A DUAL-PRIMAL FETI METHOD FOR
INCOMPRESSIBLE STOKES EQUATIONS

JING LI*

Abstract. In this paper, a dual-primal FETI method is developed for incompressible Stokes
equations approximated by mixed finite elements with discontinuous pressures. The domain of the
problem is decomposed into nonoverlapping subdomains, and the continuity of the velocity across
the subdomain interface is enforced by introducing Lagrange multipliers. By a Schur complement
procedure, solving the indefinite Stokes problem is reduced to solving a symmetric positive definite
problem for the dual variables, i.e., the Lagrange multipliers. This dual problem is solved by a
Krylov space method with a Dirichlet preconditioner. At each step of the iteration, both subdomain
problems and a coarse problem on the coarse subdomain mesh are solved by a direct method. It is
proved that the condition number of this preconditioned dual problem is independent of the number
of subdomains and bounded from above by the product of the inverse of the inf-sup constant of
the discrete problem and the square of the logarithm of the number of unknowns in the individual
subdomain problems. Illustrative numerical results are presented by solving a lid driven cavity
problem.
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1. Introduction. The finite elment tearing and interconnecting(FETI) methods
were first proposed by Farhat and Roux [4] for elliptic partial differential equations.
In this method, the spatial domain is decomposed into nonoverlapping subdomains,
and the interior subdomain variables are eliminated to form a Schur problem for the
interface variables. Lagrange multipliers are then introduced to enforce continuity
across the interface, and a symmetric positive semi-definite linear system for the
Lagrange multipliers is solved by using the preconditioned conjugate gradient (PCG)
method. This method has been shown to be numerically scalable for second order
elliptic problems if a Dirichlet preconditioner is used. Thus, Mandel and Tezaur [9]
have proved that the condition number grows at most as C(1+log(H/h))? both in two
and three dimensions, where H is the subdomain diameter and h is the element size.
Klawonn and Widlund [7] proposed new preconditioners of this type and proved that
the condition numbers are bounded from above by C(1 + log(H/h))?; these bounds
are also independent of possible jumps of the coefficients of the elliptic problem.

For fourth-order problems, a two-level FETT method was developed by Farhat and
Mandel [5]. The main idea in this variant is that an extra set of Lagrange multipliers
should be used to enforce the continuity at the subdomain corners in every step of the
PCG algorithm. A similar idea was used by Farhat et al [6] to introduce the Dual-
Primal FETI (FETI-DP) methods in which the continuity of the primal solution is
enforced directly at the corners, i.e., the values of the degrees of freedom at the vertices
of the subdomains remain the same. In [6], the FETI-DP methods were further
refined to solve three-dimensional problems by introducing Lagrange multipliers to
enforce a continuity constraint for the average of the solution on interface edges.
This set of Lagrange multipliers, together with the corner variables, form the coarse
problem of this FETI-DP method. This coarse, primal problem is necessary to obtain
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a satisfactory convergence rate for this method. A convergence analysis of dual-primal
FETI methods was given by Mandel and Tezaur [10] for two-dimensional problems
and by Klawonn et al. [8] for three dimensions.

In this paper, we develop a dual-primal FETI method for the Stokes problem in
two dimensions and give a convergence analysis. In contrast to elliptic problems, the
Stokes equation is an indefinite problem which involves pressure variables to impose
the incompressibility condition for the velocity. In our algorithm, the pressure space
is decomposed into two orthogonal parts; we exclusively deal with finite element ap-
proximations which use discontinuous pressures. The first part consists of subdomain
interior pressures with zero average on each subdomain, and the second is spanned
by the subdomain constant pressures with one average pressure for each subdomain.
The velocity space is decomposed into three parts, the velocities interior to the subdo-
mains, the velocities at subdomain corners and the velocities on the remaining part of
the interface. By using this decomposition of the solution space, solving the original
Stokes problem is replaced by solving subdomain Stokes problems, with a continuity
constraint of the velocity field across the subdomain interface. The continuity of the
velocities at the subdomain corners is enforced directly in our algorithm, the continu-
ity of the velocities across the remaining interface is enforced by introducing a set of
Lagrange multipliers, and the continuity of a weighted average of the velocities across
each interface edge is enforced by using an additional set of Lagrange multipliers. By
reducing the problem to a Schur complement, we obtain a symmetric positive definite
problem for the dual variables, i.e., the first set of Lagrange multipliers. This dual
problem is solved by an iterative method, either GMRES or the conjugate gradient
method, with a Dirichlet preconditioner. We note that the additional set of Lagrange
multipliers are important here because on the one hand it augments the corner veloc-
ities and the subdomain constant pressures to form a inf-sup stable coarse problem
which is solved directly at each step of the iteration, and on the other hand it en-
sures that the subdomain Dirichlet Stokes problems, solved in the preconditioning
procedure, are always compatible.

The remainder of this paper is organized as follows. In section 2, the Stokes prob-
lem is described in brief, and the domain decomposition method based on a decom-
position of the solution space is proposed. The preconditioned augmented FETI-DP
algorithm is derived in section 3. In section 4, an equivalent form of the algorithm is
given in preparation of the convergence analysis, and an upper bound of the condition
number of the algorithm is proved. In section 5, numerical experiments are presented
for a lid driven cavity problem on a square.

2. Stokes problem and domain decomposition method. We are solving
the following Stokes problem on a two-dimensional, bounded, polyhedral domain €2,

—Au+Vp =f, inQ
-V-u =0, inQ (1)
u =g, ondQ,

where the boundary velocity g satisfies the compatibility condition |, 508 =0
The equivalent variational problem is to find the velocity u € W and the pressure
p € II such that,

{ (vuv VV)Q - (p;v : V)Q = (fv V)Q) Vv € (H&(Q))2 (2)
—(V-u,q)a =0, Vgell,



where W = {u € (H'(Q))? |u=gon 00}, I = {p € L*(Q) | [, p = 0}, and where
(.,.)a denotes the inner product in L?(Q).

The domain Q is decomposed into N non-overlapping polyhedral subdomains 2’
of characteristic size H. On each subdomain, function spaces W* and II* are defined
as, W = {u’ € (H'(29))? | 0’ = g on 0Q' NN}, II* = {p' € L*() | [ p" = 0}.
The subdomain interface is defined as I' = (U9Q)\ 092, and the interface edge I'*J =
00! N QY is given for any two neighboring subdomains Q! and Q7. If we require
that the subdomain velocities be continuous across I', then the variational problem
(2) can be formulated as the following subdomain variational problems on a subspace
of W x II: find u’ € W¥, p’ € IT?, and p, € Iy, such that

(Vu', Vvi)oi — (0" +ph, V- v)ai = (f',v)ai, W' e (H(Q))?
—(V - u’, qf)Qi =0, Vq' € I (3)
—(V -, qf)qi =0, Vgo € Ilp ,

where the subdomain velocities, u?, are required to be continuous across the subdo-
main interface I', and Iy = {po; po(Q?) = p, >, (pim(Q%)) = 0} is a space for the
subdomain constant pressures with m(Q?) the measure of the subdomain Q¢.

Each subdomain Q is triangulated into shape-regular elements of characteristic
size h, with the finite element nodes on the boundaries of the neighboring subdomains
matching across the interface I'. A stable mixed finite element method is chosen for
each subdomain saddle point problem. In our experiments, we are using the inf-
sup stable Py(h) — Pp(2h) finite elements; see Brezzi and Fortin [3]. The velocities
are continuous piecewise linear functions on a triangular mesh of size h, and the
pressures are piecewise constant (discontinuous) functions on a coarser mesh of size
2h. If we denote the subdomain interior velocities, of the subdomain Q?, by u’ and
the subdomain interface velocities by u&, then the discrete linear system for solving
problem (3) can be written as:

Arr Brir Amr Bpo uy fr

Bl;, 0 Bf 0 pr | _ |0 )
AT, Brr Arr Brg ur | | fr ’

B, 0o BL o0 Do 0

where uy, pr, and ur are direct sums of u¥, pt, ul, respectively, for i =1,2,...,N. Tt
follows from the divergence theorem that By, = 0.

In this paper we make no distinction, in our notations, between a finite element
function and the corresponding vector, for example, u’ is used to denote either a finite
element function or the corresponding vector, and the same applies to the notations
Wi T, T, etc.

It still remains the problem of how to handle the continuity of the subdomain
interface velocity ur across I'. Denote Wr as the function space of ur, and Wr is
decomposed into a subdomain corner velocity part W, and the remaining boundary
velocity part Wy, i.e.,

Wr=W.eWa .

The continuity of the element in W, is enforced directly, i.e., the degrees of freedom at
a cornerpoint are common to all subdomains sharing this corner. WA is decomposed
into a direct sum of subdomain boundary velocity spaces W}, i.e.,

Wa = a,Wi |
3



and the continuity constraint is of the form
Bawa = 0,for any wa € Wa , (5)

where the matrix B is constructed from {0,1,-1} such that the values of wa coincide
across the subdomain interface I' when Bawa = 0. We also introduce a redundant
continuity constraint of the form

QLiBawa =0, for any wa € Wa | (6)

which will be enforced at each iteration step of our algorithm, while the equation (5)
is not satisfied until convergence. The matrix @A, in equation (6), is constructed such
that, for any function wa € Wa, QX Bawa = 0 implies that,

/__(wiA—ij):o
i

for any edge I'/ between two neighboring subdomains Q% and /. We note that the

matrix notations Ba and QA can also be used to denote the corresponding operators.
By introducing Lagrange multipliers A and p to enforce the continuity constraint

equations (5) and (6) for the functions in Wa, equation (4) can be written as

Arr Brir Aia A 0 0 0 uy fr
B, o BYL, B, 0 0 0 pr 0
AT, Bar Aaan Aa. Bao BiQa BX% up A
AT By AL Aew Bo 0 0 w =& |. @
o o BL BT 0 o0 o 0
0 0 QIBa 0 0 0 0 ’ 0
0 0 Ba 0 0 0 0 A 0

In the following section, we propose an augmented FETI-DP method for solving
equation (7).

3. The augmented FETI-DP algorithm. In Section 2, two sets of Lagrange
multiplies A, u were introduced to enforce the continuity of the velocity across the
interface I, and equation (7) was formed. In fact, p is redundant because Baua = 0
implies QX Baua = 0. But in our algorithm, A\ and p are treated differently. We
iterate on the dual problem variable A\, and the continuity condition Baoua = 0 is
not satisfied until convergence. The Lagrange multiplier u, on the other hand, is
treated together with the primal variables and it augments the corner velocities to
form the coarse problem variables, together with the subdomain constant pressures
po. By solving the augmented coarse problem exactly in each step of the iterations,
QL Baua = 0 will be satisfied throughout.

By using the notations

uy U,
ﬁ?" = pr ) ﬁC = Po ’ (8)
uaA N
equation (7) can be written as,
K, K,. BT i, f,
K K. 0 a | =1 f |, (9)
B, 0 0 A 0



where K., K, KCC,Br,f'r, and f'c, are the corresponding block matrices and block
vectors.

Our algorithm results from two consecutive elimination procedures applied to
equation (9). We first eliminate the subdomain variables @1, and obtain

[(cc f(cl l~1c _ f‘c*
(ki ) (5)=(5) a

Ke=Ke—-K!K'K,., Ky=-B.K;'BY, K,=-KLK;'BT

r r o

where

and
f: =f.- KLK'f,, d=-BK'f, .

We then eliminate 6. from equation (10), and obtain a linear system for the Lagrange
multipliers A,
(f(”—[(g;f(;lkd)kzdl —f(g;[(c_clf‘: . (11)

Our preconditioned augmented FETI-DP algorithm solves equation (11) with a
preconditioned CG or GMRES method to obtain A, and we then obtain @, and @, from
equations (10) and (9). The preconditioner involves solving subdomain incompressible
Stokes problems with Dirichlet boundary conditions and will be discussed in the next
section.

We note that K;rl, K'”, K'Cl and K’g; require subdomain Dirichlet solvers with
the corner velocities given. If a stable mixed finite element method is used for each
subdomain, then we know that these problems are stable. Applying K ! to a vector
requires solving a coarse problem with the corner velocities, the subdomain constant
pressures, and the Lagrange multipliers p as variables. Solving this augmented coarse
problem is similar to solving a Stokes problem on the coarse subdomain mesh by
using the stable 2 — Q0 mixed finite elements. Numerical evidence shows that this
augmented coarse problem satisfies a discrete inf-sup condition.

4. Convergence analysis. Preparing for our convergence analysis, we derive
equation (11) in another way. We reorder the unknowns in equation (7) to obtain

Arr B A 0 0 Ara 0 uy fr

B, 0 BL o0 0 BY, 0 pI 0

AT By A. Bg 0 AT o u, f,
0 o0 BT o0 o  BL, o w | =] 0 (12)
0o 0 0 0 0  Q%Ba 0 s 0

AT\ Bar Aa. Bao BiQa Aan B} up fa
0 0 0 0 0 Ba 0 A 0

Define a subspace WA of W as,
WA = {WA € Wa | QXBAWA = 0} .

Solving (12) is then equivalent to solving the following problem: find ua € WA, A€
A = Range(BAW ), such that

E)-(5) e
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where the Schur complement S is defined by

Arr Brr A 0 Apa uy 0

B}} 0 B Z} 0 BZ I Pr 0

AT B, A, Bo AL w | =10 (14)
o o BL o B, ™ 0

AT, Bar Aac Bao Aaa ua Sua

We can show that the Schur complement S defined in equation (14) can also be defined
variationally on Wa: for any ua € Wa

uASua = minmin max{v’ Kv | vao = ua and BYv. + BX,va = 0}, (15)
vI Ve pr
where
Aé[ B[[ A¥ Ag“A \J}
k- | B0 BL oBL | | om
A;. B A Aj, ’ Ve
ATa Bar Aac Aan va

LEMMA 1. S is symmetric, positive definite on WA. R
Proof: Tt is easy to see, from the definition (14) , that S is symmetric. We next

just need to show that (Sua,ua) > 0, for any nonzero function un € Wa. For any

given function ua € W, there is a vector (ur, pr,u., po, ) such that equation (14) is
satisfied. Therefore,

(Sua,up) = uk Sup

w \" [/ Ay B A 0 A ur
pr B?I 0 BZI 0 BZI pPr
= Uc A}‘c B.r A, B AZC Uc
Do 0 o BL o0 B, Do
ua AT, Bar Aa. Bao Aaa ua
w \" [ A A A uy
= u. A?E Ace AZC u,
ua A?A Aae  Aan ua
T u T
() (05 s ) (= )+ () (5 0) ()
Do 0 Bl Bjxg s Do 0 0 Do
w \" [ Ay A A uy
= Uc A}‘c ACC Agc u. )
ua ATn Aac Aan ua

where the last equality results from Bf;ur+BLu.+B%ua = 0and BLu.+Biua =
0, because the vector (ur,pr, u., po,ua) satisfies equation (14) . Since the matrix

Arir o Are Ara
A?c ACC Agc
AT Aa. Aan
is just a symmetric positive definite discretion of a direct sum of two Laplace operators,
we find that (Sua,ua) > 0, for any nonzero function up € Wa.
6



O

We therefore know, from Lemma 1, that the equivalent problem (13) can be

reformulated as a minimization problem over WA, with the constraints given by

the continuity requirement of the velocity across the subdomain interface I': find
up € WA, such that

1 ~
§(SUA,UA) — (fA,ua) = min , with Baua =0 . (16)

Equation (13) can be further reduced to a linear system for the Lagrange multi-
pliers A\, which is of the form,

FA=BaS7'fx, (17)

where F' = BAS™'BY. F is symmetric positive definite because we are using nonre-
dundant Lagrange multipliers and the matrix BX has full column rank. It is also easy
to see that equation (17) is the same as equation (11).

We solve the dual system (17) using the preconditioned conjugate gradient method
or GMRES with the preconditioner

M~ = BASABYL ,
where Sa is defined as

uk Saua = min maX{VTKv | va = ua and v, =0}, (18)
vr pr

or in matrix form,

Arr B Aia ur 0
Bf; 0  BX, br =10 : (19)
AT, Bar Aaa ua Saua

Then the preconditioned system is,
BASABYBAST'BYXN = BASABLIBAST fX (20)

In order to use the conjugate gradient method for this preconditioned system (20),
we have to show that the preconditioner M ' is symmetric positive definite. In  fact
we just need to show that Sa is symmetric positive definite on the space BZBAWA,
because Sa is always applied to a vector in this space. We need the following lemma,

LEMMA 2. For any function wa € Wap, BZBAWA € Wy, and BZBAWA
satisfies: fQ V- (BZBAWA)Z =0, for any subdomain )'.

Proof: Given a function wa € Wa, we know that Q4 Bawa =0, i.e., fFi‘j (wiy —
w’ ) = 0, for any edge I'"/ common to the neighboring subdomains Q' and /. By
using

(BABawa)’

rig — wWhlris)

rij = £(Wh

we have

/ (BXBawa) =0 (21)
i
7



In the same way, we have [ ;(BABawa)’ =0, and therefore we obtain that
/_ ((BABawa)' — (BABawa)’) =0 .
I

Therefore Q4 BA(BXBawa) =0, and By Bawa € WA.

To prove fQ V- (BZBAWA)Z = 0, we just need to use the divergence theorem
and equality (21), and it follows,

/ V- (BLBawa)' :/ (BiBawa)' -n=Y"[ (BiBawa) -n* =0.
Qi o0t P Té.d

O
LEMMA 3. Sa is symmetric positive definite on the space BZBAWA .

Proof: We first need to show that Sa is well defined on the space BZBAWA.
From its definition in equation (19), we see that to apply Sa to a vector of the
form BZBAWA, where wa € WA, is reduced to solving subdomain incompressible
Stokes problems with BZBAWA as the given subdomain boundary velocities. For
these subdomain Dirichlet problems to be well posed, B Bawa has to satisfy the
compatible condition, fQ V- (BZBAWA)Z = 0, in each subdomain Q?, which has just
been proven in Lemma 2. Therefore, Sa is well defined.

Then, by arguments similar to those in the proof of Lemma 1, we find that Sa is
symmetric positive definite on space B BAWa.

O

LEMMA 4. |B£BAWA|§ < |B£BAWA|5A, for any wa € WA.

Proof: If we can prove that BY,(BXBawa) = 0, for any wa € WA, then the
constraints in equation (18), va = BZBAWA and v, = 0, implies the constraints
va = BIBawa and BYv. + BL,va = 0 in equation (15). It then follows that
wh BYBASBXBawa < wiBXBaSABYBawa.

In order to show that BL,(BXBawa) = 0, we just need to note that the restric-
tion of BY,(BXBawa) to any subdomain Q7 is just [,; V - (BABawa)’, which is
zero according to Lemma 2.

O

In the remainder of this section, we give an upper bound for the condition number
of the operator M ~'F. We start by introducing some notations as in Mandel and
Tezaur [10]. We denote by E® the operator that extends a vector of values of the
degrees of freedom on I'*/, excluding the corners, by zero to a vector on 9Q¢. Let &
be the set of all indices of the neighbors Q7 of the domain ! with a common edge
I'“J. Denote by V},(Q2%) the linear finite element space on the subdomain Q¢ and by S¢
the Schur complement on 9 obtained by eliminating the interior degrees of freedom
in the subdomain Q, i.e.,

. T . . .T . . . .
i i1 _ . . ) i B 1 i 1
uj . S'ujp . =mingimax, {v\ K'v' | v}, =uj},

where K is the block corresponding to subdomain Q in the matrix K introduced in
equation (15), and uj , denotes the vector u}y + uf.

The following well-known estimate can be found in Widlund [12], and Bramble
et al. [1]. Here we are using the version in Mandel and Tezaur [10].

8



LEMMA 5. Let w € V() such that w = 0 at the corners of Q. Let wy, € Vi, (QY)
be linear on all edges T3 C Q) and for each j € £ let w™7 be defined by w = w on
% and by wh =0 on ON\THI. Then

. H
Z |wl’]|%/2,2,89i <C(1+ loflg)zhﬂ + wL|%/2,2,8Qi :
jeEs

The following lemma can be found in Bramble and Pasciak [2],
LEMMA 6.

Clﬁ|uA,c

si < |uacliz2,00i < Coluaclsi ,

where (3 is the inf-sup constant of the chosen mized finite element space.
LEMMA 7. For every wa ., and for all i, and j € £,

| BV (wh — 1TTw)

1 H ..
gi < C’B(l+logﬁ)2|w2’6 5 ,8=1,],

i is the linear interpolant of w' on the subdomain boundary.
Proof: Write wa . = (Wa e — Ifw.) + Ifw,. It follows from Lemma 5 that

where THwt

B (w — T 90 < O+ Tog T WA o 2.0 -
By using the uniform equivalence of the seminorms,
|V|1/2,2,89i ~ |V|1/2,2,8Qj7 if v.=0o0ndQ'uU 8Qj\ri’j )
we have
|Ei’j (WA — [Hwi)|?/2,2,aﬂi <01+ loy%)2|wz,c|%/2,2,ama $=1,7,

and we then obtain from Lemma 6

2

ﬂ|E’Z’J(WSA—IHWZ) Ss 7S:iaj .

H S
e < C(1+logo PIwa .

We next prove the following key estimate.
LEMMA 8. For all wa € Wa,

1
B

where C' > 0 is independent of H and h.
Proof: Given wa € W, we know from the definition of S in equation (14) that
we can find w, such that

|BABawAlS, < C=(1+log(H/h))?Iwal%

N
wale =) Iwh,.
i=1
9

2,
si -




It is also true that BYBawa = BIBa(wa — Wwa), for any function Wa which is
continuous across the subdomain interfaces. If we choose wa as I”w., the linear
interpolant of w. on the coarse subdomain grid, we have

|BXBawal%, =|BXBa(wa —wa)l3,
= |BYBa(wa — IHWC)|2SA

N .
= Zi:l |VlA,c 2

Si

with
Ve =vh+v,
where
vl = BIBa(wa — I7w,.), and vi =0 .

Using the definition of E*/, v, . can be written as,

_ 4,0 0
- Y B

JEEI
and from (BYBawa)i|pii = £(Wi|pis — W |pi), we have
< Zjegi EmViA Si
= Y jesi |E”BTBA(WA w.)|s:
< Zje&'( E 7]( - IHWC) si + |EZ’J( - IHWC) Sl) :

By using Lemma 7, we have

1
2. <C=
=5

|ViA,c %‘i + |W]A,c|25f) )

H .
(1+1og7 ) 3 (IWh o

jegi
and therefore

2

|BABawals, = vall Al N
(1 + lOQ(H/h))2 D iz 2peei(
N i
(1 +log(H/h))?* > i, Wi . %
(1 +log(H/h))*|wal

Wiels 1WA [55)

where C' > 0 is independent of H and h.
O
We are now in the position to prove our main result.
THEOREM 1. The condition number of the preconditioned augmented FETI-DP
algorithm (20) satisfies,

H
(14 log=—)?

cond(M~'F) < C h)

| =

where C is independent of H and h.
Proof: We will show that

AINTMA<ATFA < C%(l + log%)z/\TM)\ ,VAEA.

10



Lower bound: From Klawonn et al. [8] or Mandel and Tezaur[10], we have

2
MNF) = max_ 7“)\’ BA‘;A”
0AVAEWA |VA|5~

From Lemma 2, we know that BZBAWA - WA, and from Lemma 4 we know that
|[wals < |wals, for all wa € BZBAWA. Since BABZ =41, we have

\,BABLB 2 \ B 2
NPA S max  LBaBABaws)F o [ Baws)P
0AWAEW A |BABAWA|5 0£WAEWA |BABAWA|5A

Since for any v € A there is a wa € WA such that v = BAwa, we have

ATEA > 4 IO
~ IBRvE,
Choosing v = M A, we find
2 2 2

IBXMAZ, — ATMTBASABIMA — ATMA

Upper bound: Using Lemma 8, we have

2
ATEN = max_ (A’BAUZA)
0£AVAEWA |VA|5
2
< Cl(l—klogg)2 max_ %
B h™ ozvacwa IBABavalg,
1 H ()\ BAVA)2
= C=(1+1log=—)?> max ’
ﬂ( an ) 0tvacWa (M™TBava, Bava)
1 H (\,v)?
= —_1 )2 _ T
Cﬂ( +log h) VER (M~1v,v)
1 H
= C=(1 (M .
CL(1+log T (4

O

5. Numerical results. We have tested our algorithm by solving a lid driven
cavity problem on the domain @ = [0,1] x [0,1], with £ = 0, g, = 1,¢9, = 0 for
z € [0,1],y = 1, and g = 0 elsewhere on the boundary. We have used both GMRES
and CG to solve the preconditioned linear system (20), as well as the nonprecondi-
tioned linear system (11). The initial guess is A = 0 and the stopping criterion is
lIrkll2/]Iro||2 < 1076, where 7y, is the residual of the Lagrange multipliers at the k-th
iteration.

Figure 1 gives the number of GMRES iterations for different number of subdo-
mains with a fixed subdomain problem size H/h = 8, and for different subdomain
problem size H/h with 4 x 4 subdomains. We see, from the left figure, that the
convergence of the augmented FETI-DP method, with or without a preconditioner,
is independent of the number of subdomains, while the preconditioned version needs
less iterations. The right figure shows that the GMRES iteration count increases, in
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both the preconditioned and the nonpreconditioned cases, with the increase of the
size of subdomain problem, but that it is growing much slower with the Dirichlet
preconditioner than without.

Similar tests were also carried out with a conjugate gradient method, and the
results are shown in Figure 2. It is interesting to see that for smaller problem, the
nonpreconditioned algorithm behaves better, but for bigger problem the precondi-
tioned version becomes advantageous. The reason is that the condition number of
the preconditioned problem is bounded from above by the square of the logarithm of
H/h, while the condition number of the nonpreconditioned problem is expected to be
bounded only by a linear function of H/h.

In Figure 3, we demonstrate that the coarse saddle point problem in the precondi-
tioner procedure is inf-sup stable, which means that the inf-sup constant of the coarse
problem is bounded below from zero, with the increase of the size of the problem.

Acknowledgments. The authur is grateful to Olof Widlund for proposing this
problem and giving many helpful suggestions.
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GMRES iterations

CG iterations

F1G. 1. GMRES iterations counts for the Stokes solver vs. number of subdomains for H/h = 8
(left) and vs. H/h for 4 x 4 subdomains (right)
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F1G. 2. CG iterations counts for the Stokes solver vs. number of subdomains for H/h = 8 (left)
and vs. H/h for 4 x 4 subdomains (right)
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