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Abstract

The additive Schwarz method was originally proposed for the h-
version finite element method for elliptic problems. In this paper, we
apply it to the p-version, in which increased accuracy is achieved by
increasing the degree of the elements while the mesh is fixed. We obtain
a constant bound, independent of p, for the condition number of the
iteration operator in two and three dimensions. The result holds for
linear, self adjoint, second order elliptic problems and for quadrilateral
elements.



1 Introduction.

In the p-version of the finite element method, the degree of the piecewise
polynomial elements is increased in order to achieve the desired accuracy,
while the mesh is fixed. This is in contrast to the standard h-version where
fixed low order polynomial elements are used and the mesh is refined in order
to obtain accuracy. For an overview and basic results about the p-version,
see Babuska and Suri [?]. In this paper, we study a domain decomposition
method using p-version finite elements in the framework provided by the ad-
ditive Schwarz method (ASM). We consider linear, self-adjoint, second order
elliptic problems and brick-shaped elements in the finite element discretiza-
tion. We show that the condition number of the ASM iteration operator is
bounded by a constant independent of p. The proof is similar to the one in
Dryja and Widlund [?] and is based on Lions’ partitioning lemma.

This paper is organized as follows. In Section 2, we define a model
problem and introduce its discretization with the p-version finite element
method. In Section 3, we review the basic framework of the ASM and apply
it to our model problem with square elements in two dimensions. An ASM
using brick-shaped elements in three dimensions is considered in Section 4.
For an example of a method similar to ours, but using the h-version finite
element method, see Bramble et al.,[?].

2 The Model Problem.

We consider a model problem for linear, self adjoint, second order elliptic
problems, on a bounded Lipschitz region . The discrete problem is given
by the p-version finite element method. For simplicity, we first consider the
following problem in R™:

—Au = f in Q,
uw = 0 on 01 .

The standard variational formulation of this problem is :
Find uw € V = H}(Q) such that

a(u,0) = f(v),  Voe V,
where the bilinear form

a(u,v) = / Vu-Vvdz
Q



defines a semi-norm |U|H1(Q) = (a(u,u))"’? in HY(Q), and a norm in
V = H}(Q). Our analysis works equally well for any general sell adjoint,
continuous, coercive, bilinear form b(-,-), since the H} norm and the one
induced by b(-,-) are equivalent:

clulfys < b(u,u) < Clulfy .

A triangulation of the region  is introduced by dividing it into non-
overlapping brick-like elements €, ;o = 1,---, N, . We suppose that the
original region is a union of such elements and we denote the mesh size by
H.

We define (), to be the set of polynomials of degree less then or equal
to p in each variable, i.e. in two dimensions

Qp = span{z'y’ 1 0 < i,j < p}

and we discretize the problem with continuous, piecewise, degree p polyno-
mial finite elements:

VP = {Gb € CO(Q) : ¢|QZ € va i1=1,-- '7*7\'76} :

Then the discrete problem takes the form :
Find u, € V? such that

aup, vy) = f(vp), Vo, e VP (1)

For simplicity, we will analyze square and brick-shaped elements, but, using
affine mappings onto the reference square and cube, our analysis works also
for general quadrilateral elements.

3 An additive Schwarz method using square ele-
ments in two dimensions.

The additive Schwarz method was originally developed for the standard h-
version finite element method and we refer the reader to Dryja and Widlund
[?] or Dryja [?] for more detailed discussions. We work now in dimension
two and with square elements €2; .

Let N be the number of interior nodes. Our finite element space is
represented as the sum of N+1 subspaces

Vp — Vop + le _I_ . + V]I\?f .



The first space V serves the same purpose as the coarse space in the h-
version. Here:

VP = V1, ie. the space of continuous, piecewise ()1 functions on the mesh
defined by the elements €;;

VP = VP H3(Q) where Q! is the 2H x 2H open square centered at the
i-th vertex. In other words Q! is the interior of Q; U Q, U, U, , see
figure 1 below. As in the h-version, the algorithm consists in solving, by an
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Figure 1: the substructure £2;
iterative method, the equation
Puy, = (FPo+ P+ ...+ Pn)uy, = g, , (2)
where the projections P; : VP — V' are defined by
a(Pivy, ¢p) = a(vp, &) Vo, € V. (3)

The following is the main result of this paper. The proof is first given
for two dimensions and then extended to three in Section 4.

Theorem 1 The operator P of the additive algorithm defined by the spaces
VP satisfies the estimate k(P) < const. independent of p.

Proof. The proof is similar to a result given in Dryja and Widlund [?] for
the h-version. A constant upper bound for the spectrum of P is obtained
by noting that for ¢ > 1

a( Py, up) = a( Piup, Piuy) = agr(Prup, Piuy) < agi(up, up).



Each point is covered by no more than four subregions Q) and the norm of
Py is equal to one, therefore A, < 5.

A lower bound is obtained by using Lions’ lemma, see Lions [?] for the
case N = 2; a proof is also given in Widlund [?].

Lemma 1 Let u, = ENO Uy, where u,; € V;, be a representation of an
element of VP = Vo + Vi + -+ -+ V. If the representation can be chosen so
that

=

E a up z up z < Coa(up7 up) Vup E ‘/p )
1=0

then
/\mm(P) > 00_2 .
We have to define a partition of the finite element function u, and obtain
a good bound of CZ. We know from Strang [?] that there exists a linear
map I; : VP — V1, which satisfies

lap = Fruy||72(9) < CrH*[up|in g (4)
and
lup = Liupl i) < Coltpli g (5)
Let
upo = Iy, Wp = Up — Upyp -

In order to define u,; € V", we consider a particular partition of unity {6;}
consisting of the standard basis functions for Q1(= V;) :

0:€ V1, supp(f;) = Q , 0<6; <1, D bi(z,y)=1.

Now 6;w, is an element of @,41 vanishing outside ;. Since in our partition
we need an element of V", we interpolate back 6;w, into V' . We define
this interpolation operator I, on one of the four elements €1; of Q% on the
other three it is completely analogous. We transform this element into the
reference square [—1,1] x [—1,1].6; is 1 at one vertex of €; and 0 at the
other three, so it has one of the four forms

6; = %(xi D(y+1).



We define u, ; = I,(;w,) as the polynomial in @, interpolating 6;w, at the
p+ points (z,, ¥, ), where the z! s are the zeros of the polynomia
1)? point here the z!, t1 f the pol ial

T

Lona(e) = [ Ly(s)ds. (6)
Here L,(s) is the Legendre polynomial of degree p. This definition makes
sense for p > 1 because £,41 has p+1 distinct real zeros in [—1,1]. In fact
Lp41(£1) = 0 and p—1 roots interleave those of L,,, which, as is well known,
has p distinct real zeros in [—1,1]. We define £y = 1. We remark that even
if this definition of the interpolation operator is local, we obtain an element
in VP = VPN H}(Q) . In fact, u,; is continuous across element boundaries,
because on the boundary of each element we have p+ 1 interpolation points
and u,; is a polynomial of degree p. Since I, is a linear operator, we have

N
§ :“p,i = Up — Upyo -
=1

We note that
I,|q, = identity .

Since | - |y1 is a semi-norm on @, , it is natural to introduce the quotient
space ), = @,/Qo , on which |- |1 is a norm. Clearly dim@, = (p+ 1)?,
while dim@, = (p+1)* - 1.

We now establish:

Lemma 2 The interpolation operator I, : Qp_H([—l, 1% — Qp([—l, 1)%) is
uniformly bounded in the | - |1 norm, i.e.

\L(F)|r < const.|fla VI € Qpra([-1,1]%).

Proof. If f is a function of = only, then I, f is a function of z only and
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Similarly, if f is a function of y only
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In general, if both % and % do not vanish, it is easy to see that

LN LD + 115 (DI

2 - 5 5 =
|/l 152132 + 11520172

)
120,02 L2
< bz L
152112 E

dz 8y||i2

(7)

We consider the two terms separately. By symmetry, we need only to study
the first term. We form a basis for ¢),41 using the polynomials

1 Li(y)
V21£jll2

G
V2 ([ Licallze

Li(z) Ly .
(T, y) = i2) L) 1<ij<p+l. (8)
1 Liallzz [1£]] 2
We can disregard the space spanned by the ¢g ;’s because every function fo
in that space will not contribute to the x-term we are considering. In fact,

if f= fo+ f, we have

d J - 0 o -
||a_xlpf||L2 = ||a_Ipf||L2 and ||a_xf||L2 = ||a_xf||L2 :

x

Gbo,j(xv y) =

1<7<p+1,

qbi,O(‘rvy) 1§Z§P+17

and

In the resulting space Qp-l—l of dimension p’' = (p+2)(p+ 1), we choose the
order

¢107 ¢117 Ty ¢1p+17 ¢207 ¢217 Ty ¢2p+17 Tty ¢p+1,07 ¢p-|—1,17 Ty qbp-}—l,p-}—l'

If, for simplicity, we relabel the basis as {¢x(z,y),k =1,2,---,p'}, we have

pl
f(-T7?/) = Z akqbk(xvy) >
k=1

oz _ o ifereQu—-Q,
[p(f) = ]Z:l akfp(ﬁbk)y with Ip(ék) o { or if ¢r € @p :



The last relations follow from the fact that the coordinates of the inter-
polation nodes (z,,,) are the zeros of £,4; and IP|QP is the identity.
Hence

pl

0 P 0 dop O
||L2 _ Z 0, 9% Gbk Z 651 Z 'Cbk7 (;Zz)

=1 k,l

=al' 5,0,

where (S3)k1 = (%, %)B is a symmetric, positive definite matrix of order
p’. Similarly,
9,

T
5o B DliE: = o’ BS. Ba,

where

1

0

is a projection matrix onto Qp . Here the identity matrices are all of order
p + 1, the last zero block is of order p + 2 and the other zeros are of order
1. Therefore,

l5zLp(Nllfz _ o’ BS,Ba
— alS,a

155122
The proof of the lemma follows from a bound for the eigenvalues A of the
generalized eigenvalue problem

BS,Ba = \S,a. 9)

The structure of 5, can be made explicit by using the orthogonality of the
Legendre polynomials and the formula

v Lnyi(z) = Lpa(2)
Lo(s)ds = , >1. 1
[ Lats)ds o n > (10)



In fact, if ¢p(z,y) = Lilz) L) 4 oi(z,y) = IIiZ(—i)HﬁZ’%) ; we find

=l
Lica(2) £i(9) Lna(®) Emly),
(R | e[ P |V

Li(y) Luly)

dilw. w1z, = (

0 0
(Sz)et = (8—x¢k($7?/)78—$

Li_l(.T) Ln—l (.f)

= ( ) Jrz( ) )Lz
[Licall ™ ML l] 720 L5 ([ Lmll
This expression differs from zero iff
j=2
n=1 and m = 7 ,
Jj+2

and therefore each row of 5, has at most three nonzero elements. They are

L, Ly
(e ez
L L

(Sa)er =3 (e mem) =1
Lj  Lj+z
(2T T 22

The only exceptions to this rule occur when one of the indexes is 0,1 or 2.
In this case we cannot use formula (10), but we can use £y = 1 = Lo and
Li(z) = ffl ds=x+ 1= Ly + Lg. The exceptional elements are then

Oy 0L L) _\/3_
(Sz)kl—(ax@,o,axébz,l)—l ( A )Lg— 5=

—_

_i.i,_,_ﬂ%(y __\/5_
(Sg;)kl—(am@,o,axﬁbm)—l (\/57 Tzl )2 = 6_60'

_ i . i Sy — 1. L1(y) La2(y) __\/5_
el = g g @ed) = O iy 8 = "V =0
7

~—

(S = (oin, obiz) = 1 (ﬁlﬁ(j'), ﬁz(jﬁ)% SRy A
This shows that S, has the structure
Ap2
5. — Apto
Ap+2



Each block A, is symmetric, pentadiagonal and of order p + 2

1 Co bo

Co 1 (4] bl

bo (5] 1 0 b2
by 0 1 0

Ap_|_2 = bg 0 1

bp—o 0 0
bp—1 1
The elements cg, ¢cq and bg, by have been defined above and
L; Liyg .
bj = (rotr, ) 2 Jj=2.
NG N 2l

By using (10) and ||Ln||%2[_1 = ﬁ , we can compute the b;’s explicitly .

4 8
/C'Q: ; ; : 5 .>27 L :\/jv
61 = Gt 2t 1el=ys

2
(27 =125+ 1)(25+3)

(Ejv £j+2) = -

. 2
.]217 (£17£2):_§

and therefore

1 fei-aeiis
bi = 2\/(2j it 7 ()

Our generalized eigenvalue problem (9) can now be written as

Bpis a1
Bpis az
(8%} =
Bpiz :
0 Ap+1
Apta ay
Apta az
=\ a3 s
Ap+2
Apta pt1



where

A
Bp_|_22( p+1 O) .

The last zero is a scalar and the a;’s are vectors of length p + 2. This is
equivalent to a,4q =0 and

(Ap+1 O)QZ_IMHQQ“ 1<i<p. (12)

Ay, b
Ap+2 = ( g:l-—l'— 1 ) 9
with &% = (0,--,0,b,_1,0) = b,_1el | where e is the p — th column of the
identity matrix of order p + 1. Therefore, (12) is equivalent to

(o) (o) 1) ()

Ty . (13)

i.e.

Apy10 = A(Apyy — b2_jee
Since eel has rank 1, we see immediately that we have p eigenvalues equal
to 1, corresponding to the eigenvectors v with v, = 0 . In order to find the

only non-trivial eigenvalue, we apply the Shermann-Morrison formula (see
Golub and Van Loan, [?], pg. 51)

1

(A + ’U/UT)_l = A_l — mA_IUUTA_l (14)
to Apyr1 — bg_leeT and obtain
b2
A _ b2 Ty\—1 — A—l p—1 A—l TA—l )
(Apt1 = bp_yee’) pH1 T T b2 eTA L e p+16€ Lpt1

With this formula, we have reduced (13) to the standard eigenvalue problem
Mv = (A4 — b;_leeT)_lApHv = v, (15)

with
bz% 1 1T
M=1+ - A eet .
1- b;_leTA;ile Pt

10



Again we can see that the eigenspace corresponding to A = 1 has dimension
p by substituting v Ellullspace(Ap+1 e) into (15). We obtain the non-trivial

eigenvalue by substituting v = Ap_He into (15):

b2 eT A7l e
a1 -1 p+1 1 _ -1 _
jwv_Ap_I_le—}— 1—b2 leTA +1€Ap+1 = /\Ap-|-1€— Av,
with b2 Fony X

-1 p+1 .

A=1 .
+ 1-— 62 1eTA 1€ 1 —b2 leTA 1€

(16)

In order to obtain an upper bound for A, we need some properties of Ap+1
and the sequence of b;’s . Since from (11), b;_l < i, we find that

1
_1 eT A1

A< .
p+1€

What remains is to find a bound on eTA;ile = the p—th diagonal element

of Apil Let a, = det(A,). By Cramer’s rule,

el A7l e = Gy 17

p+1 api1 ’ ( )

where the cofactor a, is the determinant of the matrix obtained from A4,
by deleting the p-th row and column. Applying Laplace’s theorem for the
expansion of determinants to a,41 and a, , it is easy to prove the following

recurrence relations:
2 2
ap41 = Gp — bp—z(ap—z - bp—3ap—3) ) p 24, (18)

ip = ap_1 — b2 g0y, p>4. (19)

(18) can be written as

a a
pbgiw = a2 — by 3053, (20)
p—2
which shows that
ap > Apt1 if ap_y > b;_3ap_3 . (21)

11



Now, A,41 is positive definite, because aTAp_|_1a defines a L? norm of a
function with components {a;} . Therefore A;il is positive definite. Sub-
stituting (19) into (17) and using (20), we get

2
a1 —b_sa, 2 q —a 1 a
-1, _ P p—=27P—< _ Yp+l p+2 _ p+2
0<ed je= = =2 (1- ). (22)
Up+1 p—10p+1 p—1 ap+1

This implies that 1 — Ziﬁ >0,1i.e. apt1 > apyo,Vp. By (21) we then have
Op+2

ap+1

Gpyo > b§+1ap+1 , l.e. > b;_H ,Vp . Hence

1

T 41 2

et AL e< 7 (1—b,41)-
p—1

Since limp_,o b2 = * and b2 < L, for every € > 0 we have b2 > Y1—e¢) for
p large enough. This gives us the desired bound
1 3+e¢

4
T 4-1
€ Ap+1€<:(1—1(1—e)):1_€:3+e’

for p large enough, and finally

1 4

A< = .
1-134¢) 1-¢

In other words, A < const. uniformly in p.

Numerical experiments in MATLAB show that a stronger result is actually
true : limp oo A = 2.

In conclusion, we have found a bound for the x-term in (7):

[FEAGIZ
af 2
5z 1l%2
Reasoning in the same way for the y-term, we find from formula (7)

()|
/12

< const. .

< const.

O

We can now conclude the proof of the theorem by applying Lemma 2 to
bound the H! norm of each component u,; = I,(6;w,) over a single element

Q.
|up7i|12ql(ﬂk) < Clgiwplip(gk) =

12



00;

= (5

Jw i
wp + Hi.—pniz QT H-_wp + Oiwni%ﬂk)) <

ow
< 2C(||a w2, ) T 110 p||Lz ) +||a wp||?, @ T 1875

On a square element Q; of side H , |886;j| and |%—ij| are bounded by 1/H
and, by construction, ||0;||z= < 1. Therefore

2
|up, ZlHl () < 20( 2||wp||i2(ﬂk) + |wp|12111(9k)) '

Since at most 4 components u, ; are nonzero for any element €2, we obtain,
when summing over ¢,

2
Z |up7i|iIJ(Qk) < 80(@”“’19”%2(9,6) + |wp|121[1(9k)) ’

and summing over all the elements €y,

N
2
D il ) < SC(ggllwallfa ) + welf o) -

=1
Using equations (4) and (5), we can conclude

N
Z |up7i|12ql(Q) < 8C(2C, + CQ)|up|i[1(Q) = const |up|i11(ﬂ) .

=1

4 An Additive Schwarz Method using brick-shaped
elements in three dimensions.

Theorem 1 can be extended to dimension three and brick-shaped elements
and, by induction, to an arbitrary dimension. We define in this case

Qp = Spa’n{ﬂﬁi?/jzk 10 <45,k < p}

and we assume that the region Q@ C R® is the union of non-overlapping
brick-shaped elements €; of side H. If N is the number of interior nodes,
we represent V7P as

VP=Vi+V +--+ VL,

13



where V' = V! and VP = VP n HL(Q)) . Now Q! is the open cube of side
2H centered at the i-th interior node. We now prove the main theorem in
dimension three.

Using the same notation as in the two dimensional case, we use Lions’ lemma
to bound the spectrum from below. The upper bound is obtained as before.
The partition of the finite element function u,, required by Lions’ lemma, is
constructed using again the results of Strang [?] to find u, ¢ and a piecewise
linear partition of unity {6;}. On the reference cube [—1,1]3, 6; can have
one of the eight forms

of:%mi1xyin@i1y

Recalling that w, = u, — u, 0, we define w,; = I,(6;w,) as the polynomial
in @, interpolating 6;w, at the (p + 1)® points (z;, x, ) , where the z,,’s
are the zeros of the integrals of the Legendre polynomials £,4; defined in
(6). Working again with the quotient spaces C.:)p = Qp/Qo , we can establish

Lemma 3 The interpolation operator I, : Qp_H([—l, 1) — Qp([—l, 1) is
uniformly bounded in the | - |1 norm, i.e.

|Ip(f)|H1 < CO’I”LSt.lle1 3 Vf € @p-}-l([_lv 1]3) :

Proof. Since

] 2
LN (DI | 5 e(DIe | 1557
|f|2 < af2 af2 af2 ’
8 1521172 551172 1521172

(23)

we need only to consider one of the three terms, for example the x-term. As

before, if in one term the denominator is zero, we can prove that (23) is still

valid after dropping that term. We form a basis using the polynomials
Li(z) Li(y) Li(z)

0,5,0\ Ty Y,2) = 9 ]~§Z77lS +1
¢7]7( y ) ||Li—1||L2 ||£]||L2 ||'Cl||L2 ’ g

and the same modification with the constant term % when one index is

zero; cf.(8). We do not consider polynomials that do not depend on z,
because they do not contribute to the x-term we are considering. We now
want to order these remaining basis functions in such a way that we can
use the results obtained in the two dimensional case. For every fixed [, we
have a two dimensional subspace. We order the basis of this subspace as in

14



the two dimensional case. We do this for/ = 0,1,---,p+ 1. Relabeling the
¢;,;1’s as a one dimensional array, we have

0
5o (N3 = aT DC.Da

We are interested in an upper bound for the eigenvalues of the generalized
eigenvalue problem

|| ||L2: ol Crar,

DCDa = Ao . (24)
Here the stiffness matrix C,, of order p’ = (p+2)%(p+ 1), has the structure
Sw C()Sx bo

COSI SI CIS{E blsl‘
boSz Cls$ Sg’; 0 bQSz

bQS‘/L’ 0 S$ bp_lsz

. . 0
by1S. 0 S,

and the interpolation matrix D, of the same size, has the structure

B

B
0

The matrices S, and B have been defined in Section 3. Clearly, DC.D is
the matrix

i
1

Sz; CON z bOS:z B
COSI Sz Clsz bls
bOSz‘ Clsz Sg; 0 bgs
b1S5: 0 8 0 ,
baS, 0 S, by_15,
o0
bporSe 0 S,

15



where S, = BS, B . Therefore equation (24) gives us the block equations

Sz(a1 + cpaz + bpas) = ASz(ay + cpaz + bpas) ,

Se(bigoi_g + a; 4 biagyg) = ASp(bi—gai_g + o + biaiya)

57av(bp—lap—l + apt1) = ASa(bp_r1ap1 + apt1) .

These are all generalized eigenvalue problems of the form
57951) = AS,v, (25)

where v is a linear combination of some «; . But this is the same generalized
eigenvalue problem considered in the two dimensional case; see eq. (9). We
can then apply the two dimensional result and conclude that the eigenvalues
A are bounded by a constant independent of p. Reasoning in the same way
for the terms in y and z, we complete the proof of lemma 3.

O

In order to complete the proof of theorem 2, we just repeat some of the
arguments given in the two dimensional case. We first apply lemma 3 to
bound the H! norm of each component u,; = I,(f;w,) over a single element
1. We then sum over 7, recalling that at most 8 components u, ; are nonzero
for any element €} and finally we sum over all elements. We conclude the
proof using equations (4) and (5).

O

Remark. The result can be extended to any dimension by induction. The
only nontrivial part is the proof of the lemma about the interpolation oper-
ator. The induction step from dimension n to n + 1 is essentially analogous
to the arguments in the proof of Lemma 3. We consider one term at a time
and order the basis in the following way: first fix the (n 4 1)-th index to
be equal to 1 and order the resulting subspace in the same way as in the
case of n variables; then fix the (n + 1)-th index to be equal to 2 and repeat
the process, until the (n + 1)-th index is equal to p 4+ 1. With this choice,
the stiffness and projection matrices have a block structure that allow us

16



to reduce the (n + 1) dimensional generalized eigenvalue problem to one of
dimension n.
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