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Abstract
In this paperwe introduceimproved rules for Catmull-Clarkand
Loopsubdivision thatovercomeseveralproblemswith theoriginal
schemes(lack of smoothnessat extraordinaryboundaryvertices,
foldsnearconcavecorners).In addition,ourapproachto rulemodi-
ficationallowsgenerationof surfaceswith prescribednormals,both
on the boundaryandin the interior, which considerablyimproves
controlof theshapeof surfaces.

1 Intr oduction
Subdivision surfaceshave rapidly gainedpopularity in computer
graphics.Oneof themainadvantagesof subdivision algorithmsis
thatthey arecapableof efficiently generatingsmoothsurfacesfrom
anarbitraryinitial mesh.Subdivisionalgorithmsarealsoattractive
becausethey areconceptuallysimpleandcanbeeasilymodifiedto
createsurfacefeatureswithout makingmajorchangesto thealgo-
rithm.

A generalsurfacerepresentationshouldbehave in a predictable
way for arbitraryinitial data.For example,thepropertiesof spline
surfacesarewell understoodfor arbitraryregular grids of control
points. The variety of datathat can serve as the input for most
commonsubdivision algorithmsis considerablylarger: an arbi-
trary polygonalor triangularmeshwith a boundary, possiblywith
marked edgesandvertices. While the generalstructureof the al-
gorithmdoesnot dependmuchon theinitial data,therulesshould
accountfor thedifferentlocalmeshconfigurations.

Subdivision rulesfor theinterior partof a controlmesharewell
understood,while theboundaryruleshave receivedrelatively little
attention.Boundaryrulesarequite importantfor a variety of rea-
sons.Theboundaryof thesurface,togetherwith thecontourlines,
forms the visual outline. While the interior of the surfaceoften
hasto bedefinedonly approximately, theboundaryconditionsmay
besignificantlymorerestrictive; for example,it is oftennecessary
to join several surfacesalongtheir boundaries.Boundarysubdivi-
sion rules immediatelyleadto the rulesfor sharpcreases.Using
the techniquesdescribedin [3], onecanalsogeneratesoft creases
usingessentiallythesamerules.

In additionto specifyingtheboundaryorcreasecurves,it is often
desirableto specifythe tangentplaneson the boundary. Existing
subdivision schemesdo not allow oneto control the tangentplane
behavior.

Thegoalof thispaperis to presenttwo completesetsof subdivi-
sionrulesfor generatingpiecewise-smooth,C1-continuous,almost
everywhereC2 subdivision surfaces,with tangentplanecontrol.
Our rulesextendthewell-known subdivisionCatmull-Clark[2]and
Loop [8] subdivision schemes.A completeC1-continuityanalysis
of our schemeswill be presentedelsewhere[17]. Our rulesallow
modelingsurfaceswith piecewise-smoothboundariesanddifferent
typesof cornerverticesandprescribednormalsonontheboundary
or the interior. At thesametime, only minimal changesareintro-
ducedto thebasicCatmull-ClarkandLoopalgorithms(with crease
modificationsof [7] and[3]).

We usea uniform approachto derive the desiredsubdivision
rules,which canbe appliedto any stationarysubdivision scheme.
In thispaper, we focuson theLoopandCatmull-Clarksubdivision
schemesasschemeshaving thegreatestpracticalimportance.

2 PreviousWork
A numberof subdivision schemeshave beenproposedover years
sinceCatmull andClark introducedsubdivision surfacesin 1978
([2]). We refer thereaderto a moredetailedsurvey of subdivision
in [1].

Theoreticalanalysisof subdivision ruleswasperformedin [13,
12, 6, 14, 16]. Most theoreticalwork hasfocusedon subdivision
of closedsurfaces;almostall theoreticalanalysisrelieson the ro-
tationalsymmetryof the subdivision rulesandappliesonly to the
interior rules.A noteableexceptionis thework of Schweitzer[14]
andtherecentwork of Levin.

Subdivision rules for Doo-Sabindual subdivision surfacesfor
theboundarywerediscussedby Doo[4] andNasri[9, 10], but only
partialtheoreticalanalysiswasperformed.

Ourwork buildson thework of Hoppeetal. [7] andpartiallyon
theideasof Nasri[11].

To thebestof our knowledge,thesubdivision rulesproposedin
work [7] are the only onesthat result in provably C1-continuous
surfaces(theanalysiscanbefound in Schweitzer[14]). However,
theserulessuffer from two problems:

—theshapeof theboundaryof thegeneratedsurfacedependson
thecontrolpointsin theinterior;

—onlyonerulefor cornersis defined,whichworkswell for con-
vex cornersbut doesnot work well for concave corners(seeSec-
tion 4).

StandardCatmull-Clark rules, when applied to the boundary,
suffer from thesameproblems.

Recently, ageneralizationof Catmull-ClarkandDoo-Sabinsub-
division rulesthat containsNURBS asa subsetwasproposedby
Sederberg et al. [15]. While including NURBS patchesasa spe-
cial caseis importantfor applicationsthat requireuseof existing
NURBS models,it comesat a price: the complexity of the algo-
rithms is increasedand the behavior of the surfacenear the ex-
traordinarypoints becomesdifficult to analyzeand predict. The
smoothcreaseeffects that are obtainedby manipulatingNURBS
weightsfor subdivision surfacescanbeachievedwithout introduc-
ing nonuniformknot spacingusinganeleganttechniqueproposed
by DeRoseet al. [3].

3 Piecewise-smoothsurfacesand subdivision
Piecewisesmoothsurfaces. In orderto derive subdivision rules
we needto describemore preciselythe type of the surfacesthat
we wish to model. We have chosena classof piecewisesmooth
surfaces. This is the classof surfacesthat includes,for example,
quadrilateralfree-formpatches,andothercommonmodelingprim-
itives.At thesametime,wehave excludedfrom considerationsur-
faceswith varioustypesof singularities.

Herewe give an informal descriptionof piecewise-smoothsur-
faces;moremathematicaldetailscanbe found in [17]. To define
this class,we start with smoothsurfacesthat have a piecewise-
smoothboundary. For simplicity, assumethat our surfacesdo not
have self-intersections.Recall that for closedC1-continuoussur-
faceM in R3 eachpoint hasa neighborhoodthatcanbesmoothly
deformedinto anopenplanardiskD.

A surfacewith a smoothboundaryis definedin a similar way,
but theneighborhoodsof pointson theboundarycanbesmoothly
deformedinto a half-disk H, with closedboundary. To definea
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Figure1: Thechartsfor asurfacewith piecewisesmoothboundary.

surfacewith piecewisesmoothboundaries,we introducetwo addi-
tional typesof local charts:concave andconvex cornercharts,Q3
andQ1 (Figure1). Thus,a C1-continuoussurfacewith piecewise
smoothboundarylocally looks like oneof the domainsD, H, Q1
andQ3.

Piecewise-smoothsurfacesare the surfacesthat can be con-
structedout of surfaceswith piecewise smoothboundariesjoined
together.

If the resulting surface is not C1-continuousat the common
boundaryof two pieces,this commonboundaryis a crease.We
allow two adjacentsmoothsegmentsof a boundaryto be joined,
producinga creaseendingin a dart (cf. [7]). For dart verticesan
additionalchartQ0 is required;the surfaceneara dart canbe de-
formedinto thischartsmoothlyeverywhereexceptatanopenedge
startingat thecenterof thedisk.

An importantobservation for constructingsubdivision rulesfor
theboundaryis thatthelasttwocornertypesarenotequivalent,that
is, thereis nosmoothnondegeneratemapfrom Q1 to Q3. It follows
from the theoryof subdivision [18], that a singlesubdivision rule
cannotproducebothtypesof corners.In general,any completeset
of subdivisionrulesshouldcontainseparaterulesfor all charttypes.
Most, if notall, known schemesmisssomeof thenecessaryrules.

4 Problemswith standard rules
In this sectionwe demonstratetheproblemsthatoccurwhensome
commonrulesareused;it turnsout thatnot all piecewise-smooth
surfacescanbeadequatelyrepresented.

Concave corners. Supposewe wish our surfaceto have concave
cornerat a vertex of the boundary;this often happenswhenone
wouldliketo makeasurfacewith ahole. In thiscase,it is naturalto
arrangethecontrolpointsinto a concave configuration,andexpect
thegeneratedsurfaceto approximatethis configuration.However,
if the simplesttype of cornerrules is used,suchas the rulesde-
scribedin [7], it turnsout thattheserulescangenerateonly convex
corners.If theinitial meshhasaconcave corner, therulesforcethe
surfaceto approachthe cornerfrom the outer, convex, side. The
surfacedevelopsa fold (Figure2).

Boundary rules. It wasobservedby Hoppeet al.[7] thatthesur-
faceis notsmoothat theextraordinaryverticesif thestandardrules
areused.They proposeasimplesolutionto thisproblem– amodi-
ficationof thecoefficientsusedto computetheboundarycurve. An
undesirableconsequenceof thisfactis thattheboundarycurve is no
longerindependentfrom theinteriorof thesurface.After themod-
ification,theboundarycurvedependson thenumberof theinterior
verticesadjacentto eachboundaryvertex. If two separatemeshes
have identicalboundaries,agapbetweenthemeshescanappearas
a resultof subdivision (Figure10a).

If theoriginalrulesareretained,thesurfacedoesnothaveawell-
definedtangentplaneat thepoint. Thisbecomesapparentwhenthe
boundaryat a point is twistedasshown in Figure10b. However,
evenif thesmoothrulesof [7] areused,thetwist persists,although
in thelimit thesurfaceis formally smooth.Thereasonfor this can
be understoodby examiningthe eigenstructureof the subdivision
matrix:

4.1 Subdivision matrix

Ourmethodfor constructingsubdivision rulesis basedon manipu-
lating theeigenstructureof thesubdivisionmatrix; this ideacanbe
tracedbackto [5]. Consideravertex v of degreek, andlet p bethe
vectorof controlpointsin aneighborhoodof thevertex (Figure4).

Recallthat thesubdivision matrix S is thematrix of subdivision
coefficientsrelatingthevectorof controlpointsp j to thevectorof
control points p j 	 1 on a similar neighborhoodon the next subdi-
vision level. Supposethe size of the matrix is N. Propertiesof
subdivision arecloselyrelatedto thestructureof thematrix. This
is easyto seeif we decomposethevectorof controlpointsp with
respectto theeigenbasis



xm � , m � 0 � N � 1, of S, if oneexists:

p � a0x0 � a1x1 � a2x2 � �� (4.1)

Notethatthecoefficientsai in thisdecompositionare3dvectors,
becausep isavectorof 3dcontrolpoints.Weassumethattheeigen-
vectorsx j arearrangedin the orderof nonincreasingeigenvalues,
andthefirst eigenvalueλ0 is 1, which is requiredfor convergence
of subdivision. Subdividing thesurfacel timesmeansthatthesub-
divisionmatrix is appliedto p l times:

Sl p � λl
0a0x0 � λl

1a1x1 � λl
2a2x2 ������� (4.2)

If we furtherassumethatλ1 � λ2 � λ andλ ��� λ3 � , it canbe im-
mediatelyseenfrom this formula that the vectorof controlpoints
pl in the neighborhoodof the vertex v can be approximatedby
a0x0 � λl � a1x1 � a2 � . If a1 � a2 is not zero,all thecontrolpoints
p j

i arecloseto theplanepassingthrougha0 andspannedby vectors
a1 anda2. As l � ∞ thepositionsof all pointsconvergeto a0. This
meansthat to computethe limit position for a vertex, we simply
needto computea0 andto computethetangentvectors,weneedto
computea1 anda2. Thiscanbeachievedusingtheleft eigenvectors
of S, i.e. vectorsl i , satisfying � l i � xi � � 1 and � l i � x j � � 0 if i �� j .

Fromequation4.2we canseethat thetangentplaneof thesur-
facecanbe influencedby changingeigenvectorsx1, x2 or l1, l2,
eigenvalueλ, or alteringa1 anda2 in someotherway.

5 Constructing subdivision rules
Bothfor obtainingtherulesfor cornersandmodificationof normals
wechooseaway in whichwewould like to modify thecoefficients
a1 anda2.

Smoothboundary points. If we usestandardLoop subdivision
rulesnearthe boundary, the resultingsurfaceis not tangentplane
continuous. The reasonfor this is that the tangentvector of the
boundarycurve correspondsto the eigenvalue1� 2 of the subdivi-
sion matrix which is not subdominant.To make the surfaceC1-
continuous,we canmodify theeigenvaluesin sucha way that1� 2
becomessubdominant.This canbe achieved by scalingall coef-
ficientsai correspondingto eigenvaluesdifferentfrom 1, 1� 2 and
thefirst subdominantvalueby asufficiently smallfactor. Thereare
many waysto accomplishthis; we choosea way that leadsto the
simplestsubdivision rules.

Corners. For both concave andconvex cornersthe tangentvec-
tors to theboundarycurvesmeetingat thecornerdo not coincide.
If thesurfaceis smooth,thismeansthatthetangentplaneto thesur-
faceis completelydefinedby theboundarycurves. Therefore,the
eigenvaluescorrespondingto thetwo tangentvectorsof thebound-
ary have to besubdominant.If we usestandardrulesfor endpoint-
interpolatingsplineon the boundary, we just have to ensurethat
1� 2 is the subdominanteigenvalue, becauseboth both eigenvec-
torsdefiningrulesfor computingthetangentsontheboundaryhave
eigenvalue1� 2.



Figure2: Upperrow: behavior of a subdivision surfacewhenrulesof [7] areappliednearacornerof thecontrolmesh.As thecornerof the
controlmeshis moved, thesurfacedevelopsa fold. Lower row: our concave cornerrulesrulesappliedto thesamemeshhave the inverse
behavior; whenthecorneris convex, a small fold develops(not visible in thepicture),andthemeshhasthemostnaturalconfigurationfor a
concave corner.

Normal modification. If anormaln is prescribedat avertex (in-
ternalor crease),weneedto modifya1 anda2 in suchawaythatthe
crossproducta1 � a2 pointsalongthenormal.Thiscanbeachieved
if we replaceai i � 1 � 2 with ai � n � ai

� n� , eliminatingthecompo-
nentsof the tangentvectorsalongthe normal. Using the fact that
ai � � l i � p� , we canseethat this modificationcanberegardedasa
specialtypeof subdivision rules.1

6 Subdivision rules
In this sectionwe describethe subdivision rulesthat we have de-
rivedfollowing theideasof theprevioussection.More detailscan
befoundin [17].

6.1 Taggedmeshes

We usea taggedmeshto defineour rules.Therearethreetypesof
tags,oneassociatedwith edges,anotherwith verticesandthe last
with edge-vertex pairs.� edge tags indicatethat thesubdivision surfaceshouldhave a

creaseat thisedge;we tagall theboundaryedgesascreases.� vertex tags label verticesassmoothcrease/boundaryor cor-
ner.� edge-vertex tagsgivesthetypeof thecorner(convex or con-
cave) thesurfaceshouldhaveasit approachesthevertex from
the direction of the edge;edge-vertex tagscan be assigned
only to edgeswithoutedgetags.

Theedge-vertex tagsareusedonly for edgesthathave a single
endpointon a crease.If we considera vertex with at leastonead-
jacenttaggededge,all incidentedgescanbeseparatedinto sectors.
Theedge-vertex tagsin eachsector(Figure5) areidentical.

Note the differencebetweenour systemof taggingandtheone
presentedin [7]: becausewehavedifferentcornertypesit is neces-
saryto tagedge-vertex pairs,ratherthanmeshverticesthemselves.

1Therulesderived from theseconditionsareno longerappliedto each
coordinateof the control pointsseparately:rather, the whole 3d vector is
required. The coefficients of subdivision in this caseare matricesrather
thanscalars

For triangularmeshes(Loop subdivision) we definetwo types
of rules: edge rules that areappliedto computepositionsof new
controlpointsaddedat eachsubdivision step,andvertex rules that
areappliedto computecontrolpointsfor verticesalreadypresentin
themesh.Therearethreevertex rules:interiorsmooth,crease,and
corner;therearefive edgerules: smooth,crease,creaseneighbor,
convex cornerneighborandconcavecornerneighbor. Thelastfour
typesapplyto verticesthatareinsertednext to a creasevertex, but
arenotcreaseverticesthemselves(Figure6).

Forquadrilateralmeshes(Catmull-Clarksubdivision) in addition
to theedgeandvertex ruleswe needto useonemorerule to insert
controlpointsinto faces.

For anarbitrarypolygonalmesh,we assumethateitherfacetri-
angulationor standardCatmull-Clarkrulesareusedto convert it to
a triangularor a quadrilateralmeshrespectively. This solutionis
notentirelysatisfactory. Furtherinvestigationis requiredto choose
thebesttop-level rules.

Choosingsubdivision rules. To computefacepointson quadri-
lateral meshes,we always usethe standardCatmull-Clarkrules.
Theprocedurefor choosingtheedgeandvertex subdivisionrulesis
identicalfor bothschemes.

To determinethevertex rule it is sufficient to look at thevertex
tag.If thevertex is taggedasboundaryorcrease,thestandardspline
rule is applied;if it is taggedasa cornervertex, thenwe usethe
interpolatingrule: thecontrolpointonsubdivision level j coincides
with thecontrolpointonsubdivision level j � 1.

To determinetheedgerule for a newly insertedvertex, we need
to examinethe edgeon which it wasinserted.For a creaseedge,
we alwaysusethecreasesubdivision rule. Otherwise,we needto
know thetagsof thesurroundingvertices.

Let v1 andv2 betheendpointsof theedgee.� If no edge-vertex tagsarepresent,andbothverticesareinte-
rior, weusethesmoothedgerule.� If notagsarepresent,andoneof theverticesv1, v2 is abound-
aryvertex, weusethecreaseneighborrule.� If asinglevertex hasavertex-edgetag,weuseconvex or con-
cavecornerneighborrule,dependingon thetag.



Figure3: A surfacewith atwist (in thelower left partof theimage)
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Figure4: Similarneighborhoodsof avertex of degreek ondifferent
subdivision levels. The subdivision matrix S relatesthe vectorof
control points p j �98 p j

c
� p j

0
� �� p j

k : to the vectorof control points

on level j � 1 p j 	 1.

c; oncave

c; oncave c; oncave

c; oncave

c; onvexc; oncave

c; oncave

Figure5: Edge-vertex tags.If severaltaggededgesmeetatavertex,
all non-creaseedgesin eachsectorbetweentaggededgesreceive
eitherconvex or concave tag.Notethatthetagdoesnotnecessarily
correspondto the convexity or concavity of the configurationof
vertices.Concave tagson sectorsof size1 arenotallowed.

Figure6: We call verticesinsertedon theedgeswith a singleend-
point on the creasecreaseneighbors. If the endpointis a corner
vertex, correspondingneighborsarecalledconvex or concave cor-
nerneighbors,dependingonthetypeof thesectorin whichthey are
located.� If bothverticeshave tags,or areon theboundary, we usethe

averageof therulesdeterminedfor eachvertex.

Now we describevertex andedgerules. In thedefinitionof the
creaseneighboredgeruleswe usethe creasedegreeof the vertex
whichwedefineasthenumberof trianglesin thesectorthatweare
considering.

6.2 Vertex rules

As we have mentionedabove, therearethreevertex rules: interior,
creaseandcorner. Theinteriorrulesfor bothschemescoincidewith
the standardCatmull-ClarkandLoop rulesrespectively Figure7.
For bothLoopandCatmull-Clarkschemesweusethestandardcu-
bic B-splinesubdivision rulesascreaserules(Figure9).

Interior smoothrule is alsoappliedto the dart vertices. Thus,
only smoothdartsareallowed.

6.3 EdgeRules

ThecreaserulesarethestandardcubicB-splinesubdivision rules.
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Figure7: Smoothinteriorvertex rulesfor thetriangularandquadri-
lateral schemes;theseare the standardLoop and Catmull-Clark
subdivision rules. For the Loop scheme,β can be chosento be
3� 8k, wherek is thedegree,for k � 3. For k � 3, β canbetakento
be3� 16. For theCatmull-Clarkscheme,β � 3

2k andγ � θ � � 1
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Figure8: Edgerulesfor the triangularandquadrilateralschemes
(before flatnessand normal modification); smoothrules are the
standardLoop and Catmull-Clark subdivision rules. Rules for
creaseandcornerneighborsusedifferentγ dependingon the rule
type.
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Figure9: Subdivision rulesfor smoothcreaseverticesfor bothtri-
angularand quadrilateralschemes.Theserules always coincide
with the cubic B-splinesubdivision. Cornerverticesare interpo-
lated.

We choosecreaseneighbor, concave cornerneighborandcon-
vex cornerneighborrules in a uniform way. While the rulescan
be appliedin a singlestep,it is convenientto separatetheminto
two parts:initial calculationusingtheLoopor Catmull-Clarksten-
cil, andsubsequentmodificationtoensureC1-continuityor improve
convergenceto thetangentplane.

The stencil that we useon the first stepis almost identical to
the standardrules; the only differenceis a new parameterγ � θ �
(Figure8). For theLoop scheme,γ� θ � � 1� 2 � 1� 4cosθ; For the
Catmull-Clarkscheme,weuseγ � 3� 8 � 1� 4cosθ. For a vertex of
creasedegreek, we have chosenthe following valuesof θ, which
resultin thebest-shapedlimit configurationsof controlpoints(see
[17] for details):� θ � α � k for convex cornerswhereα is theanglebetweenthe

creaseedgesmeetingat thecorner.� θ � π� k � θk for smoothcreasevertices.� θ � � π � α � � k for concave cornervertices.

As the secondstep,we modify the positionsof control points
using the following generalrule parameterizedby a parameters,
(theflatnessparameter):Ð

p j 	 1 Ñ
new

� � 1 � s� Ð p j 	 1 Ñ
old

� s
k

∑
mÒ 0

� l0mx0 � l1mx1 � l2mx2 � p j 	 1
m

(Loop)Ð
p j 	 1 Ñ

new
� � 1 � s� Ð p j 	 1 Ñ

old
� s

k

∑
mÒ 0

� l0p
m x0 � l1p

m x1 � l2p
m x2 � p j 	 1

m� s
k Ó 1

∑
mÒ 0

� l0q
m x0 � l1q

m x1 � l2q
m x2 � q j 	 1

m (Catmull-Clark)

(6.1)

where l0,l1, l2, x0, x1, x2 are the eigenvectorsgiven in Ap-
pendix A. As a result of this modification, all eigenvalues of

the subdivision matrix are scaledby the factor 1 � s, exclud-
ing In the extremecase,when s � 1, the control points are im-
mediatelyprojectedto the tangentplane. The flatnessparame-
ter can be usedeither as a modelingparameter, or chosento be
1 � 1� 4 � γ � 1� 4cos2θk � for bothschemesthis valueis optimal in
a sensethat theresultingschemehasboundedcurvaturevariation;
for largervaluesof s thecurvatureis unbounded,for smallervalues
it is 0.

For convex and smoothboundaryrules, the value of s canbe
arbitrarybetween0 and1. To ensureC1 continuity,aconstrainthas
to beimposedon theparameters:

Creaseand convex corner neighbor rules. If we use s � 0
for the smoothcreasevertices,which resultsin the simplestsub-
division rules(the modificationstepis absent),thenformally C1-
continuoussurfacesare visually indistinguishablefrom non-C1-
continuous,obtainedby applyingstandardLoop or Catmull-Clark
edgerules. This waspreviously observed in [3]. The absenceof
tangentplanecontinuitycanonly be seenfor mesheswith a twist
on the boundary(Figure 3), and many subdivision stepsare re-
quiredbeforethe differencebetweenthe non-smoothandsmooth
rulesbecomesapparent.However, in applicationsin whichnumer-
ical, ratherthanjust visual, continuityof the normalis desired,it
is still preferableto usethe smoothrules, even with s � 0. For
example,we have observed that in contourline calculationsbet-
ter resultsareachieved if the smoothrulesareused. Finally, if a
smoothertransitionis desiredat the twist points,parameters can
beusedto increasethespeedat which thesurfaceconvergesto the
tangentplane.

Concave corner neighbor rules. Recallthat theserulesareap-
plied to insertcontrolpointsonnontaggededgesadjacentto acon-
cave cornervertex. This is theonly casewhenusingnon-zeros is
requiredfor obtainingC1-continuoussurfaces;theconditionons is� 1 � s� � 2 � cosθk � cosθ �ÕÔ 2.

6.4 Normal control

As it wasexplainedin section5, the subdivision rulescanbe ad-
justedto producesurfaceswith prescribednormals.Supposeaver-
tex v of degreek (or creasedegreek, if it is a creasevertex) hasa
prescribednormal.Thesubdivision rulesproducingthedesiredef-
fectcanbebestdefinedin two steps,in awaysimilarto therulesfor
creaseneighborvertices.For an interior vertex v, theonly control
pointswhosepositionsneedto be modifiedarethe control points
p j

i , i � 0 � �� k � 1, immediatelyadjacentto v. Themodificationis
performedusingthefollowing rules:Ð

p j 	 1 Ñ
new

� Ð
p j 	 1 Ñ

old
� sn

k

∑
mÒ 0

� l0mx0 � l1mx1 � l2mx2 � � p j 	 1
m

� n �
(Loop)Ð

p j 	 1 Ñ
new

� Ð
p j 	 1 Ñ

old
� sn

k

∑
mÒ 0

��� l0p
m x0 � l1p

m x1 � l2p
m x2 � p j 	 1

m
� n �� sn

k Ó 1

∑
mÒ 0

��� l0q
m x0 � l1q

m x1 � l2q
m x2 � � q j 	 1

m
� n � (Catmull-Clark)

(6.2)

Thismodificationis similar to themodificationsdescribedin the
previoussection.Theparameters determineshow fastthenormal
convergesto the prescribedlimit position. If s � 1, afteronestep
of subdivision thenormalcomputedusingstandardcoefficientsl1m,
l2m coincideswith theprescribednormal.



Onecanobserve thatthemodificationmovesthepointstowards
a planeÖ perpendicularto the normal. Our analysisshows that the
limit positionfor the vertex v remainsunchanged,if no normalis
prescribedfor adjacentvertices.If thenormalsaremodifiedon the
boundary, theboundarycurvesremainB-splines,but with different
controlpoints.

If thenormalsareprescribedfor two endpointsof anedgee, on
thefirst subdivision stepwe take theaverageof thetwo modifica-
tions for edgevertex insertedon e. On subsequentstepsno two
verticeswith prescribednormalsshareanedge.

7 Results
A complex cornervertex with two differenttypesof cornersmeet-
ing is shown in Figure12a.Figure12bshows a planewith aninte-
rior andboundarynormalsmodified.Theresultsof prescribingthe
normalson the boundaryof a surfaceareshown in Figure13 and
Figure14 for theLoopandCatmull-Clarksurfaces.

8 Conclusionand Future Work
We have presenteda simplemodificationof the two mostpopular
subdivision schemesthat improves the behavior of the generated
surfaceson theboundaryandcreasesandprovidesadditionalcon-
trols for surfacemodeling.

While the classof surfacesthat wasconsideredin the paperis
quite generalandsufficient for mostpurposes,we have excluded
many typesof surfacesingularitieswhichmightbeusefulfor mod-
eling purposes.It would be useful to explore which singularities
areusefulfor modelingpurposeandconstructsubdivision rulesto
createsuchsingularities.
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A Coefficientsfor left and right subdominant
eigenvectors

Herewelist thecoefficientsrequiredto computetherulesdescribed
in thepaper. Recallthat thesubscriptc denotesthecenteralvertex
of a ring of vertices,andpi arethecontrolpointsin thatring.

For both schemesandall rules the right eigenvectorx1 hasall
entriesequalto 1.

Loop scheme.� Interiorvertex of degreek. In all casesi � 0 � k � 1:

l0c � 1
1 � � 8k � 3� β l0i � � 8� 3� β

1 � � 8k� 3� β
x1

c � x2
c � l1c � l2c � 0

x1
i � cos2iθk

� x2
i � sin2iθk

l1i � 2
k

cos2iθk
� l2i � 2

k
sin2iθk� Smoothcreasevertex of creasedegreek. In this andthenext

casecasei variesfrom 0 to k.

l0c � 2� 3 � l01 � l0k � 1� 6 � l0i � 0 � for i � 1 �� k � 1



Figure10: Behavior of subdivision rulesnearextraordinarypointson theboundary. a-b. Applicationof therulesof [7] createsa gapin the
mesh.With our rulesnogapis created.c. Detailof themesh:bothrulesof [7] andunmodifiedrulesresultin a twist in thesurface.

Figure11: Thisfigureshowstheresultof applyingourrulesto agenerateaconcavecorner. Resultsfor severalvaluesof theflatnessparameter
areshown. Thefirst imagecorrespondsto s � 0. i.e. to aschemealmostidenticalto [7].

Figure12: a: An interior cornervertex with two convex cornersanda concave cornermeeting.b: modificationof normalsto a planeat an
interiorandaboundarypoint.



Figure13: Modificationof normalsfor theLoopscheme;theoriginalmeshis anicosahedron.Left: all normalspointingup. Middle: Normals
horizontal.Bottom:all normalspointingdown.

Figure14: Modificationof normalsfor theCatmull-Clarkscheme;Left: all normalspointingup. Middle: nonormalmodification.Right: all
normalshorizontal.



For k � 1,

x1 ��× 2
3
� � 1

3
� 2
3 Ø � x2 ��× 1 � 0 � � 1Ø

l1 ��× 1
2
� � 1 � 1

2 Ø � l2 ��× 1
2
� 0 � � 1

2 Ø �
otherwisex1

c � x2
c � l1c � 0,

x1
i � cosiθk

� x2
i � siniθk

l10 � 1� 2 � l1k �Ù� 1� 2 � l1i � 0

l20 � l2k �Ù� 2
k ÚÛÚ a

2
� 1

6 Ü σ1
� 1

2
bσ3 Ü

l2c �Ù� 2
k ÚÛÚ 2

3
� aÜ σ1 � bσ3 Ü

l2i � 2
k

siniθk

, where

a � 1
4
� 1 � cosθk �

3 � 1
2 � 1

4 cosθk � b � 2
3 � a

coskζ
2

σ1 � sinθk

1 � cosθk

σ3 � coskζ
2 sinθk

cosζ � cosθk

ζ � arccos� cosθk � 1�� Convex/concavecornervertex of creasedegreek andwith rule
parameterθ �� θk:

l0c � 1 � l0i � 0 � k � 0 �� k
x1

c � x2
c � 0 � x1

i � siniθ
sinkθ

� x2
i � sin � k � i � θ

sinkθ
� i � 0 �� k

l10 � 0 � l1k � 1 l1c �Ù� 1 l1i � 0 � i � 1 �� k � 1

l20 � 1 � l2k � 0 l2c �Ù� 1 l2i � 0 � i � 1 �� k � 1

Catmull-Clark scheme� Interiorvertex of degreek. i variesfrom 0 to k � 1.

l0c � k
k � 5

� l0pi � 4
k � k � 5� � l0qi � 1

k � k � 5�
x1

c � x2
c � l1c � l2c � 0

x1
pi � cos2iθk

� x2
pi � sin2iθk

,

x1
qi � 1

4λ � 1
� cos2iθk

� cos2 � i � 1� θk �
x2

qi � sin2iθk
1

4λ � 1
� cos2iθk

� cos2 � i � 1� θk �
whereλ � 5� 16 � 1� 16cos2θk

� cosθk Ý 2 � 9 � cos2θk � .

� Smoothcreasevertex of creasedegreek; in this andthenext
case,i variesfrom 0 to k for edgecomponentsx1

p j andfrom
0 to k � 1 for facecomponents.

If k � 1,

x1
c � 0 � x1

pi � siniθk
� x1

q Þ i � siniθk
� sin� i � 1� θk

, if k � 1 x1 ��× 1� 18� � 1� 9 � � 1� 9 � � 5� 18Ø .
For k � 1,

l10 � l1k �Ù� R� 1 � 2cosθk � l1c � 4R� � 1 � cosθk �
l1pi � 4siniθk� 3 � cosθk � k

l1f i � siniθk
� sin� i � 1� θk� 3 � cosθk � k

whereR � cosθk 	 1
sinθk ß 3	 cosθk à k

For k � 1, l1 ��× 6 � � 3 � � 3 � 0Ø
If k � 1,

x2
c � 0 � x2

pi � cosiθk
� x1

q Þ i � cosiθk
� cos� i � 1� θk

, if k � 1 x1 ��× 0 � � 1� 2 � 1� 2 � 0Ø .
l2c � 0 � l2p0 � 1� 2 � l2pk �Ù� 1� 2

for k � 1, l2 ��× 0 � � 1 � 1 � 0Ø� Convex/concavecornervertex of creasedegreek andwith rule
parameterθ �� θk

Left eigenvectorsarethesameasfor Loop,with zeroesevery-
whereexceptlc, l0 andlk. Theright eigenvectorsare

x1
c � x2

c � 0 � x1
pi � siniθ

sinkθ
� x1

qi � � 4λ � 1� sinkθ� siniθ � sin � i � 1� θ �
x1

pi � sin � k � i � θsinkθ � x1
qi � � 4λ � 1� sinkθ� sin � k � i � θ � sin � k � i � 1� θ �


