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Abstract. In this paper, a FETI-DP formulation for three dimensional elasticity on non-matching grids over ge-

ometrically non-conforming subdomain partitions is considered. To resolve the nonconformity of the finite elements,

a mortar matching condition is imposed on the subdomain interfaces (faces). A FETI-DP algorithm is then built by

enforcing the mortar matching condition in dual and primal ways. In order to make the FETI-DP algorithm scalable,

a set of primal constraints, which include average and momentum constraints over interfaces, are selected from the

mortar matching condition. A condition number bound,C(1 + log(H/h))2, is then proved for the FETI-DP for-

mulation for the elasticity problems with discontinuous material parameters. Only some faces need to be chosen as

primal faces on which the average and momentum constraints are imposed.
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1. Introduction. We will develop an efficient FETI-DP algorithm for solving linear sys-

tems arising from certain non-conforming discretizations of compressible elasticity problems

in three dimensions. We consider a non-conforming finite element space with triangulations

that are nonmatching across subdomain interfaces. Allowing such triangulations helps make

adaptivity for problems with singular points or joints, or with jumps in the material parameters

easier and more economical. Moreover, we are able to triangulate each subdomain indepen-

dently to save the cost for mesh generation especially for three dimensional problems.

Mortar methods have been developed as non-conforming approximations with the goal

of obtaining as accurate an approximate solution as for a conforming approximation; see [3,

1, 13, 30]. For this purpose, mortar matching conditions are imposed on the subdomain so-

lutions across the interfaces. The jumps of the solutions across the subdomain interfaces are

orthogonal to a certain Lagrange multiplier space. This condition can be enforced directly

on the non-conforming finite element functions to produce elements of the mortar finite el-

ement space. Another approach is to impose the condition weakly by introducing Lagrange

multipliers and this leads to a saddle-point problem similar to that considered in FETI-type

algorithms.

FETI-type algorithms were originally developed for second order elliptic problems with
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conforming discretizations. These algorithms belong to the iterative substructuring domain

decomposition methods of dual type. A separate set of interface unknowns is assigned to

each subdomain. Point-wise continuity of solutions across the interfaces is then enforced us-

ing dual Lagrange multipliers, leading to a saddle point problem. The subdomain unknowns

are then eliminated and the resulting linear system for the dual variables is solved iteratively

using a preconditioner. These algorithms have evolved from the one-level FETI methods into

two-level FETI, and FETI-DP methods; see [12, 11, 9]. In FETI-DP methods, a certain set

of continuity constraints is enforced throughout the iteration while the remaining constraints

are imposed weakly by dual Lagrange multipliers. FETI-DP algorithms have been further de-

veloped for three dimensional elliptic problems with discontinuous coefficients by Klawonn,

Widlund and Dryja [23].

FETI-type algorithms have also been applied to the saddle-point problems resulting

from mortar discretizations. A numerical study in [28] showed that such methods applied

to these saddle-point problems are as efficient as the FETI methods for conforming dis-

cretizations. Lee and the author [17] introduced a FETI-DP algorithm for two-dimensional

elliptic problems with discontinuous coefficients and showed a condition number bound,

C(1 + log(H/h))2, with a constantC independent of the coefficients and mesh parameters.

Numerical results show that it is the most efficient one for problems with jump coefficients;

see [5]. This preconditioner is similar to previously developed FETI-DP preconditioners [7, 8]

except that its weights equal zero except for the interface unknowns on the nonmortar sides.

We call this preconditioner the Neumann-Dirichlet preconditioner. This algorithm has later

been extended to the Stokes problem and to three-dimensional elliptic problems; see [16, 14].

The purpose of this study is to extend the FETI-DP algorithm of [17] to three-dimensional

compressible elasticity problems with mortar discretizations and to improve the condition

number bound on geometrically non-conforming partitions given in [15] toC(1+log(H/h))2.

FETI-DP methods for three dimensional elasticity problems, with conforming discretization,

have been studied extensively both theoretically and numerically; see [10, 18, 22, 26]. In

[10], Farhatet al. introduced face average constraints in addition to vertex constraints as

primal constraints and observed that these additional constraints help produce a scalable al-

gorithm. Later Klawonn and Widlund [22] considered various primal constraints for elasticity

problems with discontinuous Laḿe parameters. In their work, some faces and edges were se-

lected as fully primal faces and fully primal edges. Edge average constraints on fully primal

faces, and edge average and moment constraints on fully primal edges were then enforced to

get a scalable algorithm. In our FETI-DP formulation, we will introduce face average and

face moment constraints related to the mortar matching conditions.

This paper is organized as follows. In Section 2, we introduce a compressible elasticity

problem and Korn inequalities. In Section 3, we approximate the solution of the model prob-

lem using the mortar discretization. We then build a FETI-DP algorithm by considering the
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mortar matching condition similar to the point-wise continuity constraints in conforming fi-

nite element approximations. Some primal constraints are selected from the mortar matching

condition. In order to make them explicit, we perform a change of unknowns. Section 4 is

devoted to our condition number analysis of the FETI-DP algorithm. In the final section, we

propose an algorithm which selects a quite small number of primal constraints based on the

coefficient distribution.

Throughout this paper,c and C denote generic positive constants independent of the

mesh size, the number of subdomains, and the problem coefficients. We will usehi andHi

to denote the mesh size and the subdomain size ofΩi, respectively.

2. A model problem and Korn’s inequality. Let Ω be a polyhedral domain inR3. The

Sobolev spaceH1(Ω) is the set of functions inL2(Ω) which are square integrable up to its

first derivatives and equipped with the Sobolev norm;

‖v‖21,Ω := |v|21,Ω +
1

H2
‖v‖20,Ω,

where|v|21,Ω =
∫
Ω
∇v · ∇v dx, ‖v‖0,Ω =

∫
Ω

v2 dx, andH denotes the diameter ofΩ.

We assume that∂Ω is divided into two parts∂ΩD and∂ΩN on which a Dirichlet bound-

ary condition and a natural boundary condition, respectively, are specified. The subspace

H1
D(Ω) ⊂ H1(Ω) is the set of functions having zero traces on∂ΩD. We introduce the vector

valued Sobolev spaces[H1
D(Ω)]3 and[H1(Ω)]3, equipped with the usual product norm.

We then consider the elasticity problem:

find u ∈ [H1
D(Ω)]3 such that

(2.1)
∫

Ω

G(x)ε(u) : ε(v) dx +
∫

Ω

G(x)β(x)∇ · u∇ · v dx = 〈F,v〉 ∀v ∈ [H1
D(Ω)]3,

whereG = E/(1 + ν) andβ = ν/(1 − 2ν) are material parameters which depend on the

Young’s modulusE > 0 and the Poisson ratioν ∈ (0, 1/2). We assume thatν is bounded

from above away from1/2, excluding the case of incompressible elasticity problems. The

linearized strain tensor is defined by

ε(u)ij :=
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
, i, j = 1, 2, 3,

and the tensor product and the force term are given by

ε(u) : ε(v) =
3∑

i,j=1

εij(u)εij(v), 〈F,v〉 =
∫

Ω

f · v dx +
∫

∂ΩN

g · vdσ.

Heref is the body force andg is the surface force on the natural boundary part∂ΩN .

The spaceker(ε) has the following six rigid body motions as its basis elements. They

are the three translations

(2.2) r1 =




1

0

0


 , r2 =




0

1

0


 , r3 =




0

0

1


 ,
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and the three rotations

(2.3) r4 =
1
H




x2 − x̂2

−x1 + x̂1

0


 , r5 =

1
H



−x3 + x̂3

0

x1 − x̂1


 , r6 =

1
H




0

x3 − x̂3

−x2 + x̂2


 .

Here x̂ = (x̂1, x̂2, x̂3) ∈ Ω̂ andH is the diameter of̂Ω. This shift and the scaling make

theL2-norm of the six vectors scale in the same way withH. WhenΩ is partitioned into a

set of subdomains, the elasticity problem given on a floating subdomain has purely natural

boundary condition. The Korn inequalities in [22, Section 2] concern this case. LetΣ ⊂ ∂Ω

be of positive measure. We define anL2–inner product(u, r)Σ by

(u, r)Σ =
∫

Σ

u · r ds.

The following Korn inequality is provided in [22, Lemma 5]:

LEMMA 2.1. LetΩ be a Lipschitz domain andΣ be a subset of∂Ω with positive measure.

Then there exist a constantc > 0, invariant under dilation, such that

c|u|1,Ω ≤ ‖ε(u)‖0,Ω ≤ |u|1,Ω,

whereu ∈ [H1(Ω)]3 satisfies(u, r)Σ = 0 for all r ∈ ker(ε).

Furthermore, we have similar inequalities for semi-norms defined in the space[H1/2(Σ)]3

which is the trace space of[H1(Ω)]3 onΣ ⊂ ∂Ω. Foru ∈ [H1/2(Σ)]3, we define two semi-

norms by

(2.4) |u|1/2,Σ := inf
v ∈ [H1(Ω)]3

v|Σ = u

|v|1,Ω, |u|E(Σ) := inf
v ∈ [H1(Ω)]3

v|Σ = u

‖ε(v)‖0,Ω.

LEMMA 2.2. LetΩ be a Lipschitz domain andΣ be a subset of∂Ω with positive measure.

Then there exists a constantc > 0, invariant under dilation, such that

c|u|1/2,Σ ≤ |u|E(Σ) ≤ |u|1/2,Σ,

for u ∈ [H1/2(Σ)]3 satisfying(u, r)Σ = 0 for all r ∈ ker(ε).

This lemma can be found in [22, Lemma 6]. Another important inequality, which follows

from this inequality, is given in [22, Lemma 7]:

LEMMA 2.3. LetΩ be a Lipschitz domain of diameterH andΣ ⊂ ∂Ω be an open subset

with positive measure. Then there exists a constantC > 0 such that

inf
r∈ker(ε)

‖u− r‖20,Σ ≤ CH|u|2E(Σ) ∀u ∈ [H1/2(Σ)]3.

Here the infimum occurs whenr satisfies(u− r,q)Σ = 0 for all q ∈ ker(ε).
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3. FETI-DP formulation.

3.1. Mortar discretization. We divide the domainΩ into a geometrically non-conforming

partition{Ωi}N
i=1, whereΩi are polyhedral and equipped with quasi-uniform triangulations

Ti.

ASSUMPTION3.1. The subdomain partition{Ωi} is locally quasi uniform, i.e., neigh-

boring subdomains have comparable diameters.

We consider a model compressible elasticity problem (2.1) with coefficientsG(x) and

β(x) positive constants in each subdomain

G(x)|Ωi
= Gi, β(x)|Ωi

= βi.

The conformingP1–finite element spaceXi is associated to the triangulationTi. In addition,

functions in the spaceXi satisfy the Dirichlet boundary condition on∂Ωi ∩ ∂ΩD. We define

the union of the subdomain boundaries by

Γ =

(
N⋃

i=1

∂Ωi

)
\ ∂Ω.

The triangulations{Ti}N
i=1 may not match across the subdomain boundaries. We further

introduce the finite element spaceWi that is the trace space ofXi on ∂Ωi ∩ Γ. We note

that the nodal unknowns corresponding to nodes at∂ΩN are considered as unknowns at the

interior of the subdomains.

We denote the interface of two subdomainsΩi andΩj by Fij , that can be only part of a

face ofΩi andΩj . Among the subdomain faces, we select nonmortar facesFl such that

⋃

l

F l =
⋃

i,j

F ij , Fl ∩ Fk = ∅, l 6= k.

Here eachFl is a full face of a subdomain that we call the nonmortar subdomain ofFl. We

call the subdomains on the other part acrossFl as the mortar subdomains.

Such nonmortar faces always exist even for the geometrically non-conforming partitions;

see [27, Section 4.1]. We define the collection of interfaces by

S =
⋃

ij

{Fij} .

For an interfaceFlk, we select the set of interfaces{Fsm} from S such that their union

produces the largest connected component that containsFlk and lies in the plane defined by

Flk. The connected component is, in fact, a union of full faces of subdomains, otherwise a

larger component could be found. We select such full faces as nonmortar faces and the other

part of the interfaces as mortar faces, that can often be only part of a subdomain face. After

having made a selection, we do the same for the collectionS \ {Fsm} recursively, and we

can find the union of the nonmortar faces, which is equal toS.
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Since the subdomain partition can be geometrically non-conforming, a single nonmortar

faceFl ⊂ ∂Ωi may intersect several subdomain boundaries∂Ωj . This providesFl with a

partition,

F l =
⋃

j

F ij , Fij = ∂Ωi ∩ ∂Ωj .

Our bound for the condition number will depend on the relative diameters of faces and sub-

domains.

DEFINITION 3.2. A faceFij = ∂Ωi ∩ ∂Ωj is substantial if its diameter is comparable

to Hi andHj .

DEFINITION 3.3. Let TOLF be a given constant andΩi be the nonmortar side ofFij .

The faceFij is weakly substantial if its diameterHij satisfies

(
1 + log

Hij

hi

)2 max{Hi,Hj}
Hij

≤ TOLF

(
1 + log

Hi

hi

)2

.

ASSUMPTION3.4. LetTOLG be a given constant. On each interfaceFij = ∂Ωi∩∂Ωj ,

the nonmortar sideΩi and the mortar sideΩj are selected so that

Gi

Gj
≤ TOLG.

REMARK 3.5. It is clearly possible to construct a set of subdomains such that Assump-

tion 3.4 is not satisfied in geometrically non-conforming cases. We note that this problem

arises from the specification of the mortar method itself.

We now introduce the finite element space

(3.1)
o

W(Fl) =
{
w ∈ H1

0(Fl) : w = v|Fl
for v ∈ Xi

}
,

wherei denotes the index of the nonmortar subdomain of the faceFl andv|Fl
denotes the

trace ofv on the faceFl. This space is spanned by the nodal basis{φk}n
k=1 of the nodes in

Fl given by the triangulationTi. Based on the space
o

W(Fl), we construct a dual Lagrange

multiplier spaceM(Fl) with a basis{ψk}n
k=1 satisfying

∫

Fl

φm ·ψk ds = δmk

∫

Fl

φm ds ∀ m, k = 1, · · · , n.

We refer to [13, 31] for a detailed construction of such a dual Lagrange multiplier space.

The result of our paper is also applicable to the standard Lagrange multiplier space, that was

introduced in [2] for three dimensions. However, the dual Lagrange multiplier space leads

to a computationally more efficient algorithm and also makes the implementation easier than
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with the older version. We note that both spaces contain the constant functions. The mortar

matching condition is then written as

(3.2)
∫

Fl

(vi − φ) · λ ds = 0 ∀λ ∈ M(Fl), ∀Fl,

wherevi is a function from the nonmortar side andφ is a function from the corresponding

mortar parts. More precisely,φ = vj on eachFij ⊂ Fl.

We next introduce several finite element spaces,

X =
N∏

i=1

Xi,(3.3)

W =
N∏

i=1

Wi,

Wn =
∏

l,nonmortar

o

W(Fl),

M =
∏

l,nonmortar

M(Fl).

Here the spacesWn andM consist of functions defined on the nonmortar faces, while the

spacesW andX consist of functions, defined on both mortar and nonmortar faces, with

elements that can be discontinuous across the interfaces. The spaceW can be considered

as the trace space of the spaceX on the subdomain boundaries. In addition, we define the

mortar finite element space,

X̂ = {v ∈ X : v satisfies (3.2)} .

The mortar discretization provides (2.1) an approximate solutionu in the spacêX. In what

follows, we derive a FETI-DP algorithm that solves the system of equations of this mortar

discretization.

3.2. Primal constraints in the FETI-DP formulation. We will build a FETI-DP algo-

rithm that solves the model problem (2.1) in the spaceX defined in (3.3) by enforcing the

mortar matching condition (3.2) across subdomain interfaces in dual and primal ways. We

select some constraints from the mortar condition and enforce them strongly for the functions

in the spaceX. We call them the primal constraints. The other constraints will be imposed

weakly using Lagrange multipliers.

A proper selection of primal constraints is important for obtaining a scalable FETI-DP

algorithm. In the work by Klawonn and Widlund [22] on elasticity problems, edge average

and edge moment constraints, and vertex constraints are selected. Furthermore the concepts

of an acceptable face path and an acceptable vertex path are introduced in an attempt to reduce

the number of primal constraints.
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2

−1

1

FIG. 1. A dual Lagrange basis element (left, the solid line) and the nodal interpolantIM(Fij)(v) (right, the

solid lines) to the linear functionv (the dashed line)

We now select primal constraints from the mortar matching condition. We consider a

nonmortar faceF ⊂ ∂Ωi and its partition{Fij}j by its mortar neighbors, i.e.,Fij = ∂Ωi ∩
∂Ωj . We define the spaceM(Fij) as a subspace ofM(F ) of functions that are supported in

F ij . Six primal constraints are now introduced for eachFij in the following way.

On each faceFij , we first consider the six rigid body motions{rl}6l=1 as in (2.2) and

(2.3), withH the diameter of the faceFij andx̂ a point onFij . We define a nodal interpolant

IM(Fij) : [C(F ij)]3 → M(Fij) by

IM(Fij)(v)(x) = v(x), x ∈ Mh
ij ,

whereMh
ij is the nodal set corresponding to the Lagrange multiplier spaceM(Fij) and

C(F ij) denotes the set of continuous functions onFij ; see Fig 1 for a two-dimensional

case. We now select six primal constraints using the interpolated rigid body motions,

∫

Fij

(vi − vj) · IM(Fij)(rl) ds = 0, ∀l = 1, · · · , 6.

REMARK 3.6. WhenFij is the whole nonmortar faceF , M(Fij) contains constant func-

tions. The constraints with{IM(Fij)(rl)}3l=1 are then nothing but the average matching con-

dition acrossFij becauseIM(Fij)(rl) = rl, for l = 1, 2, 3. The remaining constraints with

{IM(Fij)(rl)}6l=4, are similar to the moment matching constraints which were introduced for

fully primal edges in [22] except that our constraints use the interpolated rotational rigid

body motions and are imposed on faces. We call the constraints based on{IM(Fij)(rl)}6l=4

the moment constraints.

Even though we have introduced a set of primal constraints to make the FETI-DP method

more efficient, the enlarged coarse problem can be a bottleneck for the computation. To

reduce the size of the coarse problem, we will select some interfaces as primal and impose the

six constraints only over them. For the remaining, the non-primal faces, we assume that they

each satisfy an acceptable face path condition. This assumption leads to a FETI-DP method,

with primal constraints only for the primal interfaces, that has a condition number bound

comparable to one obtained when the six primal constraints are imposed on all interfaces.
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FIG. 2. A primal interfaceF (solid line rectangle) of a face (dashed line rectangle) of subdomainΩi. The

supports of the basis elements corresponding to the black nodes and the white nodes insideF intersectF ; the values

at the black nodes are unaffected by the transformTF .

We now define an acceptable face path. Here,Hij denotes the diameter of an interface

Fij .

DEFINITION 3.7. (Acceptable face path)Let L andTOLP be given constants. For a

pair of subdomains(Ωi,Ωj) having a common interfaceFij , an acceptable face path is a

path

{Ωi, Ωk1 , · · · , Ωkn ,Ωj}

fromΩi to Ωj such that the coefficientGkl
of Ωkl

satisfy the condition

TOLP ∗ (1 + log(Hij/hi))
−1 (1 + log(Hi/hi))

2 ∗Gkl
≥ min(Gi, Gj).

Moreover, the path from one subdomain to another must always be through a primal face and

the number of subdomains appearing in the path is bounded by the constantL.

3.3. The FETI-DP formulation with a change of basis.Let Ai be the stiffness matrix

obtained from the finite element discretization of the bilinear form,

ai(ui,vi) := Gi

∫

Ωi

ε(ui) : ε(vi) dx + Giβi

∫

Ωi

∇ · ui∇ · vi dx,

using the spaceXi. Let Si be the Schur complement of the matrixAi, that is obtained by

eliminating the interior unknowns. We then write the mortar matching condition forw =

(w1, · · · ,wN ) ∈ W as

N∑

i=1

Biwi = 0.

We now express the matricesSi andBi in a new set of unknowns after a change of

basis (unknowns). This idea was first presented in [21, 24] and algorithmic details were later

described by Klawonn and Widlund [22]. The change of unknowns leads to a much simpler

presentation of the algorithm as well as a more robust implementation; see [19, 20].

Let wi denote the unknowns (or a function) in the spaceWi. We consider a primal

interfaceF ⊂ ∂Ωi. Since the partition can be geometrically nonconforming,F might be
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only part of a face ofΩi. Let wF denote the restriction of a functionw to a primal face

F ⊂ Ωi. In other words,wF is the vector of unknowns corresponding to the nodal basis

elements with supports that intersectF ; see Figure 2. For each primal faceF ⊂ ∂Ωi, we

define a transformationTF by

wF = TF

(
wF,Π

wF,∆

)
,

where the six components ofwF,Π are given by

(wF,Π)l =

∫
F

wF · IM(F )(rl) ds

H2
F

, l = 1, · · · , 6,

andv = TF

(
0

wF,∆

)
has the six zero components, i.e.,

∫

F

v · IM(F )(rl) ds = 0, l = 1, · · · , 6.

HereHF denotes the diameter ofF . In addition, the transformationTF retains the unknowns

at the nodes other than those insideF . Such a transform can be built just like in [15, Section

2.2]; we omit the details. Since only the unknowns at the nodes insideF has been changed,

each transform corresponding to an individual primal faceF can be applied independently.

After the change of unknowns, we order the unknownswi and the matricesSi andBi as

(3.4) wi =

(
w(i)

∆

w(i)
Π

)
, Si =

(
S

(i)
∆∆ S

(i)
∆Π

S
(i)
Π∆ S

(i)
ΠΠ

)
, Bi =

(
B

(i)
∆ B

(i)
Π

)
,

whereΠ denotes the primal unknowns and∆ denotes the others, which we call the dual

displacement unknowns. Any interface of a pair of subdomains is either a primal face or

has an acceptable face path, so that each subdomain is connected to at least one neighbor

through a primal face. This fact ensures that the matrixS
(i)
∆∆ is invertible, since the six primal

constraints are linearly independent; a proof will be provided in Lemma 4.2.

According to the separation of the unknowns, the spaceWi is decomposed into

Wi = W(i)
∆ ×W(i)

Π ,

whereW(i)
∆ andW(i)

Π contains the dual unknowns and the primal unknowns, respectively.

We further decompose the spaceW(i)
∆ of dual unknowns into

w(i)
∆ = (w(i)

∆,n,w(i)
∆,m) ∈ W(i)

∆,n ×W(i)
∆,m,

wheren denotes the unknowns of the nonmortar faces andm denotes the remaining un-

knowns.
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After enforcing the primal constraints on each primal face, we define the following space,

W̃ = {w ∈ W : w satisfies the primal constraints across the primal faces} .

It can be decomposed into

W̃ = W∆ ×WΠ,

whereW∆ =
∏N

i=1 W(i)
∆ andWΠ is the space of global primal unknowns. The spaceW∆

is further decomposed into

W∆ = W∆,n ×W∆,m,

wheren andm refer to the nonmortar and the remaining part of the interfaces.

Throughout this paper, we use the same notation for a function and the corresponding

vector of unknowns representing the function. Thus,w(i)
∆ denotes a vector of dual unknowns

of w(i) or the corresponding finite element function. The same convention applies to the

spacesW∆,n, W, M, etc.

We now consider the mortar matching matricesBi. When the mortar matching con-

straints are imposed onw in W̃, they are redundant, since the six primal constraints on each

primal face already have been enforced onw. We therefore eliminate six equations from the

rows ofBi for each primal faceF ⊂ ∂Ωi and obtain the mortar matching constraints for the

spaceW̃ that are nonredundant. We will use the same notationBi after that we have made

them nonredundant.

By introducing Lagrange multipliersλ for the mortar matching constraints, we obtain

the following mixed formulation of the problem (2.1):

(3.5)




S∆∆ S∆Π Bt
∆

SΠ∆ SΠΠ Bt
Π

B∆ BΠ 0







w∆

wΠ

λ


 =




g∆

gΠ

0


 ,

where each block matrices are obtained from subassembly of blocks ofSi andBi in (3.4) at

the global primal unknowns and at the dual unknowns.

The FETI-DP algorithm solves this mixed problem iteratively after eliminating all un-

knowns other thanλ. The elimination of the unknownsw∆ andwΠ leads to

(3.6) FDP λ = d.

We note that the matrixFDP is symmetric and positive definite and it satisfies the well-known

relation, see [25, Lemma 4.3],

(3.7) 〈FDP λ, λ〉 = max
w∈fW 〈Bw, λ〉2

〈Sw,w〉 ,
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where

S =

(
S∆∆ S∆Π

SΠ∆ SΠΠ

)
, B =

(
B∆ BΠ

)
.

The FETI-DP algorithm solves (3.6) forλ using a preconditioned conjugate gradient method

with an appropriate preconditioner.

We now introduce a preconditioner̂M−1 given by

(3.8) 〈M̂λ,λ〉 = max
w∆,n∈W∆,n

〈BE(w∆,n),λ〉2
〈SE(w∆,n), E(w∆,n)〉 ,

whereE(w∆,n) is the zero extension ofw∆,n into the spacẽW. To be more precise,

E(w∆,n) = (w∆,n, 0, 0) ∈ W∆,n ×W∆,m ×WΠ = W̃.

We then obtain

(3.9) 〈M̂λ,λ〉 = max
w∆,n∈W∆,n

〈BE(w∆,n), λ〉2
〈SE(w∆,n), E(w∆,n)〉 ≤ max

w∈fW 〈Bw,λ〉2
〈Sw,w〉 = 〈FDP λ,λ〉.

Therefore the lower bound of the FETI-DP algorithm is bounded from below by 1.

The explicit form of the preconditioner

(3.10) M̂−1 =
N∑

i=1

BiDiSiDiB
t
i

is similar to other FETI-DP preconditioners except that the weight matrixDi is given differ-

ently. The weight matrixDi to the preconditioner̂M−1 in (3.8) is expressed by

Di =




((B(i)
∆,n)tB

(i)
∆,n)−1 0 0

0 0 0

0 0 0


 ,

whereB
(i)
∆,n is the matrix with the columns ofB(i)

∆ corresponding to the unknowns in the

spaceW(i)
∆,n; see (3.4). We note thatB

(i)
∆,n is square and invertible and that the weight matrix

Di is applied to the unknowns in the spaceWi = W(i)
∆,n ×W(i)

∆,m ×W(i)
Π . We can further

express the preconditioner in a much simpler form,

(3.11) M̂−1 =
N∑

i=1

(
(B(i)

∆,n

t
)−1 0 0

)
Si




B
(i)
∆,n

−1

0

0


 .

This form shows that multiplyinĝM−1 by a vector involves solving local elasticity prob-

lems with natural boundary condition on the nonmortar faces and zero Dirichlet boundary

condition on the other part. We call̂M−1 the Neumann-Dirichlet preconditioner.
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FIG. 3. The faceF , to the right of the solid line, is part of a nonmortar face. The Lagrange multiplier basis of

the black nodes are supported inF ; M(F ) is the space spanned by these basis elements. The union of their supports

is FI , a subset ofF that is to the right of the dashed lines.

4. Condition number analysis. In this section, we will analyze the condition number

bound of the proposed FETI-DP algorithm. First, we will construct functionals{fl}6l=1, dual

to the spaceker(ε), that satisfy

fm(rk) = δmk, m, k = 1, · · · , 6,

|fm(w)|2 ≤ C
‖w‖20,F

H2
for w ∈ [L2(F )]3.(4.1)

Here{rk}6k=1 is a basis ofker (ε) with six rigid body motions scaled with respect to a face

F ⊂ ∂Ωi; this means that we takêx ∈ F andH = diam(F ) in (2.2) and (2.3). Such a dual

basis was introduced by Klawonn and Widlund [22].

We will now introduce six functionals which are closely related to the primal constraints

applied across a primal faceF ,

(4.2) gl(w) =

∫
F

w · IM(F )(rl) ds

H2
, for w ∈ [L2(F )]3, l = 1, · · · , 6.

Here,IM(F )(rl) is the nodal interpolant to the Lagrange multiplier spaceM(F ) provided for

the faceF andH is the diameter ofF .

LEMMA 4.1. For any bounded functionf and any linear functiong, we have
∣∣∣∣
∫

F

f
(
g − IM(F )(g)

)
ds

∣∣∣∣ ≤ ChH‖f‖∞‖g‖∞,

whereH is the diameter of the faceF .

Proof. We consider the case whenF is a part of a nonmortar face as in Figure 3. The

subsetFI of F is the union of the supports of the basis elements inM(F ). Sinceg is linear,

we obtain, at each nodal pointx ∈ FI ,

(4.3) |g(x)− IM(F )(g)(x)| ≤ Ch|g′| ≤ C
h

H
‖g‖∞.
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The above bound also holds for anyx ∈ FI , because bothg andIM(F )(g) are linear in each

element inFI . We note thatIM(F )(g) vanishes outsideFI .

We now have
∫

F

f
(
g − IM(F )(g)

)
ds =

∫

FI

f
(
g − IM(F )(g)

)
ds +

∫

F\FI

fg ds.

From the above bound and (4.3), using|FI | ≤ CH2 and |F \ FI | ≤ ChH, the required

bound then follows.

LEMMA 4.2. The functionals{gl}6l=1 are linearly independent in the space(ker(ε))
′
,

whenh is sufficiently small.

Proof. It suffices to show that the matrixG with the following entries is invertible,

Gjk =
∫

F

rj · IM(F )(rk) ds, j, k = 1, · · · , 6.

Here we select̂xi in {rk}6k=4 so that
∫

F

1
H

(xi − x̂i) ds = 0, i = 1, 2, 3.

The rigid body motions{rk}6k=4 are then orthogonal to{rk}3k=1 with respect to the inner

product,

(r, q)F =
∫

F

r · q ds.

We definẽr5 andr̃6 by

r̃5 = r5 − a4r4, r̃6 = r6 − b4r4 − b5r̃5,

where

a4 =
(r4, r5)F

(r4, r4)F
, b4 =

(r4, r6)F

(r4, r4)F
, b5 =

(r̃5, r6)F

(r̃5, r̃5)F
.

The constantsa4, b4, andb5 are invariant to scaling. In other words, they are independent of

H andh. We denote by{r̃i}6i=1 the rigid body motions{ri}6i=1 with r5 andr6 replaced by

r̃5 and r̃6. The rigid body motions{r̃i}6i=1 are then orthogonal and the values of(r̃i, r̃i)F

are scaling invariant. In other words, they are constants independent ofH andh.

Using Lemma 4.1, we obtain

(4.4)

∣∣∣∣
∫

F

r̃j · r̃k ds−
∫

F

r̃j · IM(F )(r̃k) ds

∣∣∣∣ ≤ ChH,

whereC is a constant independent ofH andh. We now consider a matrix̃G with entries,

G̃jk =
∫

F

r̃j · IM(F )(r̃k), j, k = 1, · · · , 6.
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Since thẽri are orthogonal, we see, using the bound in (4.4), thatG̃ is diagonally dominant

whenh is sufficiently small. Therefore,̃G is invertible whenh is small enough. The matrix

G can be obtained from the invertible matrix̃G by using certain column and row operations

and is therefore invertible.

REMARK 4.3. The proof of Lemma 4.2 also holds for an interfaceF that is not a flat

surface.

Since the six functionals{gl} are linearly independent, they provide a basis of the dual

space(ker(ε))
′
. Thus there exists{βml}6m,l=1 such that

(4.5) fm =
6∑

l=1

βmlgl, m = 1, · · · , 6.

Using Lemma 4.1, for any linear functionsf andg we have
∣∣∣∣
∫

F

fg ds−
∫

F

IM(F )(f)IM(F )(g) ds

∣∣∣∣ ≤ C‖f‖∞‖g‖∞hH.

Whenh is small enough, we then find

(4.6) (IM(F )(rk), IM(F )(rk))F ≤ C(rk, rk)F ≤ CH2.

From (4.2), (4.6), and the Cauchy-Schwarz inequality, we obtain

|gl(w)|2 ≤ C
‖w‖20,F

H2
.

The inequality (4.1) follows from (4.5) and the above bound. We denote the dual functionals

described above by{fF
l }6l=1 for the given faceF . We can then express any rigid body motion

r ∈ ker(ε) as a linear combination using the dual basis,

r =
6∑

l=1

fF
l (r)rl.

In the following, we will provide several lemmas which will be used to provide an upper

bound of the FETI-DP algorithm equipped with the preconditionerM̂−1 given in (3.8); see

also (3.11). We note that a lower bound with the constant 1 is provided in (3.9).

For a faceF ⊂ ∂Ωi, the spaceH1/2
00 (F ) consists of the functions whose zero extension

to the whole boundary∂Ωi belongs to the spaceH1/2(∂Ωi); it is equipped with the norm,

‖w‖
H

1/2
00 (F )

:=
(
|w|21/2,F +

∫

F

w(x)2

dist(x, ∂F )
ds(x)

)1/2

,

where

|w|21/2,F =
∫

F

∫

F

|w(x)− w(y)|2
|x− y|3 ds(x)ds(y).
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In addition, a norm for the spaceH1/2(F ) is defined by

‖w‖1/2,F =
(
|w|21/2,F +

1
HF

‖w‖20,F

)1/2

,

whereHF is the diameter ofF .

These norms can be extended to the product spaces[H1/2
00 (F )]3 and[H1/2(F )]3 by using

the usual product norms. Similarly, we can extend the edge and face lemmas given below to

product spaces. These lemmas can be found in Toselli and Widlund [29, Lemmas 4.24 and

4.25]. In the following,W (F ) denotes any conformingP1–finite element space provided for

a faceF with its mesh size comparable to that of its nonmortar subdomain. Since the face

F can be only part of a full face of its nonmortar subdomainΩi, the triangulation equipped

for the faceF can be different from that ofΩi. The spaceW(F ) is the corresponding vector

valued finite element space.

LEMMA 4.4. (Edge lemma) Let E be an edge of a faceFij ⊂ ∂Ωi andFij hasΩi as

its nonmortar subdomain. Then, for anyw ∈ W(Fij), we have

‖w‖20,E ≤ C

(
1 + log

Hij

hi

)
‖w‖21/2,Fij

.

Let C(F ) be the space of continuous functions defined onF . For any subsetA ⊂ F , we

define an interpolantIA : C(F ) → W (F ) by

(4.7) IA(w)(x) =

{
w(x), for x ∈ A ∩Nh,

0, for the other nodes,

whereNh is the set of nodes of the finite element spaceW (F ). We note thatIF (w), when

A = F , vanishes at the boundary ofF . We can extend the interpolant to a vector valued

functionw ∈ [C(F )]3 and we simply denote it byIA(w).

LEMMA 4.5. (Face lemma) Let Fij be a face of∂Ωi with Ωi as its nonmortar subdo-

main. Then, for anyw ∈ W(Fij), we have

‖IFij (w)‖2
H

1/2
00 (Fij)

≤ C

(
1 + log

Hij

hi

)2

‖w‖21/2,Fij
.

We now derive several inequalities for the mortar projection of functions. We recall that

the spaces
o

W(Fl) andM(Fl) are given on the nonmortar faceFl; see Section 3.1.

DEFINITION 4.6. (Mortar projection ) The mortar projectionπl : [L2(Fl)]3 →
o

W(Fl)

is defined by

∫

Fl

(πl(w)−w) ·ψ ds = 0, ∀ψ ∈ M(Fl).



A FETI-DP ALGORITHM FOR ELASTICITY WITH MORTAR METHODS 17

It is known that the mortar projection is bounded in both theL2– and theH1/2
00 –norms; see

[1, 31].

For any functionw defined onFij ⊂ Fl, we defineχFij w by

χFij w(x) =

{
w(x), x ∈ Fij ,

0, x ∈ Fl \ Fij .

LEMMA 4.7. LetFl ⊂ ∂Ωi be a nonmortar face with its partition{Fij}j and letw be a

function in[H1/2(Fij)]3. Then

‖πl(χFij
w)‖2

H
1/2
00 (Fl)

≤ C

(
1 + log

Hij

hi

)2

‖w‖21/2,Fij
.

Proof. On the faceFij , we consider a quasi–uniform triangulation of which mesh size

is comparable tohi, that of its nonmortar subdomainΩi and denote the corresponding con-

formingP1–finite element space byW(Fij). We then define theL2-projection,

(4.8) Q : [L2(Fij)]3 → W(Fij).

We note that

(4.9) ‖πl(χFijw)‖2
H

1/2
00 (Fl)

≤ 2‖πl(χFij (w−Qw))‖2
H

1/2
00 (Fl)

+2‖πl(χFij (Qw))‖2
H

1/2
00 (Fl)

.

The first term above is estimated by

‖πl(χFij (w −Qw))‖2
H

1/2
00 (Fl)

≤ Ch−1
i ‖πl(χFij (w −Qw))‖2L2(Fl)

≤ Ch−1
i ‖(w −Qw)‖20,Fij

≤ C‖w‖21/2,Fij
.(4.10)

Here we have used an inverse inequality, the continuity ofπl in the L2–norm, and the ap-

proximation property of the projectionQ combined with an interpolation argument, see [4,

Chapter II],

‖Qw −w‖0,Fij ≤ Chi‖w‖1,Fij , ‖Qw‖1,Fij ≤ C‖w‖1,Fij .

We now decomposeQw into interior and boundary parts, using the interpolantIA(w)

defined in (4.7) to the spaceW(Fij),

Qw = IFij (Qw) + I∂Fij (Qw).

SinceIFij (Qw) is zero at the boundary ofFij , we have

χFij (IFij (Qw)) ∈ [H1/2
00 (Fl)]3, IFij (Qw) ∈ [H1/2

00 (Fij)]3.
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The definition of theH1/2
00 –norm gives that

‖χFij (IFij (Qw))‖
H

1/2
00 (Fl)

≤ ‖IFij (Qw)‖
H

1/2
00 (Fij)

.

The second term in (4.9) is then bounded by

‖πl(χFij
(Qw))‖2

H
1/2
00 (Fl)

≤ 2‖πl(χFij
(IFij

(Qw)))‖2
H

1/2
00 (Fl)

+ 2‖πl(χFij
(I∂Fij

(Qw)))‖2
H

1/2
00 (Fl)

≤ C
(
‖χFij

(IFij
(Qw))‖2

H
1/2
00 (Fl)

+ h−1
i ‖I∂Fij

(Qw))‖20,Fij

)

≤ C
(
‖IFij (Qw)‖2

H
1/2
00 (Fij)

+ h−1
i hi‖I∂Fij (Qw))‖20,∂Fij

)
.(4.11)

Here we have used an inverse inequality and the continuity ofπl in theL2– andH
1/2
00 –norms.

By applying Lemmas 4.5 and 4.4 to the two terms in (4.11), we obtain

‖πl(χFij (Qw))‖2
H

1/2
00 (Fl)

≤ C

(
1 + log

Hij

hi

)2

‖Qw‖21/2,Fij

≤ C

(
1 + log

Hij

hi

)2

‖w‖21/2,Fij
.(4.12)

We obtain the required bound from (4.9)–(4.12).

REMARK 4.8. In our previous paper [15], also on geometrically nonconforming parti-

tions, a slightly weaker bound,C(1 + log(H/h))3, was proved for three dimensional elliptic

problems. Here we are able to improve this result by using an additional finite element space

W(Fij) and theL2–projectionQ in the proof.

The following lemma is a simple modification of a result in Dryja, Smith, and Wid-

lund [6, Lemma 4.4]:

LEMMA 4.9. LetFij ⊂ ∂Ωi be a face. For a linear functionφ, we have

‖IFij (φ)‖2
H

1/2
00 (Fij)

≤ C

(
1 + log

Hij

hi

)
Hij‖φ‖2∞,Fij

.

LEMMA 4.10.LetFij ⊂ Fl whereFl is a nonmortar face of∂Ωi. For a linear function

φ, we have

‖πl(χFij φ)‖2
H

1/2
00 (Fl)

≤ C

(
1 + log

Hij

hi

)
Hij‖φ‖2∞,Fij

.

Proof. By applying the estimate in (4.11) of Lemma 4.7 toφ, we have

‖πl(χFij (Qφ))‖2
H

1/2
00 (Fl)

≤ C
(
‖IFij (Qφ)‖2

H
1/2
00 (Fij)

+ ‖I∂Fij (Qφ)‖20,∂Fij

)
,

whereQ is theL2–projection described in (4.8). SinceQφ = φ, the required bound follows

by using Lemma 4.9.
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LEMMA 4.11.LetFl ⊂ ∂Ωi be a nonmortar face with the partition{Fij}j by its mortar

neighbors. We assume that each interfaceFij is either a primal face or has an acceptable

face path, and assume that the primal faces are substantial and the others, non-primal faces,

are weakly substantial. In addition, the subdomain partition satisfies Assumption 3.1. Then,

for w = (w1, · · · ,wN ) ∈ W̃, we have

Gi‖πl(wi − φ)‖2
H

1/2
00 (Fl)

≤ C

{(
1 + log

Hi

hi

)2

|wi|2Si

+
∑

j

L(Fij) ∗
∑

k∈A(i,j)

(
1 + log

Hij

hi

)
Gi

Gk
|wk|2Sk

+
∑

j

Gi

Gj

(
1 + log

Hi

hi

)2

|wj |2Sj



 .

Here the constantC depends onTOLF (see Definition 3.3), the restriction ofφ to Fij is wj ,

A(i, j) is the set of subdomain indices of the acceptable face path ofFij , and the constant

L(Fij) is the number of the subdomains in the path.

Proof. Since{Fij}j is a partition of the nonmortar faceFl, we can write

wi − φ =
∑

j

χFij (wi −wj)

and it suffices to estimate each term in the above expression.

Let {Ωi, Ωk1 , · · · ,Ωkn , Ωj} be the related acceptable face path ofFij which passes

through the primal faces{Fik1 , Fk1k2 , · · · , Fknj}. WhenFij is a primal face, the path is

simply {Ωi,Ωj}. Let {rik1
m }, {rk1k2

m }, · · · , {rknj
m } be bases ofker(ε) scaled with respect to

the primal facesFik1 , Fk1k2 , · · · , Fknj , respectively. We denote the dual basis to{rlk
m}m by

{f lk
m}m. We introduce the notation,

flk(w) =
6∑

m=1

f lk
m (w)rlk

m.

We note thatflk(r) = r for any rigid body motionr and thatflk(wl) = flk(wk), sincew

satisfies the primal constraints on the primal faceFlk.

We then have

wi −wj = (wi − ri)− fik1(wi − ri) + fik1(wk1 − rk1)− fk1k2(wk1 − rk1)

+ fk1k2(wk2 − rk2)− fk2k3(wk2 − rk2) + · · ·(4.13)

+ fknj(wj − rj)− (wj − rj),

where therk denote any rigid body motions.
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We apply Lemma 4.7 to the first and the last terms of the above equation and obtain

Gi

(
‖πl(χFij (wi − ri))‖2H1/2

00 (Fl)
+ ‖πl(χFij (wj − rj))‖2H1/2

00 (Fl)

)

≤ C

(
1 + log

Hij

hi

)2 (
Gi‖wi − ri‖21/2,Fij

+ Gi‖wj − rj‖21/2,Fij

)

≤ C

(
1 + log

Hij

hi

)2 (
Hi

Hij
|wi|2Si

+
Hj

Hij

Gi

Gj
|wj |2Sj

)

≤ C(TOLF )
(

1 + log
Hi

hi

)2 (
|wi|2Si

+
Gi

Gj
|wj |2Sj

)
,

whereC(TOLF ) denotes a constant which depends onTOLF . Here we have also used

Lemmas 2.2 and 2.3, and the assumption that the faceFij is weakly substantial; see Defini-

tion 3.3.

We next consider the other terms in (4.13). From (4.1) and Lemmas 4.10 and 2.3, each

term can be estimated as

Gi|fk1k2
m (wk2 − rk2)|2 ‖πl(χFijr

k1k2
m )‖2

H
1/2
00 (Fl)

≤ CGi

‖wk2 − rk2‖20,∂Ωk2

H2
k1k2

(
1 + log

Hij

hi

)
Hij‖rk1k2

m ‖2∞,Fij

≤ C ∗ Gi

Gk2

(
1 + log

Hij

hi

)
|wk2 |2Sk2

Hk2Hij

H2
k1k2

‖rk1k2
m ‖2∞,Fij

.

We will show that the factor(Hk2Hij/H2
k1k2

)‖rk1k2
m ‖2∞,Fij

is bounded by a constant that

depends only onL(Fij). The assumption of the acceptable face path gives thatL(Fij) ≤ L

for a given constantL. Since the length of the face path is less than or equal toL and the

subdomain partition is locally quasi uniform, the diameter of the subdomains in the path are

comparable toHi. In addition, the diameter of any primal face of the path is comparable to

Hi, because primal faces are substantial. From these observations, we obtain

‖rk1k2
m ‖∞,Fij ≤ CL(Fij),

Hk2Hij

H2
k1k2

≤ C
Hij

Hi
,

and have proved the bound

(4.14)
Hk2Hij

H2
k1k2

‖rk1k2
m ‖2∞,Fij

≤ CL(Fij)2.

The remaining terms in (4.13) can be bounded in a similar way leading to the required bound

of Gi‖πl(wi − φ)‖2
H

1/2
00 (Fl)

.

REMARK 4.12. The proof for the bound in(4.14)suggests that it is beneficial that the

diameter of the non-primal interfaceFij is smaller than those of the primal interfaces in the

acceptable face path as long as it is weakly substantial with respect to the given constant

TOLF . In addition, the definition of an acceptable face path shows that a smaller diameter

of Fij provides more chances of finding an acceptable path ofFij for a givenTOLP andL.
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We note that the acceptable face path assumption and Assumption 3.4 give

(
1 + log

Hij

hi

)
Gi

Gkl

≤ TOLP ∗
(

1 + log
Hi

hi

)2

, L(Fij) ≤ L,
Gi

Gj
≤ TOLG.

Therefore the bound in Lemma 4.11 is reduced to

(4.15) Gi‖πl(wi − φ)‖2
H

1/2
00 (Fl)

≤ C

(
1 + log

Hi

hi

)2 ∑

l∈Nl

|wl|2Sl
,

whereNl is the set of subdomain indices, that appear on the acceptable face path ofFij ⊂ Fl.

The constantC depends onTOLF , TOLG, TOLP , andL but does not depend on any mesh

parameters nor on the coefficientsGi.

LEMMA 4.13.Assume that every non-primal face satisfies the acceptable face path con-

dition with givenTOLP , L, and coefficientsGi and that every primal face is substantial

and every non–primal face is weakly substantial with a givenTOLF . In addition, Assump-

tions 3.1 and 3.4 hold with a givenTOLG. We then obtain

max
w∈fW 〈Bw, λ〉2

〈Sw,w〉 ≤ C max
i=1,··· ,N

{(
1 + log

Hi

hi

)2
}
〈M̂λ, λ〉,

where the constantC depends on theTOLF , TOLG, TOLP , andL but not on any mesh

parameters and coefficientGi.

Proof. We consider

〈Bw, λ〉2 =


 ∑

l,nonmortar

∫

Fl

(wi − φ) · λ ds




2

=


 ∑

l, nonmortar

∫

Fl

πl(wi − φ) · λ ds




2

.

Sincew ∈ W̃, w satisfies the primal constraints on any primal faceFij , i.e.,
∫

Fij

(wi − φ) · IM(Fij)(rm) ds = 0, m = 1, · · · , 6.

This implies thatπl(wi − φ) also satisfies the primal constraints,
∫

Fij

πl(wi − φ) · IM(Fij)(rm) ds = 0, m = 1, · · · , 6,

becauseIM(Fij)(rm) belong to the Lagrange multiplier spaceM(Fl). Therefore,zn, defined

on each nonmortar faceFl by

zn|Fl
= πl(wi − φ),

belongs toW∆,n. In other words,zn has all its six primal components zero on each primal

face. We then define byz = E(zn) the extension ofzn to W̃(= W∆,n×W∆,m×WΠ) by

zero.
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By the definition ofM̂ in (3.8), we find that

〈Bw, λ〉2 = 〈Bz,λ〉2

≤ 〈M̂λ, λ〉〈Sz, z〉.

It suffices to show that

(4.16) 〈Sz, z〉 ≤ C max
i=1,··· ,N

{(
1 + log

Hi

hi

)2
}
〈Sw,w〉.

We now consider

〈Sz, z〉 =
N∑

i=1

〈Sizi, zi〉

≤ C

N∑

i=1

∑

l, nonmortar

Gi|Hi (πl(wi − φ)) |21,Ωi

≤ C

N∑

i=1

∑

l, nonmortar

Gi‖πl(wi − φ)‖2
H

1/2
00 (Fl)

,(4.17)

whereHi is the discrete harmonic extension intoXi. Here we have used that, see Lemma 2.2

and (2.4),

〈Sizi, zi〉 ≤ CGi|Hi(zi)|21,Ωi
.

From the bound (4.15) and (4.17), we obtain (4.16) with a constantC which depends on

TOLF , TOLG, TOLP , andL.

The lower bound in (3.9) and the bound in Lemma 4.13, combined with (3.7), lead to the

following condition number bound.

THEOREM 4.14. We assume that the assumptions in Lemma 4.13 hold. We then obtain

the condition number bound,

κ(M̂−1FDP ) ≤ C max
i=1,··· ,N

{(
1 + log

Hi

hi

)2
}

Here the constantC is independent of the mesh parameters and the coefficientsGi, but de-

pends on the given constantsTOLF , TOLG, TOLP , andL.

5. An algorithm for selecting primal faces. We now introduce an algorithm which

selects a quite small number of primal faces for an arbitrary distribution of{Gi}N
i=1. We

first choose constantsTOLP andL that will be used in the selection. Next we select an

initial set of primal faces and put them in the setP of primal faces. We then determine non-

primal faces based on the setP and the given constantsTOLP andL. We then visit the

remaining undetermined faces in a certain order and add some of them, one by one, to the
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setP . Whenever we add an undetermined face to the setP , we determine the current set of

non-primal faces based on the updated primal setP . We repeat this process until every face

is determined. In order to choose a small initial primal setP , we introduce the concept of an

essentially primal face.

DEFINITION 5.1. (Essentially primal face) A faceF = ∂Ωi∩∂Ωj is essentially primal,

if there is no acceptable face path for(Ωi, Ωj) for the givenTOLP andL, when all faces

exceptF are chosen to be primal.

We will now explain the algorithm in detail. For the given constantsTOLP andL, we

determine the essentially primal faces and add them to the setP of primal faces. Based on

this setP , we determine the non-primal faces. For the remaining undetermined faces, we

order them with respect to decreasing ratios of the coefficients between the two subdomain

Ωi andΩj . If we have more than one face having the same coefficient ratio, we then select

the one with most neighbors. We then add an undetermined face to the setP and determine

the non-primal faces of this updated setP . We repeat this until every face is determined. The

ordering of the undetermined faces increases our chances that there will exist acceptable face

paths for other faces which are previously undetermined.

Algorithm (TOLP , L, {Gi}, {Hi}, {hi} given)

Step 1. Determine essentially primal facesF and add them to the primal face setP .

Step 2. Determine non-primal faces based on the setP .

Step 3. For the remaining undetermined facesF , order them in decreasing order of the ratio

of the coefficients. If there are more than two faces with the same ratio then order them

in decreasing order of the number of neighbors of the two subdomains which intersect the

current faceF .

Step 4. Do until every undetermined faceF determined

• Add a current undetermined faceF to the primal face setP

• Determine the non-primal faces based on the updated primal face setP

End

We have tested the algorithm for both constant and variable coefficient cases. The do-

main Ω = [0, 1]3 is partitioned intoN3 hexagonal subdomains. For the case of constant

coefficients, we takeG(x) = 1, and for the case of discontinuous coefficient we distribute

the values1, 10, 102 and103 randomly over the subdomain partition.

In Table 1, we present the number of primal faces whenTOLP = 10, L = 6, and

the number of nodes (Hi/hi) are the same for all subdomains. HereTotal means the total

number of faces in the subdomain partition,Min denotes the number of primal faces what we

obtain from the algorithm without any limit onTOLP andL. For this case, our algorithm

gives exactly the minimum number of primal faces,N3 − 1, that are required to resolve the

rigid body motions generated by theN3 subdomains. The columnsConstandRandomshow

the number of primal faces for the constant coefficient case and the discontinuous coefficient
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N3 Total Min Const Random

23 12 7 7 8

43 144 63 68 89

63 540 215 246 322

83 1344 511 646 804

103 2700 999 1300 1598
TABLE 1

The number of primal faces from the algorithm:N3 (the number of subdomains),Total (the number of faces

over the subdomain partition),Min (the number of primal faces without any limit onTOLP andL), Const (the

number of primal faces for the constant coefficient case withTOLP = 10 andL = 6), Random (the number of

primal faces for the discontinuous coefficient case withTOLP = 10 andL = 6)

case, respectively. Comparing these two columns, we see that this algorithm gives a quite

small number of primal faces even for the case with the discontinuous coefficients.
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