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Abstract. Overlapping Schwarz methods form one of two major families of domain decompo-
sition methods. We consider a two-level overlapping Schwarz method for Raviart-Thomas vector
fields. The coarse part of the preconditioner is based on the energy-minimizing extensions and the
local parts are based on traditional solvers on overlapping subdomains. We show that the condition
number grows linearly with the logarithm of the number of degrees of freedom in the individual sub-
domains and linearly with the relative overlap between the overlapping subdomains. The condition
number of the method is also independent of the values and jumps of the coefficients. Numerical
results for 2D and 3D problems, which support the theory, are also presented.
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1. Introduction. We consider the following boundary value problem:

Lu := −grad (α divu) + β u = f in Ω, (1.1)

u · n = 0 on ∂Ω.

Here Ω is a bounded polygon in R
2 or a polyhedron in R

3 and n is the outward
normal vector of its boundary. We assume that f is in (L2(Ω))2 or (L2(Ω))3 and that
α and β are positive L∞(Ω) functions.

We now consider the weak formulation of the original problem:

a(u,v) :=

∫

Ω

α divu divv dx + β u · v dx =

∫

Ω

f · v dx, v ∈ H0(div; Ω). (1.2)

H(div; Ω) is the subspace of (L2(Ω))2 or (L2(Ω))3 with div u ∈ L2(Ω) and
H0(div; Ω) is the subspace of H(div; Ω) with vanishing normal components on ∂Ω.

We will consider two-level overlapping Schwarz methods. Such methods were
originally considered for scalar elliptic problems; see [25, Chapter 3] and references
therein. Later these methods have been widely extended to various problems including
vector fields problems; see [2,13,22–24]. Other methods for H(div) problems, such as
multigrid methods and iterative substructuring methods, have also been considered;
see [3,12,13,28,29]. While many iterative substructuring methods have been studied
for variable coefficients cases, there has been no supporting theory for the overlapping
Schwarz methods until recently. In order to deal with variable coefficients, we use the
modified techniques of [8, 9] developed for the almost incompressible elasticity case.
A different type of technique is also available for scalar elliptic problems; see [27].

In Section 2, we introduce a finite element approximation of (1.2). In Section
3, we describe some functional tools to help derive the main result. We present the
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algorithm in Section 4 and the main result and proofs in Section 5. Section 6 contains
supporting numerical experiments.

2. Raviart-Thomas and Nédélec elements. We introduce two kinds of tri-
angulations TH and Th. TH is a shape regular and quasi-uniform coarse triangulation
of the domain Ω with the maximum diameter H . Let Th be a refinement of TH and
a shape regular and quasi-uniform triangulation of individual coarse mesh elements.
Here, h is the minimum diameter of the triangulation. We consider the lowest order
Raviart-Thomas and Nédélec elements on this triangulation; see [5, Chap. 3] and [16].

We first consider the Raviart-Thomas elements. The lowest order Raviart-Thomas
element space is defined by

Xh := {u | u|t ∈ RT (t), t ∈ Th and u ∈ H(div; Ω)},

where RT (t) is given by

RT (t) := a + βx,

for triangular or tetrahedral elements and by

RT (t) := a + b · x,

for quadrilateral or hexahedral elements.
The degrees of freedom are defined by the average values of the normal compo-

nents over the edges and the faces of Th for two and three dimensions, respectively,
i.e., by

λ(u) :=
1

|F |

∫

F

u · n ds, F ⊂ ∂K.

The basis functions of the lowest order Raviart-Thomas element space are sup-
ported in two elements of Th and their normal component equals 1 on a specified edge
(2D) or face (3D) and 0 on the other edges (2D) or faces (3D).

We also define X0;h which is the subspace of Xh with a vanishing normal compo-
nents on the boundary of the domain Ω, i.e.,

X0;h(Ω) := Xh(Ω) ∩ H0(div; Ω).

We need to define trace spaces. Let Wh(∂Ωi) be the space of functions which are
constant on each edge (2D) or face (3D) of the edges or faces of the elements of Th

which are contained in ∂Ωi. We also define W0;h(∂Ωi) as the subspace of Wh(∂Ωi)
with mean value zero over ∂Ωi.

Similarly, we consider the spaces involving curl. We can define H(curl; Ω)
which is a subspace of (L2(Ω))2 or (L2(Ω))3 with curl u ∈ (L2(Ω))2 or (L2(Ω))3and
H0(curl; Ω), which is a subspace of H(curl; Ω) with vanishing tangential components
on ∂Ω.

We next introduce the Nédélec elements. The lowest order Nédélec element space
is defined by

Nh := {u | u|t ∈ ND(t), t ∈ Th and u ∈ H(curl; Ω)},

where

ND(t) := a + x × b,
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for triangular or tetrahedral elements, by

ND(t) := Q0,1 × Q1,0,

with Qk1,k2
the space of polynomial of degree ki in the i-th variable for quadrilateral

elements, and by

ND(t) := Q0,1,1 × Q1,0,1 × Q1,1,0,

with Qk1,k2,k3
the space of polynomial of degree ki in the i-th variable for hexahedral

elements.
The degrees of freedom are defined by the average value of the tangential compo-

nent over the edge e

λe(u) =
1

|e|

∫

e

u · teds, e ⊂ ∂K,

for each K ∈ Th.
The basis functions of the lowest order Nédélec element space are supported in

the union of the elements of Th that have the edge in common and their tangential
components are 1 on the specified edge and 0 on all other edges.

We also define N0;h, which is the subspace of Nh with vanishing tangential com-
ponents on the boundary of the domain Ω, i.e.,

N0;h(Ω) := Nh(Ω) ∩ H0(curl; Ω).

Additionally, let Sh be the continuous P1 space and S0;h be the subspace of Sh

with zero boundary values.
Finally, we define three interpolation operators ΠRT

h , ΠND
h , and Ih onto Xh, Nh,

and Sh, respectively.

3. Some Functional Tools. We will use some Sobolev spaces and correspond-
ing norms and seminorms for bounded open Lipschitz domains Ω. Let us consider
Hs(Ω) with s > 0 and let H be the diameter of Ω. Then, we can define scaled norms:

‖u‖2
1;Ω = |u|21;Ω +

1

H2
‖u‖2

0;Ω,

‖u‖2
1

2
;Ω = |u|21

2
;Ω +

1

H
‖u‖2

0;Ω.

It is known that the normal component of u ∈ H(div; Ω) is in H− 1

2 (∂Ω); see [5].

The norm for the space H− 1

2 (∂Ω) is given by

‖u · n‖− 1

2
;Ω := sup

φ∈H
1

2 (∂Ω),φ 6=0

< u · n, φ >

‖φ‖ 1

2
;Ω

.

The angle brackets stand for the duality product of H− 1

2 (∂Ω) and H
1

2 (∂Ω).
Lemma 3.1 (Helmholtz decompositions). Let Ω be simply connected and ∂Ω be

connected and Lipschitz and let H0(curl ; Ω) be the subset of H(curl ; Ω) with van-
ishing tangential components on ∂Ω and H0(div ; Ω) be the subset of H(div ; Ω) with
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vanishing normal components on ∂Ω. Then, H0(curl ; Ω), H0(div ; Ω), H(curl ; Ω)
and H(div ; Ω) have the following generalized orthogonal Helmholtz decompositions:

H0(curl ; Ω) = gradH1
0 (Ω) ⊕ H⊥

0 (curl ; Ω),

H(curl ; Ω) = gradH1(Ω) ⊕ H⊥(curl ; Ω)

and

H0(div ; Ω) = curlH0(curl ; Ω) ⊕ H⊥
0 (div ; Ω)

= curlH⊥
0 (curl ; Ω) ⊕ H⊥

0 (div ; Ω),

H(div ; Ω) = curlH(curl ; Ω) ⊕ H⊥(div ; Ω)

= curlH⊥(curl ; Ω) ⊕ H⊥(div ; Ω),

where

H⊥
0 (curl ; Ω) = H0(curl ; Ω) ∩ H(div 0 ; Ω),

H⊥(curl ; Ω) = H(curl ; Ω) ∩ H0(div 0 ; Ω)

and

H⊥
0 (div ; Ω) = H0(div ; Ω) ∩ H(curl 0 ; Ω),

H⊥(div ; Ω) = H(div ; Ω) ∩ H0(curl 0 ; Ω).

Here, H(curl 0 ; Ω), H(div 0 ; Ω), H0(curl 0 ; Ω) and H0(div 0 ; Ω) are defined as
follows:

H(curl 0 ; Ω) = {u ∈ H(curl ; Ω), curl u = 0},

H0(curl 0 ; Ω) = {u ∈ H0(curl ; Ω), curl u = 0}

and

H(div 0 ; Ω) = {u ∈ H(div ; Ω), div u = 0},

H0(div 0 ; Ω) = {u ∈ H0(div ; Ω), div u = 0}.

Proof. See [7, Proposition 1, p.215].
Remark 3.1. There is another kind of stable decomposition. A drawback of this

decomposition is lack of L2-stability; see [14, Lemma 3.10] for details.
Lemma 3.2 (Discrete Helmholtz decompositions). If Ω is simply connected with

a connected Lipschitz boundary, then we have similar decompositions for the finite
element spaces as in the continuous cases. Thus,

N0;h(Ω) = grad S0;h(Ω) ⊕ N⊥
0;h(Ω),

Nh(Ω) = grad Sh(Ω) ⊕ N⊥
h (Ω)

and

X0;h(Ω) = curlN0;h(Ω) ⊕ X⊥
0;h(Ω)

= curlN⊥
0;h(Ω) ⊕ X⊥

0;h(Ω),

Xh(Ω) = curlNh(Ω) ⊕ X⊥
h (Ω)

= curlN⊥
h (Ω) ⊕ X⊥

h (Ω),
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where X⊥
0;h(Ω), N⊥

0;h(Ω), X⊥
h (Ω) and N⊥

h (Ω) are orthogonal complements.
Proof. See [12, Theorem 2.36].
Remark 3.2. There is a discrete version of Remark 3.1 as well; see [14, Lemma

5.1]. This discrete decomposition has one additional term compared to the discrete
Helmholtz decomposition. The term is a kind of error part which comes from Scott-
Zhang interpolations in [20].

Lemma 3.3. Let Ω be simply connected with a connected Lipschitz boundary.
Then, for u ∈ H⊥(curl ; Ω) ∪ N⊥

h (Ω) and u ∈ H⊥(div ; Ω) ∪ X⊥
h (Ω), we have the

following estimates:

‖u‖0;Ω ≤ CHΩ‖curl u‖0;Ω, ∀u ∈ H⊥(curl ; Ω) ∪ N⊥
h (Ω)

and

‖u‖0;Ω ≤ CHΩ‖divu‖0;Ω, ∀u ∈ H⊥(div ; Ω) ∪ X⊥
h (Ω),

where HΩ is the diameter of Ω.
Proof. See [1, Prop. 4.6].
Lemma 3.4. If Ω is convex, the spaces H⊥(curl ; Ω) and H⊥(div ; Ω) are con-

tinuously embedded in (H1(Ω)d), where d is the dimension of Ω.
Proof. See [1, Theorem 2.17] and [13, Lemma 4.1].

4. Overlapping Schwarz Algorithm. We recall that the domain Ω is a bounded
polygon or polyhedron in R

2 or R
3. We consider a decomposition of the domain Ω

into N nonoverlapping subdomains Ωi of diameter Hi. For each subdomain, hi is
the minimum diameter of the triangulation. We also consider extended subregions Ω′

i

obtained from Ωi by adding layers of elements. Thus, ∂Ω′
i does not cut through any

elements. We will use [25, Assumption 3.1 and 3.2].
Assumption 4.1. For i = 1, · · · , N , there exists δi > 0, such that, if x belongs

to Ω′
i, then

dist(x, ∂Ω′
j\∂Ω) ≥ δi,

for a suitable j = j(x), possibly equal to i, with x ∈ Ω′
j. The maximum of the ratios

Hi/δi is denoted by

H

δ
= max

1≤i≤N

{
Hi

δi

}
.

Moreover, we can consider the factor
H

h
as follows:

H

h
:= max

1≤i≤N

{
Hi

hi

}
.

Assumption 4.2 (Finite Covering). The partition {Ω′
i} can be colored using a

finite number of N c colors, in such a way that subregions with the same color are
disjoint.

These assumptions will involve overlap parameters δi and diameter parameters
Hi.

Assumption 4.3. We will assume that each subdomain Ωi is a convex polygon
or polyhedron. In each subdomain Ωi, we assume that the coefficients α and β are
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constant and that they thus only have jumps across the interface Γ which is defined
by

Γ =

(
N⋃

i=0

∂Ωi

)
\∂Ω.

Consider the variational problem (1.2). Restricting to the finite element space of
the lowest order Raviart-Thomas elements, we obtain the stiffness matrix A.

4.1. The Coarse Component. Instead of the conventional coarse basis, we
will use energy-minimal, discrete harmonic extensions to define the new coarse basis
functions. The coarse part of the preconditioner is of the form RT

0 A−1
0 R0. We need

to define R0 and A0.
For each face (or edge) Fij , a subset of the interface Γ, we can write a submatrix

of the stiffness matrix A. It is corresponding to the two subdomains which have Fij

in common:



A
(i)
II 0 A

(i)
IFij

0 A
(j)
II A

(j)
IFij

A
(i)
FijI A

(j)
FijI AFijFij


 .

Let ũij := [u
(i)T
I u

(j)T
I uT

Fij
]T . ũij is the discrete harmonic extension if A

(i)
II u

(i)
I +

A
(i)
IFij

uFij
= 0 and A

(j)
II u

(j)
I + A

(j)
IFij

uFij
= 0; cf. [25, Chap 4.4]. We can write

ũij as ũij = [(EiuFij
)T (EjuFij

)T uT
Fij

]T where Ei := −A
(i)
II

−1
A

(i)
IFij

and Ej :=

−A
(j)
II

−1
A

(j)
IFij

. Also, let uij be the extension of ũij to a global vector obtained by an
extension by zero. We note that if we know uFij

, then uij is completely determined.
We choose uT

Fij
= [1, 1, · · · , 1] to define a coarse basis vector uij for the face (or edge)

Fij . We can now define A0 and R0, after introducing a suitable global indexing, by

(A0)mn := uT
ijAukl,

where Fij and Fkl are the m-th and n-th face of Γ, respectively.
Furthermore, let

R0 :=




...
− uT

ij −
...


 .

Hence, we can now construct the coarse part RT
0 A−1

0 R0 by using the above definitions.

4.2. Local Components. For the local components, each Ri is a rectangular
matrix with elements equal to 0 or 1. Each Ri just provides the indices relevant to
an individual extended subdomain Ω′

i. It means that each Ri extracts the degrees of
freedom of Ω′

i, the extended subregion obtained from Ωi by adding layers of elements.
We can then define a submatrix of the original stiffness matrix A by the following
formula:

Ai = RiART
i .

Thus, Ai is just the principal minor of the original stiffness matrix A defined by Ri. By
using these matrices, we can build the local part

∑N

i=1 RT
i A−1

i Ri of the preconditioner.
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4.3. The Additive Schwarz Operator. We now construct our preconditioner.
Let Pi = RT

i A−1
i RiA. The preconditioned linear operator has the following form:

Pad =

N∑

i=0

Pi =

N∑

i=0

RT
i A−1

i RiA.

We use one global coarse solver for A−1
0 and N local solvers for the A−1

i when applying
the operator Pad to a vector. By using a suitable indexing, we can perform most work
of the preconditioned conjugate gradient method locally and in parallel except for
the work of the coarse part and the communication between neighboring pairs of
subdomains; see [21], [25, Chap. 3].

5. Technical tools and the main result. We will consider the 3D case only;
the arguments are quite similar for 2D. We recall that the coefficients α and β are
constants in each subdomain Ωi. We can then write the weak problem in the following
way:

a(u,v) :=

N∑

i=1

αi

∫

Ωi

divu divv dx + βi

∫

Ωi

u · v dx, u,v ∈ H0(div; Ω).

We can also define local energy bilinear forms:

ai(u,u) := αi

∫

Ωi

divu divu dx + βi

∫

Ωi

u · u dx

and

ãi(u,u) :=

∫

Ω′

i

α divu divu dx +

∫

Ω′

i

β u · u dx

= αi

∫

Ωi

divu divu dx + βi

∫

Ωi

u · u dx

+
∑

Ω′

i∩Ωj 6=φ

αj

∫

Ω′

i∩Ωj

divu divu dx + βj

∫

Ω′

i∩Ωj

u · udx.

5.1. Technical Tools. We will develop some useful technical tools.
Lemma 5.1 (Divergence free extension). We recall that each Ωi is a convex

polyhedron. Then, there exists an extension operator H̃i : W0;h(∂Ωi) → Xh which
satisfies

(H̃iµ) · n|F = µ, divH̃iµ = 0,

and ∀F ⊂ ∂Ωi, ∀µ ∈ W0;h(∂Ωi), and with µ ≡ 0 on ∂Ωi\F and which satisfies the
following estimate:

‖H̃iµ‖0;Ωi
≤ C‖µ‖− 1

2
;∂Ωi

.

Proof. Consider the following Neumann boundary value problem:

−∆φ = 0 in Ωi,
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∂φ

∂n
= µ on ∂Ωi.

Because µ has zero mean value on ∂Ωi, this problem is well posed under the additional
condition,

∫
Ωi

φ = 0. Let u := ∇φ and define H̃i as H̃iµ := ΠRT
h u, where ΠRT

h is
the interpolation operator into the Raviart-Thomas finite element space. Then, by
an elliptic regularity result,

‖u‖0;Ωi
= |φ|1;Ωi

≤ C‖µ‖− 1

2
;∂Ωi

. (5.1)

For all s < 1
2 , µ ∈ Hs(∂Ωi) because µ is piecewise constant on ∂Ωi. By using a

regularity result in [6, Corollary 23.5], we also have

‖φ‖ 3

2
+s;Ωi

≤ C‖µ‖s;∂Ωi
.

Hence, u ∈ H
1

2
+s for a positive s. We can conclude that ΠRT

h u is then well-defined.
Moreover, by a property of Raviart-Thomas interpolation [4, p.150 Property 5.3],

we have

div H̃iµ = div ΠRT
h u = Πhdiv u = 0,

where Πh is the L2-projection onto the space of piecewise constant functions.
We obtain the estimate by using an error estimate for Raviart-Thomas elements

and an inverse estimate:

‖u− ΠRT
h u‖0;Ωi

≤ Ch
1

2
+s|u| 1

2
+s;Ωi

≤ h
1

2
+s‖φ‖ 3

2
+s;Ωi

≤ C‖µ‖− 1

2
;∂Ωi

, (5.2)

for some 0 < s ≤ 1
2 ; see [19, Sect. 3.4.2] and [5, Sect. III.3.4].

We finally obtain our estimate by using (5.1) and (5.2):

‖H̃iµ‖0;Ωi
= ‖ΠRT

h u‖0;Ωi
≤ ‖u‖0;Ωi

+ ‖u− ΠRT
h u‖0;Ωi

≤ C‖µ‖− 1

2
;∂Ωi

;

see also [29, Lemma 4.3] and [28, Lemma 2.6].
Lemma 5.2 (Discrete harmonic extension). There exists a discrete harmonic

extension operator Hi : W0;h(∂Ωi) → Xh(Ωi), which satisfies

(Hiµ) · n|F = µ.

∀µ ∈ W0;h(∂Ωi) and F ⊂ ∂Ωi, and for which

αi‖divHiµ‖
2
0;Ωi

+ βi‖Hiµ‖
2
0;Ωi

≤ Cβi‖µ‖
2
− 1

2
;∂Ωi

.

Proof. Hi is the minimal-energy extension for the given subdomain. Therefore,
we obtain the following estimate:

αi‖divHiµ‖
2
0;Ωi

+ βi‖Hiµ‖
2
0;Ωi

≤ αi‖div H̃iµ‖
2
0;Ωi

+ βi‖H̃iµ‖
2
0;Ωi

.

But divH̃iµ = 0. Therefore, by Lemma 5.1,

αi‖divHiµ‖
2
0;Ωi

+ βi‖Hiµ‖
2
0;Ωi

≤ Cβi‖µ‖
2
− 1

2
;∂Ωi

.
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The condition µ ∈ W0;h(∂Ωi), which means that
∫

∂Ωi
µds = 0, is very important;

cf. [9,15,26]. This means that it is important to find a suitable v which makes the flux
of u− v zero across ∂Ωi. To make this possible let us consider the coarse interpolation
operator ΠRT

H onto the Raviart-Thomas space of the coarse mesh. For a given F , a
coarse face contained in the interface Γ, we define

λF (ΠRT
H u) :=

1

|F |

∫

F

u · nds.

Trivially,

∫

F

(u− ΠRT
H u) · n ds = 0.

We will need some estimates for ΠRT
H .

Lemma 5.3 (Stability estimate for the coarse interpolation). For all u ∈ Xh, we
have the following estimates:

‖div (ΠRT
H u)‖2

0;Ωi
≤ ‖divu‖2

0;Ωi
(5.3)

and

‖ΠRT
H u‖2

0;Ωi
≤ C((1 + log

Hi

hi

)‖u‖2
0;Ωi

+ H2
i ‖div u‖2

0;Ωi
). (5.4)

The constant C depends only on the aspect ratio of the elements of TH and the elements
of Th.

Proof. The first estimate (5.3) follows by using the following property of Raviart-
Thomas interpolation:

div (ΠRT
H u) = ΠH(div u),

where ΠH is the L2 projection onto the space of piecewise constant on the coarse
mesh; see [4, p.150 5.3].

For the second estimate (5.4), we use Green’s identity and the face basis function;
see [11], [25, Lemma 4.25]. We also use the fact that the L2 norms of functions
in the Raviart-Thomas finite element space can be bounded from above and below
by the l2-norm of their degrees of freedom; cf. [19, Proposition 6.3.1]. For details,
see [28, Lemma 2.4] and [29, Lemma 4.1].

Lemma 5.4. Let u ∈ Xh and θi be a continuous, piecewise linear scalar function
supported in Ωi. Then,

‖ΠND
h (θiu)‖2

0;Ωi
≤ C‖θiu‖

2
0;Ωi

,

‖curl (ΠND
h (θiu))‖2

0;Ωi
≤ C‖curl (θiu)‖2

0;Ωi
,

‖ΠRT
h (θiu)‖2

0;Ωi
≤ C‖θiu‖

2
0;Ωi

,

and

‖div (ΠRT
h (θiu))‖2

0;Ωi
≤ C‖div (θiu)‖2

0;Ωi
,
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where ΠND
h and ΠRT

h are the interpolation operators onto the lowest order Nédélec
finite element space and the lowest order Raviart-Thomas finite element space, re-
spectively.

Proof. We use error estimates of the operators ΠND
h and ΠRT

h and an inverse
inequality; see [4, Lemma 5.5]. For more details, see [24, Lemma 4.3] and [25, Lemma
10.8 and Lemma 10.13].

Definition 5.1 (Projection Operators). Let Θ⊥
curl

and Θ⊥
div be the orthogonal

projections from H(curl ; Ω) onto H⊥(curl ; Ω) and from H(div ; Ω) onto H⊥(div ; Ω),
respectively. We next define a projection PND

h from H(curl ; Ω) onto V +
ND and PRT

h

from H(div ; Ω) onto V +
RT , with V +

ND = Θ⊥
curl

(N⊥
h ) and V +

RT = Θ⊥
div(X

⊥
h ).

Remark 5.1. We can easily check that curl (PND
h u⊥) = curl (Θ⊥

curl
u⊥) =

curl u⊥ and div (PRT
h v⊥) = div (Θ⊥

divv
⊥) = div v⊥ whenever u⊥ ∈ N⊥

h and v⊥ ∈
X⊥

h .
Lemma 5.5. Let Ωi be convex. Then, we have the following error estimates:

‖u⊥
h − PND

h u⊥
h ‖0;Ωi

≤ Chi‖curl u⊥
h ‖0;Ωi

, ∀u⊥
h ∈ N⊥

h (Ωi)

and

‖v⊥
h − PRT

h v⊥
h ‖0;Ωi

≤ Chi‖div v⊥
h ‖0;Ωi

, ∀v⊥
h ∈ X⊥

h (Ωi),

with C independent of h and u⊥
h .

Proof. We can use the almost same idea in [24, Lemma 3.3] and [13, Lemma 4.2,
4.3 and 4.4].

Lemma 5.6. Let Ωi,δi
⊂ Ωi be the set of all points which are within a distance δi

of the boundary of Ωi. Assume that all subdomains are convex. Then, there exists a
constant C such that ∀u⊥ ∈ N⊥

h and ∀v⊥ ∈ X⊥
h ,

1

δ2
i

‖u⊥‖2
0;Ωi∩Ωi,δi

≤ C(1 +
Hi

δi

)‖curl u⊥‖2
0;Ωi

and

1

δ2
i

‖v⊥‖2
0;Ωi∩Ωi,δi

≤ C(1 +
Hi

δi

)‖div v⊥‖2
0;Ωi

.

Similarly, for the subdomain Ωj which has a face in common with Ωi, we have

1

δ2
i

‖u⊥‖2
0;Ω′

i∩Ωj
≤ C(1 +

Hi

δi

)‖curl u⊥‖2
0;Ωj

and

1

δ2
i

‖v⊥‖2
0;Ω′

i∩Ωj
≤ C(1 +

Hi

δi

)‖divv⊥‖2
0;Ωj

.

Moreover, for ∀m ∈ Ijl, we have

1

δ2
i

‖u⊥‖2
0;Ψjl∩Ωm

≤ C(1 +
Hi

δi

)‖curl u⊥‖2
0;Ωm

,

and

1

δ2
i

‖v⊥‖2
0;Ψjl∩Ωm

≤ C(1 +
Hi

δi

)‖divv⊥‖2
0;Ωm

,
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where Ψjl =:
⋂

m∈Ijl
Ω′

m with Ijl the set of indices of the subdomains which have an
edge Ejl common with Ωi.

Proof. By the triangle inequality,

‖u⊥‖2
0;Ωi∩Ωi,δi

≤ 2(‖u⊥ − PND
h u⊥‖2

0;Ωi∩Ωi,δi
+ ‖PND

h u⊥‖2
0;Ωi∩Ωi,δi

).

Consider the first term. By Lemma 5.5,

1

δ2
i

‖u⊥ − PND
h u⊥‖2

0;Ωi∩Ωi,δi
≤

1

δ2
i

‖u⊥ − PND
h u⊥‖2

0;Ωi
≤

h2
i

δ2
i

‖curl u⊥‖2
0;Ωi

.

hi

δi

is bounded by 1. Hence, the first term is bounded by C‖curl u⊥‖2
0;Ωi

.

For the second term, we will use an argument similar to that of [25, Lemma 3.10].
By a Friedrichs inequality, Lemma 3.4, and Remark 5.1, we have

1

δ2
i

‖PND
h u⊥‖2

0;Ωi∩Ωi,δi
≤ C(|PND

h u⊥|21;Ωi∩Ωi,δi
+

1

δi

‖PND
h u⊥‖2

0;∂Ωi
)

≤ C(|PND
h u⊥|21;Ωi

+
1

δi

‖PND
h u⊥‖2

0;∂Ωi
)

≤ C(‖curlPND
h u⊥‖2

0;Ωi
+

1

δi

‖PND
h u⊥‖2

0;∂Ωi
)

= C(‖curl u⊥‖2
0;Ωi

+
1

δi

‖PND
h u⊥‖2

0;∂Ωi
).

By a trace estimate and by combining [25, Lemma A.6], the embedding L2(∂Ωi) ⊂

H
1

2 (∂Ωi) with scaling, Lemma 3.4, Lemma 3.3, and Remark 5.1, we find

1

δi

‖PND
h u⊥‖2

0;∂Ωi
≤ C(

Hi

δi

|PND
h u⊥|21;Ωi

+
1

δiHi

‖PND
h u⊥‖2

0;Ωi
)

≤ C(
Hi

δi

‖curlPND
h u⊥‖2

0;Ωi
+

1

δiHi

‖PND
h u⊥‖2

0;Ωi
)

≤ C(
Hi

δi

‖curlPND
h u⊥‖2

0;Ωi
+

1

δiHi

H2
i ‖curlPND

h u⊥‖2
0;Ωi

)

≤ C
Hi

δi

‖curlPND
h u⊥‖2

0;Ωi
= C

Hi

δi

‖curl u⊥‖2
0;Ωi

.

Therefore,

1

δ2
i

‖u⊥‖2
0;Ωi∩Ωi,δi

≤ C(1 +
Hi

δi

)‖curl u⊥‖2
0;Ωi

.

We can use the exactly same idea for all the other estimates.

5.2. Stability Estimates. We consider the coarse part first.
Lemma 5.7 (Coarse Estimate). Let u0 be the discrete harmonic extension of the

given interface values of ΠRT
H u. Then,

a(u0,u0) ≤ C(1 + log
H

h
)a(u,u), (5.5)

where C is independent of H, h and the jumps in the coefficients.
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Proof. First, let us assume that H2
i βi ≤ αi. Let uH := ΠRT

H u. We note that u0

is the discrete harmonic extension with the same interface value as uH on ∂Ωi.
By the minimal-energy property of the discrete harmonic extension and Lemma 5.3,

we find

ai(u0,u0) ≤ ai(uH ,uH)

≤ C(1 + log
Hi

hi

)(βi‖u‖
2
0;Ωi

+ (αi + H2
i βi)‖div u‖2

0;Ωi
)

≤ C(1 + log
Hi

hi

)(αi‖divu‖2
0;Ωi

+ βi‖u‖
2
0;Ωi

).

Hence, we obtain

ai(u0,u0) ≤ C(1 + log
Hi

hi

)ai(u,u). (5.6)

We now assume that H2
i βi ≥ αi. We use a method similar to that of [18, Lemma

4.1].
We introduce piecewise linear scalar cut-off functions χ1 and χ2. The two func-

tions satisfy the following conditions: χ1 is equal to 1 on all interior small faces of Fij

and χ1|∂Ωi\Fij
= 0. The extension of χ1 takes values between 0 and 1; c.f. [25, Sect.

4.6.3]. χ2 has the value 1 on ∂Ωi. Also, χk|Ωi\Ωi,dk
= 0 for some hi ≤ dk ≤ Hi.

Moreover, ‖∇χk‖∞ ≤
C

dk

for k = 1 and 2.

Then, the following estimates hold; cf. [9, Sect. 4 and 5], [10, Sect. 4], and [25,
Lemma 4.25]:

‖χ1‖
2
0;Ωi

≤ CH2
i d1,

|χ1|
2
1;Ωi

≤ C(1 + log
Hi

hi

)
H2

i

d1
.

Let φij be the coarse basis function corresponding to the face Fij . This means
that the normal component of φij is 1 on Fij and 0 on other faces of Ωi ∪ Ωj and
the interior values of φij are obtained by the discrete harmonic extension. We know
that ‖φij‖2

0;Ωi
≤ CH3

i and ‖div φij‖2
0;Ωi

≤ CHi. The function u0 can be expressed as
follows:

u0 =
∑

Fij⊂Γ

λFij
φij .

Hence, it is enough to consider of these terms one by one. We provide bounds of the
coefficient and the energy of the basis functions separately.

We first consider the coefficients. We modify the proof of [28, Lemma 2.4]. Let
fk be the small faces which contain edges of Fij . We note that on fk, χ1 has values
between 0 and 1. Also we know that the number of such faces, nF , is bounded by
C(H/h); for details, see [28, Lemma 2.4]. We find

|Fij |λFij
(u) =

∫

Fij

u · n ds =

∫

Fij

χ1u · n ds +

nF∑

k=1

ck|fk|(u · nfk
)

=

∫

Ωi

χ1div u + ∇χ1 · u dx +

nF∑

k=1

ck|fk|(u · nfk
),
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where |ck| < 1. We note that (
∑nF

k=1 ck|fk|(u · nfk
))2 is bounded by CHi‖u‖2

0;Ωi
;

see [28, (2.16)].
Hence,

|λFij
(u)|2 ≤ C

1

H4
i

((

∫

Ωi

χ1div u dx)2 + (

∫

Ωi

∇χ1 · u dx)2 + Hi‖u‖
2
0;Ωi

)

≤ C
1

H4
i

(‖χ1‖
2
0;Ωi

‖div u‖2
0;Ωi

+ ‖∇χ1‖
2
0;Ωi

‖u‖2
0;Ωi

+ Hi‖u‖
2
0;Ωi

)

≤ C
1

H4
i

(H2
i d1‖divu‖2

0;Ωi
+ (1 + log

Hi

hi

)
H2

i

d1
‖u‖2

0;Ωi
+ Hi‖u‖

2
0;Ωi

)(5.7)

≤ C
1

H4
i

(H2
i d1‖divu‖2

0;Ωi
+ (1 + log

Hi

hi

)
H2

i

d1
‖u‖2

0;Ωi
) (5.8)

≤ C
1

H2
i

(d1‖divu‖2
0;Ωi

+ (1 + log
Hi

hi

)
1

d1
‖u‖2

0;Ωi
)

≤ C(1 + log
Hi

hi

)
1

H2
i

(d1‖divu‖2
0;Ωi

+
1

d1
‖u‖2

0;Ωi
). (5.9)

We note that due to the fact that
H2

i

d1
≥ Hi, the last term of (5.7) can be absorbed

into the L2 term of (5.8).
By Lemma 5.4 and estimates for the basis functions, we have

‖div (ΠRT
h (χ2φij))‖

2
0;Ωi

≤ C‖div (χ2φij)‖
2
0;Ωi

≤ C‖χ2‖
2
∞‖div φij‖

2
0;Ωi,d2

+ C‖∇χ2‖
2
∞‖φij‖

2
0;Ωi,d2

≤ C(d2 +
1

d2
2

H2
i d2) ≤ C(d2 +

H2
i

d2
) (5.10)

and

‖ΠRT
h (χ2φij)‖

2
0;Ωi

≤ C‖(χ2φij)‖
2
0;Ωi

≤ C‖χ2‖
2
∞‖φij‖

2
0;Ωi,d2

≤ CH2
i d2. (5.11)

By (5.9), (5.10) and (5.11), we find

αi‖λFij
(u)div (ΠRT

h (χ2φij))‖
2
0;Ωi

+ βi‖λFij
(u)ΠRT

h (χ2φij)‖
2
0;Ωi

≤ C(αi|λFij
(u)|2(d2 +

H2
i

d2
) + βi|λFij

(u)|2H2
i d2)

≤ C(1 + log
Hi

hi

)((αi(
d1

d2
+

d1d2

H2
i

) + βid1d2)‖div u‖2
0;Ωi

+(αi(
1

d1d2
+

d2

d1H2
i

) + βi

d2

d1
)‖u‖2

0;Ωi
). (5.12)

Let d1 =
√

αi

βi
and d2 = Hi

√
1

1+
βiH2

i
αi

. We note that hi ≤ d1, d2 ≤ Hi.

We then obtain

ai(u0,u0)

≤
∑

αi‖λFij
(u)div (ΠRT

h (χ2φij))‖
2
0;Ωi

+ βi‖λFij
(u)ΠRT

h (χ2φij)‖
2
0;Ωi

≤ C(1 + log
Hi

hi

)

√
1 +

αi

βiH2
i

ai(u,u).
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Since H2
i βi ≥ αi,

√
1 + αi

βiH
2

i

is bounded by a constant.

Hence,

ai(u0,u0) ≤ C(1 + log
Hi

hi

)ai(u,u). (5.13)

In all cases, we obtain the same result (5.6) and (5.13). We can conclude that (5.5)
holds by summing over all subdomains.

Remark 5.2. In [28, Chap 2.2], the constant depends on max
i

(1+
βiH

2
i

αi

). As we

see from the numerical experiments in [28,29] and this paper, the results do not appear
to depend on αi’s and βi’s at all. We have improved the previous results in [28, 29]
by using Lemma 5.7.

We now consider the local components. Consider v = u−u0. We know that v ∈
Xh. By Lemma 3.2, we can find w⊥ ∈ N⊥

h and v⊥ ∈ X⊥
h such that v = curlw⊥+v⊥.

Let θi be a piecewise linear function associated with the subdomain Ωi. Each θi

is constructed in a similar way as in [25, Lemma 3.4]. We define

θ̃i(x) =






1, dist (x, ∂Ωi) ≥ δi,
0, x ∈ ∂Ωi,
decays linearly, otherwise.

and set

θi = Ih(θ̃i).

Lemma 5.8. Let vi = ΠRT
h (θiv

⊥) and wi = ΠND
h (θiw

⊥). Then,

N∑

i=1

ãi(vi,vi) ≤ C(1 +
H

δ
)a(v⊥,v⊥) (5.14)

and

N∑

i=1

ãi(curlwi, curlwi) ≤ C(1 +
H

δ
)a(curlw⊥, curlw⊥), (5.15)

with C independent of H, h and jumps of the coefficients.

Proof. We note that θi is supported in Ωi. By Lemma 5.4,

ãi(vi,vi) = ai(vi,vi) = αi‖div vi‖
2
0;Ωi

+ βi‖vi‖
2
0;Ωi

= αi‖div (ΠRT
h (θiv

⊥))‖2
0;Ωi

+ βi‖Π
RT
h (θiv

⊥)‖2
0;Ωi

≤ C(αi‖div (θiv
⊥)‖2

0;Ωi
+ βi‖θiv

⊥‖2
0;Ωi

).

Consider the L2 term:

‖θiv
⊥‖2

0;Ωi
≤ ‖θi‖

2
∞‖v⊥‖2

0;Ωi
≤ ‖v⊥‖2

0;Ωi
.
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We now consider the divergence term and find

‖div (θiv
⊥)‖2

0;Ωi
≤ C(‖∇θi · v

⊥‖2
0;Ωi

+ ‖θidiv v⊥‖2
0;Ωi

)

≤ C(‖∇θi‖
2
∞‖v⊥‖2

0;Ωi
+ ‖θi‖

2
∞‖divv⊥‖2

0;Ωi
)

≤ C(
1

δ2
i

‖v⊥‖2
0;Ωi

+ ‖divv⊥‖2
0;Ωi

) (5.16)

≤ C(1 +
Hi

δi

)‖div v⊥‖2
0;Ωi

. (5.17)

We obtain (5.17) from (5.16) by using Lemma 5.6.
Therefore,

ãi(vi,vi) ≤ C(1 +
Hi

δi

)ai(v
⊥,v⊥).

We now consider (5.15). We note that ãi(curlwi, curlwi) = ai(curlwi, curlwi).
By Lemma 5.4,

ai(curlwi, curlwi) = βi‖curlwi‖
2
0;Ωi

= βi‖curl (ΠND
h (θiw

⊥))‖2
0;Ωi

≤ Cβi‖curl (θiw
⊥)‖2

0;Ωi

≤ Cβi(‖∇θi × w⊥‖2
0;Ωi

+ ‖θicurlw⊥‖2
0;Ωi

)

≤ Cβi(‖∇θi‖
2
∞‖w⊥‖2

0;Ωi
+ ‖θi‖

2
∞‖curlw⊥‖2

0;Ωi
)

≤ Cβi(
1

δ2
i

‖w⊥‖2
0;Ωi

+ ‖curlw⊥‖2
0;Ωi

).

By Lemma 5.6, the following inequality holds:

ãi(curlwi, curlwi) ≤ Cβi(1 +
Hi

δi

)‖curlw⊥‖2
0;Ωi

= C(1 +
Hi

δi

)ai(curlw⊥, curlw⊥).

We obtain (5.15) by summing over the subdomains.
We next build another cut-off function θFij

, which is supported in the set

Ξij := (Ω′
i ∩ Ωj) ∪ (Ωi ∩ Ω′

j) ∪ (Fij);

cf. [9, Sect. 4 and 5]. θFij
satisfies the following conditions:

0 ≤ θFij
≤ 1,

θFij
|∂Ξij

= 0,

and

‖∇θFij
‖∞ ≤

C

δi

;

see [25, Lemma 3.4] for details.
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Lemma 5.9. Let vij = ΠRT
h (1

2θFij
v⊥) and wij = ΠND

h (1
2θFij

w⊥). Then, we
have

N∑

i=1

∑

Fij⊂∂Ωi

ãi(vij ,vij) ≤ C(1 +
H

δ
)a(v⊥,v⊥) (5.18)

N∑

i=1

∑

Fij⊂∂Ωi

ãi(curlwij , curlwij) ≤ C(1 +
H

δ
)a(curlw⊥, curlw⊥), (5.19)

with C which is independent of H, h and the jumps of the coefficients.
Proof. Because θFij

is supported in Ξij , we have

ãi(vij ,vij) =

∫

Ξij

αdiv vijdiv vij dx +

∫

Ξij

βvij · vij dx

=

∫

Ωi∩Ω′

j

αidiv vijdiv vij dx +

∫

Ωi∩Ω′

j

βivij · vij dx

+

∫

Ω′

i∩Ωj

αjdiv vijdiv vij dx +

∫

Ω′

i∩Ωj

βjvij · vij dx.

By Lemma 5.4,

αj‖divvij‖
2
0;Ω′

i∩Ωj
≤ Cαj‖div (θFij

v⊥)‖2
0;Ω′

i∩Ωj

and

βj‖vij‖
2
0;Ω′

i∩Ωj
≤ Cβj‖θFij

v⊥‖2
0;Ω′

i∩Ωj
.

Moreover,

‖div (θFij
v⊥)‖2

0;Ω′

i∩Ωj
≤ C(‖∇θFij

· v⊥‖2
0;Ω′

i∩Ωj
+ ‖θFij

div v⊥‖2
0;Ω′

i∩Ωj
)

≤ C(‖∇θFij
‖2
∞‖v⊥‖2

0;Ω′

i∩Ωj
+ ‖θFij

‖2
∞‖divv⊥‖2

0;Ω′

i∩Ωj
)

≤ C(
1

δ2
i

‖v⊥‖2
0;Ω′

i∩Ωj
+ ‖div v⊥‖2

0;Ω′

i∩Ωj
) (5.20)

≤ C(1 +
Hi

δi

)‖divv⊥‖2
0;Ωj

(5.21)

and

‖θFij
v⊥‖2

0;Ω′

i∩Ωj
≤ ‖v⊥‖2

0;Ω′

i∩Ωj
≤ ‖v⊥‖2

0;Ωj
.

We obtain (5.21) from (5.20) by using Lemma 5.6.
Hence,

αj‖div vij‖
2
0;Ω′

i∩Ωj
≤ Cαj(1 +

Hi

δi

)‖div v⊥‖2
0;Ωj

and

βj‖vij‖
2
0;Ω′

i∩Ωj
≤ Cβj‖v

⊥‖2
0;Ωj

.
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Similarly,

αi‖divvij‖
2
0;Ωi∩Ω′

j
≤ Cαi(1 +

Hi

δi

)‖div v⊥‖2
0;Ωi

and

βi‖vij‖
2
0;Ωi∩Ω′

j
≤ Cβi‖v

⊥‖2
0;Ωi

.

Therefore, we can obtain (5.18) by a coloring argument and summing over all the
partitions Ξij .

We now consider (5.19):

ãi(curlwij , curlwij) =

∫

Ξij

βcurl wijcurlwij dx

= βi‖curlwij‖
2
0;Ωi∩Ω′

j
+ βj‖curlwij‖

2
0;Ω′

i∩Ωj
.

By Lemma 5.4,

βi‖curlwij‖
2
0;Ωi∩Ω′

j
≤ Cβi‖curl (θFij

w⊥)‖2
0;Ωi∩Ω′

j
,

βj‖curlwij‖
2
0;Ω′

i∩Ωj
≤ Cβj‖curl (θFij

w⊥)‖2
0;Ω′

i∩Ωj
.

Therefore,

Cβj‖curl (θFij
w⊥)‖2

0;Ω′

i∩Ωj
≤ Cβj(‖∇θFij

× w⊥‖2
0;Ω′

i∩Ωj
+ ‖θFij

curlw⊥‖2
0;Ω′

i∩Ωj
)

≤ Cβj(‖∇θFij
‖2
∞‖w⊥‖2

0;Ω′

i∩Ωj
+ ‖θFij

‖2
∞‖curlw⊥‖2

0;Ω′

i∩Ωj
)

≤ Cβj(
1

δ2
i

‖w⊥‖2
0;Ω′

i∩Ωj
+ ‖curlw⊥‖2

0;Ω′

i∩Ωj
).

By Lemma 5.6,

Cβj‖curl (θFij
w⊥)‖2

0;Ω′

i∩Ωj
≤ Cβj(1 +

Hi

δi

)‖curlw⊥‖2
0;Ωj

.

Similarly,

Cβi‖curl (θFij
w⊥)‖2

0;Ωi∩Ω′

j
≤ Cβi(1 +

Hi

δi

)‖curlw⊥‖2
0;Ωi

.

Therefore,

ãi(curlwij , curlwij)

≤ Cβi(1 +
Hi

δi

)‖curlw⊥‖2
0;Ωi

+ Cβj(1 +
Hi

δi

)‖curlw⊥‖2
0;Ωj

.

Finally, (5.19) holds by a coloring argument and summing over all the partitions
Ξij .
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We finally construct the remaining parts of the partition of unity. For each edge
Ejl ⊂ ∂Ωi, which is F ij ∩ F il, consider a cut-off function θEjl

which is supported in
the set

Ψjl =:
⋂

m∈Ijl

Ω′
m,

where Ijl is the set of indices of the subdomains which have the edge Ejl in common
with Ωi; cf. [9, Sect. 4 and 5]. θEjl

satisfies following conditions:

0 ≤ θEjl
≤ 1,

‖∇θEjl
‖∞ ≤

C

δi

,

and

N∑

i=1

(θi +
∑

Fij⊂∂Ωi

θFij
+

∑

Ejl⊂∂Ωi

θEjl
) = 1.

Lemma 5.10. Let vEjl
= ΠRT

h ( 1
|Ijl|

θEjl
v⊥) and wEjl

= ΠND
h ( 1

|Ijl|
θEjl

w⊥).

Then,

N∑

i=1

∑

Ejl⊂∂Ωi

ãi(vEjl
,vEjl

) ≤ C(1 +
H

δ
)a(v⊥,v⊥) (5.22)

and

N∑

i=1

∑

Ejl⊂∂Ωi

ãi(curlwEjl
, curlwEjl

) ≤ C(1 +
H

δ
)a(curlw⊥, curlw⊥), (5.23)

with C which is independent of H, h and the jumps of the coefficients.
Proof. Because θEjl

is supported in Ψjl, we find

ãi(vEjl
,vEjl

) =
∑

m∈Ijl

(αm‖div vEjl
‖2
0;Ψjl∩Ωm

+ βm‖vEjl
‖2
0;Ψjl∩Ωm

).

We can apply the same idea to each subset Ψjl ∩ Ωm. It suffices to consider just
one subset.

By Lemma 5.4,

‖divvEjl
‖2
0;Ψjl∩Ωm

≤ C‖div (θEjl
v⊥)‖2

0;Ψjl∩Ωm

and

‖vEjl
‖2
0;Ψjl∩Ωm

≤ C‖θEjl
v⊥‖2

0;Ψjl∩Ωm
≤ C‖v⊥‖2

0;Ψjl∩Ωm
.

Therefore,

C‖div (θEjl
v⊥)‖2

0;Ψjl∩Ωm

≤ C(‖∇θEjl
‖2
∞‖v⊥‖2

0;Ψjl∩Ωm
+ ‖θEjl

‖2
∞‖div v⊥‖2

0;Ψjl∩Ωm
)

≤ C(
1

δ2
i

‖v⊥‖2
0;Ψjl∩Ωm

+ ‖divv⊥‖2
0;Ψjl∩Ωm

).
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By Lemma 5.6,

C‖div (θEjl
v⊥)‖2

0;Ψjl∩Ωm
≤ C(1 +

Hi

δi

)‖div v⊥‖2
0;Ωm

.

By a coloring argument and summing over all the partitions,

N∑

i=1

∑

Ejl⊂∂Ωi

ãi(vEjl
,vEjl

) ≤ C(1 +
H

δ
)a(v⊥,v⊥).

Consider the second estimate (5.23):

ãi(curlwEjl
, curlwEjl

) =
∑

m∈Ijl

βm‖curlwEjl
‖2
0;Ψjl∩Ωm

.

By Lemma 5.4,

‖curlwEjl
‖2
0;Ψjl∩Ωm

≤ C‖curl (θEjl
w⊥)‖2

0;Ψjl∩Ωm
.

‖curl (θEjl
w⊥)‖2

0;Ψjl∩Ωm

≤ C(‖∇θEjl
‖2
∞‖w⊥‖2

0;Ψjl∩Ωm
+ ‖θEjl

‖2
∞‖curlw⊥‖2

0;Ψjl∩Ωm
)

≤ C(
1

δ2
i

‖w⊥‖2
0;Ψjl∩Ωm

+ ‖curlw⊥‖2
0;Ψjl∩Ωm

).

By Lemma 5.6,

‖curl (θEjl
w⊥)‖2

0;Ψjl∩Ωm
≤ (1 +

Hi

δi

)‖curlw⊥‖2
0;Ωm

.

Therefore, we obtain

N∑

i=1

∑

Ejl⊂∂Ωi

ãi(curlwEjl
, curlwEjl

) ≤ C(1 +
H

δ
)a(curlw⊥, curlw⊥),

by summing over all the partitions.

5.3. Main Result. Let Pi = RT
i A−1

i RiA and Pad =

N∑

i=0

Pi; see [21], [25, Chap

3].
Theorem 5.11 (Condition number estimate). The condition number of the pre-

conditioned system satisfies

κ(Pad) ≤ C(1 + log
H

h
)(1 +

H

δ
),

where C is a constant which does not depend on the number of subdomains, H, h and
δ. C is also independent of the coefficients αi, βi and the jumps of the coefficients
between subdomains.

Proof. We obtain this main result by using Lemmas 5.7, 5.8, 5.9, 5.10 and the
triangle inequality.

Remark 5.3. In the previous result in [13], there was a second factor of (1+ H
δ
).

We have improved the result by reducing the power of the H
δ

term.
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6. Numerical Results.

6.1. The 2D case. We apply the Overlapping Schwarz method with the energy-
minimizing coarse space to our model problem. We use Ω = [0, 1]2 and the lowest order
Raviart-Thomas elements. We decompose the domain into N2 identical subdomains.
In each subdomain, we assume that the coefficients α and β are constant. We consider
cases where the coefficients have jumps across the interface between the subdomains,
in particular, the checkerboard distribution pattern of Fig. 6.1. We use a fixed β for
the whole domain and have different values of α for the black and white regions. We
have 1 for the black regions and another specified value for the white regions.

Fig. 6.1. Checkerboard distribution of the coefficients

Each subdomain Ωi has side length H and each mesh triangle has diameter h. We
also introduce extended subdomains whose boundaries do not cut any mesh elements.
We recall Assumption 4.1. We use the preconditioned conjugate gradient method to
solve the linear system of the finite element discretization. In order to estimate the
condition numbers, we use the method outlined in [17]. We stop the iteration when
the residual l2−norm has been reduced by a factor of 10−8.

We perform two different kinds of experiments. We first fix the overlap H
δ

and

vary H
h

. We second fix the size of H
h

and use various size of H
δ

. Table 6.1 and Table 6.2
show the first results and Table 6.3 and Table 6.4 show the second results.

In the first set of experiments, we see that the condition numbers and iteration
counts do not depend on the size of H

h
. In the second set, we can conclude that

the condition numbers and iteration counts grow linearly on H
δ
. For both cases, the

condition numbers and iteration counts are also quite independent of the jumps of
coefficients between the subdomains. Fig. 6.2 shows that the estimated condition
number depends on linearly with H

δ
. Even though these results are independent of

H
h

, our numerical results are compatible with our main result.

6.2. The 3D case. For the 3D case, we use Ω = [0, 1]3 and hexahedral instead
of tetrahedral elements. In a way similar to the 2D case, we decompose the domain
into N3 subdomains. We again assume that we have constant coefficients in each
subdomain. Other general settings are also quite similar to the 2D case. We use the
preconditioned conjugate method with the stopping criteria of reducing the residual
l2−norm by a factor of 10−6. We complete the same kinds of experiments as in the
2D case. For a fixed H

δ
, see the results in Table 6.5 and Table 6.7. For a fixed H

h
,

Table 6.6 and Table 6.8 show the results.
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Table 6.1
Condition numbers and iteration counts. αi = 1 or specified values as indicated in a checker-

board pattern, βi ≡ 1 and H

δ
= 8 (2D case)

αi = 0.01 αi = 0.1 αi = 1 αi = 10 αi = 100
H
h

cond iters cond iters cond iters cond iters cond iters

8 7.35 19 10.98 23 13.96 22 14.76 23 14.84 23
16 7.32 19 10.95 23 13.91 22 14.70 23 14.79 23
32 7.31 19 10.95 23 13.85 22 14.69 23 14.77 23
64 7.31 19 10.95 23 12.87 22 14.69 24 14.77 23

Table 6.2
Condition numbers and iteration counts. αi = 1 or specified values as indicated in a checker-

board pattern, βi ≡ 1 and H

δ
= 4 (2D case)

αi = 0.01 αi = 0.1 αi = 1 αi = 10 αi = 100
H
h

cond iters cond iters cond iters cond iters cond iters

4 5.44 17 7.46 20 9.17 19 9.50 21 9.53 20
8 5.38 17 7.41 20 9.07 19 9.38 21 9.42 20
16 5.36 17 7.39 20 9.01 19 9.36 21 9.39 20
32 5.35 17 7.38 20 8.45 19 9.35 21 9.38 20
64 5.35 17 7.38 20 6.34 17 9.35 21 9.38 20

Table 6.3
Condition numbers and iteration counts. αi = 1 or specified values as indicated in a checker-

board pattern, βi ≡ 1 and H

h
= 16 (2D case)

αi = 0.01 αi = 0.1 αi = 1 αi = 10 αi = 100
H
δ

cond iters cond iters cond iters cond iters cond iters

16 11.62 23 18.04 28 23.25 26 25.14 29 25.36 27
8 7.32 19 10.95 23 13.91 22 14.70 23 14.79 23
4 5.36 17 7.39 20 9.01 19 9.36 21 9.39 20
2 5.09 15 5.49 17 5.18 17 6.37 17 5.66 15

Table 6.4
Condition numbers and iteration counts. αi = 1 or specified values as indicated in a checker-

board pattern, βi ≡ 1 and H

h
= 32 (2D case)

αi = 0.01 αi = 0.1 αi = 1 αi = 10 αi = 100
H
δ

cond iters cond iters cond iters cond iters cond iters

32 19.97 29 31.30 36 38.91 34 44.50 38 45.24 33
16 11.61 23 18.03 28 23.22 27 25.11 29 25.33 27
8 7.31 19 10.95 23 13.85 22 14.69 23 14.77 23
4 5.36 17 7.39 20 8.45 19 9.35 21 9.38 20
2 5.05 15 5.48 17 5.18 16 6.32 17 5.55 15

We find that the 3D case is very similar to the 2D case. This means that the
condition numbers and iteration counts are independent of H

h
and depend linearly on

the value of H
δ

. Moreover, they appear to be independent of the jumps of coefficients
between subdomains. We see that the estimated condition number depends on linearly
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Fig. 6.2. Estimated condition number and linear least square fitting, versus H

δ
; αi = 1 and

αi = 100 in a checkerboard pattern, βi ≡ 1 and H

h
= 32 (2D case)

with H
δ

in Fig. 6.3. Our numerical results for the 3D case are compatible with our
main result as well.

Table 6.5
Condition numbers and iteration counts. αi = 1 or specified values as indicated in a checker-

board pattern, βi ≡ 1 and H

δ
= 3 (3D case)

αi = 0.01 αi = 0.1 αi = 1 αi = 10 αi = 100
H
h

cond iters cond iters cond iters cond iters cond iters

3 8.37 19 8.70 19 9.47 20 9.68 20 9.71 20
6 8.44 19 8.70 20 9.51 20 9.73 21 9.76 23
12 8.46 20 8.67 21 9.52 21 9.74 22 9.73 23

Table 6.6
Condition numbers and iteration counts. αi = 1 or specified values as indicated in a checker-

board pattern, βi ≡ 1 and H

h
= 12 (3D case)

αi = 0.01 αi = 0.1 αi = 1 αi = 10 αi = 100
H
δ

cond iters cond iters cond iters cond iters cond iters

12 13.61 23 19.05 27 27.33 28 29.30 28 29.53 28
6 9.69 21 12.21 23 15.91 23 16.66 26 16.75 26
3 8.46 20 8.67 21 9.52 21 9.74 22 9.73 23
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Table 6.7
Condition numbers and iteration counts. βi = 1 or specified values as indicated in a checker-

board pattern, αi ≡ 1 and H

δ
= 3 (3D case)

βi = 0.01 βi = 0.1 βi = 1 βi = 10 βi = 100
H
h

cond iters cond iters cond iters cond iters cond iters

3 8.47 21 9.02 20 9.47 20 8.85 20 8.38 20
6 8.38 21 9.06 21 9.51 20 8.84 21 8.39 20
12 8.34 21 9.08 21 9.52 21 8.81 21 8.39 20
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12 15.31 23 27.22 27 27.33 28 24.95 26 14.14 23
6 10.14 23 15.17 23 15.91 23 14.21 22 9.65 21
3 8.34 21 9.08 21 9.52 21 8.81 21 8.39 20
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