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Abstract. This paper presents efficient algorithms for testing theejnpoly-
nomial, and exponential ambiguity of finite automata wttransitions. It gives
an algorithm for testing the exponential ambiguity of anoauw#iton A in time
O(]A|%), and finite or polynomial ambiguity in tim@(] A|%;). These complexi-
ties significantly improve over the previous best complesgigiven for the same
problem. Furthermore, the algorithms presented are simplieare based on a
general algorithm for the composition or intersection dibawata. We also give
an algorithm to determine the degree of polynomial ambjgeifia finite automa-
ton A that is polynomially ambiguous in tim@(] A|%;). Finally, we present an
application of our algorithms to an approximate computatibthe entropy of a
probabilistic automaton.

1 Introduction

The question of the ambiguity of finite automata arises inrgetaof contexts. In some
cases, the application of an algorithm requires an inpatraaton to be finitely ambigu-
ous, in others the convergence of a bound or guarantee ogligmt finite ambiguity or
the asymptotic rate of the increase of ambiguity as a funafdhe string length. Thus,
in all these cases, one needs an algorithm to test the arhpigitiner to determine if it
is finite, or to estimate its asymptotic rate of increase.

The problem of testing ambiguity has been extensively aalyin the past. The
problem of determining the degree of ambiguity of an aut@matith finite ambigu-
ity was shown to be PSPACE-complete. However, testing famtbiguity can be done
in polynomial time using a characterization of polynomiatleexponential ambiguity
given by [6,5,9, 4, 11]. The most efficient algorithms fortiteg polynomial and ex-
ponential ambiguity, and thereby testing finite ambiguigrevpresented by [10, 12].
The algorithms presented in [12] assume the input autontatbac-free, but they are
extended to the case where the automatoreheansitions in [10]. In the presence of
e-transitions, the complexity of the algorithms given by [I0O((|A|z + |A[3)?) for
testing the exponential ambiguity of an automatbandO((|A|z + | A|3)?) for testing
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polynomial ambiguity, whereA|z stands for the number of transitions ajpt| the
number of states ofl.

This paper presents significantly more efficient algoritiorgesting finite, poly-
nomial, and exponential ambiguity for the general case tdraata withe-transitions.

It gives an algorithm for testing the exponential ambigwtyan automator in time
O(|A|%), and finite or polynomial ambiguity in timé&(] A|%,). The main idea behind
our algorithms is to make use of the composition or inteisedaif finite automata with
e-transitions [8, 7]. The-filter used in these algorithms crucially helps in the analy
sis and test of the ambiguity. We also give an algorithm teemheine the degree of
polynomial ambiguity of a finite automatof that is polynomially ambiguous in time
O(|A]%,). Finally, we present an application of our algorithms to ppraximate com-
putation of the entropy of a probabilistic automaton.

The remainder of the paper is organized as follows. Sectipre&ents general au-
tomata and ambiguity definitions. In Section 3 we give a bdegcription of existing
characterizations for the ambiguity of automata and extieeih to the case of automata
with e-transitions. In Section 4 we present our algorithms fatingghe finite, polyno-
mial, and exponential ambiguity, and the proof of their eotness. Section 5 details
the relevance of these algorithms to the approximation efethtropy of probabilistic
automata.

2 Preliminaries

Definition 1. A finite automatonA is a 5-tuple(X, @, E, I, F') where: X' is a finite

alphabet;Q is a finite set of statesf C @ the set of initial statesf' C @ the set of
final states; andz C @ x (X' U{e}) x @ afinite set of transitions, wheredenotes the
empty string.

We denote byA|q the number of states, Byl|z the number of transitions and by
|A| = |A|g + |A|g the size of an automataA. Given a statey € @, E[q] denotes
the set of transitions leaving For two subsetd: C Q and R’ C @, we denote by
P(R,z, R’) the set of all paths from a statee R to a stateg’ € R’ labeled with
x € X*. We also denote by[r] the origin state, by.[r| the destination state, and by
i[m] € X* the label of a path.

A stringz € X* is accepted by if it labels a successful pathe. a path from an
initial state to a final state. A finite automatdnis trim if every state ofd belongs to a
successful pathd is unambiguoud for any stringxz € X* there is at most one success-
ful path labeled byt in A, otherwise A is saidambiguousThedegree of ambiguitgf
a stringz in A, denoted by d&, ), is the number of successful pathsdrabeled by
x. Note that ifA contains ar-cycle, there exist € X* such that de4, =) = co. Using
a depth-first search restricted dd@ransitions, it can be decided in linear time whether
A hase-cycles. Thus, in the following, we will assume without laffsgenerality that
Ais e-cycle free.

The degree of ambiguitef A is defined as dad) = sup, 5. da(A, x). A is said
finitely ambiguousf da(A) < oo andinfinitely ambiguousf da(4) = oo. A is said
polynomially ambiguous there exists a polynomidl in N[X| such that de4, z) <
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Fig. 1. lllustration of the (a) (EDA), (b) (IDA) and (c) (IDA) properties.

h(|z|) for all z € X*. The minimal degree of such a polynomial is called degree
of polynomial ambiguitpf A, denoted by dp@l). By definition, dpéA) = 0 iff Ais
finitely ambiguous. Whem is infinitely ambiguous but not polynomially ambiguous,
we say thatd is exponentially ambiguowsnd that dpéA) = cc.

3 Characterization of infinite ambiguity

The characterization and test of finite, polynomial, andosmemtial ambiguity of finite
automata without-transitions are based on the following fundamental prig®r[6,
5,9,4,11,10,12].

Definition 2. The following are three key properties for the characteimaof the am-
biguity of an automatal.

(a) (EDA): There exists a statg with at least two distinct cycles labeled by some
v € X* (Figure 1(a)).

(b) (IDA): There exist two distinct statesandq with paths labeled withy from p to p,

p 1o ¢, andgq to ¢, for somev € X* (Figure 1(b)).

(c) (IDA): There exisd statespy, . .. p4, g1, - - -, qq IN Aand2d—1 stringsvy, . . ., vq
and ug,...uq in X* such that for alll < i < d, p; # ¢ and P(p;,vi,p:),
P(p;,v;,q;) and P(q;, v, q;) are non-empty and for alt < i < d, P(g;—1, ui, pi)
is non-empty (Figure 1(c)).

Observe that (EDA) implies (IDA). Assuming (EDA), leende’ be the first transitions
that differ in the two cycles at stagethen we must havele] # ne’] since the definition
1 disallows multiple transitions between the same two staith the same label. Thus,
(IDA) holds for the pair(n[e], n[e']).

In the e-free case, it was shown that a trim automatbsatisfies (IDA) iff A is
infinitely ambiguous [11, 12], thatl satisfies (EDA) iffA is exponentially ambiguous
[4], and thatA satisfies (IDA) iff dpa(A) > d [10, 12]. These characterizations can be
straightforwardly extended to the case of automata wittansitions in the following
proposition.



Proposition 1. Let A be a trime-cycle free finite automaton.

(i) A is infinitely ambiguous iffd satisfieqIDA).
(ii) A is exponentially ambiguous iff satisfieEDA).
(iii)y dpaA) > diff A satisfiegIDA ).

Proof. The proofis by induction on the number@fransitions inA. If A does not have
anye-transitions, then the proposition holds as shown in [11fd(i), [4] for (ii) and
[12] for (iii).

Assume now tha#l hasn + 1 e-transitions,» > 0, and that the statement of the
proposition holds for all automata with e-transitions. Select astransitioneg in A,
and letA’ be the finite automaton obtained after applicatiore-oémoval to A lim-
ited to transitioney. A’ is obtained by deleting, from A and by adding a transition
(pleol, U[e], n[e]) for every transitiore € E[n[eg]]. Itis clear thatd and A’ are equiva-
lent and that there is a label-preserving bijection betwberpaths ind and A’. Thus,
(a) A satisfies (IDA) (resp. (EDA), (ID4)) iff A’ satisfies (IDA) (resp. (EDA), (ID4))
and (b) for allx € X*, da( A, ) = da(A’, x). By induction, proposition 1 holds fot’
and thus, it follows from (a) and (b) that proposition 1 alsdds for A. a

These characterizations have been used in [10, 12] to dakjgrithms for testing infi-
nite, polynomial, and exponential ambiguity, and for cotpgithe degree of polyno-
mial ambiguity in thes-free case.

Theorem 1 ([10, 12])Let A be a trime-free finite automaton.

1. Itis decidable in tim& (] A|%,) whetherA is infinitely ambiguous.
2. ltis decidable in tim& (| A|%) whetherA is exponentially ambiguous.
3. The degree of polynomial ambiguity4fdpa A), can be computed i@ (| A[3,).

The first result of theorem 1 has also been generalized byt§lile case of automata
with e-transitions but with a significantly worse complexity.

Theorem 2 ([10]).Let A be a trime-cycle free finite automaton. It is decidable in time
O((|Ale + |A[3)?) whetherA is infinitely ambiguous.

The main idea used in [10] is to defined frafnan e-free automatomd’ such that4 is
infinitely ambiguous iffA’ is infinitely ambiguous. However, the number of transitions
of A'is|A| +|A[3,. This explains why the complexity in thetransition case is signif-
icantly worse than in the-free case. A similar approach can be used straightforyard|
to test the exponential ambiguity dfwith complexityO((|A|z + |A[Z,)?) and to com-
pute dp@A) when A is polynomially ambiguous with complexi9((|A[z + [A[3)?).

Note that we give here tighter estimates of the complexityefalgorithms of [10,
12] where the authors gave complexities using the looseuiléy: Az < | X |A[3,.

4  Algorithms

Our algorithms for testing ambiguity are based on a gendgatighm for the composi-
tion or intersection of automata, which we describe in tHefzang section both to be
self-contained, and to give a proof of the correctness otifiker which we have not
presented in earlier publications.
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Fig. 2. Example of finite automaton intersection. (a) Finite auttam and (b)A-. (c) Result of
the intersection ofi; and As.

4.1 Intersection of finite automata

The intersection of finite automata is a special case of thergdécomposition algorithm
for weighted transducers [8, 7]. States in the intersectipn A, of two finite automata
A, and A, are identified with pairs of a state ¢f; and a state ofi,. Leaving aside
e-transitions, the following rule specifies how to computeaasition ofA; N A5 from
appropriate transitions of; and As:

(qlaa7q,1) and(CDaa,(Ié) — ((qlaqll)vaa (q27qé)) (1)

Figure 2 illustrates the algorithm. A state , ¢-) is initial (resp. final) wherny; andgs

are initial (resp. final). In the worst case, all transiti@fisd, leaving a statg; match

all those ofA, leaving statey, thus the space and time complexity of composition is
quadraticO(|A1]|Az|), or O(|A1|g|A2|r) whenA; and A, are trim.

Epsilon filtering A straightforward generalization of thefree case would generate
redundant-paths. This is a crucial issue in the more general case ahthesection
of weighted automata over a non-idempotent semiring, stneeuld lead to an incor-
rect result. The weight of two matchingpaths of the original automata would then
be counted as many times as the number of redundpaths generated in the result,
instead of one. It is also a crucial problem in the unweigletesk that we are consider-
ing since redundantpaths can affect the test of infinite ambiguity, as we shedlis
the next section. A critical component of the compositiagoaithm of [8, 7] consists
however of precisely coping with this problem using a metbaltedepsilon filtering

Figure 3(c) illustrates the problem just mentioned. To fnatpaths leaving; and
those leavingy,, a generalization of the-free intersection can make the following
moves: (1) first move forward on antransition ofg;, or even ae-path, and stay at
the same statg, in Ao, with the hope of later finding a transition whose label is som
labela # e matching a transition of; with the same label; (2) proceed similarly by
following ane-transition ore-path leavingg, while staying at the same stajein Aq;
or, (3) match arn-transition ofg; with ane-transition ofqs,.

Let us rename existing-labels of A, ases, and existing:-labels ofA; €1, and let
us augment; with a self-loop labeled witla; at all states and similarly, augmess
with a self-loop labeled witla, at all states, as illustrated by Figures 3(a) and (b). These
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Fig. 3. Marking of automata, redundant paths and filter.4a) self-loop labeled withe; added

at all states ofd;, regulares renamed ta.. (b) As: self-loop labeled witke, added at all states
of As, regulares renamed te;. (c) Redundant-paths: a straightforward generalization of the
e-free case could generate all the paths fri@n0) to (2, 2) for example, even when composing
just two simple transducers. (d) Filter transdugérallowing a uniques-path.

self-loops correspond to staying at the same state in thelhimawhile consuming an
e-label of the other transition. The three moves just describbow correspond to the
matches (1)es:€2), (2) (e1:€1), and (3)(e2:€1). The grid of Figure 3(c) shows all the
possiblec-paths between intersection states. We will denote bgnd A, the automata
obtained after application of these changes.

For the result of intersection not to be redundant, betwegtveo of these states, all
but one path must be disallowed. There are many possible @faaedecting that path.
One natural way is to select the shortest path with the dialgoansitions €-matching
transitions) taken first. Figure 3(c) illustrates in boltHahe path just described from
state(0, 0) to state(1, 2). Remarkably, this filtering mechanism itself can be encoded
as a finite-state transducer such as the transdutef Figure 3(d). We denote by
(p,q) = (r, s) to indicate thatr, s) can be reached froifp, ¢) in the grid.

Proposition 2. Let M be the transducer of Figure 3(d}/ allows a unique path be-
tween any two stat€®, ¢) and(r, s), with (p, q) =< (r, s).

Proof. Let a denote(e;:e1), b denote(es:es ), ¢ denote(es:eq ), and letx stand for any
(z:z), with z € X. The following sequences must be disallowed by a shortattfjiter
with matching transitions firstib, ba, ac, be. This is because, from any state, instead of
the movesib or ba, the matching or diagonal transitiortan be taken. Similarly, instead
of ac or be, ca andceb can be taken for an earlier match. Conversely, it is cleanfitoe
grid or an immediate recursion that a filter disallowing ghesquences accepts a unique
path between two connected states of the grid.

Let L be the set of sequences over {a, b, ¢, 2} that contain one of the disallowed
sequence just mentioned as a substring thatis o*(ab + ba + ac + bc)o*. ThenL
represents exactly the set of paths allowed by that filterisutitlis a regular language.
Let A be an automaton representihgFigure 4(a)). An automaton representibgan



Fig. 4. (a) Finite automatom representing the set of disallowed sequences. (b) Autamaio
result of the determinization of. Subsets are indicated at each state. (c) Autom@tobtained
from B by complementation, stageis not coaccessible.

be constructed from by determinization and complementation (Figures 4(a)-{d)e
resulting automatol’' is equivalent to the transducéf after removal of the statg,
which does not admit a path to a final state. a

Thus, to intersect two finite automats and A, with e-transitions, it suffices to com-
puteA; o M o A, using the the-free rules of intersection or composition.

Theorem 3. Let A; and A, be two finite automata withk-transitions. To each pair
(1, ) of successful paths id; and A sharing the same input label € X* corre-
sponds a unique successful patin A; N A, labeled byz.

Proof. This follows straightforwardly from proposition 2. a

4.2 Testing for infinite ambiguity

We start with a test of the exponential ambiguityAafThe key is that the (EDA) prop-
erty translates into a very simple property ff = AN A.

Lemma 1. Let A be a trime-cycle free finite automatom satisfies(EDA) iff there
exists a strongly connected componentiéf= A N A that contains two states of the
form (p, p) and(q, ¢’), wherep, ¢ andq’ are states ofd with g # ¢’.

Proof. Assume that4 satisfies (EDA). There exist a stgteand a stringv such that
there are two distinct cycles andcs labeled byv at p. Let e; and e, be the first
edges that differ in;; andc,. We can then write; = weym andes = meams. If €1

andes share the same label, lef = ey, 7, = weq, 7 = m andn = mo. If

e; andes do not share the same label, exactly one of them must bet@msition.
By symmetry, we can assume without loss of generality ¢has thee-transition. Let
7 = wey, 7 = m, 7] = m andwy = eamo. In both cases, lef = n[r}] = p[r!]

andq’ = n[n}] = p[rl]. Observe thay # ¢'. Sincei[r}] = i[x}], 7} and~} are
matched by intersection resulting in a pathdf from (p, p) to (¢, ¢'). Similarly, since
i[m}] = i[7}], 7 and~xf are matched by intersection resulting in a path fif@ny’) to

(p,p). Thus,(p,p) and(q, ¢’) are in the same strongly connected component’of



Conversely, assume that there exist stateg and¢’ in A such thaty # ¢’ and
that (p,p) and(q, ¢’) are in the same strongly connected componemafLet ¢ be
a cycle in(p, p) going through(q, ¢’), it has been obtained by matching two cyclgs
andcs. If ¢; were equal ta., intersection would match these two paths creating a path
¢’ along which all the states would be of the fofmr), and sinced is trim this would
contradict Theorem 3. Thug; andc, are distinct and (EDA) holds. O

Lemma 1 leads to a straightforward algorithm for testingamemtial ambiguity.

Theorem 4. Let A be a trim e-cycle free finite automaton. It is decidable in time
O(|A|%) whetherA4 is exponentially ambiguous.

Proof. The algorithm proceeds as follows. We compute and, using a depth-first
search of42, trim it and compute its strongly connected componentsllofs from
Lemma 1 thatd is exponentially ambiguous iff there is a strongly connéci@mponent
that contains two states of the forfp, p) and (q,¢’) with ¢ # ¢'. Finding such a
strongly connected component can be done in time linearénsthe of A2, i.e. in
O(|A|%) sinceA andA? are trim. Thus, the complexity of the algorithm istr| A |?).

O

Testing the (IDA) property requires finding three paths sttgthe same label idl. This
can be done in a natural way using the automatdr= A N A N A, as shown below.

Lemma 2. Let A be a trime-cycle free finite automatont satisfiegIDA) iff there exist
two distinct stateg andgq in A with a none pathin4? = An AN A from state(p, p, q)
to state(p, ¢, q).

Proof. Assume thatd satisfies (IDA). Then, there exists a stringe X* with three
pathsm, € P(p,v,p), m € P(p,v,q) andws € P(q,v,p). Since these three paths
share the same labe| they are matched by intersection resulting in a patin A3
labeled withv from (p[m1], p[ma], plms]) = (p, p, ¢) t0 (n[m1], nlme], nlms]) = (p, ¢, @)
Conversely, if there is a noapath« form (p, p, q) to (p, ¢, q) in A3, it has been
obtained by matching three paths, 7, andrs in A with the same input = i[r] # e.
Thus, (IDA) holds. a

Finally, Theorem 4 and Lemma 2 can be combined to yield tHewahg result.

Theorem 5. Let A be a trim e-cycle free finite automaton. It is decidable in time
O(|A|3,) whetherA is finitely, polynomially, or exponentially ambiguous.

Proof. First, Theorem 4 can be used to test whethés exponentially ambiguous by
computingA42. The complexity of this step iI©(| A|%).

If A is not exponentially ambiguous, we proceed by computingtenaming A3
and then testing whethet® verifies the property described in lemma 2. This is done
by considering the automatds on the alphabel’ = X U {#} obtained fromA4? by
adding a transition labeled k¥ from state(p, ¢, ¢) to state(p, p, ¢) for every pair(p, q)
of states inA such thaip # q. It follows that A® verifies the condition in lemma 2 iff
there is a cycle irB containing both a transition labeled Byand a transition labeled



by a symbol inX. This property can be checked straightforwardly using aldépst
search ofB to compute its strongly connected components. If a stronghnected
component of3 is found that contains both a transition labeled wiland a transition
labeled by a symbol itt, A verifies (IDA) but not (EDA) and thusl is polynomially
ambiguous. Otherwise] is finitely ambiguous. The complexity of this step is linear i
the size ofB: O(|B|g) = O(|Ag|® + |Ag|?) = O(|Ag|?) sinceA andB are trim.

The total complexity of the algorithm B(|A|% + |A[3,) = O(|A]3,).

When A is polynomially ambiguous, we can derive from the algoritfust described
one that computes dpa).

Theorem 6. Let A be a trime-cycle free finite automaton. K is polynomially ambigu-
ous,dpa A) can be computed in tim@(|A|%,).

Proof. We first computed® and use the algorithm of theorem 5 to test whethds
polynomially ambiguous and to compute all the p&jrsy) that verify the condition of
Lemma 2. This step has complex®y(|A|%).

We then compute the component graplof A, and for each paifp, ¢) found in the
previous step, we add a transition labeled witrom the strongly connected compo-
nent ofp to the one ofy. If there is a path in that graph containidgdges labeled by
#, then A verifies (IDA;). Thus, dpé4) is the maximum number of edges marked by
# that can be found along a pathéh SinceG is acyclic, this number can be computed
in linear time in the size of/, i.e.in O(|A]3)). Thus, the overall complexity of the al-
gorithm isO(]A[3,). O

5 Application to the Approximation of Entropy

In this section, we describe an application in which detaimngj the degree of ambigu-
ity of a probabilisticautomaton helps estimate the quality of an approximatioitsof
entropy.

Weighted automata are automata in which each transitioiesasome weight in
addition to the usual alphabet symbol. The weights are eltsred a semiring, that is a
ring that may lack negation. The following is a more formdiwi&on.

Definition 3. A weighted automatoni over a semiring(K, ®, ®,0,1) is a 7-tuple
(X,Q,1,F,E, )\ p) where: X is the finite alphabet of the automatof, is a finite
set of states/] C (@ the set of initial statesf’ C @ the set of final statesly C

Q x Y U{e} x K x Q afinite set of transitions) : I — K the initial weight function
mapping/ to K, andp : F' — K the final weight function mapping to K.

Given a transitiore € F, we denote bywle] its weight. We extend the weight function
w to paths by defining the weight of a path as theroduct of the weights of its
constituent transitionso[r] = wle1]®- - -@w[ex]. The weight associated by a weighted
automatonA to an input stringe € X* is defined by:

[Alz)= D  Aplrl] © wlx] @ plnl]]. @)

weP(I,x,F)



The entropyH (A) of a probabilistic automatod is defined as:

H(A) = - > [A](z)log([A](x)). (3)

reX*

LetK denotg RU{ o0, —0c0}) x (RU{+00, —c0}). The systeniK, @, ®, (0, 0), (1,0))
where® and® are defined as follows defines a commutative semiring catieen-
tropy semiring2]. For any two pairgz, y1) and(za, y2) in K,

(z1,91) @ (z2,92) = (21 + T2, Y1 + y2) (4)
(z1,91) @ (z2,92) = (T172, T1Y2 + T2Y1)- 5)

In [2], the authors show that a generalized shortest-distatgorithm over this semir-
ing correctly computes the entropy of an unambiguous pritiseautomatonA. The
algorithm starts by mapping the weight of each transitioa fwair where the first el-
ement is the probability and the second the entrapy] — (wle], —wle] logwle]).
The algorithm then proceeds by computing the generalizedest-distance under the
entropy semiringwhich computes thes-sum of the weights of all accepting paths in
A.

In this section, we show that the same shortest-distanceitiig yields an approx-
imation of the entropy of an ambiguous probabilistic auttonal, where the approxi-
mation quality is a function of the degree of polynomial agutiiy, dpg A). Our proofs
make use of the standard log-sum inequality [3], a specid o& Jensen’s inequality,

which holds for any positive reals, . . ., ar, andby, . .., by:
k k k
a; E»_ Q;
Z a;log — > <Z ai> log &=4=1—. (6)
i=1 bi i—1 > iz bi

Lemma 3. Let A be a probabilistic automaton and let € X+ be a string accepted
by A onk pathsry, ..., 7. Letw(;) be the probability of pathr;. Clearly, [A] (z) =
¥ w(m). Then,

k
> w(m) logw(m;) > [A](x)(log[A](z) — log k). (7)

i=1

Proof. The result follows straightforwardly from the log-sum inedjty, with a; =
w(m) andb; = 1:

- - S w(m)
> w(m) logw(mi) > <Zw(m)> log SEL——= = [A](x)(log[A](x) — log k). (8)

i=1 i=1
O
For a probabilistic automatas, let S(A) be the quantity computed by the generalized

shortest-distance algorithm with the entropy semiring.d&ounambiguous automaton
A, S(A)=H(A)[2].



Theorem 7. Let A be a probabilistic automaton and |ét denote the expected length
of strings accepted byl (i.e. L = 3" v |z[[A](x)). Then,

1. If A is finitely ambiguouswith degree of ambiguity (i.e. da(A) = k for some
k €N), thenH(A) < S(A) < H(A) + logk.

2. If Aispolynomially ambiguousiith degree of polynomial ambiguiky(i.e.dpa A) =
k for somek € N), thenH (A) < S(A) < H(A) + klog L.

Proof. The lower boundS(A4) > H(A) follows from the observation that for a string
x that is accepted il by k pathsry, ..., 7,

k k
Zw ;) log(w ) log( Zw 9)
i=1 =1

Since the quantity- Ele w(m;) log(w(m;)) is stringz’s contribution toS(A) and the
quantity—(Zf:1 w(m;)) 1og(Zf:1 w(m;)) its contribution toH (A), summing over all
accepted strings, we obtainH (4) < S(A).

Assume thatd is finitely ambiguous with degree of ambiguity Letxz € X* be a
string that is accepted dp < k pathsry,...,m,. By Lemma 3,

I\M;v

lz

S w(rm) log w(m) > [Al(z) (og[Al(z) — logL) > [A](@)(log[A](x) — log ). (10)

Z Z w(m) logw(m;) < H(A) + Z (log K)[A](z) = H(A) + log k. (11)
xEX* i=1 reX*
This proves the first statement of the theorem.
Next, assume thad is polynomially ambiguous with degree of polynomial ambi-
guity k. By Lemma 3,

lo

> w(mi)logw(mi) > [A](z)(log[A] () - log l) > [A](z)(log[A] (z) — log(|z|")). (12)

i=1

Thus,
S(A) < H(A)+ Y k[A](z)log || = H(A) + kEa[log |]] (13)
reX*
< H(A)+ klogE[|z|]] = H(A) + klog L, (by Jensen'’s inequalily
which proves the second statement of the theorem. a

The quality of the approximation of the entropy of a probigbid automatom depends
on the expected length of an accepted string. can be computed efficiently for an
arbitrary probabilistic automaton using tegpectation semiringnd the generalized
shortest-distance algorithms, using techniques sindléng ones described in [2]. The
definition of the expectation semiring is identical to thérepy semiring. The only
difference is in the initial step, where the weight of ea@msition inA is mapped to a
pair of elements. Under the expectation semiring, the nmapisiw|e] — (wle], wle]).



6 Conclusion

We presented simple and efficient algorithms for testindittige, polynomial, or expo-
nential ambiguity of finite automata withtransitions. We conjecture that the running-
time complexity of our algorithms is optimal. These algomiis have a variety of ap-
plications, in particular to test a pre-condition for thepbgability of other automata
algorithms. Our application to the approximation of therepy gives another illustra-
tion of the applications of these algorithms.

Our algorithms also illustrate the prominent role playectos general algorithm
for the intersection or composition of automata and transtiiwithe-transitions in the
design oftesting algorithmsComposition can be used to devise simple and efficient
testing algorithms. We have shown elsewhere how it can bettosest the functional-
ity of a finite-state transducer or to test the twins prop&tyweighted automata and
transducers [1].
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