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Abstract

Raviart-Thomas finite elements are very useful for problems posed in H(div)
since they are H (div)-conforming. We introduce two domain decomposition meth-
ods for solving vector field problems posed in H(div) discretized by Raviart-
Thomas finite elements.

A two-level overlapping Schwarz method is developed. The coarse part of the
preconditioner is based on energy-minimizing extensions and the local parts consist
of traditional solvers on overlapping subdomains. We prove that our method is
scalable and that the condition number grows linearly with the logarithm of the
number of degrees of freedom in the individual subdomains and linearly with the
relative overlap between the overlapping subdomains. The condition number of
the method is also independent of the values and jumps of the coefficients across
the interface between subdomains. We provide numerical results to support our
theory.

We also consider a balancing domain decomposition by constraints (BDDC)
method. The BDDC preconditioner consists of a coarse part involving primal
constraints across the interface between subdomains and local parts related to the
Schur complements corresponding to the local subdomain problems. We provide
bounds of the condition number of the preconditioned linear system and suggest
that the condition number has a polylogarithmic bound in terms of the number of
degrees of freedom in the individual subdomains from our numerical experiments

for arbitrary jumps of the coefficients across the subdomain interfaces.
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Chapter 1

Introduction

1.1 An Overview

In order to obtain the approximate solution of a certain partial differential
equation (PDE) numerically, we can use finite elements, finite differences, or other
schemes. After discretization, we often face a large, ill-conditioned, linear system
of algebraic equations. It is often hard to solve such a linear system by using
traditional direct methods due to the limitation of computing resources. Even
though we can apply iterative methods such as Krylov type methods, we will
need many iterations because of the large condition number. To avoid this, we
will introduce preconditioners which make the condition number and the iteration
count of the preconditioned linear system much smaller than that of the original
linear system.

The main role of domain decomposition methods is providing good precondi-
tioners. They typically involve solving one global coarse problem and many small

local subproblems. Both the coarse global problem and the local subproblems are



small compared to the original problem so that each problem may be handled
by exact solvers. We divide the original domain into often many subdomains,
to obtain local subproblems related to each subdomain, and use a coarse grid
for the coarse problem. We can also solve the local subproblems independently
and domain decomposition algorithms can therefore be implemented effectively on
parallel machines.

There are two major families of domain decomposition methods: overlapping
Schwarz methods with overlapping subdomains and iterative substructuring meth-
ods with nonoverlapping subdomains. In overlapping Schwarz methods, we can
begin with a set of nonoverlapping subdomains. We then enlarge each subdomain
by adding layers of elements. The local subproblems are defined on the extended
subdomains and the global problem is associated with the coarse meshes defined
by the subdomains.

The original overlapping Schwarz algorithms were originally developed for scalar
elliptic problems; see [61,67] and references therein. Later these methods have been
widely extended to various problems.

In iterative substructuring methods, we first reduce the original linear system
to a Schur complement system by implicitly eliminating the interior unknowns
of each subdomains. We then consider appropriate preconditioners for the Schur
complement system. Two main classes of iterative substructuring methods are
the balancing Neumann Neumann (BNN) type and the finite element tearing and
interconnecting (FETI) type algorithms; see [26-28,37,42].

There are many variants of the iterative substructuring methods. Among them,
balancing domain decomposition by constraints (BDDC) and dual-primal finite el-

ement tearing and interconnecting (FETI-DP) are currently the most important.



In this dissertation, we will mainly focus on BDDC methods. The BDDC methods,
introduced by Dohrmann in [18], are modified BNN methods with a global com-
ponent obtained by using primal continuity constraints. For a pioneering analysis,
see [43,44].

In this dissertation, we will consider two-level overlapping Schwarz methods
and BDDC methods for solving vector field problems. Overlapping Schwarz meth-
ods for vector field problems with constant coefficients were previously introduced
in [34,64]. Later nonoverlapping domain decomposition methods were considered
in [71] and BNN, FETI, and FETI-DP methods were developed in [63,65,66]. Other
methods, such as multigrid methods, have also been considered; see [3,32, 70].
While many iterative substructuring methods have been studied for discontinu-
ous coefficients cases, there has been little supporting theory for the overlapping
Schwarz methods until recently. For the purpose of handling the discontinuity of
the coefficients, we borrow the advanced coarse space techniques of [19,20] devel-
oped for almost incompressible elasticity. We also consider the BDDC methods

with various primal constraints.

1.2 Krylov Subspace Methods

The discretization of elliptic PDEs usually yields symmetric, sparse, and posi-
tive definite linear systems. As we noted earlier, direct methods often require too
much work and a huge memory, if the number of degrees of freedom is very large,
especially for 3D problems. Hence, we use iterative methods for solving such lin-
ear systems. Jacobi, Gauss-Seidel, and successive over-relaxation (SOR) methods

were introduced early as iterative methods. Later, techniques based on projection



processes were developed. Among them, Krylov subspace methods are the most
important and popular currently. We will consider the Krylov methods in this

section.

1.2.1 Overview of Krylov Subspace Methods

We consider the following linear system:

Au = f. (1.1)

The Krylov methods are based on a projection into a lower-dimensional Krylov

subspace which is given by

Kum(A,10) = span{rg, Arg, A%rg, -, A" 'ro}, (1.2)

where rg = f — Aug and ug is an initial guess. In other words, the approximate

solution obtained from a Krylov subspace method has the following form:

Tm = Xp —|—pm_1(A)7‘0, (13)

where p,,_1 is a polynomial of degree m — 1. There are various types of Krylov
subspace methods, e.g., conjugate gradient methods, Lanczos methods, and gen-
eralized minimal residuals. The methods chosen depends on the type of problems.
We will mainly consider the preconditioned conjugate gradient methods for solving

symmetric, positive definite linear systems in this dissertation.



1.2.2 The Conjugate Gradient Method

We consider the case where A is sparse, symmetric, and positive definite. The

conjugate gradient algorithm for solving (1.1) is given in Figure 1.1.

Initialize: rq := f — Aug, po := 70

Iterate k = 0,1, --- until convergence
ay = riry/pl Apy
Uk41 1= Uk + 0Dk
Tpe1 = Tk — QR Apg
Br = 7{+17”k+1/7"1?7’k

P41 = Tht1 + BkDk

Figure 1.1: Conjugate Gradient Algorithm

We define the A-norm and the error vector for the analysis of the convergence rate

of the conjugate gradient algorithms. The A-norm is defined as follows:
ul|% = u” Au

and the error vector e, is given by e, := u,, — u,, where u,, is from the algorithm
in Figure 1.1 and w, is the solution of (1.1). We then have the following error

estimate.

Lemma 1.2.1. Let A be a symmetric positive matriz. Then, the A-norm of the

errors for the conjugate gradient methods satisfy the following bound:

len ]l a VEA) -1\
leol @(W(A)H) | 14




where k(A) is the condition number of A in the 2-norm.

By Lemma 1.2.1, if the condition number of A is very large, the convergence
rate may be unsatisfactory. Hence, we introduce a preconditioner P, a symmetric

positive definite, and the following modified linear systems:

P 'Au=P7'f (1.5)

or

P7Y2AP~2y = P72 f 4 = PV, (1.6)

The preconditioned conjugate gradient algorithm is given in Figure 1.2 for

solving (1.5) or (1.6) instead of (1.1). For the preconditioned conjugate gradient

Initialize: rq :== f — Aug, 20 := P~ 1o, po := 2o

Iterate £k = 0,1, --- until convergence
T T
Qg 1= T 2K/ Dy ADk
Uk+1 = Ug + QP
The1 =T — QL ADy
A P—l
Rk+1 = Tk+1

B = Zl:cp+17’k+1/zlicp7“k

Di41 := Zk+1 + BDr

Figure 1.2: Preconditioned Conjugate Gradient Algorithm

algorithm, we have the following estimate.



Lemma 1.2.2. Let A and P be a symmetric positive matriz. Then, the A-norm

of the errors for the conjugate gradient methods satisfy the following bound:

leals _ o (VaPTA -1\
||eor|A<2<m+l> , (1.7)

where kK(P~YA) is the condition number of P~'A in the 2-norm.

If we find a preconditioner which makes the condition number of P~*A much
smaller than that of A, we will have a better convergence rate according to
Lemma 1.2.2. There are then extra costs associated with a matrix-vector product
with P~! and we have to make sure that the computational cost for this matrix-
vector multiplication should be cheap enough to save computing time.

It is usually very hard to obtain exact spectral information on a matrix. How-
ever, if we use a tridiagonal matrix related to the coefficients of the conjugate
gradient algorithm, we can obtain approximate eigenvalues. This information can
be used to estimate the condition number. We can construct the tridiagonal matrix

as follows:

1 ViBo
ap ag
VB 1 4 B VB
ap aq ag aq
Jm = YBioooe : (1.8)
a1
\/6m72
Qm—2
6m72 1 Bm—2
L QAm—2 QAm—1 Am—2

By considering the spectral information of J™ we can estimate the eigenvalues of
A. We note that extreme eigenvalues of J™ converge rapidly after a few iterations.

For more detail, see [57, Chapter 6.7].



1.3 Mixed Finite Element Methods

We consider mixed finite element methods in this section. Let V' and II be two
Hilbert spaces and a(-,-) : V' x V — R and b(+,-) : V x II — R be two continuous

bilinear forms:

a(u,v) < Clul|lv||v|v, Yu,v € V

b(v,p) < Cllolvlplln, Yo e V,p eIl

We consider the following variational problem to find v € V' and p € II:

a(u,v) +b(v,p) = F),YveV (1.9)

b(u,q) = G(q),Vq €I,

where F' € V' and G € II'.
Before we consider the existence and uniqueness of (1.9), we introduce a co-

ercitity and an inf-sup condition.

Definition 1.3.1. If there exists a positive constant o such that for all v € V,

allv||? < a(v,v), we call a(-,-) coercive.

Definition 1.3.2. b(-,-) has an inf-sup condition if b(-,-) satisfies the following

condition: there exists a positive constant 3 such that

b(w, p
Bllplln < sup P

,Vp € I1.
wev [[wlly

We note that the inf-sup condition is also called the Ladyzhenskaya-Babuska-

Brezzi condition.



We consider a closed subspace of V:
Z ={veV]|bv,q)=0,Vqell}. (1.10)

The following theorem determines the well-posedness of problem (1.9).

Theorem 1.3.1. If a(-,-) is coercive for all v € Z and b(-,-) satisfies the inf-sup

condition, then there exists a unique solution pair to (1.9).
Proof. See [7, Theorem 4.3]. O

In some cases, we need the following additional bilinear form:
c(-,) : I x IT— R, e(p,p) 2 0,Vp e Il
to consider a saddle point problem. The problem has the following form:

a(u,v) +blv,p) = F),YveV

b(u,q) —c(p,q) = G(q),Vq €L

For more details, see [7, Chapter II1.4], [12, Chapter 12|, and [14].

1.4 Organization of the Dissertation

The remaining parts of this dissertation are organized as follows. In Chapter 2,
we introduce various function spaces, finite element spaces, and their properties.
We present our model problem in Chapter 3. We next review domain decompo-

sition algorithms and theories in Chapter 4. We finally provide an overlapping



Schwarz method and a BDDC method for solving vector field problems in Chap-

ter 5 and Chapter 6, respectively.
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Chapter 2

Function and Finite Element

Spaces

2.1 Continuous Spaces

2.1.1 Sobolev Spaces

We will use Sobolev spaces and corresponding norms and seminorms for bounded
open Lipschitz domains Q. Let us consider the L?-space first. It is the space of

square integrable functions and its norm is given by

lulZg == / fu? da.

We next consider the following scaled H!-norm:

1
Jullfq = el + -5 lulle,

11



where H is the diameter of {2 and the seminorm | - |1, is defined by

ulio ::/|Vu|2da:.
Q

H'(Q) C L*() is the space of functions with finite scaled H'-norms.
We next introduce Hz(8%), the trace space of H'(€2). The scaled norm of
Hz(09) is given by

2 o 2 2
el o =l g + 7= 0l

where the seminorm is defined by

2
| |§’m oo Joo T —yl?

and d is the dimension of €2. Moreover, the dual space of H %(09) is denoted by
H™2(09).

We have the following two lemmas related to trace spaces.
Lemma 2.1.1. (Trace theorem) Let ) be a Lipschitz domain. Then, there is a

bounded linear operator 7o, which maps a smooth function into its restriction on the

boundary, that can be extended continuously to an operator y, : H'(Q) — Hz(99).

Lemma 2.1.2. (Extension theorem) Let Q2 be a Lipschitz domain. There exists a
continuous lifting operator R : Hz(9Q) — HY(Q), such that for allu € Hz(99),

Yo(Rou) = u.

We next introduce Poincaré’s and Friedrichs’ inequalities, which are very useful

tools for the analysis of domain decomposition methods.

Lemma 2.1.3. (Poincaré’s inequality) Let Q C R® be a bounded Lipschitz region

with diameter Ho and u € HY(Q). Then, there exist constants Cy and Co such

12



that
1 2
||u||(2),Q < CIng)‘U‘iQ + Czﬁ (/ udx) ,
Q Q

where the constants depend only on the shape of §2.

Lemma 2.1.4. (Friedrichs’ inequality) Let Q C R? be a bounded Lipschitz region
with diameter Hg and I' C 0Q have nonvanishing (d — 1)-dimensional measure.
Then, there exist constants Cy and Cs, depending only on the shape of Q and T,
such that

lullbe < CLHGlultg + CoHallullgr,

for allu € HY(Q). Moreover, if u vanishes on T,
lulle < CiH|uliq
and thus the H'-norm and H'-seminorm are then equivalent.

2.1.2 H(div) and H(curl) Space
2.1.2.1 The space H(div)

For a given vector function u € R? or R?, we define the divergence operator as

d
8Ui
)
— 825‘2

divu =

(2

where d is 2 or 3 and where u; is the i-th component of u. The space H (div;{?) is
defined by
H(div; Q) := {u € (L*(Q))?|divu € L*(Q)}

13



with the following scaled graph norm:
[ullfive = ullgq + H2(|divugq,

where d is the dimension of 2 and H is the diameter of 2. We note that the
scaling is different from that of [Jul|},. It is known that the normal component
of u e H(div; Q) is in H2(99); see [14,50]. The norm for the space H~2(99) is
given by

<u-n,¢>

[u-n]l_1 00 := sup Molian

SEH S (69),6£0 3;09

The angle brackets stand for the duality product of H~2(9Q) and Hz (). We
denote by Hy(div; 2) the subspace of H (div; 2) with a vanishing normal component

on 0.

Lemma 2.1.5. There exists a constant C, which is independent of the diameter

of Q, such that, for all u € H(div; ),

la-nl2, 5o < Clllulge + H*|[divullGe),

1.
100

where H is the diameter of ).

Proof. This follows directly from Green’s identity on a domain with a diameter

one and by applying a dilation; see [71, Lemma 2.1]. a

14



2.1.2.2 The space H(curl)

The curl operator for a given vector function u € R? is defined by

[ Ous  Ous ]
Ox oz
curlu := a—u? — 8_ug
o 01'3 81’1
Ouz _ 0wy
L 8x1 81'2 J

We note that the curl operator for 2D is just a simple rotation of the divergence
operator. For 2D cases, we therefore can use the results for H(div;2) to obtain
results for H (curl; Q).

H(curl; Q) is defined by
H(curl; Q) := {u € (L*(Q))*| curlu € (L*(Q))*}
with the following scaled graph norm:
[allGure = lullg.o + H?|lcurlul[5q,

where H is the diameter of 2.

We can now define the tangential component of u on the boundary as follows:
w:=u—(u-n)n=(nxu)Xn.

We note that this tangential component is in H~2 (9)3; see [50]. Let Hy(curl; Q)

denote the subspace of H(curl;()) with a vanishing tangential component.

15



2.1.3 Helmholtz Decompositions

We introduce the following Helmholtz decompositions.

Lemma 2.1.6. (Helmholtz decompositions) Let  be convezr and let Hy(curl; ()
be the subset of H(curl;Q) with a vanishing tangential component on 02 and
Hy(div; Q) the subset of H(div;Q) with a vanishing normal component on OS).
Then, Hy(curl; ), Hy(div;Q), H(curl;Q), and H(div;Q) have the following

generalized orthogonal Helmholtz decompositions:

Hy(curl;Q) = grad Hj(Q) @ Hy (curl;Q),

H(curl;Q) = grad H(Q)® H*(curl;Q)

and
Hy(div;Q) = curl Hy(curl; Q) @ Hy (div; Q)
= curl Hy (curl; Q) @ Hy (div;Q),
H(div;Q) = curl H(curl;Q)® H*(div;Q)
= curl H*(curl; Q) @& H*(div;Q),
where

Hi (curl;Q) := Hy(curl; Q)N H(divy;Q),

H*(curl;Q) := H(curl; Q)N Hy(divy; Q)
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and

Hy (div;Q) := Hy(div;Q) N H(curly;Q),

H*(div;Q) := H(div;Q) N Hy(curlgy; Q).

Here, H(curl;$?), H(div(;$2), Ho(curly;$2), and Hy(div; Q) are defined as

follows:
H(curly;Q) = {ue€ H(curl;Q),curlu =0},
Ho(curly; Q) = {ue€ Hy(curl;Q),curlu=0}
and
H(divg;Q) = {ue€ H(div;Q),divu = 0},
Ho(divg; Q) = {u € Hy(div;Q),divu = 0}.
Proof. See [17, Proposition 1, p.215]. O]

Remark 2.1.1. There is another stable decomposition which holds for more gen-

eral region; see [35, Lemma 3.10] for details.
We summarize the properties of the decomposition.

Lemma 2.1.7. Foru € Ht(curl; Q) and v € H+(div; Q), we have the following

estimates:

lullo.e < CH|curlulloq, Vu € H*(curl; Q)
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and
IVloe < CH|divv]eg, Vv € H-(div; ),

where H is the diameter of ).
Proof. See [1, Prop. 4.6]. O

Lemma 2.1.8. If Q is convez, the spaces H-(curl; Q) and H+(div; Q) are con-

tinuously embedded in (H*(Q))¢, where d is the dimension of 2.

Proof. See [1, Theorem 2.17] and [34, Lemma 4.1]. O

2.2 Finite Element Spaces

2.2.1 Raviart-Thomas and Nédélec Elements

Let 7}, be a given triangulation and K be the elements of 7;,. We assume that
7Ty, is shape-regular.
We first consider the Raviart-Thomas elements. The lowest order Raviart-

Thomas element space is defined by
Xy ={u|wg € RT(K),K € T;, and u € H(div;Q)},

where R7 (K) is given by
RT(K) :=a+ bx,

for triangular or tetrahedral elements and by
RT(K):=a+b-x,
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for quadrilateral or hexahedral elements, where a and b are vectors in R? or R?
and b is a scalar.

The degrees of freedom are defined by the average values of the normal compo-
nents over the edges and the faces of 7, for two and three dimensions, respectively,
i.e., by

A(u) ::i/u-nds, F C OK.
1F] Jr

The [?—norm of the vector of these coefficients can be related to the L?—norm of
u. We have the following lemma.

Lemma 2.2.1. Let K € 7;,. Then, for allu € X}, there exist constants depending

only on the aspect ratio of K, such that

¢ 0 MW < i <€ Y AP, (1)

fCOK fCOK

where hy is the diameter of f and d is the dimension of the region.

Proof. The proof of this lemma is just a simple modification of [56, Proposition

6.3.1]. 0

The basis functions of the lowest order Raviart-Thomas element space are sup-
ported in two elements of 7, and their normal component equals 1 on a specified
edge (2D) or face (3D) and 0 on the other edges (2D) or faces (3D).

We also define X, which is the subspace of X}, with a vanishing normal com-

ponent on the boundary of the domain €2, i.e.,
Xon(Q) == X3,(Q) N Hy(div; Q).

We need to define trace spaces. Let F},(0€2) be the space of functions which are
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constant on each edge (2D) or face (3D) of the edges or faces of the elements of
75, which are contained in 0€2. We also define Fp.,(052) as the subspace of F,(0)
with mean value zero over 0f).

We next introduce the Nédélec elements. The lowest order Nédélec element

space is defined by
Ny :={u|ug e ND(K),K € Tj and u € H(curl; )},

where

ND(K) :=a+x x b,

for triangular or tetrahedral elements, by
ND(K) = Qo1 x Quy,

with Qg, k., the space of polynomial of degree k; in the i-th variable, for quadri-

lateral elements, and by

ND(K) = Qo,l,l X Ql,o,l X Q1,1,0>

with Qg k. ks, the space of polynomial of degree k; in the i-th variable, for hexa-
hedral elements.
The degrees of freedom are defined by the average value of the tangential com-

ponent over the edges e

Ae(u) = |—i|/u-ted8, e C 0K,
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for each K € 7;,. We have the following lemma similar to Lemma 2.2.1.

Lemma 2.2.2. Let K € 7;,. Then, for allu € Ny, there exist constants depending

only on the aspect ratio of K, such that

¢ 30 Hw? < e <O Y R, (22)

eCOK eCOK

where he is the length of e and d is the dimension of the region.
Proof. See Lemma 2.2.1 and [56, Proposition 6.3.1] O

The basis functions, associated with individual edges, of the lowest order Nédélec
element space are supported in the union of the elements of 7;, that have the edge
in common and their tangential components are 1 on the specified edge and 0 on
all other edges.

We also define Ny, which is the subspace of N}, with a vanishing tangential

component on the boundary of the domain €2, i.e.,

Non(Q) := Na(Q) N Hy(curl; Q).

2.2.2 Commuting Property

Let S;, be the continuous P; space and Sy, be the subspace of S;, with zero
boundary values. We also denote by @), the P space of constant functions on each
element. Figure 2.1 and Figure 2.2 show the symbolic notation for local degrees of
freedom of each element for 2D and 3D, respectively. We note that Lagrange P; el-
ements, Raviart-Thomas elements, and Nédélec elements are conforming elements

in H', H(div), and H(curl), respectively.
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Figure 2.1: P;, Raviart-Thomas, and Nédélec element (2D).

A
Y

Figure 2.2: P;, Raviart-Thomas, and Nédélec element (3D).

We next define three interpolation operators I,, IIN? | TI%T and II, onto Sy,

Np, Xy, and @y, respectively. We then have the following commuting diagram.

oo H(curl) =% H(div) —2% 12

J/Ih lHiVD ln,ij lnh (2.3)

g, =24, N, =L x, Y,
2.2.3 Discrete Helmholtz Decompositions

We have the following decompositions for finite element space.

Lemma 2.2.3. (Discrete Helmholtz decompositions) If ) is convez, then we have
decompositions for the finite element spaces similar to those in the continuous

cases. Thus,

Non(Q2) = gradSo;h(Q)GaN&h(Q),

N,(Q) = gradS,(Q) @& N (Q)
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and

Xon(Q) = curl Noy(Q) & Xg,(Q)
Xn(Q) = curl Ny(Q) @ X;-(Q)

= curl N;-(Q) @ X;-(Q),

where Xg:,(Q), Ngip(Q), X57(), and N (Q) are orthogonal complements of the

kernel of the curl or div operator.
Proof. See [32, Theorem 2.36]. O

Remark 2.2.1. There is a discrete version of the alternative decomposition of
Remark 2.1.1 as well; see [35, Lemma 5.1]. This discrete decomposition has one
additional term compared to the discrete Helmholtz decomposition. This third term

is related to the error of a Scott-Zhang interpolation given in [60)].

We have the following lemma, similar to Lemma 2.1.7, for the discrete Helmholtz

decomposition.

Lemma 2.2.4. Foru € N;i-(Q) and v € X;-(Q), we have the following estimates:
lullo.o < CH|curlulpq,Vu e NhL(Q)

and
Vloe < CH|divvloe,¥v € X; (%),

where H is the diameter of €.
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Chapter 3

A Model Problem

3.1 Introduction

Because of the physical relevance of H(div) and H (curl), there are many appli-
cations posed in these spaces. For example, the space H(curl) is suitable for elec-
tromagnetism and some formulations of Navier-Stokes equations; see [29, 30, 32].
For H(div), the space usually occurs in mixed formulations of second order el-
liptic equations; see [47,48,68]. Moreover, for the incompressible Navier-Stokes
equations, we need solutions of problems posed in H(div) for the sequential reg-
ularization method; see [41]. We will consider a standard H (div) problem in this

dissertation.
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3.2 A Model Problem

We consider the following boundary value problem:

Lu := —grad (adivu) + fu = fin Q, (3.1)

u-n = 0on 0.

Here ) is a bounded polygon in R? or a polyhedron in R?® and n is the outward
normal vector of its boundary. We assume that f is in (L?(2))? or (L?*(£2))? and
that a and [ are positive L>(£2) functions.

Let us also consider the following elliptic equation:

—div (87'Vw) +a'w = gin ), (3.2)

B7'Vw-n = 0on 0N.

If we set f = V(ag), then a mixed formulation of problem (3.2) is equivalent to
the original vector field problem (3.1). We note that u = 37'Vw. Therefore, if we
solve the vector field problem (3.1), we can obtain the gradient of the solution of
(3.2).

In order to see this, we introduce an intermediate variable q := f~!Vw as an

additional unknown. We then have the following mixed variational problem:

/ﬁq-pdx+/wdivpdx = 0, p € Hy(div; Q),
Q Q

/diqudm—/a‘lwvdx = —/gvdx,veLz(Q).
Q Q Q

This gives us q = u. We can show that this problem is well-posed; see [14, Section
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I1.1.2] and Section 1.3.
Another application is given by a least-squares formulation. Consider the fol-

lowing least-squares functional:
G(u,w;g) = || Vw — u||(2);Q + || = diva+atw — g||3;9. (3.3)

The problem (3.1) arises from (3.3). We can solve (3.2) directly and obtain Vw
by simply taking the gradient of w. However, we will lose accuracy. In order to
preserve the accuracy, we can use a mixed or least-squares formulation. For more

detail, see [15,71].

3.3 Variational and Discretized Formulas

We will consider a variational formulation of the original problem:
a(u,v) = / adivudivvdzr + fu-vdr = / f-vdr, v e Hy(div; Q). (3.4)
Q Q

Restricting the bilinear form a(u, v) to the finite element space of the lowest order
Raviart-Thomas elements, we obtain the stiffness matrix A.

We decompose the domain €2 into N nonoverlapping subdomains €2; of diameter
H; and then consider triangulations of all the subdomains. Thus, we introduce two
triangulations 7y and 7. 7y is a shape-regular coarse triangulation and 7j is a
refinement of 7y which provides a shape-regular and quasi-uniform triangulation
of the individual coarse mesh elements. We assume that each subdomain 2; is
a union of coarse elements of 7y and that the number of such elements forming

each subdomain is uniformly bounded. Moreover, we denote by h; the minimum
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diameter of the triangulation of €2;.
We next consider extended subregions 2, obtained from €); by adding layers
of elements. Thus, 0 does not cut through any elements. We also define the

interface I':

r= <LNJ 8(22-) \O9.

i=0
Moreover, let I'j, be the set of interface nodes.
From now on, we will assume that the coefficients o and 3 are constant in each

subdomain and that they thus only can have jumps across the interface I'. We can

then write the problem (3.4) in the following way:
N
a(u,v) := Zai/ divudivvdzr + ﬂi/ u-vdzr, u,v € Hy(div; Q).
=1 Q Q
We can also define local energy bilinear forms:

a;(u,u) = ozi/ divudivudz —i—ﬂi/ u-udr (3.5)
Q 'y

i

and

a;(u,u) = /adivudivudm—l— fu-udr
Q Q

= ai/ divudivud:)s+/5,-/ u-udx
Qi Qi

+ Z a; / divudivudz + 3; / u-udr. (3.6)
N9

5, QN0 70 0%y

We note that for overlapping Schwarz methods, we can obtain the local sub-
problems from the global stiffness matrix A. However, it is sometimes impossible to

obtain the corresponding subproblems and suitable boundary conditions directly
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from A for other type of domain decomposition algorithm such as those of the
Neumann-Neumann and FETT families. We need a special care to consider those

type of methods.
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Chapter 4

Domain Decomposition Methods

4.1 Introduction

The very first domain decomposition method was considered by Schwarz in
1870. The method was designed to solve elliptic boundary value problems on the
union of two subdomains. Even though it is not a numerical scheme, the classical
alternating Schwarz method gives us good insight.

One-level additive Schwarz methods were originally introduced in [49,51]. For
elliptic PDEs, the solution on the entire domain depends on the right hand side
and the boundary values. The information of the right hand side at a point can
be transmitted to all points in the domain only by passing through neighboring
subdomains. Hence, the number of subdomains will effect the efficiency of any
one-level methods. For more detail, see [61,67].

In the domain decomposition theory, methods with more than one level can
often provide good scalability, i.e., have a convergence rate which depends only

on the size of the subdomain problems and not on any other parameters, e.g., the
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number of subdomains; scalability can be obtained by introducing a coarse global
problem. For more detail for two-level methods, see [22,24,25].

The other type of domain decomposition methods, iterative substructuring
methods, have also been considered. The traditional substructuring methods con-
struct the Schur complement system and solve it by a direct method. Iterative sub-
structuring methods, also known as nonoverlapping methods, are iterative methods
for solving the Schur complement system. These methods were first developed by
Bramble, Pasciak, and Schatz; see [8-11]. In [23], Dryja, Smith, and Widlund an-
alyzed iterative substructuring methods by using an abstract Schwarz framework
and many variants of iterative substructuring methods were developed. Among
them, Neumann-Neumann type and FETI type are the most popular and have
been widely used for many problems. Neumann-Neumann type algorithms were
first introduced in [31] and extended to BNN methods with an additional level;
see [26,37]. One-level FETI methods, which in fact implicitly include a coarse com-
ponent, were introduced in [28] and analyzed in [45]. Later, FETI-DP methods
were introduced by Farhat, Lesoinne, Le Tallec, Pierson, and Rixen with coarse-
level primal constraints; see [27]. A theoretical result was first provided by Mandel
and Tezaur in [46]. As we mentioned earlier, the BDDC methods were introduced
by Dohrmann and analyzed by Dohrmann and Mandel; see [18,43].

In this chapter, we introduce two-level overlapping Schwarz methods and BDDC
methods. We also consider the abstract Schwarz analysis, which is very helpful in

developing the domain decomposition theory.
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4.2 Overlapping Schwarz Methods

We consider a two-level overlapping Schwarz algorithm to solve the linear sys-
tem Au = f. The additive overlapping Schwarz preconditioner usually has the

following form:

N
P = R{A;'Ro+ Y RIAT'R;, (4.1)

i=1

where Ay is the matrix of the global coarse problem, the A;’s are obtained from local
subproblems related to the subdomains, and Ry and R;’s are restriction operators
to the coarse and local spaces, respectively; see [61,67] for more details.

We introduce certain assumptions for our overlapping Schwarz method.

Assumption 4.2.1. Fori=1,--- , N, there exists 9; > 0, such that, if x belongs
to S, then
dist (2, 9Q2;\08) > 4,

for a suitable j = j(x), possibly equal to i, with x € €.

Assumption 4.2.2. (Finite Covering) The partition {2} can be colored using a
finite number of N¢ colors, in such a way that subregions with the same color are

disjoint.

4.3 Abstract Schwarz Analysis

We introduce the abstract Schwarz framework in this section. It is frequently
used for analyzing domain decomposition methods.

Let V' be a finite dimensional space. We consider the following symmetric,
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positive definite bilinear form:
a(-,):VxV-=R (4.2)

and the following variational problem:
Find u € V such that

a(u,v) =f(v), Www eV, (4.3)

where f is a bounded linear functional on V. We next consider auxiliary spaces

Vo, Vi, - -+, Vv and extension operators
RI':V; -V, i=0--- N. (4.4)
We can then consider the following decomposition:

N
V=R{Vo+> RV (4.5)

=0

The space V| is associated with a coarse problem and each V; is related to an
extended overlapping subdomain €2;. We note that the decomposition (4.5) is not

necessarily a direct sum of the spaces. We define the Schwarz operators P; by
P:=RIAT'RA, i=0,--- N (4.6)
and the additive Schwarz operator by

N
Py=)» P =PA (4.7)
=0
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We then have the following lemmas for the additive Schwarz operator.

Lemma 4.3.1. If for allu € V a representation, u = Zi]\io u;, can be found, such

that
N
Z a(ui> ui) < Cga(ua u)a (48)
i=0
then
a(Pu,u) > C’O_Qa(u, u), (4.9)
forallueV

Lemma 4.3.2. The largest eigenvalue of the additive operator P,q is bounded from

above by (N.+ 1), where N, is defined in Assumption 4.2.2.

By Lemma 4.3.1 and 4.3.2, the condition number of the additive Schwarz op-

erator is bounded by CZ(N, + 1). For more detail, see [67, Chapter 2].

4.4 Some Useful Operators

Let W® be the space of the lowest order Raviart-Thomas finite elements on
; with a zero normal component on 9Q N 9€Q;. We decompose W into two
parts, the interior part and the interface part and denote the corresponding spaces
by Wj(i) and Wr(i), respectively. Moreover, the interface part Wp(i) is decomposed
into a primal space Wg) and a dual space WX). Hence, we obtain the following

decomposition:

wO=wewl =wewl ew.
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Furthermore, we use the following product spaces:

N N '
W .= HW(i), Wrp = HWI(Z)a

i=1 i=1

N . N .
We =[], wa =] WY,

i=1 i=1

and
N .
WH = H WISIZ)

i=1

We then have

W =W;e&Wpr=W;®Wa & W

In general, the functions in Wt have discontinuous normal components across the

interface while those of the finite element solutions are continuous. We denote the

space with continuous normal components by Wr. We next consider a space Wr

as well. The functions in /V[7p satisfy the primal constraints. By using the above

definitions, we can decompose Wp and Wp into WA &b WH and Wa @ I//V\H, respec-

tively, where /WA is the continuous dual variable space and /WH is the continuous

primal variable space. We obtain the local stiffness matrix A® by restricting to

the finite element space W®:

uf? A AT ARG ]
(@) i _ i i i i
R I A N
I P
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We obtain the global problem by assembling the local subdomain problems:

Ur A Aia Am Ur f I
Al ua | = | Aar Aaa Aan ua | = | fa |
Ut Anr Ana  Amn Ut f I

where uy € Wy, ua € W\A ,and up € WH.

We now define several operators which perform restrictions, extensions, scal-
ings, and averages between different spaces. We first consider the restriction op-
erators. Rl(f) maps the space Wp to the subdomain subspace Wéi). Similarly, we
can define F(Fi) W — Wp(i). Moreover, RX) : Wa — WX) and Rﬁ) Wi — Wr(f )
map global interface vectors on I' to their components on I'; := 9Q; N I'. Rpa
and Rprp are the restriction operators from the intermediate space /V[7p to Wa and
/WH, respectively. Rr and Rp are the direct sums of the Rg) and E(ﬁ’, respectively.
Furthermore, ﬁp : I//V\p — Wp is the direct sum of Rrp and RX)RFA

We now define the scaling operators. A scaling factor 5} (x) is defined by

5ia) = <@ e, 00, (4.11)
Z Zj EN X;'Y () ’
for some 7y € [%, o0), where N, is the set of indices j of the subdomains such that
x € 09;; and x;(z) is a function of the coefficients a(x) and G(z) of (3.4) at
z € ;. We can easily check that Y26/ = 1.
We note that there is only one non-zero element in each row of Rl@ and RX)
associated with a coarse edge or face. We then define the scaling operators R%)I
and R%{ A by multiplying each row of Rg) and Rg) by the scaling factor 6] (z). We

define similarly Rpr, Rp a, and §D7p. Rpr and Rp A that are the direct sums
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of Rg)’r and Rg), A, respectively. ED,F is the direct sum of Rryy and RprRra. We
note that

RIRpr =R Rr =1 (4.12)

and

RIRpr =R Rr=1. (4.13)

We consider the matrix Ba, which is defined in terms of subdomain operators
BX):

Each BX) is constructed from {—1,0, 1} and Ba expresses the following continuity

constraints across the interface:

N
Baua =Y BYuY =0. (4.15)
=1

We define Bg? A in the following way: each row of Ba with a non-zero entry
corresponds to a point on I'; NI';. We obtain Bg? A by multiplying such a row of B
by the scaling factor 5;(33) in (4.11). Furthermore, Br is defined by Br := BaRra
and let Bp ARra be denoted by Bpr.

Finally, we introduce an average operator Ep : /V[7p — /Wp defined by
ED = EI‘EgI- (416)

This operator provides a weighted average across the interface I'. Moreover, we
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define a jump operator as follows:
Pp = B}, 1-Br. (4.17)

We have the following properties of the average and jump operators.

Lemma 4.4.1. We have the following identities:
Ep+ Pp=1,E}, = Ep,P} = Pp,and EpPp = PpEp = 0.

Proof. See [40, Lemma 1]. O

Lemma 4.4.2. For all ur € ﬁ/\p,

EDUF = Uur. (418)

4.5 Schur Complements and Discrete Harmonic
Extensions

4.5.1 Reduced Interface Problem

We consider the following local stiffness matrix:

4 A(i) A(i)
A0 — II T ,i=1,---,N. (4.19)

ARy Afy
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We first eliminate all interior unknowns locally by using direct solvers. After this

step, we obtain the local Schur complement:
50 = A — AGAG 4D (120
Moreover, the global Schur complement S is given by the direct sum of @, i.e.,

[ )
S
S = . (4.21)

S(NV)

By using the local Schur complements, we can build a reduced global interface

problem given by

Srur = gr, (4.22)
where
Sp=3Y RUTSORY
i=1
and
N (@)
; fa Axr D=1 (i
o= R - A
i=1 fr AHI

We note that once ug) is available, we can compute the interior values ugi) by

solving the following local equation:

A = 1) Al
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We will consider a preconditioner to solve the interface problem (4.22).

4.5.2 Discrete Harmonic Extensions

The space of discrete harmonic extensions, which are directly related to the
Schur complements, is an essential subspace for domain decomposition methods,
especially for iterative substructuring methods. Let us consider the following local
linear system:

AP + AR = 0. (4.23)

If ug) is given, ugi) is completely determined by ug). We call u® the discrete

harmonic function on €2; with the given interface value ul@ and write u as u(®) :=
H,(u(rl )). We also denote the piecewise discrete harmonic extension of ur by H(ur).

We have the following minimal property of discrete harmonic functions.

Lemma 4.5.1. Let ug) be the restriction of a finite element function to 02 NT.

Then, the discrete harmonic extension u' = Hi(ul@) of ul@ into §); satisfies

w4 = pin O A0 (4.24)
v(i)|anF:u1@
and
T . . . . .
u” SOy = OF 4O @), (4.25)

Similarly, if ur is the restriction of a finite element function to I', the piecewise
discrete harmonic extension uw = H(ur) of ur into the interior of the subdomains
satisfies

u’ Au = min v’ Av (4.26)

vlp=ur
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and

uh Sur = u” Au. (4.27)

We note that we can work with the discrete harmonic extensions instead of

functions defined on the interface I'.

4.6 BDDC Methods

4.6.1 The Algorithm

We follow the description of the algorithm as introduced in [40, Section 4]. We
first present a change of variables to express the primal constraints. After this
process, we will have common edge or face averages across the interface, i.e., these
averages will serve as primal variables.

Consider the unknowns corresponding to the degrees of freedom on an edge or

a face F; and denote them by u};ij,u%ij, U 7“5%]" We note that u® is
written in the following form:
T T T
(i) _ (4) (4) 1 2 i mo l
U - u[ 7uf >uFL]a Fij» ’qu‘j’ auFZ—j
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with T = (I' N 9€;) \ Fi;. We then consider the local linear systems:

Ay A

(@) (@)

AFI Aﬁ

A A
A, @) —

A Ak

Ay Ay

We define Tz(vli by:

T,

We now perform a change of variables:

Af
(@)
AFl

A

A(i)

Im

A(i)

I'm
AL,

AW

A(i)

lm
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Ay
(i)
Afl

Ay

A(i)

ml

Ay

u)

)

1

Up,,




1 ~1 ~1
Fij Fij 1 1 Fij
wp | o= T2 e | =1 -1 1 —1 | | ap
Fij 5 Fij Fij
l ~l ~l
L “Fi L Yry; L 1 1 1 LUy |
. _ . -
1 Up,,
- om ~1 ~m—1 _ am+l Al
1 quj + —uFij — e e e — uFij — uFij e e e — uFL]
~1
L 1 . L uFi] .
The transformed stiffness matrix is given by
M) 40
v | A Apr ;
7w T, (4.28)

Ary Afy

where T® is a block diagonal matrix of the following form:

76 —
Y

We note that T; F(i) is a direct sum of matrices and each block matrix consists of the
matrix Tlgf 3 associated with the edge or face Fj;.
We also note that this change of variables is a local procedure which can be

performed edge by edge or face by face. From now on, we assume that the variables
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have been changed. We consider the partially assembled stiffness matrix A given

by
[ 1 1 1 1 i
AL AR AR
1 1 1 1
AR) AR\ AGLRY
A= W) W) (V) (V)
AII AIA AIH RH
N N 1 1
AR AR AGLRY
nT 1 nT 1 N)T N N)T N N )T 7 7
i RYTAY RYTAGN - RYTARY) RYVTAN) SN RYTAGLRY |

We can now define a different Schur complement Sr. By eliminating the interior

residuals, we obtain the following linear system which defines Sr:

_ ugn - _ . -
u(Al) R(Al)RFA§FUF
A —
ugN) 0
u(AN) R(AN)RFAgf‘UF
i Uy ] i ngqu ]

We note that §1" is a partially assembled Schur complement. Hence, we need
to further assemble it to obtain the fully assembled Schur complement Sr. By

using restriction and extension operators, we find that §p = Eggpép We can

then rewrite the interface problem (4.22) as follows:

ﬁggrﬁrur = Jgr-
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The BDDC preconditioner has the following form:
M~ = RE .St Rpr,

where

. u Ay an] | o
St =RiA | [ 0 RUT } o o o | | Bra+ @St
=1 Axr Axa N
(4.29)
with
-1
N A(i) A(i) A(i)T
: II IA 17 i
® = Fin — s { 0 R } 0 A0 ()T Ry
i=1 ANt Axa AN
and
-1
N (@) (@) T
i i - - A Ala Ay i
S = Z RI(T)T A%)H N { A(ﬁ} AE)A } (4) (4) &)T R%)’
=1 Axr Axa Aa

The first term of (4.29) is related to the local problems and the second to the
coarse-level problem related to the primal constraints I[I. We obtain the following

preconditioned linear system:
M_IS\FUF = Eg’rgflﬁp,rﬁggrﬁqu = Egrgflﬁpjgp = M_lgr (430)

We use the preconditioned conjugate gradient method to solve the linear system

(4.30).
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4.6.2 Convergence Analysis

We now derive an upper and a lower bound of the eigenvalues of the precondi-

tioned linear system (4.30)

Lemma 4.6.1. Let M~ = Egrgflﬁp,p. Then, Yur € W\p, we have the following
estimate:

u%Mur < u%Squ

Proof. We will follow [44, Theorem 25]; see also [39, Theorem 1] and [69, Theorem
6.1]. Let wr := Mur = (ﬁgrgflﬁalﬂ)_lur. We note that wr € Wr. We use the

property (4.13) and a generalized Cauchy-Schwarz inequality to obtain

ulffMuF = u%(égpgflég,p)_lur = ulfpr (4.31)
= u%é?gpgfléprwp = <§FUF> §Elép7er>§F (432)
< <§1’*U1", EFUF>; <§1:1§D,rwr, §1:1§D,le“>§ (433)
T I
L SR 1
= (U%RIJ—:SFRFUF> ’ <MER£7FS;1SFS;1RD7FMF> ’
Y !
= (u% pup> (u%Mup> )
Hence, we obtain
u%MuF < U%S\FUF.
O

We now obtain an upper bound of the eigenvalues of the generalized eigenvalue

problem §u1~ = AMur.

Lemma 4.6.2. Let M~ = E%Igf\lﬁDI. We also assume that ||EDur||2§F <

45



w2||ur||2§F, for all upr € Wr. Then, we have the following estimate:
U%:»/S\FUI‘ < w2u1?Mup.

Proof. We will also follow the idea in [44, Theorem 25]; see also [39, Theorem 1]
and [69, Theorem 6.1]. Let wr := Mur = (ﬁ%vrgflﬁap)_lur. We note that
wr € Wr. By the property (4.13) and a generalized Cauchy-Schwarz inequality,

we have

TQq TpTC D TpTS p.pT o-1p
UFSFUF = UFRFSFRFUF:urRFSFRFRD,FSF RD,FwF

= <§FUFaED§1:1§D,FwF>~
Sr

l ~ o~ ~ o~
< <RFUF7 Rrur>; <ED51:1RD,FUJF, EDSI_‘lRD,FwI‘> ~
r r

< C<§I‘UF>§I‘UF>; w <§1:1§D,rwr,§r_léarwr>~

r r

wn (NI

wn N

— o (RS Rrur)* (w5 55 B )

1 1

= w (u%gqu> : (U%:MUF) ’

Therefore, we obtain

u%Squ < wzu%Mur.
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Chapter 5

An Overlapping Schwarz
Algorithm for Raviart-Thomas
Vector Fields

5.1 Introduction

The purpose of this chapter is to develop an overlapping Schwarz method for
the model problem (3.1) discretized by the Raviart-Thomas elements. As we men-
tioned earlier in this thesis, many iterative substructuring methods have been
suggested for discontinuous coefficient cases. However, there has been little sup-
porting theory for the overlapping Schwarz methods in case of coefficients which
have jumps. In order to deal with this difficulty, we use the coarse space techniques
of [19,20] developed for almost incompressible elasticity. Similar alternative coarse
space methods have also been developed for Reissner-Mindlin plates problems;

see [38].
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The rest of this chapter is organized as follows. We describe the algorithm in
Section 5.2. In Section 5.3, we introduce some useful technical tools and present

our main result. Finally, Section 5.4 contains supporting numerical experiments.

5.2 Overlapping Schwarz Algorithm

5.2.1 The Traditional Coarse Component

We focus on the restriction operator R onto the coarse space. The restriction
operator is obtained by the interpolation from the subspaces defining the coarse
component to the global space. More precisely, R, are exactly the coefficients

obtained by interpolating the traditional coarse basis functions onto the fine mesh.

5.2.2 An Alternative Coarse Component

Instead of the conventional coarse basis, we will use energy-minimal, discrete
harmonic extensions to define the new coarse basis functions. The coarse part of
the preconditioner is of the form Rl Ay 'Ry and we need to redefine R, and Ap.
For each face (or edge) Fj;, a subset of the interface I', we can define a submatrix

of the stiffness matrix A. It corresponds to the two subdomains which have F;; in

common:
Ay 0 A
0 Ay AR,
A%)jl Agil Ak Fy

Let u;; = [uy)T ugj)T u%j]T, where u;; is the discrete harmonic extension, i.e.,

A?I)uy) + Ag%_jup = 0 and Agjl)ugj) + Ag%jupij = 0; cf. [67, Chapter 4.4]. We

ij
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ite 7 ~ NG
can write @;; as wy; = [(Eiur,)" (Ejur,)" up,|" where E; = — A ALZ% and
N—1 .
E; = —Agjl) Ag%_j. Also, let u;; be the extension of u;; to a global space obtained
by an extension by zero. We note that the vector u;; is completely determined by

1,

We choose uIT;ij =[1,1,---,1] to define the vector u;; corresponding to a coarse

basis function for the face (or edge) Fj;. We can now define Ay and Ry, after

introducing a suitable global indexing, by
(Ao)mn = uj; Auy,

where Fj; and Fj; are the m-th and n-th face of I, respectively. Furthermore, let

5.2.3 Local Components

For the local components, each R; is a rectangular matrix with elements equal
to 0 or 1. Each R; just provides the indices relevant to an individual extended
subdomain 2,. This means that each R; extracts the degrees of freedom of €2, the
extended subregion obtained from 2; by adding layers of elements. We can then

define a submatrix of the original stiffness matrix A by the following formula:
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Thus, A; is just the principal minor of the original stiffness matrix A defined by
R;. By using these matrices, we can build the local part Zf\il RTA'R; of the

preconditioner.

5.2.4 The Additive Schwarz Operator

We now construct our preconditioner. Let P, = R'A;'R;A. The precondi-

tioned linear operator has the following form:

N N
Pu =Y Pi=> RIAT'RA.
=0 i=0
When we apply the operator P,q to a vector, the action of A;' and A;* can be
performed by solving a global coarse problem and a local subproblem, respectively.
By using a suitable indexing, we can perform most work of the preconditioned
conjugate gradient method locally and in parallel except for the work of the coarse

part and the communication between subdomains; see [61], [67, Chapter 3].

5.2.5 Remarks on the Implementation

We rewrite the preconditioned conjugate gradient method algorithm in Fig-
ure 5.1. We use (4.1) as a preconditioner. We note that all the local subproblem

can be solved in parallel.

We remark that R; does not appear in practical implementation. We can perform

the computation R; times a vector by using suitable indexing.
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Initialize:
ro:=f — Aug
20 = (RUAT o+ S0, RIAT'R:) o
DPo = =0
Iterate k = 0,1, -- until convergence
ay =1}/ ph Apy
Tht1 = T + QP
Tpe1 = Tk — QR Apg
2yl = (ROTA61R0 +3 R;FAflRi> Tkl
Br = Zg+17’k+1/21:£7”k

Di41 := Zk+1 + BkDr

Figure 5.1: Implementation of the two-level overlapping Schwarz method as a
preconditioned conjugate gradient method.

5.3 Technical Tools and the Main Result

5.3.1 Technical Tools

We will now consider the 3D case only; the arguments are quite similar for 2D.
The condition p € Fy.,(052;), which means that fmi puds = 0, is very important;
cf. [19,47,68]. This means that it is important to find a suitable v which makes
the flux of u — v zero across 0€2;. To make this possible let us consider the coarse
interpolation operator I onto the Raviart-Thomas space of the coarse mesh.
For a given F', a coarse face contained in the interface I', we define the degree of

freedom by

1
(B u) = 7 /Fu -nds.
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Trivially,

/(u — 1) -nds = 0.
F
We will need some estimates for TIET.

Lemma 5.3.1. (Stability estimate for the coarse interpolation) For all u € Xj,

we have the following estimates:

Jdiv (T w3, < [ldiv ule, (5.1)
and
RT, |12 H; 2 201 11 2
1T ullg.q, < C((1+ 10g;)||ll||o;gi + H; || divul[g.q,)- (5.2)

The constant C' depends only on the aspect ratios of the elements of Ty and the

elements of Ty,.

Proof. The first estimate (5.1) follows by the commuting property (2.3):

div (Tl ) = Mg (divua),

where Iy is the L?-projection onto the space of piecewise constant on the coarse
mesh; see Section 2.2.2 and [7, p.150 5.3].

For the second estimate (5.2), we use Green’s identity and the face basis func-
tion; see [23], [67, Lemma 4.25]. We also use the fact that the L?-norms of functions
in the Raviart-Thomas finite element space can be bounded from above and below
by a weighted lo-norm of their degrees of freedom; see Lemma 2.2.1. For details,

see [70, Lemma 2.4] and [71, Lemma 4.1]. O

Lemma 5.3.2. Let u € Ny, v € Xy, and 0; be a continuous, piecewise linear
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scalar function supported in ;. Then,
T2 (0:0) |5, < CllOiul5g,,

Jeurl (IR (6,0)) |20, < Clleurl (6,)]2q,.
I (6v) 2, < Cl0vI2g,.

and

Idiv (I (6:v)) |3, < Clldiv (6:v) 3.

where INP and TIFT are the interpolation operators onto the lowest order Nédélec
finite element space and the lowest order Raviart-Thomas finite element space,

respectively.

Proof. We use error estimates of the operators II? and I/ and inverse inequal-
ities; see [7, Lemma 5.5]. For more details, see [64, Lemma 4.3] and [67, Lemma

10.8 and Lemma 10.13]. O

Definition 5.3.1. (Projection Operators) Let OZ

a1 @nd OF, be the orthogonal pro-

jections from H(curl; Q) onto H*(curl; Q) and from H(div; Q) onto H+(div; Q),
respectively. We next define a projection PP from H(curl; Q) onto Vi, and PFT

from H(div; Q) onto Vi, with Vi, = 04,.,(Ni") and Vi, = 04, (Xih).

curl
Remark 5.3.1. We can easily check that curl (PNPut) = curl (04,,,u’) =
curlut and div(PF'vt) = div(0g5,vh) = divvt whenever ut € Nt and
vt e Xj

Lemma 5.3.3. Let €); be convex. Then, we have the following error estimates:

lay = P Puy [loe, < Chilleurluy [log,, Yy € N ()
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and

Vi = PV lloo, < Chilldiv vy lloo,, Yy € X (Q),
with C independent of h;, w;-, and vi-.

Proof. We can use almost the same idea as in [64, Lemma 3.3] and [34, Lemma

4.2, 4.3 and 4.4]. O
We recall that all subdomains are convex.

Lemma 5.3.4. Let €, 5, C Q; be the set of all points which are within a distance

8; of the boundary of ;. Then, there exists a constant C such that Yut € N;- and

vt e X,
1 H;
Sl B, < CO+ )leuru g,
and
1 H; .
SV B, < CO+ S)ldiv v g,

Similarly, for a subdomain Q; which has a face in common with Q;, we have

1 H;
sl [Bme, < CO+ 2)lleurlut|5q,

and

1 H; .
IV g, < O+ ) aiv v [,

Moreover, for Vm € I, where I} is the set of indices of the subdomains which

have an edge Ej; common with Q; and ¥, := ﬂmelﬂ QY we have

1 H;
6,00, < C(1+ =)lleurlut|5q

m )

)
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and
1 H; .
S IV R n0, < CA+ =)Idivv e,
o? J o:

Proof. By the triangle inequality,
[ut B0, <2(lu* = BXPu o0, + 1B 0 Bara, ). (5:3)

Consider the first term. By Lemma 5.3.3,

1 1 h?
Sl = Y2 g, < Sllat = PEPu g, < S fleurlut g,
1 (2 (2

By the fact that % is bounded by 1, the first term of (5.3) is bounded by
|curlu® g, . For Zthe second term, we will use an argument similar to that
of [67, Lemma 3.10]. By a Friedrichs inequality, Lemma 2.1.8, and Remark 5.3.1,
we have

1 1
ﬁHPf]LVDuLHg;QmQMi < C(\P,fVDul %;Qiﬂﬂiytgi + 5_i||Pf{VDul||(2);aQi)
KA

N

1
PN g, + = PPt [ o)

N

1
Clleurl B u[[Go, + = 1520 [G.00,)

1
= CO(feurlu™[lGo, + =B a5 a0,)-

By a trace estimate and by combining [67, Lemma A.6], the embedding L?*(09;) C
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Hz (0€);) with scaling, Lemma 2.1.7, Lemma 2.1.8, and Remark 5.3.1, we find that

1 H; 1
5_i||Pf{VDuJ_||g;aﬂi < 0(5_2 Pfvaulﬁ;Qi + 5. H;

H; 1
< (Lol BYPut g, + —

H;
< O eurl BYPut g, + —

H, H,
< O eurl PYPu g, = O leurlut 3,
KA 3

12 Pt [5.0,)

1Y ot [5.0,)

HY|leurl PYPu|[Gq,)

Therefore,
1 H;
Sl B o, < OO+ 50 feurlut [,
We can use exactly the same idea for all the other estimates. O

5.3.2 Stability Estimates

We consider the coarse part first.

Lemma 5.3.5. (Coarse Space Estimate) Let ug be the discrete harmonic extension

of the given interface values of II&u. Then,

a(ug,ug) < C <max (1+ log %)) a(u,u), (5.4)

1<i<N i

where C is independent of «;, B;, H;, h;, and the jumps of the coefficients.

Proof. First, let us assume that H?3; < a;. Let uy := HﬁITu. We note that ug is
the discrete harmonic extension with the same interface value as ug on 0€2;. By

the minimal-energy property of the discrete harmonic extension and Lemma 5.3.1,
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we find that

a;(up,u9) < a;(upy,upy)

H; )
< C(1+log ?)(@HUHaQi + (0 + HBy)|div ullgg,)

H; .
C(1 +log ) (aulldiv ulldg, + Bi[ull3g,).

N

Hence, we obtain

a;(ug, ug) < C(1+ log %)ai(u, u). (5.5)

We now assume that H23; > «;. We use a method similar to that of [55, Lemma
4.1]. We introduce piecewise linear scalar cut-off functions x; and x,. The two
functions satisfy the following conditions: x; is equal to 1 on all interior small
faces of Fj; and X1|6Qi\Fij = 0. The extension of y; takes values between 0 and
1; c.f. [67, Section 4.6.3] and [21, Section 4]. x2 has the value 1 on 09;. Also,
Xk|Qi\Qi,dk = 0 for some h; < dy < H;. Moreover, ||Vxi|loo < d—C]; for k=1 and 2.
Then, the following estimates hold; cf. [19, Section 4 and 5], [20, Section 4], and [67,
Lemma 4.25]:

Ixall6s, < CHPdy,

;11

hi)dl'

X1/, < C(1+log

Let ¢;; be the coarse basis function corresponding to the face F;;. This means that
the normal component of ¢;; is 1 on Fj; and 0 on the other faces of €2; U 2; and
the interior values of ¢;; are obtained by the discrete harmonic extension. We also
consider the standard basis function QNS,-J- obtained from the coarse mesh. We note
that ¢;; and aij have the same normal component on each coarse face. We can

easily show that H%JH%Q < CH} and ||div (ZZ]HgQ < CH;. The function ug can
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be expressed as follows:

uy = Z A, @ij-

Fycr
Hence, it is enough to consider these terms one by one. We provide bounds of the
coefficient and the energy of the basis functions separately.

We first consider the coefficients. We modify the proof of [70, Lemma 2.4].
Let fi be the small faces which contain edges of JF;;. We note that on fi, x1
has values between 0 and 1. Also we know that the number of such faces, ng, is

bounded by C(H/h); for details, see [70, Lemma 2.4]. We find that

|Fij| A, (u) = / u-nds:/ Xlu-nds+ch|fk|(u-nfk)
F F P

(%) (%)

ng
= /deiVu+VX1'Ud$+zck|fk|(u'nfk)7
Q;

k=1

where |cx| < 1. We note that (3777, cx|fi|(u - nyp,))* is bounded by CHjllul|g.q,;
see [70, (2.16)]. Hence,

1
|)\FZ-J-(U)|2 < Cm((/ delvudx / Vxi - ud:)s) + H; ||u||09)

< Cibal 0 lulg, + Hillull,)
1 H; H?
<0H4<H2d1||dwu||m +(1+10g 1) - i [0, + HillulZq) (56)
H;
< Oy (2 [, + (14 1og 7 SN (57)
H;
< Cdildivulfo, + (1+ los 1) -l
H; 1,
< C(1-+10g 35 g (@ [div o, + -l (53)
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H?
We note that due to the fact that dl > H;, the last term of (5.6) can be absorbed
1

into the L*-term of (5.7). By the fact that ¢;; and aij have the same normal

component on each face of 0€2; and ¢;; is the energy minimal extension of 52-]-, we

obtain

a;l|div ¢y [13.0, + Bill ¢ 15,

< agldiv (I (xadi)) 5., + BT (x2047) 5.0, -

By Lemma 5.3.2 and estimates for the basis functions, we have

ldiv (I (edi))lioe, < Clldiv (x20) 50,

< Clellldivoilige, ., + ClVx2lZllelte, .

1 H?
< C(dy+ 4 Hidy) < C(dy + =%) (5.9)

and

I Ocadii) o, < Cll(xe0is) e,

< OlhelZlénlie, . < CH d. (5.10)
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By (5.8), (5.9), and (5.10), we find that

| Ar, () (div (I (xa63)) ) [, + BillAe, () (T (o) ) [,

2
C(ai|Ar, (0)[*(dz + = o)+ BilAp, (w)[*Hdy)

H; d1 dydy
C(l—l—logh—)((ai(d + H2
1 do

oG+ 7p) + Al (5.11)

N

/A

) + Bididy) [ divulgq,

+(

Let d; =, /%— and dy = H; W' We note that h; < di,dy < H;.
! I+

We then obtain

ai(U-Oa 110)
< Y aillhe, (W) (divéy) [1§a, + BillAr, (W) (65) 150,

< Y il (v (div(ﬂmmij))) B0, + BillAr, (@) (T (2y) ) I3,

H
< C(1+log— (u,u)
&) 5H2

Since Hfﬂi > 1+ is bounded by a constant. Hence,

BHZ

a;(ug,ug) < C(1+ log f—)al(u u). (5.12)

)

In all cases, we obtain the same result (5.5) and (5.12). We can conclude that (5.4)

holds by summing over all subdomains. O

i H
6Z>

As we see from the numerical experiments in [70,71] and this paper, the results do

Remark 5.3.2. In [70, Chapter 2.2], the constant depends on maX(l +

not depend on «;’s and (;’s at all. We have therefore improved the previous results
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in [70,71] by removing this dependence of the coefficients.

We now consider the local components. Let v. = u—uy. We know that v € Xj,.
By Lemma 2.2.3, we can find w* € Nj- and v+ € Xj- such that v = curl w*+v+.
Let 0; be a piecewise linear function associated with the subdomain §2;. Each
0; is constructed in a similar way as in [67, Lemma 3.4]. We construct 6;(z) which

satisfies the following conditions:

1, dist (x,@QZ) = 52‘,
0, T € 8(2,,

and if dist (z, 9Q;) < &, || V6i(z)| < 5€ :

We set

Lemma 5.3.6. Let v; = I (0;v*) and w; = TINP(0;w*). Then,
N o
3 (v, Vi ¢ L oL
E_l a;(vi,vi) < C (f@?fv(l + 5 )) a(v,v) (5.13)

and

N
~ H;
Z a;(curlw;, curlw;) < C (max (14 —)) a(curlw', curlw'), (5.14)

, 1<i<N 0;
=1

with C independent of «;, B;, H;, h;, 0;, and the jumps of the coefficients.
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Proof. We note that 6, is supported in Q,;. By Lemma 5.3.2,

a(vi,vi) = ai(vi,vi) = ai||divvi[[§o, + Billvillg
= ayl|div (I (0:v ) [[6.0, + GG (0:v )50,

< Clagldiv (0:v)llo, + B0V [15.0,)-

Consider the L2-term:
16:v[[5.0, < 10121V 50, < V1150,

We now consider the divergence term. By Lemma 5.3.4,

ldiv (B )E, < CUIVO: V2, + 8:divv]20,)
< CUVOIEIV g, + 1612 div v 20,
< OV, + vy o) (5.15)
< C(1+%)||divvﬂ|3;9i. (5.16)

(2

Therefore,

a; (v, v;)) <C(1+ %)ai(vL,vL).

We now consider (5.14). We note that a;(curl w;, curl w;) = a;(curl w;, curl w;).
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By Lemma 5.3.2,

a;(curlw;, curlw;) = fillcurlw;|[5.q,

Billeurl (I (0:w ™)) [0,

N

O |eurl (B3,

N

CB(IVO: x W™ [5q, + Gicurlw |5, )

N

CBIVOllZ W 15q, + 16:]12 leurl w{[5q,)

N

1
C@(gHWLH%@i + [leurlw[5q,).

By Lemma 5.3.4, the following inequality holds:

- H;
a;(curlw;, curlw;) < Cﬂi(l—i-?)chrleHg;Qi

Ya(curlwh, curlwh).

H,
= C(1+5—i

We obtain (5.14) by summing over the subdomains.

We next build another cut-off function 0, , which is supported in the set
Eij = (Q; N Q]) U (Qz N Q;) U (FZJ)7

cf. [19, Section 4 and 5]. 0, satisfies the following conditions:
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and

C
0;
see [67, Lemma 3.4] for details.

Lemma 5.3.7. Let v;; = IIf7 (305, vY) and wi; = 1132 (305, wt). Then, we have

Z Z a;(vi,vij) < C (max (1+ %)) a(vt,v?h) (5.17)

1<i<N i
=1 F;;COQ;

a;(curlw;;, curlw;;)

M-

=1 Fijc €y
< C| max (1+ E) a(curl w*, curl w™) (5.18)
= 1<i<N J; ’ ’ ’

with Cindependent of «;, B;, H;, h;, 6;, and the jumps of the coefficients.

Proof. Because 0, is supported in =;;, we have

5i(Vz'j, Vij) = /

= / OéidiV VijdiV Vij dx + / ﬂivij " Vi dx
QN9 ;N8

adiv v;;div v;; d:)j—l—/ Bvij - vy dx

+/ a;div v;div vy dx+/ Bivij - vij d.
NQ; QN
By Lemma 5.3.2,

aj|div vy Hg;ﬂgmﬂj < Caydiv (HFijVJ_) Hg;ﬂgmﬂj
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and

Moreover,

|| div (eFijVJ_) ||g;Q;ﬂQj

and

Billviiiaina, < CBillOr, v IG0in0,-

< O(HVQFZJ 'VJ_HS;QQOQJ- + ||9Fijdiv VJ_H(%;QQOQJ-)
< OUIVOr, I3V 15000, + 108, 115 1div v [[6.0in0,)
1 .
< Clg v B, + 1div v, (5.19)
Hi e e
< O+ 2 div v, (5.20)

0i

||9Fijvl||g;ﬂgﬂﬂj < ||VL||3;Q;mQj < ||Vl||g;ﬂj-

We obtain (5.20) from (5.19) by using Lemma 5.3.4. Hence,

and

Similarly,

and

ajlldiv v [[ene, < Coy(1+ #)||leVL||§;Qj
1

ﬁj||Vij||(2);Q;an < Cﬁj||vl||(2);ﬂj‘

ailldiv vi; G000, < Cas(1+ ~)lldiv N[
K]

Billvii By < COIV* e,

Therefore, we can obtain (5.17) by a coloring argument and summing over all the

partitions Z;;.
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We now consider (5.18):

a;(curlw;;, curlw;;) = / peurl wijcurlwg; dx

L=

= Billeurlwi;|[§.0,n0; + Billcurl wi[g.o o, -

By Lemma 5.3.2,
Bil|curl Wing;QiﬂQ} < Cfif|curl (9Fl-jWL)||g;QmQ;

and

Billeurlwi[[§ o100, < Chjllcurl (05, w)[15anq,-

Therefore,

Bjllcurl (QFijWJ_)Hg;Q;ﬂQj < CB;(IVOR, X WL”%;Q;an + ||9Fijcurle_||g;ﬂ;ﬂﬂj)

1

C
< CBi(IVOr, 12 W 5, + 105, 5 leurl W [IG.oinq,)
Cﬁj(@”“’LHg;Q;mQj + |[curl WJ_H?);Q;OQJ-)'
(2

<

By Lemma 5.3.4,

H;
Gillewrd (6, w5000, < CB;(1+ =) [eurlw [5q,.

Similarly,

H;
Billewr] (6, W) 50,00, < CHi(1+ —)lleurl w5,

(2
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Therefore,

a;(curlw;;, curl w;)

H; HZ-
< OB+ G leurlw* [, + CB(1+ ) eurlw g,

) 7

Finally, (5.18) holds by a coloring argument and summing over all the partitions

i O

We finally construct the remaining parts of the partition of unity. For each
edge E; C 0);, which equals Fij N F;, consider a cut-off function QEJ.I which is

supported in the set

\Ifjl =. ﬂ Q;m

melﬂ
where I is the set of indices of the subdomains which have the edge £;; in common
with €; cf. [19, Section 4 and 5]. 0, satisfies following conditions:

0<0p,

3l

< 1,

Y

1 Q

and

Ze+ > g+ D> O, =

FiCOQ; E;Co%;

Lemma 5.3.8. Let vy, = I (7+0g,v") and wg, = NP (7~0p, wh). Then,

2] [l

N
~ H;
Z Z ai(ve,,ve,) < C (11221}1%(1 + 5—1)) a(vh,vt) (5.21)

=1 EﬂCBQi
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and

N
E a;(curlwg,, curlwg, )
1=1 E;CoQ;

< C (max (1+ E)) a(curl w*, curlw), (5.22)

with Cindependent of «;, B;, H;, h;, 6;, and the jumps of the coefficients.

Proof. Because g, is supported in W, we find that

52‘ (VEjH VEjl) = Z (OédelV VE; ||(2);\I/jlﬁ(2m + ﬁmHijl ||(2);\I/jlﬁﬂm>‘
melﬂ

We can apply the same idea to each subset W;; N €,,. It suffices to consider just

one subset.

By Lemma 5.3.2,

m

1div v, 15 n0,, < ClIAY (05, V) 5w,00,.

and
HVEleg;\pjlQO < CHQEJ-IVLHg;\IfﬂQO < CHVLHg;\IfﬂQO-
Therefore,

CHle (eEleJ—) ||(2);\I/jlﬁﬂm

< CUIVOB 5 IV 5w e, + 108, 151V VG0 n0,,)

1 .
< OV TG, + 1AV v lGe,n0,, )
1
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By Lemma 5.3.4,

Cldiv O, v 3w, < O+ ) div v g,

(2

By a coloring argument and summing over all the partitions, we obtain

> Y wlveve) <0 (a4 ) ahov

- 1<i<N
=1 Eﬂcaﬂi

Consider the second estimate (5.22):

ﬁi(curlejl,curlejl) = Z ﬁm”curleﬂHg;\pﬂQO.
melﬂ

By Lemma 5.3.2,

|curl WE;, ||g;x1/jlnﬂm
< leurl (0, W) 50,00,
< CUIVOs, 1% W I5.w,00,, + 108, 1% carlw™ |15y ~q,.)

1
< OlGIw G 00, + leurl w5y nq,, )
(2

By Lemma 5.3.4,

H;
Jourl (65, w30, 0, < C(1+ )lcurlw g, .
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Therefore, we obtain

N
Z Z a;(curlwg,, curlwg,) < C (max (1+ %)) a(curl wh, curl wt),

- 1<i<N i
=1 EjlcaQi

by summing over all the partitions. O

5.3.3 Main Result

N
We recall (4.1), (4.6), and (4.7). Let P, = RFA;'R;A and P,y = ZB.
i=0
Theorem 5.3.9. (Condition number estimate) The condition number of the pre-
conditioned system satisfies

K(Pa) < C (max (1 + log f—)) (max (1+ ?—)) ,

1<i<N i 1<i<N i

where C' 1s a constant which does not depend on the number of subdomains, H;,
hi, and 6;. C' 1is also independent of the coefficients «;, 3;, and the jumps of the

coefficients between subdomains.

Proof. We obtain this main result by using Lemmas 5.3.5, 5.3.6, 5.3.7, 5.3.8 and

the triangle inequality. O

Remark 5.3.3. In the previous result in [34], there was a second factor of (1+).
We have improved the result by reducing the power of the % term. Moreover, we

deal with coefficients which have jumps.
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5.4 Numerical Experiments

5.4.1 The 2D Case

We apply the overlapping Schwarz method with the energy-minimizing coarse
space to our model problem. We use Q = [0,1]? and the lowest order Raviart-
Thomas elements. We decompose the domain into N? identical square subdomains.
In each subdomain, we assume that the coefficients o and ( are constant. We
consider cases where the coefficients have jumps across the interface between the
subdomains, in particular, the checkerboard distribution pattern of Fig. 5.2. We
use a fixed [ for the whole domain and different values of « for the black and white
regions. We have a = 1 for the black regions and another specified value for the

white regions.

Figure 5.2: Checkerboard distribution of the coefficients

Each subdomain §2; has side length H and each mesh triangle has h as a mini-
mum side length. We also introduce extended subdomains whose boundaries do not
cut any mesh elements; recall Assumption 4.2.1. We use the preconditioned conju-

gate gradient method to solve the linear system of the finite element discretization.
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In order to estimate the condition numbers, we use the method outlined in [53].
We stop the iteration when the residual [;—norm has been reduced by a factor of
1078,

We perform two different kinds of experiments. We first fix the overlap % and
vary % We next fix the size of % and use various size of %. Table 5.1 and Table 5.2
show the first results and Table 5.3 and Table 5.4 show the second results.

In the first set of experiments, we see that the condition numbers and iteration
counts do not depend on the size of % In the second set, we can conclude that the
condition numbers grow linearly with %. For both cases, the condition numbers
and iteration counts are also quite independent of the jumps of coefficients between
the subdomains. Fig. 5.4 shows that the estimated condition number depends lin-
early on % and Fig. 5.3 shows that the estimated condition number is independent
of % Even though these results are independent of %, our numerical results are
consistent with our main result.

Table 5.1: Condition numbers and iteration counts. a; = 1 or specified values as
indicated in a checkerboard pattern, 5; = 1 and % =8 (2D case)

a; = 0.01 a; = 0.1 a; =1 a; = 10 «; = 100

cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
7351 19 | 1098 | 23 | 1396 | 22 |14.76 | 23 | 14.84| 23
732 | 19 | 1095 23 | 1391 | 22 |14.70 | 23 | 14.79| 23
731 19 | 1095 23 | 1385 | 22 |14.69 | 23 | 14.77| 23
64| 7.31 | 19 |10.95| 23 | 12.87| 22 |14.69 | 24 | 14.77| 23

S| 5| ool

5.4.2 The 3D Case

For the 3D case, we use = [0,1]> and hexahedral instead of tetrahedral

elements. In a way similar to the 2D case, we decompose the domain into N3
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Figure 5.3: Estimated condition number, versus %; a; = 1 and «o; = 100 in a
checkerboard pattern, 3; = 1 and % =4 (2D case)
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Table 5.2: Condition numbers and iteration counts. a; = 1 or specified values as

indicated in a checkerboard pattern, 5; = 1 and % =4 (2D case)

a; = 0.01 a; = 0.1 a; =1 a; = 10 «o; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
4 | 544 | 17 | 746 | 20 | 9.17 | 19 | 950 | 21 | 953 | 20
8 | 538 | 17 | 741 | 20 | 907 | 19 | 938 | 21 | 942 | 20
16 | 536 | 17 | 739 | 20 | 9.01 | 19 | 936 | 21 | 939 | 20
321535 17 | 738 | 20 | 845 | 19 | 935 | 21 | 9.38 | 20
64| 535 | 17 | 738 | 20 | 6.34 | 17 | 935 | 21 | 938 | 20

Table 5.3: Condition numbers and iteration counts. a; = 1 or specified values as

indicated in a checkerboard pattern, §; =1 and £ =16 (2D case)

a; = 0.01 a; = 0.1 a; =1 a; = 10 a; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
2 | 5.09 15 5.49 17 | 5.18 17 | 6.37 17 | 5.66 15
4 | 5.36 17 | 7.39 20 9.01 19 9.36 21 9.39 20
8 | 7.32 19 1095 23 | 1391 | 22 |14.70 | 23 | 14.79| 23
16 | 11.62 | 23 | 18.04 | 28 |23.25| 26 |2514 | 29 |25.36| 27

Table 5.4: Condition numbers and iteration counts. a; = 1 or specified values as

indicated in a checkerboard pattern, 5; = 1 and % = 32 (2D case)

a; = 0.01 a; = 0.1 a; =1 a; = 10 «; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
2 | 5.05 15 5.48 17 | 5.18 16 6.32 17 | 5.55 15
4 | 5.36 17 | 7.39 20 8.45 19 9.35 21 9.38 20
8 | 7.31 19 11095 23 | 13.85| 22 |14.69 | 23 | 14.77 | 23
16 | 11.61 | 23 | 18.03 | 28 |23.22| 27 |25.11| 29 |25.33| 27
3211997 29 |31.30| 36 |3891| 34 |44.50| 38 | 4524 | 33
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fixed %, Table 5.6 and Table 5.8 show the results.

We find that the 3D case is very similar to the 2D case. This means that the
condition numbers and iteration counts are independent of % and the condition
numbers depend linearly on the value of % Moreover, they appear to be indepen-
dent of the jumps of coefficients between subdomains. We see that the estimated
condition numbers depend linearly on % in Fig. 5.6 and Fig. 5.8. We also see that

the estimated condition numbers do not depend on % in Fig. 5.5 and Fig. 5.7. Our

numerical results for the 3D case are consistent with our main result as well.

Table 5.5: Condition numbers and iteration counts. a; = 1 or specified values as

indicated in a checkerboard pattern, 5; = 1 and % =3 (3D case)

a; = 0.01 a; = 0.1 a; =1 a; = 10 «o; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
31837 19 | 870 | 19 | 947 | 20 | 9.68 | 20 | 9.71 | 20
6 | 844 | 19 | 870 | 20 | 951 | 20 | 9.73 | 21 | 9.76 | 23
12| 846 | 20 | 867 | 21 | 952 | 21 974 | 22 | 9.73 | 23

Table 5.6: Condition numbers and iteration counts. a; = 1 or specified values as

indicated in a checkerboard pattern, §; =1 and £ =12 (3D case)

a; = 0.01 a; = 0.1 a; =1 a; = 10 «; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
3 | 8.46 20 8.67 | 21 9.52 21 9.74 22 9.73 23
6 | 9.69 21 1221 23 | 1591 | 23 |16.66 | 26 | 16.75| 26
12 113.61 | 23 |19.05| 27 |27.33| 28 [29.30| 28 |29.53 | 28

Table 5.7: Condition numbers and iteration counts. (3; = 1 or specified values as

indicated in a checkerboard pattern, o; = 1 and £ = 3 (3D case)

G; = 0.01 6; =0.1 G; =1 G; =10 G; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
3| 847 | 21 | 9.02 | 20 | 947 | 20 | 885 | 20 | 838 | 20
6 | 838 | 21 | 9.06 | 21 | 951 | 20 |884 | 21 | 839 | 20
12834 | 21 | 908 | 21 | 952 ] 21 [ 881 | 21 | 839 | 20
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Figure 5.5: Estimated condition number, versus %; a; = 1 and «o; = 100 in a
checkerboard pattern, 3; = 1 and % =3 (3D case)
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Table 5.8: Condition numbers and iteration counts. (3; = 1 or specified values as
indicated in a checkerboard pattern, ; = 1 and 2 = 12 (3D case)

G; = 0.01 G; =0.1 G;i=1 G; = 10 G; = 100
cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
8.34 | 21 9.08 21 9.52 21 8.81 21 8.39 20
10.14 | 23 | 15.17| 23 | 1591 | 23 |14.21 | 22 9.65 21
1531 23 |27.22| 27 |27.33| 28 |2495| 26 |14.14| 23

E@wﬂ.’.‘q
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5.4.3 Parallel Experiments
5.4.3.1 Portable Extensible Toolkit for Scientific Computation

We have developed parallel C codes for our algorithm using the Portable Ex-
tensible Toolkit for Scientific Computation (PETSc) library.

PETSc is being developed at the Mathematics and Computer Science Division
(MCS) at Argonne National Laboratory (ANL); see [4-6]. It is a useful toolkit
for writing large-scale codes on parallel (and serial) machines. PETSc provides a
set of data structures and routines. The data structures involve both sequential
and parallel index sets, vectors, and matrices and the set of routines contain linear
and non-linear solver. Hence, it provides an easier way of implementing numerical
methods defined by users. Furthermore, it supports numerous runtime options and
debugging tools.

PETSc uses the Message Passing Interface (MPI) standard and is layered on top
of MPI. It has intermediate tools to send or receive datatypes between processors.
Hence, users do not need to know much MPI when using the system. Moreover,
PETSc is transparent to the users. This means that same code works well on serial
and parallel machines. It also supports interfaces for external software packages.

Domain decomposition methods are natural methods for effective parallel al-
gorithms for distributed memory computers. Therefore, PETSc is a good choice
to implement domain decomposition methods. Actually, it was originally designed

by Barry Smith to provide a library for domain decomposition algorithms.

82



5.4.3.2 Parallel Experiments

We use 4 x 4 subdomains for the 2D problem. We stop the iteration after a
reduction of 107® of the I>—norm of the initial residual. We report the total times
of all computation, including the assembling of the stiffness matrix, the local and
coarse factorizations, and preconditioned conjugate gradient iterations, in seconds
with various number of processors and degrees of freedom. Table 5.9 and Table 5.10

show the results. We use one layer of overlap for the first experiments and fixed

% for the second experiments.

We note that these codes were tested on Crunchy machine at the Courant

Institute.

Table 5.9: The total times of computation with different number of processors and

degrees of freedom. (4 x 4 subdomains, one layer of overlap)

number of degrees of freedom
# of proc | 3136 | 12146 | 49408 | 197120 | 787456
1 0.383 ] 0.617 | 1.736 | 8.225 | 53.814
2 0.245 | 0.391 | 1.080 | 4.829 | 29.914
4 0.118 | 0.205 | 0.636 | 2.882 | 16.924
8 0.100 | 0.165 | 0.505 | 2.244 | 13.539
16 0.116 | 0.181 | 0.502 | 1.953 | 11.041

Table 5.10: The total times of computation with different number of processors

and degrees of freedom. (4 x 4 subdomains, H/d = 8)

number of degrees of freedom
# of proc | 3136 | 12146 | 49408 | 197120 | 787456
1 0.383 | 0.581 | 1.704 | 8.563 | 58.612
2 0.245 ] 0.369 | 1.019 | 4.848 | 31.916
4 0.118 | 0.195 | 0.597 | 2.789 | 17.178
8 0.100 | 0.151 | 0.459 | 1.984 | 12.580
16 0.116 | 0.165 | 0.427 | 1.678 | 9.576
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Chapter 6

A BDDC Algorithm for

Raviart-Thomas Vector Fields

6.1 Introduction

Two main families of iterative substructuring methods are the BNN type and
the FETI type algorithms; see Section 4.6 and [26-28,37,42]. The BDDC methods,
introduced by Dohrmann in [18], are modified BNN methods with a global com-
ponent obtained by using primal continuity constraints. For a pioneering analysis,
see also [43,44]. The connection between the BNN and BDDC is quite similar to
that of one level FETI and FETI-DP. An advantage of BDDC methods over the
older BNN algorithms is that all matrices of BDDC methods are nonsingular.

In this chapter, we will consider BDDC algorithms for vector field problems
formulated in H(div). Nonoverlapping domain decomposition methods for vector
field problems were first considered in [71]. We will use some auxiliary results from

that paper to analyze our methods. Later BNN, FETI, and FETI-DP methods
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for these kinds of problems were developed in [63,65,66]. Other methods such as
multigrid methods and overlapping Schwarz methods have also been introduced for
vector field problems; see [2,3,32,34,35,52,64]. BDDC methods for other problems
such as incompressible Stokes, almost incompressible elasticity, and flow in porous
media have been proposed in [39,54,68,69]. While many BDDC algorithms have
been studied for one variable coefficient, we are faced with two sets of coefficients.
We will try various weighted averages to deal with this difficulty.

Due to the fact that preconditioned linear systems from the BDDC and FETT-
DP algorithms have the same spectrum except for possible eigenvalues at 0 and 1,
we can also apply our result to FETI-DP methods with the same primal constraints;
see [13,40,44].

The rest of this chapter is organized as follows. We describe the algorithm in
Section 6.2. In Section 6.3, we introduce some useful technical tools and present

our main result. Finally, Section 6.4 contains supporting numerical experiments.

6.2 The BDDC Method

6.2.1 Notations

We recall the notations in Section 4.4. W is the space of lowest order Raviart-
Thomas finite elements on €2; with a zero normal component on 02 N 0€);. Each
W® is decomposed into two parts: the interior part Wl(i) and the interface part
ngi). Furthermore, we can decompose the interface part ng) into a primal space
and a dual space: Wﬁi) and WX), respectively.

We consider W := Hf\il Wp(i). We note that generally the functions in W have

discontinuous normal components across the interface. We denote the space with
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continuous normal components by /Wp. We next consider an intermediate space
Wp. The space Wp consists of functions which satisfy the primal constraints.

We also introduce some spaces related to Wp(i). We define WO(Z% as the subspace
of Wp(i) with mean value zero over I';, where I'; := I'N0€2;. Finally, let WS)F denote

the space of constant functions on each subdomain edge or face.

6.2.2 The Algorithm

We just recall the algorithm in Section 4.6.1. We first consider the interface
problem (4.22):

S\FUF = dJr, (61)
where
Sp=3Y RUTSORY
i=1
and
N (@)
T fa AAI i)—1 p(i
o= SR | g
=1 fu Ay

We next consider the BDDC preconditioner:
M~ = R} S5 Rpr,

where

! v Ao ]
Spt = Ria Z[o RX)T} oo o | | Bra+ @St
=1 Axr Axa N

86



with

N A(i) A(i) A(i)T
= Riy — Ria [o Rg”} e v Ry
A A ||

and

al AD 40 40T

. ()T (7) i i 11 IA 117
o = Z Far | Ann [ A(H)I A%)A } G) 40 0T
=1 ANr A Aia

6.2.3 Remarks on the Implementation

We use the preconditioned conjugate gradient method for the following precon-

ditioned global interface problem:
M_lgqu = M_lgp.
The preconditioned conjugate gradient method algorithm is given in Figure 6.1.

We remark that we do not need Rl@, RI(TZ'), ED,F, Rrir and Rra explicitly. By ap-
propriate indexing, we can perform these procedures without constructing the
restriction operators. We also note that we can compute S@ times a vector by
solving a local Dirichlet problem and some sparse matrix-vector products. This

local work can be done efficiently in parallel.
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Initialize:

o= o (S SR

20 1= (E%,rgr_léDI> o

Po -= <0

Iterate k = 0,1, -- until convergence
G = (szil R(Fi)Ts(i)R(Fi)) Dk
ay = ria/pla
UT k41 ‘= Uk + QpPg
Th+1 = Tk — QQk
241 = (EgjgflﬁD,F) Tk+1
Br o= 2l T /2

Di41 := Zk+1 + BDr

Figure 6.1: Implementation of the BDDC method as a preconditioned conjugate
gradient method.

6.3 Technical Tools and the Main Result

6.3.1 Technical Tools

We will borrow some useful technical tools from [71].

Lemma 6.3.1. (Divergence free extension) There exists an extension operator

H, : WO(Z% — WO which satisfies

(Hip) -0 = p, divHp =0,
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for all p € W(](f%, and which satisfies the following estimate:

||H2MH0,QZ < CHIU’H—%,{)QZ

Proof. See [71, Lemma 4.3] and [70, Lemma 2.6]. O

Lemma 6.3.2. (Discrete harmonic extension) There exists a discrete harmonic

extension operator H; : WO(Z% — WO which satisfies
(Hip) - = p,
for all p € ng}, and which satisfies
ai|div Hipllg, + Bil Hinllg.o, < CBillul2 1 g,

Proof. 'H; is the minimal-energy extension for a given subdomain. Therefore, we

obtain the following estimate:
ail|div Hippll0, + Bill Hantllfo, < culldiv HiptllGa, + Bill Hiel3.0,-
But divﬁ,-,u = 0 and by Lemma 6.3.1,
al|div Hp|[§.0, + Bill HillF0, < Cﬁi”u”%%;agi'

O

We next introduce partition of unity functions associated with faces of each

subdomain €2; as defined in [67, Chapter 10.2.1]. Let (r be the characteristic
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function of F given by:

1, e F
O, :EG@Q,\]-"

We then have

Z (r = 1,a.e. on 0Q;\ .

FCoQ;

We have the following estimates for the face components:

Lemma 6.3.3. Consider Wo(,iz)m the subspace of WO(Z% with a vanishing normal com-
ponent on OQU\F, i.e., [puds =0 if p € WO(ZI); Let pp € Wo(,iz)raF C 08 and

W= Z pr. Then, for all pg € WS?F,
FCo9;

H; H;
12y, < €L+ log 3((1+log T+ sl o, + Il o0,

where C'is independent not only of py but also of h.
Proof. See [71, Lemma 4.4] and [70, Lemma 2.7]. O

Lemma 6.3.4. Let Q; and ); be two adjacent subdomains with a common face F'.
Let p be a function in H‘%(E?Qi), which vanishes outside of F'. Then, there exists

a constant C, such that

||:U||—%;6Qi < CHM”—%;an-
Proof. See [62, Lemma 5.5.2]. O

Lemma 6.3.5. (Stable interpolation) Let 0S2; be Lipschitz. Then, there exist two
operators 117 : H(div; ;) — W9 and P? : L*(Q;) — Py(S%) which satisfy the
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following commutative property and invariance property:

div (Il u) = P} (divu), (6.2)

Fu=u, YueW®, (6.3)
and

PPv=wv, Yue Py(). (6.4)

Moreover, the two operators are L?>—stable, i.e.,

T ulloe; < Cllullog, (6.5)
and

1P vllog, < Cllvllog- (6.6)
Proof. See [16]. O

Remark 6.3.1. The operators in [16] are designed for essential boundary con-
ditions. For natural boundary conditions, see [58] and [59]. The references also

introduce interpolations for H* and H(curl).
We introduce the following extension lemma from [33].

Lemma 6.3.6. Let Q2 be a bounded Lipschitz domain. Then, there exists an ex-

tension operator

E: H(div; Q) — H(div;R?) (6.7)

satisfying Eu = u a.e. in  and the following continuity conditions:

[div (Eu) lors < Cfldivullog, (6.8)
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and

[€ulors < Clluflo;a- (6.9)
Proof. This is just a special case of [33, Theorem 3.6]. O
We now consider an extension lemma for Raviart-Thomas elements.

Lemma 6.3.7. (Extension lemma) Let €; and §2; be two adjacent subdomains with
a common face Fy;. We consider two subspaces V® and V9, subspaces of W©

and W) | respectively:
VO .= {uh e Ww® |lup,-n=0 on OQZ-\FZ-J-}

and

VU .= {u, € W9 u, -n=0 on O\ Fij} .

Then, there exists an extension operator Ej; : VO — VO such that for all v, €

74528
(Ejiup) |o, = up,
|div (Ejiup) oo, < C|ldiv ug g, , (6.10)
and
[ Ejianllo, < Cllurllog;- (6.11)

Proof. We use an idea similar to that of [36, Lemma 4.5]. Let C€; be the comple-
ment of (2;. By Lemma 6.3.6, there exists an extension operator Ecq, : H(div;CS);) —

H(div;R?) such that

[div (Eco,u) [lors < Cldivuloce, (6.12)
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and

| Eca,ullors < Cllullo,co, (6.13)

with

(Eco,u) |eq, = u (6.14)

for all u € H(div;C;).

For u, € VU), let U be an extension of uy, by zero outside of Q; U F;; UQ,;. We
note that |[uflo.co, = [[unllo, and ||divul|oco, = [|divuslloe,. We now consider

an extension operator Ej; defined by

H}? (Ecglﬁ) in Qz U Fij U Qj,
Eji =
0 otherwise.

By (6.2), (6.6), and (6.12), we have

Idiv (Ejiup) lo, = ||div (II; (Ecq, ) llo, = |27 (div (Eee,1)) [lo
< Cfldiv (Eeo) [loo, < Clldiv (Eeq, 1) [lors

< CHle ﬁ”o;cgi = CHle uh||0;gj.
Moreover, by (6.5) and (6.13), we obtain

1E;unllo, = 111 (Eeo,) o0, < Cl|Eco, o,

< CllEeonlors < Cllufloca; = Cllunlloe,-

Trivially, for all u, € V0, (Efiuh) lo. = uy. O

J
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6.3.2 Stability Estimates

Let ||ur||2 — uZSprup. The averaging operator Ep, defined in (4.16), satisfies

the following estimate:

Lemma 6.3.8. For all ur € Wp, there is a constant C, such that

H;
HEDUFH; C'n nax (1 + log — e °)? HuFHSF (6.15)

B H?
where 1 = max max ,1p.

1<Z<N 1

— =)
Proof. Let u; := R(F)up. We also consider u® := SN, R(F) ((TIET (Hiu;)) - n) and

vr == upr — u2. We note that v; := Eg)vp € WO(Z% We have
|Epvr(%. = [IBr (Epur) |3, = Z IRY (Epur) ||S<z>
_ P _ st )
We set w; :== R (Epur) = 6} v; + djvj on Fyj.

We set x; = (; and x; = §; in (4.11).

We note that the following inequality holds for v € [%, 00):

8,61 < min{B;, 8;}. (6.16)
By Lemma 6.3.2, we have
lwillgo < CBillwill2 1 0, < CB; > llemywill® s o, (6.17)
F;;Co8y;
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Moreover, by Lemma 6.3.4 and (6.16), we obtain

2 2

/Gi||CFijwi||2_%;aQi < Qﬁi <51T ||CF”U,||2_%’891—|—5;L ||CFij,Uj||2_%;aQi)
2 2

< B (16,0l 0, + 0 1¢R,5 12 3 00, )

< C(BlGr 0l s 0, + BillCr, 0l 10, ) - (618)

Let g = <R¥)u%> -n. Then, for any F;; C 9%,

[ = pwyds o

ij

Hence, we obtain the following estimate by using Lemma 6.3.3:

/62'||<F¢jvi||2_%;8ﬂi

H; H;
< o (11080 ) (1410870 ) Il g, + s =l o,

7 K3

H\° H
< o@<(1+1ogh_%) oy, + (14108 5 ||uH||2_%mi>. (6.19)

K3 K3

Moreover, by Lemma 2.1.5, we have

Billuill? s oo, < C (BHF|ldiv (Hiwi) [0, + il Hiuillge,)

< On (ail|div (Hiw;) 3.0, + il Hiwillbq,)

CUHUZHQSQ (6.20)
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By Lemma 2.1.5 and Lemma 5.3.1, we obtain

/5z'||,UH||2_%;aQi < CB (HP||div (I (Hiw) oo, + TR (Haw) [[5.0,)
< CHI|div (Mo B,
" Co+b®%)@WWW&MHMmWW%%W%)
< C (1 + log ZI—:) (BillMiuill.q, + BiH? (| div (How) [150,)
< (1108 ) (Bl + oy (R )

H;
— o (1 +log F) (e (6.21)

In a similar way, we can obtain a bound for 3;[|Cr,v;[1* 1 ,, - Therefore, we finally
274

obtain the following estimate by using (6.17), (6.18), (6.19), (6.20), and (6.21):

H\° H;\?
ol < Cn (14105 )l + Cn (1 1m0 ) Ml (6:2)

O

Theorem 6.3.9. (Condition number estimate) The condition number of the pre-

conditioned linear system M~ Srur = M~\gr satisfies

. H,
k(M~'Sr) < Cn max (1+log ?)2,

1<i<N

B H?
where 1 = max max 10,

1<i<N i

Proof. We can obtain this main result by using Lemmas 6.3.8, 4.6.1, and 4.6.2. [

We do not see the unfavorable factor 7 in the numerical experiments in Sec-

tion 6.4. These results suggest the following two conjectures.
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Conjecture 6.3.10. For all ur € /V[7p, there is a constant C', such that

) [l - (6.23)

2
E < K m -
H DUFHSF = Cléiégl(\/(l +log h;

Conjecture 6.3.11. (Condition number estimate) The condition number of the
preconditioned linear system M_lgqu = M~'gr satisfies

(M~81) < € max (1 + log 202 (6.24)

1<i<N h;

6.4 Numerical Results

6.4.1 The 2D One Variable Coefficient Case

We have applied the BDDC algorithm to our model problem (3.1). For algo-
rithmic details, we follow the method introduced in [40] and Section 4.6.1. We use
common edge averages across the interface as primal constraints. We set Q2 = [0, 1]?
and decompose the unit square into N? square subdomains. Each subdomain has
a side length H = % Moreover, we assume that the coefficients o and 3 have
jumps across the interface between the subdomains with the checkerboard pat-
tern of Fig. 6.2. We discretize the model problem (3.1) by using the lowest order
Raviart-Thomas finite elements for triangles and use the preconditioned conjugate
gradient method to solve the discretized problem. The iteration is stopped when
the ly—norm of the residual has been reduced by a factor of 1078,

We have two kinds of experimental sets. We first fix the value of § and vary «

and use x;(z) = «; for the scaling factor in (4.11). Second, we fix the value of «

and use various value of 3 and use x;(x) = (; for the scaling factor in (4.11). Table
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Figure 6.2: Checkerboard distribution of the coefficients (2D case)

6.1 and Table 6.2 show the results. In the graphs Fig 6.3 and Fig 6.4, we see that

the condition numbers grow quadratically with the logarithm of % Moreover, the

condition number is insensitive to the jumps of coefficients.

Table 6.1: Condition numbers and iteration counts. «; = 1 or the specified value

as indicated, in a checkerboard pattern and 3; = 1 (2D case)

a; = 0.01 a; = 0.1 ;=1 o; = 10 o; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
4 3.22 9 2.71 8 1.62 6 2.76 9 3.85 10
8 4.80 10 3.98 9 2.21 7 4.06 10 5.71 12
16 | 6.82 10 5.54 9 2.95 8 5.64 11 7.98 13
32 | 9.26 13 7.40 11 | 3.83 9 7.52 13 | 10.67| 14
64 | 12.14 | 14 | 9.55 12 | 4.85 9 9.69 15 | 13.78 | 17
128 | 1544 | 15 |11.97| 12 | 6.01 | 11 |12.13| 17 |17.31| 19

6.4.2 The 3D One Variable Coefficient Case

For the 3D case, we use the unit cube [0,1]* for Q. In a way similar to the 2D

case, we decompose the domain into N3 subdomains with the side length H =

We use the lowest order hexahedral Raviart-Thomas elements for this case and a
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Figure 6.3: Estimated condition number and least-squares fit to a degree 2 polyno-
mial in log %, versus 2 a; = 1 and a; = 10 in a checkerboard pattern and 3; = 1

R
(2D case)
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Table 6.2: Condition numbers and iteration counts. 3; = 1 or the specified value
as indicated, in a checkerboard pattern and «; = 1 (2D case)

B = 0.01 Bi=0.1 Gi=1 B3 =10 G; = 100

% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
4 3.60 10 2.62 9 1.62 6 2.57 8 3.05 9

8 5.24 11 3.78 10 | 2.21 7 3.71 9 4.44 9

16 | 7.23 13 5.19 11 | 2.95 8 5.11 9 6.21 10
32 | 9.57 14 | 6.86 13 | 3.83 9 6.76 11 8.34 12
64 | 12.27 | 16 8.79 15 | 4.85 9 8.66 12 1 10.84 | 14
128 | 15.32 | 18 | 10.88 | 16 | 6.01 | 11 |10.82| 12 |13.70| 13

11

101

condition number

—least-squres fit to a degree 2 polynomial in log(H/h)

4 O estimated condition number b

2O 20 40 60 80 100 120 140

H/h

Figure 6.4: Estimated condition number and least-squares fit to a degree 2 polyno-
mial in log %, versus %; B; =1 and (3; = 10 in a checkerboard pattern and o; = 1
(2D case)

similar checkerboard distribution of the coefficients as in the 2D case; see Fig. 6.5.

We use the stopping criteria of reducing the residual l,—norm by a factor of 1076
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for the preconditioned conjugate gradient method. We use common face averages
across the interface as primal constraints. Other general settings are very similar
to those of the 2D case.

We find that the results for the 3D case are quite similar to those of the 2D
case; see Table 6.3, Table 6.4, Fig 6.6, and Fig 6.7. The condition numbers depend

quadratically on the value of log % and are independent of the jumps of coefficients

across the interface.

Figure 6.5: Checkerboard distribution of the coefficients (3D case)

Table 6.3: Condition numbers and iteration counts. «; = 1 or the specified value
as indicated, in a checkerboard pattern and 3; = 1 (3D case)

ao; = 0.01 o; = 0.1 o; =1 o; = 10 «; = 100
cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
3.66 10 | 2.98 9 1.83 6 3.03 9 4.28 11
5.37 13 | 446 | 12 | 2.69 9 4.57 | 12 6.46 15
7.88 17 1 657 | 15 | 3.75 | 10 | 6.74 | 16 9.41 19
11.26 | 20 | 9.13 | 18 | 5.01 13 1929 | 18 [13.12| 22

S| 0o] | po |l
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Figure 6.6: Estimated condition number and least-squares fit to a degree 2 polyno-
mial in log %, versus 2 a; = 1 and a; = 10 in a checkerboard pattern and 3; = 1
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(3D case)
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Table 6.4: Condition numbers and iteration counts. 3; = 1 or the specified value
as indicated, in a checkerboard pattern and «; = 1 (3D case)

Bi = 0.01 B =0.1 Bi =1 B; = 10 B; = 100
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
2 | 4.13 11 2.93 9 1.83 6 2.88 9 3.58 10
4 | 6.21 15 4.45 12 2.69 9 4.37 12 5.21 14
8 | 9.15 19 | 6.56 16 | 3.75 10 | 6.44 | 15 7.80 17
16 | 12.93 | 21 9.14 18 5.01 13 9.00 18 | 11.20 | 20
10
9, -
8, -
7, -
g
E 6 -
c
c
§e]
s o 1
8
4, -
—least—squres fit to a degree 2 polynomial in log(H/h)
3r 0 estimated condition number A
2, -
10 é A‘f é é 1‘0 1‘2 1‘4 1‘6 18

H/h

Figure 6.7: Estimated condition number and least-squares fit to a degree 2 polyno-
mial in log %, versus %; B; =1 and (3; = 10 in a checkerboard pattern and o; = 1
(3D case)

6.4.3 A Random Coefficient Case

In this experiment, we use a different distribution of the coefficients than in Sec-

tion 6.4.1 and Section 6.4.2. In each set of experiments, we first fix 4 constants, ap,
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aw, bp, and by,. We next choose N?/2 random numbers, 71,79, -+, ry2/2, in [0,1]
with a uniform distribution. We consider N? /2 numbers 109571 109572 ... 108 "N?/2,
We then assign these numbers for the a values of the black subdomains. By the

same process, we can distribute the coefficients for the other subdomains.

Table 6.5: Experimental sets

upper bounds of coefficients

set 1 ap=1l,ay =1, bp=1,by =1
set 2 aB:2,aW:—2,bB:1,bW:1
set 3 CLB:LCLW:l,bBIQ,bW:—2
set 4 CLBIQ,CLW:—2,[)B:2,1)W:—2
set b |ap =2, aw = =2, bg = =2, by =2

We perform 5 different sets of experiments. For the first set, we have gentle
jumps across the interface I' for both a and 3. We next use large discontinuities for
« and mild discontinuities for 4 and we then reverse the situation for set 3. We use
large jumps of the coefficients across the interface for both « and S for the fourth
and fifth sets. We provide balanced coefficients, which means that % are in certain
range, for set 4 while we have both mass-dominant cases and divergence-dominant
cases for set 5. For details, see Table 6.5. In each set, we try two different weight
functions for the scaling factor in (4.11); we first use x; = «; and then y; = f;.
Other general settings are quite similar to those of Section 6.4.1 and Section 6.4.2.

Table 6.6 and Table 6.7 show the results of our experiments for 2D. The results
for 3D are given in Table 6.8 and Table 6.9. As we see from the tables, the
algorithms work quite well if we choose the weight function y; = (; in all sets
of experiments. However, in the opposite case, where y; = «;, the method is

extremely vulnerable to jumps of 3 across the interface.
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Table 6.6: Condition numbers and iteration counts with y; = «;. Coefficients as

indicated in a checkerboard pattern. (2D case)

set 1 set 2 set 3 set 4 set b
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
8 | 5.46 15 5.34 15 | 3.67e3 | 219 | 6.71 16 | 2.52e3 | 184
16 | 7.19 16 7.29 16 | 4.71e3 | 267 | 8.75 17 | 3.31e3 | 225
32| 9.26 18 9.61 18 [6.30e3 | 296 | 11.15| 19 | 4.31e3 | 263
64 | 11.67 | 20 |12.31 | 19 |813e3 | 322 |13.92| 20 | 5.49e3 | 294

Table 6.7: Condition numbers and iteration counts with y; = ;. Coefficients as

indicated in a checkerboard pattern. (2D case)

set 1 set 2 set 3 set 4 set 5
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
8 1255 | 10 | 2.67 | 11 5.45 15 | 439 | 14 | 404 | 14
16 | 344 | 12 | 3.59 | 13 7.41 17 1 6.01 | 16 | 561 | 16
32| 449 | 13 | 468 | 14 9.72 19 | 7.82 | 17 | 7.59 | 18
64| 570 | 14 | 594 | 15 [1247| 21 | 9.84 | 19 | 994 | 20

Table 6.8: Condition numbers and iteration counts with y; = «;. Coefficients as

indicated in a checkerboard pattern. (3D case)

set 1 set 2 set 3 set 4 set b
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
2 | 5.92 14 116.30 | 22 | 4.06e3 | 282 | 1.26e2 | 64 | 6.96e3 | 318
4 1 9.60 18 126.20 | 29 | 6.12e3 | 404 | 2.00e2 | 84 | 8.78e3 | 451
8 | 1440 | 22 |40.42| 36 | 9.01e3 | 489 | 2.98¢2 | 102 | 1.28e4 | 573

Table 6.9: Condition numbers and iteration counts with y; = ;. Coefficients as

indicated in a checkerboard pattern. (3D case)

set 1 set 2 set 3 set 4 set 5
% cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters | cond ‘ iters
21224 8 2.11 8 4.31 13 4.36 13 3.92 12
41335 ] 10 | 317 | 10 | 658 | 16 | 6.71 17 1 6.09 | 15
8 [ 483 | 13 | 461 | 13 | 979 | 20 |10.16 | 20 | 9.15 | 19
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