372 - _22 0371 fz(X)
OF(X afi(X

05(173 ) = 2;.%1.%2 t — $3) gil )fz(X)
P2F(X)

(e) 337% = 2;6Xp(—$2(ti — x3)2)

. 15 .
aQF(X) _22$1x20fiiX)

Ozl =
A2 15 o 2 9r/v . 2
aaf;(a);) =2} (ti 2953) a];;(pf)fl( ) za(ts 5 v3) exp(—z2(t; — 23)?)
=1
PrXx) & 9 fi(X)

D20t —QZCL'Q(tZ z3) e, [i(X) 4+ z1a2(t; — x3) exp(—z2(t; — 23)°)

PPX) & 9/i(X) .
D220 —2;1‘1(% — x3) 92, (fi(X) + 22(ti — 23)* f:( X))

(f) F(X)=1.12793 x 107% at X = (0.39896,1.0002, —10~21)7

2.4 Powell badly scaled function

f2(X) = exp(—z1) + exp(—22) — 1.0001



(¢c) Xo=(0,1)T

(@ 221 = 20,109 00) - 2exp(-a) )
P = 20,109 A(X) - 2exp(—2) (X)

(e) 0 (Z;QE%X) = 2(10890% + exp(—a1) f2(X) + exp(—2z1))
325736(%)() = 2(10%27 4 exp(—w2) f2( X)) + exp(—227))
(g;;g;(l) = 2(1O4f1(X) + 103229 + exp(—z1)exp(—z3))

(f) F(X)=0at X ~ (1.098 x 107°,9.106)"
2.5 Box three-dimensional function

This problem was derived from the two-dimensional problem

10

flz1,22) = Z((exp(—ixl/lﬂ) — exp(—iz/10)) — (exp(—1i/10) — exp(—i)))Q,

=1
possessing an assymetric curved valley.
(a) n=3,m>3=n
(b) fi(X) = exp(—tiz1) — exp(—t;wz) — z3(exp(~1;) —exp(—i)),  i=1,...,m
where ¢; = /10

(¢) Xo=(0,10,20)"

(d) al;;i() = —Qiti exp(—t;z1) fi( X)
0F(X) -

Fos =9 ltiexp(—tixz)fi(X)

1=



a2 m
(e) 0 gx(QX) = 2215? exp(—t;z1) fi( X) + 17 exp(—2t;21)
1

=1
02 m
4 ;;EZX) =-2 Z t? exp(—t;x2) f;( X) — 17 exp(—2t;23)
2 =1
0?F(X) _ n 2
W = 2;(exp(—t2) — exp(—1))
PPX) e
Fr T —2;152- exp(—t;(z1 + x2))
O*F(X) m :
Dadr, 2 ; t; exp(—t;x1)(exp(—1;) — exp(—1i))
0?F(X) _ m }
Jzads -2 Z tiexp(—t;zq)(exp(—t;) — exp(—1i))

=1

(f) F(X)=0at X = (1,10, )T, X = (10,1,-1)T, and X = (a,a,0)T, where a € R,
2.6 Variably dimensioned function
(a) m =n+ 2, n variable

(b) fZ(X):xl_lv 221,,TL

farr(X) =) j(x; = 1)

i=1

a3 = (X it - 1)
(¢) Xo=(1—1/n,1-2/n,...,0)"

(@) 2 () 4 e ()4 25 (KN a(X), G =1

10



9°F |
(e) 5 éwk) 265k + k4 67k fupa(X)), g k=1,....n

f) F(X)=0at X =(1,..., )T

2.7 Watson function

where t; = /29

(¢) Xo=1(0,...,0)"

OF(X) 29( R IR S
d =2 — D =2 Tty )Z-X
@ Tger? =23 (G- 0 2 ) )
+ (51]<2f30(X) — 4$1f31(X)) —|— 2(52]‘f31(X), ] = 1, B {2
OHX) _, 1)tk=2 — 2741 -1 R
(e)axaxk Z Pt e (G- DT =207 Y T
— 2tz+k_2fZ(X):| + 61](51]4(12.%% — 4$2 —|— 6) + 2(52J62k — 4((51](52k —|— (52j61k)$1,
Lk=1,...,n

(f) F(X)=~2.28767x 1072 forn = 6
F(X)~1.39976 x 107° for n = 9
F(X)~4.72238 x 10719 for n = 12

2.8 Penalty function I

(a) m=n+ 1, n variable

11



(@) —- = 2V10-5f5(X) + 4z, fupr(X),  j=1,....n
J

92
(e () F.(X)
Oxjaxk
(f) F(X)~2.24997 x 1075 for n = 4

= 2(107%8;, + 2(6jx o1 (X) + 22521)),  Gk=1,...,n

F(X) ~ 7.08765 x 1075 for n = 10
2.9 Penalty function II
(a) m = 2n, n variable
(b) fi(X)=a1—0.2

Ji(X) = V105 (exp(zi/10) + exp(ei_1 /10) — exp(i/10) — exp((i — 1)/10)),

Ji(X) = V10-5 (exp(@;—n41/10) — exp(—1/10)), i=n+1,...,2n—1

n

fanX) = (L (n =+ 1a?) — 1

@) Z5e? = e (32) (0= B0+ (= 850 02X+ (1= 0, e (X))

+ 281, f1(X) +4(n — 7 + 1)z fon(X), j=1,...,n

12



dz;j0zy 50

PF(X 10-? zj :
(e (X) exp <ﬁ) (\/1()——5(5j,k+1 + ik + 26;1(1 — 615) + 641,1) exp (%)

#8501 )50+ i (X) + (1= 810 frna(X) ) + 261,00
+4(n—j+1)2(n—k+ Dajzr + 6 f2n(X)), Lk=1,...,n—1

PrX) _ Vi i (V10-5(s. 4 Ty, 4
dv;0x, 50 eXP(ﬁ)( 1072@j,n-1 + 28n) eXp(E) +‘51n(fn(X)‘|‘f2n—1(X)))

+8(n—j+ Daxjz, + 46, fan(X), j=1,...,n

(f) F(X)=~9.37629 x 107° for n = 4
F(X) ~2.93660 x 10~* for n = 10

2.10 Brown badly scaled function

(b) fl(X) =T — 106
fQ(X) =x9—2X 10_6

fg(X) = T1T9 — 2

(¢) Xo=(1,1)T
(@ 28 =240+ asu6)
P (X + 21 1(X)
@ S5 <2040y
T s

(f) F(X)=0at X = (10%,2 x 10-%)7

13



2.11 Brown and Dennis function

(a) m>4=n

(b) F(X) = (o1 + tis — exp(t)* + (s + 2asin(t) — cos(t)?, i=1,...
where t; = i/5
(¢) Xo=(25,5,-5,-1)T
(d) aggf) = 4§j(x1 + tiwa — exp(t)) fi( X)
aga(;() = 45: i(21 + tizg —exp(ty)) fi(X)
ag(zo _ 43“ + zasin(t;) — cos(t;)) fi( X)
01(*;3(31() — 4§:(x3 + 24 sin(t;) — cos(t;)) sin(t;) f;(X)
(e) ()2;;1 4Zf2 )+ 2(zy + t;z9 — exp(t ))2
OQ(M __4th2 +2t2 (z1 + tizg —exp(t ))2
325;5% ) _ 42]82 )+ 2(z3 4 z4sin(t;) — COS(ti))Z
% = 425111 )+ 2sin ( )(303 + x4 sin(t;) — COS(ti))Z
O*F(X)

_ _ 2
92300, 4215 FilX) + 2t (21 + tizg — exp(t;))

PP(X) & .
Frov e 8 Z(xl + tizz —exp(t;))(zs + zasin(t;) — cos(t;))

=1

14



0?F(X) B n ) .
dra0z 8 ;(xl + t;zy — exp(t;)) (x5 + z4sin(t;) — cos(t;)) sin(¢;)

’F(X) s .
02302y 8 ; ti(21 + t;mg — exp(t;)) (z3 + @4 sin(t;) — cos(i;))

*F(X)

92073 =8 ; ti(21 + tizg —exp(t;)) (23 + 2asin(t;) — cos(t;)) sin(t;)
PF(X) . )
924075 4; sin( )+ 2sin(t;)(z3 + @4sin(t;) — cos(t;))

(f) F(X)~ 85822.2 for m = 20
2.12 Gulf research and development function

(Reference [23] and some others call this function the Weibull function.)
(a) n=3<m <100
|3
(b) fi(X):eXP<—ﬂ)—ti, 1=1,...,m
1

where #; = /100 and y; = 25 + (=501n¢;)%/% — a

(¢) Xo=(5,2.5,0.15)"

(d) agxl _2,2'% ( Iyzl“'")fz( )

=1
OF(X) - zalyl™ ( |yi | )
Oy _2; T1Y; xp fi(X)
IF(X “ |y2 . <_|Z/Z|I3) )
()xg =2 ; In |y;| exp . Ji(X)
()ZF |%|I3 lys| ™\ (Of(X) | |yil™ — 221,
(e) _22 (— o )( o T fZ(X))

15



a?;(X)_szsww o (-14) (|yi|20fi(X)+<1_x3+ Sl fx ))

dx? 1 yi Oy
62;77;;) = 2; —%m |yi| exp <— |y;|1$3) (0];;3 ) |yz|le “ |yi|fi(X))
Tasins =23 et (0 (F0 4 M)
a;i(;f) _ 22 ly:|™* In 4] exp (_Iyxlf) (81252() N |3/i|I;%_ xlfi(X))

(f) F(X)=0at X = (50,25,1.5)T
2.13 Trigonometric function

This function introduced by Spedicato is based on the formula of a trigonometric function

with random coefficients [24].
(a) m = n, n variable
(b) filX)=n+1i1-cosz;)—sinz; — Zcosx], i=1,...,m

(¢) Xo=(1/n,...,1/n)T

(d) % = 2<(jsin;cj —cosz;)f;(X)+sinz; i:fi(X)), j=1,...,n
:EJ =1

0?F(X
(e) a@x (wk) =2((n+j+ k)sinz;sin 2y — sin z; cos x, — sin z cos z;)
J
+ 26k <(jsin z; —cosz;)? 4 (jeosa; + sinz;) f;(X) + cos x]-Zfi(X)),
=1
5L,k=1,...,n

(f) F(X)=0at X =(0,...,0)"

other minima also exist

16



2.14 Extended Rosenbrock function

This function has a well-known banana-shaped valley near the minumum in two dimensions.

(a) m = n variable but even

(b) faic1(X) = 10(22 — 23,_1), i=1,...,m/2

LX) =1—-w3i 1,  i=1,...,m/2
(¢) Xo=(-12,1,...,-1.2,1)T
OF(X OF(X .
(d) ()xg( 1) = -2 (9%-18%2) + f2j(X)), j=1,...,n/2
I J
oF(X .
3( ):20f2j_1(X), j=1,...,n/2
$2]‘
0*F(X
(©) Gy = ~252ems (20T (X) = 4003,y 1) = 4008,
] p—
j: 17...,’TL7I€: 17”_7”/2
O*F(X .
01‘70(9622 = 2000 2k — 4006; 26 —1T2%-1, j=1,...nk=1,...,n/2
J

(f) F(X)=0at X =(1,...,1)T
2.15 Extended Powell singular function
(a) m = n multiple of 4
(b) fai—3(X) = z4i—3 + 10z4;_2, i=1,...,m/4
faie2(X) = VB(24i-1 — 74i), i=1,...,m/4
Jaic1(X) = (w49 — 224i-1)?, i=1,...,m/4

f4i()(): \/E($4i—3_374i)27 i = 17---7m/4

17



(¢) Xo=(3,-1,0,1,...,3,-1,0, 1)

0F(X ; .
(d) ax(. ) 2faj—3(X) + 4V10(z4j_3 — z45) fa;(X), j=1,...,n/4
47-3
OF(X .
> (X) = 20 fa;-3(X) + H@4j—2 — 2245-1) fa;-1(X), j=1,...,n/4
Laj—2
OF(X .
a (X) _ 2V5 f1j_2(X) = 8(waj_2 — 2245-1) f1j—1(X), j=1,...,n/4
Taj-1
oF(X i .
355 .) = =25 f4;_2(X) — 4V10(z 43 — 24;) f4;(X), j=1,...,n/4
4)
0*F(X )
(e) TSP X) _ 5ak—3(2 + 12V10f45( X)) + 208; 45_2 — 126; 4610 f4( X),
z;0T45-3
j=1,...nk=1,...,n/4
0?F(X
% = 6j,4k-2(200 + 12 far—1 (X)) + 206 453 — 248,451 far-1(X),
$ja904k—2
j=1...,n,k=1,...,n/4
0?F(X
o (X) = 8j,45-1(10 + 48 fap_1(X)) — 248 ap—2 far—1(X) — 108; 4z,
~70j0$4k—1
j=1...,n,k=1,...,n/4
O*F(X
0 ‘8(“2 = 85,45 (10 + 12v10 f44( X)) — 126; 453V 10 far( X)) — 108; 451,
J

j=1...,nk=1,...,n/4
(f) F(X)=0at X =(0,...,0)F
2.16 Beale function

This function contains a narrow curving valley [1].

(b) fz’(X):?/i—%(l—JCé), 1=1,...,m

where y; = 1.5, yo = 2.25, y3 = 2.625

18



() Xo=(1,1)7

(@ 22 = 2 (1 - A0+ (1= D0 + (1 - D A(X)
01;3(;() =221 (f1(X) + 222 f2(X) + 323 f3(X))
© 00— a1t 4 (- a4 (1)
32(_1;5;) = 22y (1 + 202(X) + 20d01) + 32ea( fo(X) + 32123)))
TE) =2 (0X) — 1 = ) 4 20 ((X) - (1= 2) + 335 X) — (1 = o)

(f) F(X)=0at X =(3,0.5)T
2.17 Wood function

(a) m=6,n=4

(b) f1(X) = 10(zz — 1)
fo(X)=1-2
f3(X) = V90(z4 — 23)
Jo(X)=1-2u3
J5(X) = V10(2g 4 24 — 2)
fo(X) = (22 = 24)/VI0

(¢) Xo=(-3,-1,-3,-1)T
OF(X)

(d) 8351 = —40$1f1(X) - 2][‘2()()
PO~ 2(104X) 4 VIOS(X) + fo(X)/ VD)

19



OF(X)

= —4v/90z3 f3(X) — 2f4(X)

dz3
mgg) = 2(V90f5(X) + V10 f5(X) — f6(X)/V10)
(o) 32535? = —2(20f1(X) - 4002% — 1)
325;) = 220.2
32?;;) — 360(z4 — 322) + 2
32(_1;5;) = 200.2
L
ZZ g);) =198
%2;:(0);) = —360z3

PP(X) 9F(X) 0'F(X) 0
0$36$1 N 8%38.%2 N 83540351 N
(f) F(X)=0at X = (1,1,1,1)F

2.18 Chebyquad function

(a) m > n variable
1 /& 1 .
0) 100 = (X 16)) - [ Lwdy, i=Lm
7=1
where To(y) = 1, T1(y) = 2y — 1, and in general

Ti(y) =211 (y)Ti—1(y) — Tiz2(y), i>2

is the ith Chebyshev polynomial shifted to the interval [0, 1] and hence,
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1 0 for 7 odd
/0 Ti(y)dy = { 1/(1—14%) for i even

. oTi(x;) .
fZ(X)iawj , j=1,...,n

PP(X) 2 . *Ti(z;)  10T:(xj) 0Ty (xy)
(e) Ox;0xy, _EZQ(&JMIZ(X) 330? —I—g Ox; oxy, )’

(f)y F(X)=0form=n,1<n<7,andn=29
F(X)~0.00351687 for m = n =8
F(X) ~ 0.00650395 for m = n = 10
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Table I — Test Functions for Unconstrained Minimization

Appendix: Source Code

aO o o o0 o0 o000 00o0

Number of

Number of

Functions Variables Hessian
Function Name m n Source | Structure
Powell badly scaled 2 2 [19] dense
Brown badly scaled 3 2 unpub dense
Beale 3 2 [1] dense
Helical valley 3 3 [9] dense
Box three-dimensional m > 3 3 (3] dense
Wood 6 4 [5] sparse
Brown and Dennis m >4 4 [4] dense
Biggs EXP6 m > 6 6 2] dense
Gaussian 15 3 unpub dense
Gulf Research & Development | 3 < m < 100 3 [6,23] dense
Trigonometric m=n variable [24] dense
Extended Rosenbrock m=n even [24] sparse
Watson 31 2<n<31 [12] dense
Extended Powell singular m=n multiple of 4 [24] sparse
Variably dimensioned n+ 2 variable unpub dense
Penalty 1 n+1 variable [11] dense
Penalty 11 2n variable [11] dense
Chebyquad m>n variable 8] dense

subroutine hesfcn (n, x, hesd, hesl, nprob)

integer n, nprob

double precision x(n), hesd(n), hesl(*)

>k ok 5k >k >k %k %k *k %

subroutine hesfcn

This subroutine defines the Hessian matrices of eighteen

nonlinear unconstrained minimization problems.

The problem

dimensions are as described in the prologue comments of objfcn.

the subroutine statement is

subroutine hesfcn (n, x, hesd, hesl, nprob)
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O o0 o0 0 000000 0000000000000 0O0O00O0

where
n is a positive integer input variable.
X is an input array of length n.

hesd is an output array of length n which contains the
diagonal components of the Hessian matrix of the nprob
objective function evaluated at x.

hesl is an output array of length n*(n-1)/2 which contains
the lower triangular part of the Hessian matrix of the
nprob objective function evaluated at x.

nprob is a positive integer input variable which defines the
number of the problem. nprob must not exceed 18.

subprograms called

fortran-supplied ... abs, atan, cos, exp, log, sign, sin,
sqrt

Taken from minpack. version of july 1978.
burton s. garbow, kenneth e. hillstrom, jorge j. more
Modified 1993 by Victoria Z. Averbukh and Samuel A. Figueroa.

ok ook koK ok K ok ok

double precision zero, one, two, three, four, five, six, eight,
nine, ten, fifty, cp0001, cpl, cp2, cp25, cp5, clpb, c2p25,
c2p625, c3p5, cl12, c19p8, c25, c29, c50, c90, c100, c120,
c180, c200, c200p2, c202, c220p2, c360, c400, c1000, c1080,
c1200, <2000, c20000, c2e8, c4e8, ap, bp, pi

parameter (zero=0.0d0, one=1.0d0, two=2.0d0, three=3.040,
four=4.0d0, five=5.0d0, six=6.0d0, eight=8.0d0, nine=9.0d0,
ten=1.0d1, fifty=5.0d1, cp0001=1.0d-4, cpl=1.04-1,
cp2=2.0d-1, cp25=2.5d-1, cp5=5.0d-1, c1p5=1.5d0,
c2p25=2.25d0, c2p625=2.625d0, c3p5=3.5d0, c12=1.2d1,
c19p8=1.98d1, c25=2.5d1, c29=2.9d1, c50=5.0d1, c90=9.0d41,
c100=1.0d2, c120=1.2d2, c180=1.8d2, c200=2.0d2,
c200p2=2.002d2, c202=2.02d2, c220p2=2.202d2, c360=3.6d2,
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& c400=4.0d2, c1000=1.0d3, c1080=1.08d3, c1200=1.2d3,
& c2000=2.0d3, ¢20000=2.0d4, c2e8=2.0d8, c4e8=4.0d8,
& ap=1.0d-5, bp=one, pi=3.141592653589793d0)

integer i, j, k, m, 1i, jj, ix, ivar

double precision arg, di, d2, d3, logr, pl, p2, piarg, piarg2,
* r, r3inv, sl1, s2, s3, si1s2, sl1s3, s2s3, ssl, ss2,

* t, t1, t2, t3, th, tt, ttl, tt2, tth

double precision fvec(50), gvec(50), y(15)

logical iev

double precision dfloat

ix(ii,jj)=(1i-1)*(1i-2)/2+j]

C The function IX (defined above) gives the location of a Hessian
C element (ii,jj), ii>jj, in a 1-dim. array in which the lower part
C of H is stored row-by-row.

dfloat(ivar) = ivar
data y /9.0d4-4, 4.44-3, 1.754-2, 5.4d-2, 1.295d4-1, 2.424-1,

& 3.521d-1, 3.989d-1, 3.521d-1, 2.42d-1, 1.295d-1, 5.4d-2,
& 1.75d-2, 4.4d-3, 9.0d-4/
c
c Hessian routine selector.
c
go to (100, 200, 300, 400, 500, 600, 700, 800, 900, 1000,
* 1100, 1200, 1300, 1400, 1500, 1600, 1700, 1800), nprob
c
C Helical valley function.
c

100 continue

if (x(1) .eq. zero) then
th = sign(cp25,x(2))

else
th = atan(x(2)/x(1)) / (two*pi)
if (x(1) .1lt. zero) th = th + cpb

end if

arg = x(1)**2 + x(2)*%2

piarg = pi * arg

piarg2 = piarg * arg

r3inv = one / sqrt(arg)**3

t = x(3) - tenx¥th
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sl = fivext / piarg
pl = c2000*x(1)*x(2)*t / piarg2
p2 = (five/piarg)**2

hesd(1) = c200 - c200*(r3inv+p2)*x(2)**2 - pl

hesd(2) = c200 - c200*(r3inv-p2)*x(1)*x2 + pl

hesd(3) = c202

hesl(1) = c200*x(1)*x(2)*r3inv +

1 c1000/piarg2 * ( t*(x(1)**2-x(2)**2) - five*xx(1)*x(2)/pi )

hesl(2) = c1000*x(2) / piarg
hesl(3) = -c1000*x(1) / piarg
return

Biggs EXP6 function.

200 continue
do 210, i =1, 6
hesd(i) = zero
210 continue
do 220, i =1, 15
hesl(i) = zero
220 continue
do 230, i =1, 13
d1l = dfloat(i)/ten
d2 = exp(-dl) - fivexexp(-ten*dl) + threexexp(-four*dl)
s1 = exp(-dixx(1))
s2 = exp(-di*x(2))
s3 = exp(-dix*x(5))
t = x(3)*s1 - x(4)*s2 + x(6)*s3 - d2

d2 = di1*x2
sls2 = s1 * s2
sls3 = s1 * s3

s2s3 = 82 * s3
hesd(1) = hesd(1) + d2*s1x(t+x(3)*s1)
hesd(2) = hesd(2) d2*xs2*(t-x(4)*s2)

hesd(3) = hesd(3) + si1x%2
hesd(4) = hesd(4) + s2*x%2
hesd(5) = hesd(5) + d2*xs3*(t+x(6)*s3)
hesd(6) = hesd(6) + s3%%x2

hesl(1) = hesl(1) - d2*s1s2
hesl(2) = hesl(2) - dixsix(t+x(3)*s1)
hesl(3) = hesl(3) + dixsis2
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230

240

250

300

hesl(4) = hesl(4) + dixsis2
hesl(5) = hesl(5) + dix*s2%(t-x(4)*s2)
hesl(6) = hesl(6) - si1s2
hesl(7) = hesl(7) + d2*xs1s3
hesl(8) = hesl(8) - d2*xs2s3
hesl(9) = hesl(9) - dixsis3
hes1(10) = hesl(10) + di1#*s2s3
hesl1(11) = hesl(11) - dix*si1s3
hesl(12) = hesl(12) + di#*s2s3
hesl1(13) = hesl(13) + s1s3
hesl1(14) = hesl(14) - s2s3
hesl(15) = hesl(15) - di*s3*x(t+x(6)*s3)

continue

hesd(1) = x(3)*hesd(1)

hesd(2) = x(4)*hesd(2)

hesd(5) = x(6)*hesd(5)

hesl(1) = x(3)*x(4)*hesl(1)

hesl(3) = x(4)*hesl(3)

hesl(4) = x(3)*hesl(4)

hesl(7) = x(3)*x(6)*hesl(7)

hesl(8) = x(4)*x(6)*hesl(8)

hesl(9) = x(6)*hesl(9)

hesl1(10) = x(6)*hesl(10)

hesl(11) = x(3)*hesl(11)

hesl(12) = x(4)*hesl(12)

do 240, i =1, 6
hesd(i) = twox*hesd(i)

continue

do 250, i =1, 15
hesl(i) = twox*hesl(i)

continue

return

Gaussian function.

continue
hesd(1) =
hesd(2)
hesd(3)
hesl1(1)
hesl(2)

Zero
zZero
Zero
Zero
Zero
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hesl(3) = zero
do 310, 1 = 1, 15
dl = cpbxdfloat(i-1)
d2 = c3p5 - d1 - x(3)
arg = cpb*x(2)*d2**2
r = exp(-arg)
t = x(D*r - y(i)
tl = twokx(1)*r - y(i)
hesd(1) = hesd(1) + r**2

hesd(2) = hesd(2) + r*xti1*d2*x*4
hesd(3) = hesd(3) + r*x(x(2)*t1xd2**2-t)
hesl(1) = hesl(1l) - r*xti1*xd2**2
hesl(2) = hesl(2) + d2*xrxti
hesl(3) = hesl(3) + d2*r*(t+arg*tl)
310 continue

hesd(1) = twoxhesd(1)

hesd(2) = cp5*x(1)+*hesd(2)

hesd(3) = two*x(1)*x(2)*hesd(3)

hesl(2) = two*x(2)*hesl(2)

hesl(3) = two*x(1)*hesl(3)

return

Powell badly scaled function.

400 continue
sl = exp(-x(1))
s2 = exp(-x(2))
t2 = s1 + 82 - one - cp0001

hesd(1) = c2e8*x(2)**2 + twoxsl*(s1+t2)
hesd(2) = c2e8*x(1)*%2 + two*xs2*(s2+t2)
hesl(1) = c4e8*x(1)*x(2) + two*slxs2 - c20000
return

Box 3-dimensional function.

500 continue
hesd(1) = zero

hesd(2) = zero
hesd(3) = zero
hesl(1) = zero
hesl(2) = zero
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510

600

610

620
630

hesl(3) = zero
do 510, i = 1, 10
d1l = dfloat(i)
d2 = di/ten
s1 = exp(-d2*x(1))
s2 = exp(-d2x*x(2))
s3 = exp(-d2) - exp(-d1)
t = 81 - 82 - 83%x(3)
th = t*xd2*%*2

hesd(1) = hesd(1) + th*sl + (d2*s1)*%2
hesd(2) = hesd(2) - th*s2 + (d2*s2)*%2
hesd(3) = hesd(3) + s3%%2
hesl(1) = hesl(1l) - si1*s2%d2**2
hesl(2) = hesl(2) + d2*xs1%*s3
hesl(3) = hesl(3) - d2*s2%*s3

continue

hesd(1) = twox*hesd(1)
hesd(2) = twoxhesd(2)
hesd(3) = twox*hesd(3)
hesl(1) = twoxhesl(1)
hesl(2) = twoxhesl(2)
hesl(3) = twoxhesl(3)
return

Variably dimensioned function.

continue
t1l = zero
do 610, j =1, n
tl = t1 + dfloat(j)#*(x(j)-one)
continue
t = one + six*xtl*x2
m=20
do 630, j =1, n
hesd(j) = two + twoxt*dfloat(j)**2
do 620, k =1, j-1
m=m+ 1
hesl(m) =
continue
continue
return

twoxt*dfloat (j*k)
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Watson function.

700 continue
do 710, j =1, n
hesd(j) = zero
710 continue
do 720, j = 1, n*(n-1)/2
hesl(j) = zero
720 continue
do 760, i = 1, 29
dl = dfloat(i)/c29

d2 = one
sl = zero
s2 = x(1)

do 730, j =2, n

sl = s1 + dfloat(j-1)*d2*x(j)
d2 = di1xd2
s2 = 82 + d2*x(j)

730 continue

t = two * (s1-82%%2-one) * dl*%*2
s3 = twokdl*s2
d2 = one/dil
m=20
do 750, j =1, n
tl = dfloat(j-1) - s3
hesd(j) = hesd(j) + (t1**2-t)*d2**2
d3 = one/d1
do 740, k = 1, j-1
m=m+ 1
hesl(m) = hesl(m) + (ti1x(dfloat(k-1)-s83) - t) * d2*d3

d3 = di1x*d3
740 continue
d2 = dix*d2
750 continue

760 continue
t3 = x(2) - x(1)**2 - one
hesd(1) hesd(1) + one - twox(t3-twoxx(1)**2)
hesd(2) = hesd(2) + one
hesl1(1) hesl(1) - twoxx(1)
do 770, j =1, n
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hesd(j) = two * hesd(j)
770 continue
do 780, j = 1, nx(n-1)/2
hesl(j) = two * hesl(j)
780 continue
return

Penalty function I.

800 continue
tl = -cp25
do 810, j =1, n
tl = t1 + x(j)**2
810 continue

dl = two*ap
th = fourxbp*tl
m=20

do 830, j=1,n
hesd(j) = d1 + th + eight*x(j)**2
do 820, k =1, j-1
m=m+ 1
hesl(m) = eight*x(j)*x(k)
820 continue
830 continue
return

Penalty function II.

900 continue
tl = -one
do 910, j =1, n
t1 = t1 + dfloat(n-j+1)*x(j)**2
910 continue
dl = exp(cpl)

d2 = one
th = fourxbpx*tl
m=0

do 930, j=1,n
hesd(j) = eight*bp*(dfloat(n-j+1)*x(j))**2 + dfloat(n-j+1)*th
s1 = exp(x(j)/ten)
if (j .gt. 1) then
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s3 = sl + 82 - d2%(d1l + one)
hesd(j) = hesd(j) + ap*si1*(s3 + sl - one/dl + two*sl)/c50
hesd(j-1) = hesd(j-1) + ap*s2x(s2+s3)/c50
do 920, k =1, j-1
m=m+ 1
t1l = exp(dfloat(k)/ten)
hesl(m) = eight*dfloat(n-j+1)*dfloat(n-k+1)*x(j)*x(k)
920 continue
hesl(m) = hesl(m) + ap*si*s2/c50

end if
s2 = s1
d2 = di1%d2

930 continue
hesd(1) = hesd(1) + two*bp
return

Brown badly scaled function.

1000 continue

hesd(1) = two + twoxx(2)**2
hesd(2) = two + twoxx(1)**2
hesl(1) = four*x(1)*x(2) - four
return

Brown and Dennis function.

1100 continue
do 1110, i =1, 4
hesd(i) Zero
1110 continue
do 1120, i =1, 6
hesl(i) Zero
1120 continue
do 1130, i =1, 20
d1l = dfloat(i)/five
d2 = sin(d1)
tl = x(1) + di*x(2) - exp(dl)
t2 = x(3) + d2*x(4) - cos(dil)

t = eight * t1 * t2
sl = cl12xt1**2 + fourkxt2**2
s2 = cl2%t2%*2 + fourkxtl**2
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hesd(1) = hesd(1) + si
hesd(2) = hesd(2) + sixd1*%*2
hesd(3) = hesd(3) + s2
hesd(4) = hesd(4) + s2%d2*%*2
hesl(1) = hesl(1) + sixdil
hesl(2) = hesl(2) + t
hesl(4) = hesl(4) + tx*xd2
hesl(3) = hesl(3) + tx*xdi
hesl(5) = hesl(5) + txd1x*d2
hesl(6) = hesl(6) + s2*d2

1130 continue

1200

1210

1220

return

Gulf Research and Development function.

continue

do 1210, i =1, 3
hesd(i) = zero
hesl(i) = zero

continue
= two/three

do 1220, 1 =1, 99

arg = dfloat(i)/c100

r = (-fifty*log(arg))**d1+c25-x(2)

t1 = abs(r)**x(3)/x(1)

t2 = exp(-t1)

t3 = t1 * t2 * (t1*xt2+(tl-one)*(t2-arg))
t = tl * t2 * (t2-arg)

logr = log(abs(r))

hesd(1) = hesd(1) + t3 - ¢t
hesd(2) = hesd(2) + (t+x(3)*t3)/r*%*2
hesd(3) = hesd(3) + t3xlogr*x2
hesl(1) = hesl(1) + t3/r
hesl(2) = hesl(2) - t3xlogr
hesl(3) = hesl(3) + (t-x(3)*t3#*logr)/r
continue
hesd(1) = hesd(1) / x(1)*x2
hesd(2) = hesd(2) * x(3)
hesl(1) = hesl(1) * x(3)/x(1)
hesl(2) = hesl(2) / x(1)

do 1230, 1i =1, 3
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two * hesd(i)
two * hesl(i)

hesd(i)
hesl(i)
1230 continue
return

C Trigonometric function.

1300 continue
sl = zero
do 1310, j = 1, n
hesd(j) = sin(x(j))
sl = s1 + cos(x(j))
1310 continue
82 = zero
m=0
do 1330, j = 1, n
th = cos(x(j))
t = dfloat(n+j) - hesd(j) - s1 - dfloat(j)*th
82 =82 + ¢t
do 1320, k
m=m +
hesl(m) = sin(x(k))*(dfloat(n+j+k)*hesd(j)-th) -
* hesd(j)*cos(x(k))
hesl(m) = two*hesl(m)
1320 continue
hesd(j) = dfloat(j*(j+2)+n)*hesd(j)**2 +
* th* (th-dfloat (2*j+2)*hesd(j)) + t*(dfloat(j)*th+hesd(j))
1330 continue
do 1340, j = 1, n

+

1, j-1

n = u

hesd(j) = twox(hesd(j) + cos(x(j))*s2)
1340 continue
return
c
c Extended Rosenbrock function.
c

1400 continue
do 1410, j = 1, nx(n-1)/2
hesl(j) = zero
1410 continue
do 1420, j =1, n, 2
hesd(j+1) = c200
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hesd(j) = c1200*x(j)#**2 - c400*x(j+1) + two
hesl(ix(j+1,j)) = -c400*x(j)
1420 continue
return

Extended Powell function.

1500 continue
do 1510, j = 1, n*x(n-1)/2
hesl(j) = zero
1510 continue
do 1520, j =1, n, 4
t2 = x(j+1) - twoxx(j+2)
t3 = x(j) - x(j+3)
s1 cl2 * t2%*2
52 = c120 * £3%*2
hesd(j) = two + s2
hesd(j+1) = c200 + s1
hesd(j+2) = ten + four*sl
hesd(j+3) = ten + s2
hesl(ix(j+1,j)) = twoxten
hesl(ix(j+2,j)) = zero
hesl(ix(j+2,j+1)) = -twoxsl
hesl(ix(j+3,j)) = -s2
hesl(ix(j+3,j+1)) = zero
hesl(ix(j+3,j+2)) = -ten
1520 continue
return

Beale function.

1600 continue
81 = one - x(2)
tl = clpb - x(1)#*s1
82 = one - x(2)*x*x2
t2 = c2p25 - x(1)*s2
83 = one - x(2)*%3
t3 = c2p625 - x(1)*s3
hesd(1) = two * (s1%%2 + 82%%2 + s3%*2)
hesd(2) = two*x(1) * (x(1) + twoxt2 + fourxx(1)*x(2)*%2 +
1 six*x(2)*t3 + ninexx(1)*x(2)*%*4)
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hesl(1) = twox(t1-x(1)*s1) + four*x(2)*(t2-x(1)*s2) +

2 sixk(t3-x(1)*s3)*x(2)**2
return
c
c Wood function.
c

1700 continue
hesd(1) = c1200*x(1)*%2 - c400*x(2) + two
hesd(2) = c220p2
hesd(3) = c1080*x(3)**2 - c360*xx(4) + two
hesd(4) = c200p2
hesl(1) = -c400*x(1)
hesl(2) = zero
hesl(3) = zero
hesl(4) = zero
hesl(5) = c19p8
hesl(6) = -c360*x(3)

return
c
C Chebyquad function.
c

1800 continue
do 1810, i =1, n

fvec(i) = zero
1810 continue
do 1830, j = 1, n
t1l = one
t2 = two*x(j) - one
t = two*t2

do 1820, i =1, n
fvec(i) = fvec(i) + t2
th = t*t2 - t1

tl = t2
t2 = th
1820 continue

1830 continue
dl = one/float(n)

iev = .false.
do 1840, i =1, n
fvec(i) = dixfvec(i)

if (iev) fvec(i) = fvec(i) + one/(dfloat(i)**2 - one)
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iev = .not. iev
1840 continue

d2 = twoxdl

m=20

do 1880, j =1, n
hesd(j) = fourxd1
t1l = one
t2 = two*x(j) - one
t = two*t2
sl = zero
s2 = two

pl = zero
P2 = zero
gvec(1l) = s2
do 1850, i = 2, n
th = four*t2 + t*s2 - si

sl = 82

82 = th

th = t*t2 - t1

tl = t2

t2 = th

th = eight*sl + t*p2 - pl

pl = p2

P2 = th

gvec(i) = s2

hesd(j) = hesd(j) + fvec(i)*th + dil*s2**2
1850 continue

hesd(j) = d2%hesd(j)
do 1870, k = 1, j-1
m=m+ 1
hesl(m) = zero
ttl = one
tt2 = twoxx(k) - one
tt = two*tt2
ssl = zero
ss82 = two
do 1860, i = 1, n

hesl(m) = hesl(m) + ss2*gvec(i)
tth = four*tt2 + tt*ss2 - ssi
ssl = ss2

ss2 = tth
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tth ttxtt2 - ttl

ttl = tt2
tt2 = tth
1860 continue
hesl(m) = d2*di*hesl(m)
1870 continue
1880 continue
return

last card of subroutine hesfcn.

end
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