MULTILEVEL SCHWARZ METHODS FOR ELLIPTIC
PROBLEMS WITH DISCONTINUOUS COEFFICIENTS
IN THREE DIMENSIONS
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Abstract. Multilevel Schwarz methods are developed for a conforming finite ele-
ment approximation of second order elliptic problems. We focus on problems in three
dimensions with possibly large jumps in the coefficients across the interface separating
the subregions. We establish a condition number estimate for the iterative operator,
which is independent of the coefficients, and grows at most as the square of the number
of levels. We also characterize a class of distributions of the coefficients, called quasi-
monotone, for which the weighted L?-projection is stable and for which we can use the
standard piecewise linear functions as a coarse space. In this case, we obtain optimal
methods, i.e. bounds which are independent of the number of levels and subregions.
We also design and analyze multilevel methods with new coarse spaces given by sim-
ple explicit formulas. We consider nonuniform meshes and conclude by an analysis of
multilevel iterative substructuring methods.

Key words. elliptic problems, Schwarz methods, multigrid methods, interface
problems; preconditioned conjugate gradients

AMS(MOS) subject classifications. 6510, 65N30, 65N55

1. Introduction. The purpose of this paper is to develop multilevel
methods for second order elliptic partial differential equations approxi-
mated by conforming finite element methods. A special emphasis is placed
on problems in three dimensions with highly discontinuous coefficients. To
simplify the presentation only piecewise linear finite elements are consid-
ered. Our goal is to design and analyze methods with a rate of convergence
which is independent of the jumps of the coefficients, the number of sub-
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structures, and the number of levels.

We consider two classes of the methods, additive and multiplicative.
The multiplicative methods are variants of the multigrid V-cycle method.
In our design and analysis, we use a general Schwarz method framework
developed in Dryja and Widlund [11,12,15], and Dryja, Smith, and Wid-
lund [10] for the additive variant, and Bramble, Pasciak, Xu, and Wang [3]
for the multiplicative ones. Among the particular cases, discussed in this
paper, are the BPX algorithm, cf. Bramble, Pasciak and Xu [4], and the
multilevel Schwarz method with one-dimensional subspaces considered by
Zhang [29,30]; see also Dryja and Widlund [13,14]. It is well known that
these methods are optimal when the coefficients are regular.

The problems become quite challenging for problems with highly dis-
continuous coefficients. In Dryja and Widlund [14], the BPX method was
modified and applied to a Schur complement system obtained after that
the unknowns of the interior nodal points of the substructures had been
eliminated. In that case, the condition number of the preconditioned sys-
tem was shown to be bounded from above by C (1 + £)?, where { is the
number of level of the refinement; see further Section 9.

The main question for problems with discontinuous coefficients is the
choice of a coarse space. We introduce a coarse triangulation given by the
substructures and assume that the coefficients can have large variations
only across the interfaces of these substructures. We then design methods
with several coarse spaces, sometimes known as exotic coarse spaces; cf.
Widlund [25]. Some are new and others have previously been discussed;
see Dryja, Smith and Widlund [10], Dryja and Widlund [15], and Sarkis
[20]. One of our main results is that the condition number of the resulting
systems can be estimated from above by C (1 + ¢)? with C independent
of the jumps of coefficients, of the number of substructures, and also of
£. For multiplicative variants such as the V-cycle multigrid, the rate of
convergence is bounded from above by 1 — C (1 +£)72,C > 0.

In Section 5, we study in detail the weighted L? projection with
weights given by the discontinuous coeflicients of the elliptic problem.
Bramble and Xu [5], and Xu [26] have considered this problem and estab-
lished that the weighted L? projection is not always stable in the presence
of interior cross points. In this paper, we introduce a new concept called
quasi-monotone distribution of coefficients which characterizes cases for
which certain optimal estimates for the weighted L? projection are pos-
sible. For problems with quasi-monotone coefficients, the standard piece-
wise linear functions can be used as the coarse space and optimal multilevel
algorithms are obtained.

In Section 7, we introduce approzimate discrete harmonic exlensions
and define new coarses spaces by modifying the previously known exotic
coarse spaces; see Sarkis [20] for a case of nonconforming elements. Using



these extensions, we can avoid solving a local Dirichlet problem for each
substructure when using exotic coarse spaces. We show that the converge
rate estimate of our new iterative methods, with approximate discrete
harmonic extensions, are comparable to those using exact discrete har-
monic extensions. The use of approximate discrete harmonic extensions
results in algorithms where the work per iteration is linear in the number
of degrees of freedom with the possible exception of the cost of solving the
coarse problem.

Elliptic problems with discontinuous coefficients have solutions with
singular behavior. Therefore, in Section 8, we consider nonuniform refine-
ments. We begin with a coarse triangulation that is shape regular and
possibly nonuniform and then refine it using a local refinement scheme
analyzed by Bornemann and Yserentant [1]. We establish a condition
number estimate for the iteration operator which is bounded from above
by C (1+¢)%. For quasi-monotone coefficients, we obtain an optimal mul-
tilevel preconditioner.

2. Differential and Finite Element Model Problems. We con-
sider the following selfadjoint second order problem:
Find u € H}(Q), such that

(1) a(u,v) = f(v) ¥ v e HYQ),
where

a(u,v):/ﬂp(w) Vu-Vvdz and f(v):/ﬂfv dz for f € L*(9Q).

For simplicity, let © be a bounded polyhedral region in R* with a
diameter of order 1. A triangulation of € is introduced by dividing the re-
gion into nonoverlapping shape regular simplices {Q;}¥,, with diameters
of order H, which are called substructures or subdomains. This partition-
ing induces a coarse triangulation associated with the parameter H. In
Section 8, we consider a case in which the coarse triangulation is shape
regular but possibly nonuniform.

We assume that p(z) > 0is constant, in each substructure, with possi-
bly large jumps occurring only across substructure boundaries. Therefore,
p(z) = p; = const in each substructure ©;. The analysis of our methods
can easily be extended to the case when p(z) varies moderately in each
subregion.

We define a sequence of quasi-uniform nested triangulations {7* }2:0
as follows. We start with a coarse triangulation 7° = {Q,}Y | and set hy =
H. A triangulation 7% = {7';C ?:1 on level k is obtained by subdividing
each individual element T]k_l in the set 75! into several elements denoted
by Tf. We assume that all the triangulations are shape regular and quasi-

uniform. Let h;? = diameter(rf), hi = max; h?, and h = hy, where £ is the
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number of refinement levels. We also assume that there exist constants
v < 1,¢> 0, and C, such that if an element T}H'k of level n+k is contained

in an element T]k of level k, then

diam(rf+k)

< Cy™
diam(rF) ~ i

7" <

In Section 8, we consider a case in which the refinement is nonuniform.

For each level of triangulation, we define a finite element space V*(Q)
which is the space of continuous piecewise linear functions associated with
the triangulation 7%. Let V¥(Q) be the subspace of V¥(Q) of functions
which vanish on 99, the boundary of 2. We also use the notation V() =
Vi(Q).

The discrete problem associated with (1) is given by:

Find u € V{{(Q), such that

(2) a(u,v) = f(v) Yove VIH(Q).

The bilinear form a(u,v) is directly related to a weighted Sobolev
space H}(Q) defined by the seminorm

|ulfys ) = alu, ).

We also define a weighted L? norm by:

(3) lullZz (@) = /Qp(x) |u(x)|* da for u € L*(Q).

Let X be a region contained in £ such that 9% does not cut through
any element 77 € 7%. We denote by V¥(X) the restriction of V*(2) to
%, and by V{(X) the subspace of V#(%) of functions which vanish on 93..
We also define H}(X) and L2(X) by restricting the domain of integration
of the weighted norms to Y. To avoid unnecessary notations, we drop the
parameter p when p = 1, and Y when the domain of integration is €.

In the case of a region % of diameter of order Ay, such as an element

k

7; or the union of few elements, we use a weighted norm,

1
(4) gz = el + 7z llelie:

We introduce the following notations: v < v , w > z, and y =< 2z
meaning that there are positive constants C' and ¢ such that

u<Cv, w>cz and cz<y<C(Cz respectively.

Here C' and c are independent of the variables appearing in the inequalities
and the parameters related to meshes, spaces and, especially, the weight
p. Sometimes, we will use < to stress that C' = 1.
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3. Multilevel Additive Schwarz Method. Any Schwarz method
can be defined by a splitting of the space V* into a sum of subspaces,
and by bilinear forms associated with each of these subspaces. We first
consider certain multilevel methods based on the MDS-multilevel diagonal
scaling introduced by Zhang [30], enriched with a coarse space as in Dryja
and Widlund [15], Dryja, Smith, and Widlund [10], or Sarkis [20].

Let A'* and V¥ be the set of nodes associated with the space V* and
Vi, respectively. Let (b;? be a standard nodal basis function of Vi, and let

V]-]C = span{qﬁf}. We decompose V' as

£ £
V= VA+Y Ve =va+> > v
k=0 k’:Ojej\/'éf

We note that this decomposition is not a direct sum and that dim(VJ-k) =1
Four different types of coarse spaces VX, and associated bilinear forms
bX (u,u) : VX x VA — R, with X = F, E, NN, and W, will be con-
sidered; see Section 4. We also consider variants of these four coarses
spaces using spaces of approximate discrete harmonic extensions given by
simple explicit formulas; see Section 7. The case when the coarse space is
VY = V{#! is considered in Section 5.
We introduce operators P]k VE - ij, by

a(PJku, v)=a(u,v) Vve V]-k,
and an operator T, : VJ — V& by
b (T8 u,v) = a(u,v) Yoe VE.

The analysis can easily be extended to the case when we use approximate
solvers for the spaces V]-k. Thus, we do not need to save, in memory, or
recompute, all the values of a(qbf, qbf), fork=1,---,£,and Vj € NE.

Let

) TNy Y P

k:Oje/\/'Ok
We now replace (2) by
£
(6) T%u =g, g:TE(lu—I—Z Z P]ku.
k=0 jeNg

By construction, (2) and (6) have the same solution. We notice that
TX u (and similarly the P}C u) can be computed, without the knowledge of

u, the solution of (2), since we can find 7% u by solving
(7) V5 (1% 0, 0) = a(u,0) = f(v) Yo VE
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Equation (6) is typically solved by a conjugate gradient method. In
order to estimate its rate of convergence, we need to obtain upper and
lower bounds for the spectrum of 7% . The bounds are obtained by using
the following theorem; cf. Dryja and Widlund [15], Zhang [30,29].

THEOREM 1. Suppose the following three assumptions hold:

i) There exists a constant Cy such that for all u € V' there
exists a decomposition u = u_1 + Ei:o EJ-EM&C u;?, with
u_q € VX, ué“ € ij, such that

vX (uX ) —I—Z Z <C’0a(u w).

k=0 jeN§
it) There exists a constant w such that
a(u,w) < wb®, (u,u) Yue V.

iti) There exist constants e, myn =20, and
Vi e NJ*, Vj € NJ such that

o) < € a(ul, ul) Y a(ul, ut )

a(u : 7]

Yu* € V™ Yui e V.
Then, T is invertible, a(Tw,v) = a(u,Tv), and

(8) Cola(u,u) < a(Tu,u) < (p(€) + Nwa(u,u) Yu € Vi

L

7]7m7n:0 )

Here p(&) is the spectral radius of the tensor & = {€1" };

4. Exotic Coarse Spaces and Condition Numbers. We now in-
troduce certain geometrical objects in preparation for the description of
our exotic coarse spaces V_Xl. Let F;; represent the open face which is
shared by two substructures §}; and €;. Let & represent an open edge,
and V,, a vertex of the substructure ;. Let W; denote the wire basket of
the subdomain ;, i.e. the union of the closures of the edges of 0€;. We
denote the interface between the subdomains by I' = U9€Q;\012, and the
wire basket by W = UW;\0Q. The sets of nodes belonging to 0%, Q;, 0K,
Fij, &, Wi, and I' are denoted by 0Qp,, 0 1, Qiny Fijhy Ethy Wik, and
I'y, respectively.

We now proceed to discuss several alternative coarse spaces and to
establish bounds for the condition numbers of the corresponding additive
multilevel methods.



4.1. Neumann-Neumann coarse spaces. We first consider the
Neumann-Neumann coarse spaces which have been analyzed in Dryja and
Widlund [15], Mandel and Brezina [16], and Sarkis [20]. An interest-
ing feature of these coarse spaces is that they are of minimal dimension
with only one degree of freedom per substructure, even in the case when
the substructures are not simplices. For any g > 1/2, we introduce the
weighted counting functions y; g, for all ¢ = 1,---, N, defined by

uiﬁ(a@) = Zp?, T E 892-,;1\89@ uiﬁ(a:) =0, z € (Fh\ainh) U o€y,.

J

For each z € 09Q;;,\0Q, the sum is taken over the values of j for which
NS (?th.
The pseudo inverse ,u;-"ﬁ of p; g is defined by

pis() = (pap()™h, @ € 09 1\0,
and
pig(a) =0, z € (TR\Qin) U Q..

We extend ,u;»"ﬁ elsewhere in {} as a minimal energy, discrete harmonic
function using the values on I'y U 09}, as boundary values. The resulting
functions belong to VJ(Q) and are also denoted by ,u;-"ﬁ.

We can now define the coarse space VNN C V{J by

(9) VAN = span{p! i},

i.e. we use one basis functions for each substructure £2;. We remark that
we can even define a Neumann-Neumann coarse space for § = oo by
considering, the limit of the space V_]\;N when  approaches oo, i.e.

+ o pm Pt
i M e 1= ﬁlggo Py
For instance, for € F;; 5, we obtain

pi’ :uj:oo(x) =1, if pi > pj,

pi® i () =0, if p; < pj,

and

pi o (w) = 1/2, if p; = p;.



We note that VNV is also the range of an interpolator [N : VI —
VAN given by

(10) uor =1 E:U )-’Ejuzm/h

Here, u; is the average of the discrete values of u over 0€; j,.

We note the coarse spaces defined with 5 =1/2, 5 =1, and g > 1/2
have been used by Dryja and Widlund [15], Mandel and Brezina [16], and
Sarkis [20], respectively. Recently, Wang and Xie [24] introduced another
coarse space which is similar to ours with § = oco. However, their basis
functions only take the value 0 or 1 on I'y,.

We introduce the bilinear form bV (u,v): VAN x VAN — R, by

(11) VN (u,v) = a(u,v).

TureoreM 2. Let TNV be defined by (5), and let 1/2 < 3 < co. Then
for any u € VJH(Q), we have

(1+ 0 2a(u,u) < a(TNu,u) < a(u,u).

The bounds are also independent of (.

Proof. We use Theorem 1.

Assumption i). For notational convenience, we introduce, for k£ =
0,---,¢, the bilinear forms by(uy, uz): VFf x V§f — R, by

(12) be(ug, up) = Y ui(w;)a(dF, ¢5) = > a(uf,uf),

jeNE JENE

o, . k- . k- k-
We use a level k decomposition given by uy = 3_; uj, with uj = uk(xj)(b]-.
Here, z; is the position of the node j € NE.
We decompose u € VJ((2) as

uw=Hu+ Pu in Q,
where
(13) uw=HDu+ Py in Q.
Here, HWu is the discrete harmonic part of u, i.e.

(VHDu, Vo) 20,y = 0 Yo € V),

HDu = u on 99,



and POy ¢ Va(€) is the H'—projection associated with the space
Vi), ie.

(V(POu). Vo) 2y = (T, Vo)ia(a V6 € VI ().

We decompose Py and HDu separately. We start by decomposing
() = POy in Q; as

o = Py 4 (P _plily 0 oy (plfi) _ l@l) (),
where 77,?) V() — VEF(), is the H!—projection defined by
(V(PY0D),V8) 00y = (Vo) V) 1200,y ¥ € V().

We extend P,gi)v(") by zero to Q\;, and also denote this extension by
P,gi) v(), Thus, P,gi)v(i) € VF(Q). Let
v(()i’) _ péi)v(i)7 v,(:) — (plgi) _ 73152'_)1) oW k=1, L.
Hence
(14) o = o) 4ol ool ol o,

We use the decomposition (14) for all ¢ = 1,---, N. The global de-
composition of v is equal to (9 in Q;, and is defined by

¢ N
(15) v = ka, Vg :Zv,(j).
k=0 =1
We now decompose Hu. Let
w=Hu—u_q,

where u_; is defined in (10).
We decompose w as

N .
w = Zw(l),
=1
where
w® = Iy(uplpfy) — i plndy = 00p7 i 5 (w — @) on T UGN

and extended as a discrete harmonic function in each Q;, 7 =1,---, N.
Here, Iy, is the standard linear interpolant based on the h-triangulation
of T. Tt is easy to show that w(z) = 3, w()(z) Vz € Q. Note that the
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support of w(® is the union of the Qj which have a vertex, edge, or face
in common with Q;.
We decompose w(®) further as

(16) wh= 3w+ 3w+ Y W),

Fij COSY £ COQ; Vi COY;

where F;;, &, and V,, are the faces, edges, and vertices of 0€2;. Here,

@ @ (1)

W, We, and wy, are the discrete harmonic extensions into { with pos-
sibly nonzero interface values only on Fi; 5, &k, and V,,, respectively.
The support of each function on the right hand side of (16) is the union
of a few Qj and its interior is denoted by Qz, , (g, or Qy, , respectively.
We can assume that the regions {1z, {lg,, and Qy,, are convex. If not, we
can extend them to convex regions and use a trick developed in Lemma
3.6. of Zhang [30].
(@ . .0) (%)

: 7
We now decompose Wr, We, and wy,’ in the same way as the o),

Let us first consider w(}%. We obtain

)]:“J ot wl(“?rij Tt wél—)l,fi] + wg,_)ﬁ'] ’
w((JZ)]-' = Pél)f. w%) ) wl(;)ﬂ = (Plgl)f‘ - P’?)Lﬁ]) w(fl) k=10

}_-ij W, by zero outside Q.
() ()

We decompose wg, and wy,’ in the same way, and obtain

(18)  wl) =wlh +wlh w0l el o

1l

wlih = PO, wf = (P - P, ) wld) k=1, 0,
and

(19) w) =wf), +ol, +orwll +orwl, Fel)

Ym

Here,

w((JZ,Lm = éf%;mwﬁjfn, w,(j)vm = (P,gqjm — 77152_)17]4”) w@n, k=1,---,¢.

We can now define a global decomposition of the function w as

(20) w=wo+wy + -t wk e+ W + Wy,
10



where

@/—\
<\_/

w2 Y wlht ¥ oulhr T

i i COu £,CO0 Q

We check straightforwardly that (20) is valid Vo € €. Using (20) and (15),
we define a decomposition for u € V{ as

(21) U=1u_1+tu+ ---+upgt---+ w1+ u,
where
up = v +wg, k=0,---,L.

We obtain the desired decomposition in Assumption i) by decompos-
ing wuy as in (12). We will now prove that

(22) Z br(ug, up) < (1 + log(H/h))*a(u,u).
k=-1

Therefore, in view of (12), we obtain C3 = C' (1 + ()? in Assumption i) of
Theorem 1.

We start with the decomposition of v.

LEMMA 1. For the decomposition of v given by (15), we have

4
(23) Z br(ve, vg) = alu,u).

k=0

Proof. We first show that
(24) Zbk (o), o) < ps lulta,)-

Note that for £ > 1, ’U](j) = (P,gi) - P,Ei_)l) o) = (1 - P}Ei_)l) v,(:).

Hence,
bk(’l)l(j)’v(z)) < h2 pZ”,Uk)”L? < o3 |’l)k |H1 Q)

The last inequality follows from the well known error estimate for
H'—projections on convex domains; see Ciarlet [8]. For k = 0,

i) 1
bolet ") % i 18 12y < pilet o

using Friedrichs’ inequality.

11



Adding the above inequalities, we obtain
‘e . .
> by(oy), o) 2
k=0

pi{ (VP Vo) 2o+ S2VPY = P )o@ Vo) 260}
k=1

= pi Vo720, = pi IVPDullT2 (0, < pi IVull2qy-

7

Thus

Z Z bk(v](j), v,(:)) < a(u,u).

O
LEMMA 2. For the decomposition of w(}%, given by (17), we have

E . .
(25) > bkl 0l ) = (14070 [l q,)-
k=0

Proof. Note that

1

by, wly ) 2 (et pi) ) Nz, )

Here, Oz, = Q;UQ; UF;;. Note that w(]% = 0in Q\Qx,, .
By the same argument as in the proof of Lemma 1, we obtain

¢ _ _ .
(26) Z bk(w,(;)fi] , w,(;)ﬁj) < (pi+ Pj)|w5f23] |%11(wa)-
k=0
Note that
(pi + Pj)lw%ﬁp(ﬂfw) < (pi+ pj)||w(}z—gj||iléo/2(}'¢]) -
(pi + PPl 1o (0 = @)y s ) =
p
(1+72) _

. _ . 2 . _ . 2
Pi (1 + (2_]1)5)2 ||(’LL ul)}—i],h”HSO/?(]:ij) j pl”(u ul)Fi],hHHéO/?(]:ij)'

12



The first inequality above follows from an extension theorem [9]. Here,
(”)E‘;,h = v at the nodal points on F;;; and (v)r, Fiyn = 0 on 0F;; . For
the last inequality, we have also used the fact that § > 1/2. For § = oo,
we use a limiting process. Using Lemma 3 of Dryja and Widlund [15],

which is an inequality for HégQ(}}j), and Poincaré’s inequality, we obtain

il = @) s ) = i1+ Tog H IR = il g

< pil1 +log H/B) ull o, = pil1+ O ult g

Combining this inequality with (26), we obtain (25). O

The next two lemmas are proved in the same way as Lemma 2; a
similar argument will also be given in the proof of Theorem 4.

LEMMA 3. For the decomposilion of wg , given in (18), we have

(27) > be(wle, wik) < (14 0) pilullpg
k=0

LEMMA 4. For the decomposition of w%};, given in (19), we have
)l
(28) Z be(wyy, > w0y y,) 2 pi |U|12111(Qi)-
COROLLARY 1. For the decomposition of w, given in (20), we have

(29) Zbk wk,wk (1—|—€) ( )

The proof of Corollary 1 follows from Lemmas 2, 3, and 4.
We now estimate a(u 1, %1

)-
LEMMA 5. Foru_1=>; u_)l, ’

a(u_i,u_1) < (1+log H/h)*a(u,w) < (1 + £)*a(u,u)

The proof of this result, for 3 = 1/2, can be found in the proofs of Theorem
6 and 7 of Dryja and Widlund [15]. For different values of 3, we use an
argument similar to that of the proof of Lemma 2; cf. also Sarkis [20].

Returning to the proof of Theorem 2, we find that (22) follows from
Corollary 1, and Lemmas 1 and 5. The bound for Cy has then been
established.

Assumption ii). Trivially, we have w = 1.

Assumption iii) We need to show that p(&) < const. This has been
established in Remark 3.3 in Zhang [30]. O

13



4.2. A face based coarse space. The next exotic coarse space is
denoted by V¥, C V{#, and is based on values on the wire basket W, and
averages over the faces F;;. This coarse space can conveniently be defined
as the range of an interpolation operator I}l; : Vi — VI defined by

Iff‘u(x)ﬂjl = Z (wp “fop —I_ Z u]:z; 0-7:1]

PEW; » Fij COLY

Here, ¢,(z) is the discrete harmonic extension, into €;, of the standard
nodal basis function associated with a node p. ugz,; is the average value
of u over Fj; 1, and 0_7-‘1.] (z) the discrete harmonic function, defined in Q;,
which equals 1 on F;;j, and is zero on 0€; ,\Fij p-

We define the bilinear form by

wy=) o D h(u(zp) - u)?

7 PEW; 1

+ H+0) Y (ur, —w)*},

Fij COQ;

where #; is the average value of u over 9, 3.
TueoREM 3. Let T be defined by (5). Then for any u € VJH(Q), we
have

(1+ 0 2a(u,w) < a(TTu,u) < a(u,u).

Proof.  Assumption i). The decomposition here is the same as be-

fore, except that we now choose w(?) = Ih(pl/ u+1/2(u —IFu))on TUOQ,
and extending these boundary values as a discrete harmonic function else-
where. We note that this decomposition is simpler since w() vanishes
on the wire basket. Therefore, w(g? =0 and w&)n
Lemma 2 holds since

= 0. A counterpart of

/+(

(pi + pj)|w§f-3]|%p (@,) 3 = (pi + p) | (In(pi "1y jo(w — Igu))) Fonll} HY2 (7))

< pillCw = 7, ) oo | 2 0 (L Log B = 5,

= pi(l —|—10g H/h)2|u|12q1(gl) = pi(l + €)2|U|%I1(Q

Here we have used the same arguments as in the proof of Lemma 2. Fi-
nally, Lemma 5 is replaced by
LEMMA 6. For u € V()

b (I u, IF w) < (1 4+ log H/R)a(u,w) =< (1 + O)a(u,u).

14



The proof of this result can be found in the proof of Theorem 6.7 of Dryja,
Smith, and Widlund [10].
Assumption ii). We have w < 1; see Dryja, Smith, and Widlund [10].
Assumption iii). As in subsection 4.1. O
REMARK 1. Another possible decomposition for w is given by

Here, wr,, is the discrete harmonic function on Q with possibly nonzero
interface values only on F;jn. We note that the support of wr,, is Qr,,.
We can decompose wg,; as in (17), and obtain

be(wr,z; wir,) 2 (pi + pj)lwr, |2 125y =
Hyo " (Fij)
(pit pi) (= )7 e 3 (L4 log HIRP lu— a, [y ar,

< (1+log H/h)ulfa gy < (1+ 0)*uljn g

4.3. An edge based coarse space. We can decrease the dimension
of V¥ and define another coarse space. Rather than using the values at all
the nodes on the edges as degrees of freedom, only one degree of freedom
per edge, an average value, is used. The resulting space, denoted by
VE C V{, is the range of the interpolation operator IF : V& — V£
defined by

I}?u(l‘)mi: Z (Vi )om(2)+

o usbe @)+ Y. um,05,(2).

EICW; .7'—,‘JCQQ¢

Here, ug, is the average value of u over &, and f¢, the discrete har-
monic function which equals 1 on &5, and is zero on 9, \ &1 @m(2) is
the discrete harmonic extension into €; of the boundary values of standard
nodal basis function associated with the vertex V,,.

We define a bilinear form by

sz{h Z i)2+

Vim €9€2;

H Y (te, —w)+HA+L0) > (ur, —u)’}.

EmCIQ; Fij COQy
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THEOREM 4. Let T¥ be defined by (5). Then, for any u € VJH(Q), we
have

(140 2a(u,u) < a(TFu,u) < a(u,u).

Proof. Assumption i). Here, we choose w(¥) = Ih(p}ﬂuj’lm(u — IEw))

on I'U 0N and extend these boundary values as a discrete harmonic func-
tion elsewhere. Note also that, we have ng; = 0. The proof of a counter-
part of Lemma 2 is similar to that given in the proof of Theorem 3.

The proof of a variant of Lemma 3 for this case proceeds as follows.
Let w(gl) be the edge component of w®), given similarly as in (16), and

(z) (1)

let w; ¢ be the decomposition of wg’ given as in (18). Using similar
arguments as in Lemma 2, we have

> be(wiks wis) 3 3 ol lin g,

k=0
where the sum ), is taken over all substructures, which share the open

edge &. We now use the fact that “%/2 =, p71n/2)_1 on &, and an
inverse inequality, and obtain

S ol <o 3 g — ulzy)?.
m PE€EL R
We next use a Sobolev type inequality (see Lemma 4.3 of [10]) to obtain

pi Y h(ug —u(z,))* < pi(L+log Hh)|[ullFq, = pi (14 O)lullipq,)-
P€EL R

We note that w(g? does not change if we add a constant to u. There-
fore, we can use Poincaré’s inequality to obtain

(30) > pmlwflian) 2 pi (14 Oluliq,)-

Finally, we use
LEMMA 7. For u € V{

V7, (IFu, IPu) % (14 £) alu, w).

The proof of this result can be found in the proof of Theorem 6.10 of
Dryja, Smith, and Widlund [10].

Assumption ii). We have w < 1; see Dryja, Smith, Widlund [10].

Assumption iii). As in subsection 4.1. [

REMARK 2. We can also simplify the proof by decomposing w as

w= Y wr,+ ) we
Fi;cl &cT
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Here, wg,, is chosen as in Remark 1 and wg, is the piecewise discrete
harmonic function with possibly nonzero interface values only on & . We
note that the support of wg, is in Qg,. We decompose we, as in (18) and
obtain

melw&ﬁql(ﬂg me Z h u5z ))2

PEELR

< (140 |ulfpq.,)-

4.4. A wire basket based coarse space. Finally, we consider a
coarse space VYW C V', due to Smith [21]. It is based only on the values
on the wire basket W,.. The interpolation operator I}V : VJ* — VM and
is defined by

I{LVu(w)Hjl = Z (.Tp Qﬁp —I_ Z uaj:z] -7'—1] )

pewi h -7:1]C89

Here, upz,; is the discrete average value of u on 0F;;. Let upw, be the
discrete average value of v on W; . We define the bilinear form by

Wi w) = (140 o Y h(u(p) — am,)".

4 PEW;

TureoreM 5. Let TV be defined by (5). Then, for any u € V§#(Q),
we have

(1407 2a(u,u) = a(TVu,u) < a(u,u).

Proof. Assumption i). Let w() = I, (p; 1/2 ;"1/2(14 — I}V u)). Therefore,

we have w(g? =0 and w@n = 0. The proof of the counterpart of Lemma 2
is as follows:

(pi PN e, ) 3 pillUn((u = 0z, )7, 07,))m, e

< pi{|n(u bz, e F,) t (@07 7)1 k(07| 1/2(%)}

1
= pi{(1+log H/h)||ullF q,) + 77 (1 +log HIh)|ullf207,)}

=< pi(1 +log H/h)||ullfp ) =< pil1+ Oullfnq

Here we have used Lemma 3, and Lemmas 4.3, 4.4, and 4.5 of Dryja,

Smith, and Widlund [10].
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To get the seminorm bound, we use the same arguments as for (30).
Finally, we also use
LEMMA 8. For u € V()

b (I u, 1V u) < (14 log H/h)?a(u,u) =< (14 0)%a(u, u).

The proof of this result can be found in the proof of Theorem 6.4 of Dryja,
Smith, and Widlund [10].
Assumption ii). We have w < 1; see Dryja, Smith, Widlund [10].
Assumption iii). As in subsection 4.1. [
Remark 1 also applies in this case.

5. Special Coefficients and an Optimal Algorithm. In this sec-
tion, we show that if the coeflicients p; satisfy certain assumptions, the
L;‘))—projection is stable and we can use the space of piecewise linear func-
tions VH(Q) as a coarse space and obtain an optimal multilevel precondi-
tioner. It should be pointed out that the Lg—projection is not stable in
general; see the counterexample given in Xu [26].

5.1. Quasi-monotone coefficients. Let V,,,m = 1,---, L, be the
set of substructure vertices. We also include the vertices on 9. Let
Q,, i =1,---,s(m), denote the substructures that have the vertex V,,
in common, and let p,,, denote their coefficients. Let Q!  be the interior
of the closure of the union of the substructures §2,,,, i.e. the interior of
Uf(:nf)QW By using the fact that all substructures are simplices, we see
that each €,,;, has a whole face in common with 0%/, . Thus, the vertex
V. is the only internal cross point in € _, i.e. the only point that belongs
to more than two (2,,,. Two-dimensional illustrations of Q! = U;Q,,, are
given by Fig. 1 and Fig. 2.

INETZEOIN
0 o Qr,
Fig. 1
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Fig. 2

DEFINITION 1. For each )

ms order its subslructures such that p,,, =

Max;.1 ... s(m) Pmi- We say that a distribution of pm, is quasi-monotone in
QO if for every i =1,---,s(m), there exists a sequence i;, j =1,---, R,
with

(31) Pm1:pm,R§§Pm1]+l Sp'rmJ Sgpmll = Pmy>

where the substructures 1,,, and Q,,, ~ have a face in common. If the
vertex V,, € 090, then we ad]dz'tz'onally izslsume that 0, N 0N contains a
face for which V,, is a vertez.

A distribution p; on Q is quasi-monotone with respect to the coarse
triangulation T° if it is quasi-monotone for each Q..

We also define quasi-monotonicily with respect to a triangulation T*,
as before, by replacing the ; and the substructure vertices V,, by elements
T]k and nodes in N'®, respectively.

In two dimensions, quasi-monotonicity with respect to 79 implies, for
the same distribution of the p;, quasi-monotonicity with respect to 7*.
We can check this as follows. The nodes of A'* divide into three sets: i)
those which coincide with vertices of the substructures (nodes of the coarse
triangulation), ii) those which belong to edges of the substructures, and
iii) those which belong to the interior of the substructures. By examing
the three cases, it is now easy to see that a distribution of the coefficients
is quasi-monotone with respect to 7% if it is quasi-monotone with respect
to 7.

In three dimensions there are cases in which a distribution of p; is
quasi-monotone with respect to 7Y but not quasi-monotone with respect
to 7%, In this case, the nodes of A* are divided in four sets: those at
vertices, edges, faces, and interiors of the substructures. There are no
problems for those of the vertices, faces and interior sets but there can
be complications with the edge set of nodes. Quasi-monotonicity of the
coeflicients for nodes belonging to the edge set does not follow from the
quasi-monotonicity with respect to the coarse triangulation. To see that,
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let & be an edge of a substructure 2;, and let V,, be a vertex of €,
and an end point of &. There are more substructures sharing V,, than
substructures sharing the whole edge &. From this, it easy to distribute
coeflicients in such a way that they are quasi-monotone with respect to
the coarse triangulation but not quasi-monotone with respect to a finer
triangulation.

We note that in Theorem 6 only the quasi-monotonicity of the co-
efficients p; with respect to 7° is needed. We have introduced quasi-
monotonicity with respect to 7% only to obtain a complete theory for the

stability of the L?)—projection on finer levels; see Lemma 9 and Corollary
2

5.2. A new interpolator. We define an interpolation operator I,iw :
Vi) — VF(Q), as follows

DEFINITION 2. Given u € V*(Q), define ux = IMu € VF(Q) by the
values of uy, at two sets of nodes of N'*:

i) For a nodal point P € N¥, let ug(P) be the average of u
over an element Tfp €Tk
ii) For a nodal point P € Nk, let ui(P) be the average of
u over ?]kp N o1.
Here, Tfp is the element, or one of the elements, with the vertex P with
the largest coefficient p;. Nal“Q is the set of nodes of N'* which belong to
00, and N§ = NF\NE,.

It is easy to see that, for any constant ¢, IM(u —¢) = IM(u) — ¢ Ve,
and also that uj vanishes on 9 whenever u vanishes on 91.

We note that kaP NoSL is a face of T]kP for a quasi-monotone distribution
of coeflicients p; with respect to the triangulation 7°. ?]kp N might be an
edge or a vertex for coefficients that are not quasi-monotone with respect
to 79.

LEMMA 9. For a quasi-monotone distribution of coefficients p; with
respect to the triangulation T*, we have Yu € V*(Q)

M
(52 17 = 19l = gy v
and
(33) |I}£.W’LL|H’1)(TJk) j |U|H’1)(77_]k,M) VT;{; € Tk'

Here, ff’M C ?]k’em 1s a connected Lipschilz region given explicitly in the

_k,ext

proof of this lemma. 7,77 is the union of the 7"2-]“ which have a vertex,

edge, or face in common with Tf.
Furthermore,

IMueVEQ) if uwe VHQ).
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Proof. We have

M, 2 ok, M, 2
= 1l oy = () = Ml

=< p(r)) (18" — cllzagrry + llw = ellLzgr):
Using the definition and properties of I,iw, we obtain

||Ié\4u—c||%2(7f) = 1" (u - ||L2 = 30 BN (u = e))(P),
PET

Here, the P are the vertices of the element Tf.

For a case in which P € N§, IMu(P), the average value of u over an

element T]kp, can be bounded from above in terms of the L? norm of u in
k

T, le.
M
I (= NP X Nl el
Here, TJkP is the element given in Deﬁnition 2.
For a case in which P € Nk, IMu(P), the average value of u over

a triangle T n OQ can be bounded from above in terms of the energy
norm (4) of win 7F,. Indeed,

WM (= (P < bl = elZan oy = B llu = el -
Jp Jp

From the definition of quasi-monotonicity with respect to the triangu-

lation 7%, there exists for each P a sequence of elements Tﬁ, 1=1,---,n,
with
k k k k k
(34) p(ri) = p(j,) < - < P(sz) < p(75,) = p(75,)-
Let ffF’,M = U?Zli']kn and Tk M _ UpET . Then,
M, (12 kN 7,2
nu—@um%b5qu%w sy

Note that f]k’M is a connected Lipschtz region with a diameter of order
hi. Thus, we can use Poincaré’s inequality to obtain

Hgf IO(TJk) hi ||’LL - C||§g1(7—_k7M) = p(T]k) hi |u|?{1(7:k’M)7
J J
and use (34) to obtain
k
p(Tj ) hi |u|?'{1(7—_kyM) < hi |u|?'{;(7—_k7M)'
J J
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To obtain (33), we use

1M a1 <zp Ve |1 0 = ) (PP

Here, the P; are the vertices of the element Tf. For the rest of the proof,
we use the same arguments as before. O

COROLLARY 2. For a quasi-monotone distribulion of coefficients p;
with respect to T*, we have

(35) 101 = Qp)ullrz) 2 e lulmyay Ve € Vi'(Q),
and
(36) Qbulmi) X lulmya) Yu € Vi(Q).

Here, Q% is the weighted L*-projection from VJ'() to Vi (Q).

Proof. We obtain (35) from (32), since Q’; gives the best approxima-
tion with respect to L%(Q). Finally, we have (36) since 1}/29 stability implies
H) stability; see Theorem 3.4 in Bramble and Xu [5]. O

REMARK 3. The Lemma 9 and Corollary 2 can easily be extended lo
functions which do not vanish on the whole boundary 02. Using Lemma
9, we can also establish optimal multilevel algorithms for problems with
Neumann or mized boundary conditions, and quasi-monotone coefficients
with respect to T°.

5.3. An optimal algorithm. We prove that the MDS algorithm,
using the space of piecewise linear functions, V{', as a coarse space, is
optimal if the coefficient is quasi-monotone with respect to the coarse
mesh 7°. It is important to note that to prove our next theorem, we do
not need to have quasi-monotonicity with respect to the fine meshes 7*.

THEOREM 6. Let TY be defined by (5) with V_; = V@ = VI,
b_1(-,-) = a(-,-). For a quasi-monotone distribution of the coefficients
pi with respect to T°, we have

a(Tu,u) < a(u,u) Yu € VJHQ).

Proof. We start by considering Assumption i); Assumptions ii) and
i1i) have been checked in the proofs of the previous theorems.

Let the {6,.} be a partition of unity over Q with 6,, € C5(2,).
Because of the size of the overlap of the subregions Q! . these functions
can be chosen such that |V#8,,| is bounded by C/H. We decompose w =

_ M
u— Iy u as

L
(37) w= Z Wy, where w,, = I1(0,w).

m=1
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Here, Iy, is the standard linear interpolant with respect to the triangulation
T
We note that w,, = 0, on and outside of Q! , m =1,---, L. Using

standard arguments, cf. Dryja and Widlund [11], we can show that

|winliyan,) < 10l @y, + 2 lwllZzgas,)s

and by using Lemma 9, we obtain

|wm JQLI;(Q;H) = |u|fq;(@;frt)-
Here, Q/5%% is the closure of the union of @/ and the ©; which have a
vertex, edge, or face in common with 9Q/ . By assumption, we have
quasi-monotone coefficients with respect to 7.

We now remove the substructure Q,,, from € obtaining Qf, =
QU N\, .

We decompose w,, as
Wy, = H(m)wm + (W — H(m)wm).

Here, H" w,, is the piecewise discrete harmonic function on Q,,, and
Q7 that equals w,, on 0, U0Q;,. We stress that we use the weight
p = 1 in obtaining this piecewise discrete harmonic function.

We decompose H")w,, as in (19), and obtain

Therefore, by using the same arguments as in the beginning of the proof
of lemma earlier sections,

£
Z bk((H(m)wm)kv (H(m)wm)k) = Py H(m)wm@p(%)
k=0

(89) = pouy [HO w2 2 ooy K w2
00

(992m, NAQS,, )

2 2
< P [0mlEn ) < l0mliar,)-
Let w,, = wy, — H™w,,. Using the triangular inequality, we obtain
[Om|m1(0r,) 2 [wmlmy@r,)-

Note that @, vanishes on 0Q,,, U 9Q.,. Therefore, we can decom-
pose W, in {1, and Q7 independently. For the decomposition in €2, ,
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we have no difficulties, since we have constant coefficients. For the de-
composition in Q7 , we can try to remove the substructure with largest
coefficient p,,; in QF, , and repeat the analysis just described. It is easy to
show that we can remove all substructures, recursively, if we have a quasi-
monotone distribution with respect to 7°. We note that the argument in
(39) fails if we do not have quasi-monotone coefficients. O

REMARK 4. In the proof of Theorem 6, we just need to carry out the
analysis locally for each Q... In a case of quasi-monotone coefficients with
respect to T° and with the coarse spaces V| or V| we can derive a bound
on the condition number of the multilevel additive Schwarz algorithm thal
s linear with respect to the number of levels £. The analysis also works
if we use different coarse spaces in different parts of the domain . We
can also use the coarse space VY and an exotic space VY simultaneously.
The resulting multilevel algorithm is oplimal if the coefficient is quasi-
monotone, and is almost optimal with a condition number bounded in
terms of (14 £)* otherwise. The same arguments can also be used lo
prove that we also have an optimal multilevel algorithm with Neumann or
mized boundary condition and quasi-monotone coefficients.

6. Multiplicative Versions. In this section, we discuss some mul-
tiplicative versions of the multilevel additive Schwarz methods; they cor-
respond to certain multigrid methods. Following Zhang [30], we consider
two algorithms defined by their error propagation operators

£
(40) Eq= (I II U —-P")U—4T-1),

k=0 jeNEk
and
£ £
(41) Ey= 1 t-1% =TI -n Y PO -nT-1),
k=—1 k=0 JENE

where 7 is a damping factor chosen such that ||Tk||HF1) <w <2

The products in the above expressions can be arranged in any order;
different orders result in different schemes; see Zhang [30]. When the
product is arranged in an appropriate order, the operators Eg and Ej
correspond to the error propagation operators of V-cycle multigrid meth-
ods using Gauss-Seidel and damped Jacobi method as smoothers for the
refined spaces, respectively.

By applying techniques developed in Zhang [30], and Dryja and Wid-
lund [15], we can show that the norm of the error propagation operators
| £c|lgy and || EF||fy can be estimated from above by 1 — C' (1 + ()72, In
a case in which we have quasi-monotone coefficients and use the standard
coarse space VH we can establish that the V-cycle multigrid methods,
given by (40) and (41), are optimal.
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7. Approximate discrete harmonic extensions. A disadvantage
of using the coarse spaces VX, with X = F, E, NN, and W, is that we
have to solve a local Dirichlet problem exactly for each substructure to ob-
tain the discrete harmonic extensions. However, we can define new exotic
coarse spaces, called VX, with X = F,E,NN, and W by introducing
approzimale discrete harmonic extensions. They are given by simple ex-
plicit formulas [10,20] and have the same H;—stabﬂity property estimates
as the discrete harmonic extensions. Here we use strongly the fact that our
exotic spaces V% have constant values at the nodal points of the faces of
the substructures. We prove that the MDS, with these new coarse spaces,
have condition number estimate proportional to (1 + ¢)%.

Let Ck, k= 1,---.,4, be the barycenters of the faces F;; of 0€;, and
let Vi be the vertex of 2; that is opposite to C. Let C' be the centroid of
Q;, i.e. the intersection of the line segments connecting the Vj to the Cy.
Let Er;, [ =1,2,3, be the open edges of 0.F;;; see Fig. 3.

Vi

Fig. 3

To approximate the discrete harmonic function 6z, in €2;, we use the
a finite element function ?z,; introduced in the proof of Lemma 4.4 of
Dryja, Smith and Widlund [10] (see also Extension 3 in Sarkis [20]), given
by (see Fig. 3):
DEFINITION 3.
i) Let

ui; (C) = —.
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i)

iii)

iv)

v)

For a point Q) that belongs to a line segment connecting C
to Cp,k =1,---,4, define u;;(Q) by linear interpolation
between the values u;;(C) = 1/4 and u;;(Cr) = 6k, i.e.
by

u(Q) = MQ) § + (1= MQ))ose
Here A(Q) =distance(Q, C})/ distance(C,Cy) and 65, = 1
if j =k and ¢;, = 0, otherwise.
For a point S that belongs lo a lriangle defined by the
previous () as a verter, and the edge Ey; as a side opposite
to@,l=1,---,3, let

uij(5) = uij(Q).

Let 9, = IDu;j, where I is the interpolation operator
into the space V"(§;) that preserves the values of a func-
tion u;; al the nodal points of Q“L\Wi’h and set them to
zero on Wi .

In Qj, which has a common face F;; with Q;, gz, is
defined as in ();. Finally, dr, is extended by zero outside
Qr,;-

Note that Jz,;, € Vi, and

Z 19]:!.] =1 on Qi,h\wi,h-
FiyCOR

We remark that other extensions are also possible; see, e.g., Extension 2

of [20].

Using ideas in the proof of Lemma 4.4 in [10], we obtain
Lemma 10.

For the wire basket contributions, we replace the piecewise discrete
harmonic function 3 ey, | u(zp)@p, by 3pew, , u(z,)h, where ¢ is the
standard nodal basis function associated with a node p. Using the def-
inition of (bf; and a Sobolev type inequality (see Lemma 4.3 of [10]), we
obtain

LEMMA 11.

| > (ul(zy) - @i)%@p(m) <l = wll 2o,
PEW; 1

< (14 0 Julfpq,-
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New exotic coarse spaces V_X;, with X = F, E,NT’V, and W are in-
troduced by combining the approximate discrete harmonic functions 9,
and EpEWi,h u(asp)cbf;. We define VX as the range of the following inter-
polators I : V' — VX

e Modified Neumann-Neumann coarse spaces

Iﬁu =t_1 = Zﬂi_l = ZQZ pfﬂ;{'ﬁ.

Here, ﬂ;»fu = “iﬁ on I', U0JQ and is extended elsewhere in £ as an approx-

imate discrete harmonic function given by:

ifgle) = Y2 uiglap)op(a)+ Do uds(Fy)dr,(2) Vo
pewi,h FUC@Q,;

e A modified face based coarse space
I}I;u(:v)mi = Z u@p)@é(@ + E ﬂ]:z‘jﬂ]:ij(‘r)'
PEW; n FiyCOQy
¢ A modified edge based coarse space

Liu(e)g, = D) ulVa)d, (2)+

S oag D e+ YD ar,dr,(2).

EICW; pEEl’h f“C@Qz‘

e A modified wire basket based coarse space

Wue)g, = Y ulep)db(a)+ Y aor,ir, ().

PEW; 1 Fij COQ;

It is important to note that our approximate discrete harmonic ex-
tensions recover constant functions, because

Z Qbfg(x)-l- Z Vr,(z) =1 Vo € Q.

PEW; 1 Fij COSY;

We define the bilinear forms exactly as before, i.e.
X X
b—l = b—17

and operators szl V- V_X~17 by

b5 (1% u,v) = a(u,v) Yve V.
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Let
i i ‘
T =TX+> > PF
k’:OjeNOk

THEOREM 7. For any u € V{{(Q), we have

(14 0~ 2a(u,u) < a(T*u,u) < a(u,u).

Proof. Let us first consider a case with V_F~1 as the coarse space.
Assumption ii) Using the triangle inequality, the explicit formulas for
the approximate discrete harmonic functions, and Lemma 10, we obtain

lulfey 2 D_pd D h(u(zy))?

7 PEW; 1
+ HA+0) Y (ur,)?} Yue VA
Fij COQ

We now use that the approximate discrete harmonic extension recov-
ers constant functions to obtain

(42) a(u,u) < bF (u, ).

Assumption i) Note that the bilinear form bljl(u,u) depends only on

the values of w on I'y, and let a_; = Ifu and u_q = I}I;u. We can therefore
use Lemma 6 to obtain

(43)  bFy(ii_q, i) = bF (u_g,ug) < (14 0) a(u,u) Vu € V.
We now modify the decomposition in the proof of Theorem 3
=
kg
and construct a decomposition for the current theorem by

U:ﬂ—1+(u—1—@—1)+zzu§=
ko J



Here we use that (u_; — %_1) vanishes on I'y, U 9§, and then decompose
(u—1 — @_1) as in Lemma 1 to obtain

ZZQ(Q‘I;,’INL‘I;) j a(u_1 — ﬂ_l,u_l — ’lNL_l) j a(ﬂ_l,&_l).
kg

We now use (42) and (43) and obtain
Ay, @1) 2 b7y (g, Gmy) 2 (14 Oalu,w).
Finally, we use the proof of Theorem 3 to obtain

ZZ(L(U?,U?) <(1 —I—K)2 a(u,u).
kg

The proof of this theorem for V& or VY as the coarse space is quite
similar.

Let us finally consider the case with
Assumption ii), we trivially have w = 1. Assumption i) is handled exactly
as before. The only nontrivial part is to show that

VAN as the coarse space. For

(44) a(INNu, INNu) < (14 0)%a(u,u) Yu € VE(Q).

The idea of the proof of (44) is the same as in Dryja and Widlund [15]. We
reduce the estimates to bounds related to the vertices, edges, and faces
and use Lemmas 10 and 11, and Lemma 4 in [10]. O

8. Nonuniform refinements. We now consider finite element ap-
proximation with locally nested refinement. Such refinements can be used
toimprove the accuracy of the solutions of problems with singular behavior
which arise in elliptic problems with discontinuous coefficients, nonconvex
domains, or singular data. We note, in particular, that solutions of elliptic
problems with highly discontinuous coeflicients are very likely to become
increasingly singular when we approach the wire basket.

Nested local refinements have previously been analyzed by Bornemann
and Yserentant [1], Bramble and Pasciak [2], Cheng [6,7], Oswald [18,19],
and Yserentant [27,28]. By nested local refinement we mean that an el-
ement, which is not refined at level j, cannot be a candidate for further
refinement. Under certain assumptions on the local refinement, optimal
multilevel preconditioners have been obtained for problems with nearly
constant coefficients in two and three dimensions. For problems in two
dimensions with highly discontinuous coeflicients, the standard piecewise
linear function can be used as a coarse space to design multilevel pre-
conditioners. A bound on the condition number can be derived, which
is independent of the coefficients, and which grows at most as the square
of the number of levels; see, e.g., Yserentant [28]. Here, we extend the
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analysis to the case where the coefficients are quasi-monotone with respect
to the coarse triangulation or are highly discontinuous in two or in three
dimensions.

Let us begin by a shape regular but possibly nonuniform coarse trian-
gulation 7° = TO*, which defines substructures §2; with diameters H;. It
follows from shape regularity that neighboring substructures are of com-
parable size.

We introduce the following refinement procedure: For k = 1,---,¢,
subdivide all the tetrahedra Tf_l € 7" ! into eight tetrahedra (see, e.g.,
Ong [17]); these are elements of level k and belong, by definition, to 7*. A
shape regular refinement is obtained by connecting properly the midpoints
of the edges T]k_l. We note that this refinement, restricted to each Q;, is
quasi-uniform.

Let Vi be the space of piecewise linear functions associated with 7%,
which vanish on 99, and let NV be the set of nodal points associated with
the space V. Let cb;?, j € V¥, be a standard nodal basis function of V',
and let ij = span{qﬁf}.

We define a locally nested refinement in terms of a sequence of open
subregions O C  such that

O, COp1C--CO,C---CO1COy =19,

and assume that the 00Oy, the boundary of O, align with element bound-
aries of 7%-1, for k > 1.

We define a nested, nonconforming triangulations 757, k = 0, - - -, £,
as follows:

TF = TF on O,
and
TF =77 on O;\0j41 Vj < k.

AssuMPTION 1. The levels of two elements of a triangulation T+,
which have at least one common point, differ by at most one.

We note that Assumption 1 guarantees that all elements in 7°7(9;)
with a common vertex are of comparable size. This type of refinement is
exactly the same as that analyzed by Bornemann and Yserentant [1].

Let Vok* be the space of piecewise linear functions associated with
the triangulation 7%, which are continuous on € and vanish on 9Q. By
construction, V™ C VOkH* C V&t The vertices of the elements of 7*
are called nodes. From the requirement of continuity, it follows that we
can distinguish between the set of free nodes Né“* and the remaining set
of slave nodes. A function u € V(f* is determined uniquely by its values at
the free nodes Né“*; the values of u at the slave nodes are determined, by
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interpolation, from the values at Né“*. Therefore, we have the following
representation:

(45) u= > u(z;) ¢ VueVy

JENE"

Here, qbf* € VON is a nodal basis function, with respect to 7*°, which

equals 1 at one free node and vanishes at all other free nodes of A"
The discrete problem is given by:
Find « € V§~, such that

(46) a(u,v) = f(v) Yve Vi.

In order to obtain a preconditioner, we consider the following splitting;:

£
(47) Vit =Vate s 3 v

k=0 jeVvk*

Here, V™ is the set of nodes of N¥ which belong to the interior of O.

We consider in detail only the exotic coarse space V_* = V_Fl*, i.e. the
counterpart of the modified face based coarse space introduced in Section
7. We note that the same ideas can be extended straightforwardly to define
and analyze algorithms using the other exotic coarse spaces introduced in
sections 4 and 7. )

The coarse space V| can be defined as the range of an interpolation

operator If* : V(f* ‘_1 , defined by
-t 3
I (o), = Y ule)d) (@) + Y. ax, 0% (x),
pE(WmN(f*) ]—'UCSQ
where

SveFsntt) WT0) fsupp (o0t (7)) G 49

—%

u]:i] =

Epe(Fnnet) Jsupp (o877, 5 45

19;1'] is defined in a way similar to Uz, except that in Step iv), of Definition

3, we interpolate at the free nodes Ng* which belong to Q;\ W; and set
V%, to zero on Wi.
We consider the following bilinear form:

by (u,w) =Y pi{llu—afllfewy + Hi(L40) > (@x, — ),
7 Fij COQ;

where,

o = Zpe(aﬂiﬂj\/(f*) u(xp) fsupp (¢£*(agi)) Qbf;* ds
Z Creoaunny) Jsupp (g 000 9 45
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. e * =k
and introduce an operator T_F1 : V(f — V_Fl , by

bil*(Tﬁl*u,v) =a(u,v) YvE Vﬂ*.

Let

il o o* £
(48) ™ =1 +> > PR
k=0 jeyk*

THEOREM 8. For any u € V(f*, we have
(1+0)%a(u,u) < a(TF*u,u) =< al(u,u).

Proof.  Assumptions i) and ii). We first introduce pseudo inverses
uil /2* and apply Sobolev type inequalities and extension theorems to
obtain the required results on the coarse space approximation (see Lemma
16) and to reduce our problem to local problems with constant coefficients.
For the local problems with constant coefficients, we use the decomposition
given in Bornemann and Yserentant [1]. Note that our refinement is a
particular case of the local refinement NLR2 considered by Oswald [19]; we
can then apply Theorem 6 of Oswald [19] to obtain a good decomposition.

The Sobolev type inequalities and extension theorems required for our
particular nonuniform refinement are given below in several lemmas.

Assumption iii). Note that, on each €;, the strengthened Cauchy-
Schwarz tensor £* associated with the splitting (47) can be obtained by
symmetrically deleting columns and rows from the tensor £ associated
with the case of quasi-uniform refinement. Therefore, we obtain p(£*) < C
by a standard Rayleigh quotient argument. O

We now slightly modify some lemmas that are well known for quasi-
uniform refinement to show that they hold in our nonuniform refinement
case.

LEMMA 12. For u € VY (),

D> () = ) & e 2 e = 1o,
pE(W;NNE*)

< (14 0) ulip gy

Proof. For the proof of the first inequality, we use Assumption 1 and
the inverse inequality. For the second inequality, we use that Vg*(QZ-) C
VK(QZ-) and then apply a standard Sobolev type inequality (see Lemma
4.3 of [10]). To obtain the seminorm, we use the fact that for any constant
¢, uf =c,ifu=con WyNnN*". O
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LEMMA 13.

where O}U € V”(Qi) s the discrete harmonic function, in the sense of
VI (), which equals 1 on (Fi; N NY) and is 0 on (O\F;;).

Proof. The first inequality is trivial since the discrete harmonic func-
tion has minimal energy. For the second inequality, we use the same ideas
as in Lemma 4.4 of Dryja, Smith and Widlund [10]. Assumption 1 is
crucial in this proof. O

We denote by V™(99;) the restriction of V™(2;) to 9. Let H()™
VE(0Q;) — V(Q), be the discrete harmonic extension operator in the
sense of V4" (9;).

LEMMA 14. Let u € V*(9;). Then

Proof. Let @ € H'(£;) be the harmonic extension of u defined by

(Vft, V?J)LQ(Q ) = 0 Vv e Hé(ﬂz),

7

% = u on 01);.
Therefore, by the definition of the H'/2—seminorm,
(50) alm (0, = [ulgie g,

We now slightly modify the interpolator I ,ﬁw introduced in Definition
2 and define another interpolation operator IM™ : H'(Q;) — V¥ (Q,), as
follows
DEFINITION 4. Given @ € HY(%;), such that @|sq, € V™ (0%;), define
u* = I;ﬁwﬂ € Vg*(QZ-) by the values of u* at two sets of the free nodal points
NE(Q;):
i) For a free nodal point P € N*"(Q)\N*"(9%), let u*(P)
be the average of @ over an element Tfp € T().
ii) For a free nodal point P € N**(9;), let w*(P) = a(P).
Here, Tfp is any element T*" () with vertex P.
Using the same arguments as in Lemma 9, we obtain

(51) lu* [ gay) =2 8l

Finally, we use (50), (51), and the fact that H() "y has minimal energy,
to obtain (49). D

33



Let I*" be the interpolation operator into the space V" that preserves
the values of a function at the free nodal points N*". Using the same ideas
as in Lemma 4.4 of Dryja, Smith and Widlund [10], we obtain

Lemma 15. Let uw € VY (Q;). Then

£* 2
117 (0%, Wl = (1 + O lullfp -
Using Lemmas 12, we obtain the necessary results on the coarse space

approximation:
Lemma 16. Let u € V™. Then

bF (I w1 u) < (14 ) alu, ).

We now consider the case of quasi-monotone coeflicients with respect
. . *
to the coarse triangulation 7°7. Let

£
LY Y P
k=0 jeVvk*
Here, PO : Vi~ — V0", is the H}(Q)-projection.
THEOREM 9. For a quasi-monolone distribution of the coefficients p;
with respect to T°", we have

a(Tu,u) < a(u,u) Yu e Vy .

Proof. The proof is very similar to that of Theorem 6 using now
Lemmas 12-16. We note that Lemma 9, for & = 0, holds for a locally
quasi-uniform triangulation 79", We now replace the decomposition (38)
by a decomposition analyzed by Bornemann and Yserentant [1], or Oswald
[19].

We note that Assumption 1 is needed to prove the first inequality in

(39). O

9. Multilevel methods on the interface. In this section, we ex-
tend our results to multilevel iterative substructuring algorithms for prob-
lems with discontinuous coefficients. We recall that iterative substructur-
ing methods provide preconditioners for the reduced system of equations
that remains after that all the interior variables of the substructures have
been eliminated. We focus only on variants of the algorithms developed
in Section 4. Other algorithms, based on other coarse spaces of Sections
4 and with nonuniform refinements, can be designed and analyzed in the
same way.

Let VJ(T) be the restriction of VJ*(Q) to T'. The iterative substruc-
turing method associated with (2) is of the form: Find u € VJ(I') such
that

(52) s(u,v) = f(v) Yo e Vy'(D),
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where
s(u,v) = a(Hu, Hv) = sz/ VHOu - VHD v de,

and
fo) =% [ 1.

Let VF(T), k = 0,---,£, be the restriction of VZ () to I' and let
NE(T') be the set of nodal points associated with the space V(). Let
VE(T),j € N§(T), be the restriction of VF(€2) to I.

We introduce the bilinear forms bi(u,v): V]k(F) X V]-k(F) — R, for
E=0,---,¢,and j € NF(T') by

(53) b, (u, ) = u(z;)o(z;) a(6f, 4F).

Here, (b;? is the nodal basis functions that span ij(Q). We can easily
extend the analysis to the case in which we use a good approximation of
a(6F, ¢F).

Let VX(T'), with X = F, E,NN, and W, be the restriction of
VX(Q), to T, and let the associated bilinear form be given by 6%, (-, ).
Note that X, is well defined for u € VJ(T'), since the computation of
bX,(u,u) depends only on the values of u on T'.

We introduce the operators Tf D VI — V]-k(F), k=0,---,¢ and
j € NG(I), by

BL(TF u,v) = s(u,v) ¥ o€ VET),
and the operator Ti(l’r (VD) — VA(T), by
b (T4 u,v) = s(u,v) ¥V oe VE(D).

Let
XI v
e Sl
k=0 je NF(I)
TureorEM 10. For u € VJ(T)

(14 0)%s(u,u) = s(TX u,u) < s(u, ).

Proof. The proof for X = W, with a condition number estimate of
C(1+¢)? is given in Dryja and Widlund [14] (Theorem 6.2). To obtain an
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improved, quadratic estimate, we can use a result of Zhang (see Remark
3.3 in [30]). Using similar arguments as in [14] and in previous sections,
we can prove our current theorem for the other exotic coarse spaces as
well.

Another technique for estimating condition numbers for precondi-
tioned Schur complement systems was introduced by Smith and Widlund
[22]. They showed that the condition number of the preconditioned Schur
complement is bounded from above by the condition number of the full
linear system preconditioned by a related preconditioner. Using the same
technique, Tong, Chan, and Kuo [23] gave an upper bound for the con-
dition number for a Schur complement system preconditioned by a BPX
preconditioner. They only considered elliptic problems with nearly con-
stant coefficients. Here, we can also use the same technique to prove our
theorem. O
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