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Abstract

Variational properties for the spectral radius and spectral abscissa of an analytic
matrix valued mapping A: €° — C"*" are considered. A notion of directional differen-
tiability is introduced that allows us to exploit the perturbation results of Part I of this
study. Lower bounds for the directional derivative are established which yield formu-
las for the directional derivative when a natural nondegeneracy condition is satisfied.
These formulas are interpreted in the extreme cases where the eigenvalues attaining
either the spectral radius or the spectral abscissa are nonderogatory or semisimple
(nondefective). We conclude by investigating the relationship with the proximal nor-
mal subdifferential. In particular, it is shown that the proximal normal subdifferential
is always nonempty.

1 Introduction

In this article, we develop a few of the variational properties of the spectral radius, p, and the
spectral abscissa, «, for the analytic matrix valued mapping A: €C* +— €™*™. The mappings
p and «a are given by the formulas

p(2) i= max{]A]: A € 5(2)),
and
a(z) :=max{Re A : X € £(2)},

where the multifunction X: €° — €™*" is the spectrum of A(z), i.e. the roots of the
characteristic polynomial

P(z,A) = det(AI — A(2)).
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As discussed in Part I [3], the mappings « and p, although continuous, are not, in general,
lipschitzian near values of z for which P has multiple roots. The nonlipschitzian behav-
ior arises from the bifurcation of these multiple roots. Along analytic curves in €' these
roots are algebroidal functions and as such can be described as the branches of an analytic
function with each branch being representable as a power series in fractional powers of the
perturbation. It is these classical results that inspire us to introduce a notion of directional
differentiability which depends in an essential way on the underlying analyticity of A.
For f: €% — TR, define f*(z;-):€* — IR U {£o0} by

ooy e i J(V(E)) — F(2)
i (zd) = wegg,d) hrzll(l)nff, (1)
where
[(z,d):={y:C — C€* : v is analytic , v(0) = z, and 7/(0) = d}. (2)

The notation € | 0 implies that only real (and positive) values of € are to be considered.
The superscript h in (1) is used to emphasize that f%(z;d) depends only on the analytic
(holomorphic) curves in €° that pass through z. At first glance it may appear that this
notion of directional differentiability is not sufficiently robust to capture the full range of
first order variational behavior that is possible for nonlipschitzian functions. However, as
we hope to demonstrate, it is sufficiently robust for the analysis of the functions p and «. In
order to see why this is so, we need to recall certain properties of the Puiseux-Newton series
expansions for the roots of P, which were introduced by way of example in the discussion
following Lemma 1 in Part I of this study. Here we provide a little more detail.

Let z, d be in €° and choose v € T'(z,d). The roots of P(y(¢),A) are given by series
expansions in fractional powers of ¢, that is, Puiseux-Newton series of the form

Ae) := Ag + kP + -+ (3)

where p := ¢/r > 1/n for some pair of relatively prime integers ¢ and r. Associated with
each such value of p there are r series of the form (3) yielding roots of P(y(€), ) with «
taking the values

Wl forj=1,---r

3

for some 7 € € where n*/” is the principal 7th root of 5 and w is the principal rth root of
unity. An immediate consequence of this type of splitting of the roots of P is that, when
evaluating the directional derivative (1) for the spectral abscissa and radius, one can replace
the limit infimum in the definition with a limit. Moreover, again in the case of p and «, this
directional derivative always exists, possibly taking the value 400 but never the value —co.
This structure also indicates why the spectral radius and abscissa are Holder continuous
of order at least 1/n. Thus, a natural extension to (1) would be to consider Hélder type
directional derivatives based on fractional powers of €. Although it is possible to pursue
such an approach using the techniques developed in Part 1 of this study, we do not do so
here.



2 The Directional Derivative

In this section, we apply Lemmas 4 and 5 of Part I of this study to obtain information about
the directional derivative defined in (1) for the spectral abscissa and radius. We continue
to assume that A: C° — €C™*" is an analytic matrix function and zo € €*. Also let A(zg)
have the block diagonal decomposition

A(z) = A9 = PDP~', D = Diag(Ds,...,Dn), (4)

where m is the number of distinct eigenvalues of A(zg) and the kth diagonal block Dy, is
upper triangular with constant diagonal Ag, i.e.

Dy = Al + Ny,

with N strictly upper triangular and hence nilpotent. Let nj denote the order of Dy, i.e.,
the multiplicity of the eigenvalue Ag. Suppose

0A

1
3_,21(20):A§ ), forl=1,--,s,

and let By, ..., By be the corresponding diagonal blocks of P_lAgl)P forl=1,--,s.
With this notation established, we have the following results.

Theorem 1 Choose d € €°. If for some k € A(z) := {k : A € X(20), Re A = a(z0)}

any one of the conditions

Re » (tr NpBr)d; < 0, Im » (tr Ny Byy)dy = 0, (5)
=1 =1
> (tr N{T'Br)di =0, j=3,...,ng, (6)
=1
15 violated, then
(207 d) = 400 ; (7)
otherwise,
Olh(ZOS d) Z ¢(ZOJ d): (8)
where

Re lezl (tr Bk])d]
ny

é(z0,d) = max{

Moreover, if conditions (5) and (6) hold and the vectors

ke A(zo)} . (9)

{ftr NI7'Byy, -+, te NITUBR )™ 5 =1,... 0k, k€ Ay(20,d)}

are linearly independent, where A1(zg,d) is the set of indices in A(zg) which achieve the
mazimum in (9), then equality holds in (8).



Partial Proof We will establish the first statement by applying Lemma 4 of Part I, using

the correspondence between A() in Part I and St d;Agl) here. It follows immediately
that (7) holds if (5) or (6) is violated. Indeed, if for some k € A(zg) one of the conditions
(5) or (6) fail to hold, then for every v € I'(zg, d) the inequality

Re (A(e) — Ag) < e+ o(e)

fails to hold for every § € R, for some branch A(e) of the splitting of Ay along the curve 4.
Consequently, the limit defining a®(zq;d) is +oo for every v € (20, d) and so a®(z;d) =
+00. On the other hand, if § > a”(zg;d), then there is a ¥ € T'(zq, d) such that

L a((9) = atzo)

< 8,
€l0 €

or equivalently,
Re (A(€) — Ax) < be for € € [0, €],

for some €y > 0, for every branch A(e) of the splitting of A, along the curve v jand for every
k € A(zp). Now by applying Lemma 4 of Part I to this inequality for each k& € A(zy) and
then letting 6 | a®(2q;d), we obtain inequality (8). The proof of the last statement requires
the implicit function theorem and is given in [4]. 0

Theorem 2 Choose d € C'° and set

R(z0) := {k : [Ae|= p(20)}.
We will consider two cases; p(zg) =0 and p(zg) # 0.

1) Let us assume that p(z0) = 0 so that m = 1 and Ay = 0. If any one of the conditions

k]

> (e N{T'By)di =0, j=2,...,ny, (10)
=1

15 violated, then
p'(z0;d) = +o0;

otherwise,
Ph(2'07d) 25(20751)’ (11)

where
1 S
€(z0,d) := — > (tr Bui)di| -
=1
Moreover, if condition (10) holds and the vectors
{tr N{7'Byq, -, te NI7 By )T j=1,...,n}

are linearly independent, then equality holds in (11).



2) Let us assume that p(zg) # 0. If for some k € R(z0) any one of the conditions

Re X" (tr NyBi)di < 0, Im &, Y (6r Ny By)d; = 0, (12)
=1 =1
> (e N7 Br)di =0, 5 =3, ., ng, (13)
=1
s violated, then
p'(z0;d) = +o0;
otherwise,
Ph(2’0§ d) Z 1/}(Z07d): (14)
where

1/)(20, d) = max{ nkpl(zo) [Re (Xk zs:(tr Bkz)d])—i— |zs:(t1' NkBk])d]” ok € R(Zo)}
=1 =1
(15)

Moreover, if conditions (12) and (13) hold and the vectors
{ltr N7 Byy, -+, te NIT'Be )" - G =1, ng, k € Ri(z0,d)}

are linearly independent, where Ri(zo,d) is the set of indices in R(zg) achieving the
mazimum in (15), then equality holds in (14).

Partial Proof First consider p(zg) = 0. It follows immediately from Lemma 5 of Part I
that (10) must hold for j = 2 as well as j = 3,---,n, if the directional derivative is to
be finite valued. Now assume that (10) holds and suppose & > p”(zp;d). Then there is a

v € T'(zg,d) such that
D MO D IMe)l< née

where the sum is taken over all branches A(e). Letting ¢ | 0 yields (11) in view of Lemma 3
in Part 1.

Next assume that p(zg) # 0. The proof of inequality (14) is a straight forward application
of Lemma 5 in Part I. Observe that if for some k € R(zg) one of the conditions (12) or (13)
fail to hold, then for every v € I'(zg,d) the inequality

A = IAkl< b€+ ofe)

fails to hold for every § € R, for some branch A(e) of the splitting of Ay along the curve 4.
Consequently, the limit defining p”(zo; d) is +oo for every v € ['(2,d) and so p*(z;d) =
+00. On the other hand, if § > p”(zo; d), then there is a 7 € T'(zq,d) such that

i P(9)) = p(20)

<6,
€l0 €



or equivalently,

[A(€)] — |Ak]< b€ for € € [0, €],

for some €g > 0, for every branch A(e) of the splitting of A, along the curve v jand for every
k € R(zp). Now by applying Lemma 5 of Part I to this inequality for each k& € A(z) and
then letting 6 | p"(zo; d), we obtain inequality (14).

The proofs of equality in both cases makes use of the implicit function theorem and are
given in [4]. 0

3 The Nonderogatory and Semisimple Cases

In this section we consider two cases that illustrate the results in Theorems 1 and 2. Let
Ak € X(zp) have multiplicity ny. Then Ay is said to be nonderogatory if it possesses only a
single eigenvector. The nonderogatory multiple eigenvalues are, in a quantifiable sense, the
most generic kind of multiple eigenvalue [1]. The eigenvalue Ag is said to be semisimple if
it is associated with nj independent eigenvectors.

Now suppose A(zg) has block diagonal form as described in the previous section. Then
Ar is semisimple if and only if N = 0, and A is nonderogatory if and only if N,;“‘_l # 0.
Therefore, if Ag is derogatory, then for some jy < nj we have that N,g =0 for j > jo. This
observation is significant in the interpretation of Theorems 1 and 2. These theorems provide
formulas for the directional derivatives a”(zq;d) and p”(zo; d) when it is known that vectors
given by ' '

[tr N] "By, -+, tr N 7' By, )", for j=1,...,np

are linearly independent. However these vectors cannot be linearly independent if the eigen-
value Ay is derogatory since in this case N,g_l = 0 for at least one value of j satisfying
1 < j < ng. Thus the formulas that are provided in Theorems 1 and 2 are at best sharp
only in the nonderogatory case. Such an outcome could have been predicted from the out-
set. As has been indicated, our results are derived from results for polynomials and are
extended to matrices by application to the characteristic polynomial. Such results are most
applicable to nonderogatory eigenvalues since the multiplicity of these eigenvalues in the
characteristic polynomial agrees with their multiplicity in the minimal polynomial. In this
case, the characteristic polynomial accurately reflects the behavior of the eigenvalue. This
is not true for derogatory eigenvalues.

It is instructive to see just how far off these lower bounds can be by considering the
semisimple case. Semisimple and nonderogatory eigenvalues lie at opposite structural ex-
tremes whenever n; > 1 (of course, if ny = 1, then the eigenvalue is both semisimple and
nonderogatory). Thus, we would expect the lower bounds for the directional derivatives
a®(z9;d) and p”(z0;d) to be most inaccurate in this case. By employing the resolvent
theory for linear operators [5] to the semisimple case, one can obtain precise formulas for
the required directional derivatives. This is done in [7, Lemma 3.5]. As an immediate
consequence of this result we obtain the following theorem.

Theorem 3 Suppose A(zg) and R(zg) contain only semisimple eigenvalues of A(zp). Let



d € C° and denote by X,,;, for l = 1,...,ny, the eigenvalues of 21821 Bprid; for each k €
./4(2’0)

1) The spectral abscissa: The ordinary directional derivative o'(zg;d) exists and satisfies

/ . N} . _ /
a'(z0;d) = a"(z0;d) = L  pax {Re Xy} (16)

2) The spectral radius: The ordinary directional derivative p'(zo; d) exists and satisfies

MaXgeR(zo) MAX1<I<ny [l if p(z0) = 0,
p%d) = pcosd) = ¢

7o) MAXkER (20) MAX1<I<ny Re Xk/\ﬂc, if p(z0) # 0.

(17)

Let us suppose that both A(zg) and R(zp) contain the single element k& and that the
associated eigenvalue Aj is semisimple. Regarding the spectral abscissa, formula (16) says
that a”(zg;d) is the maximum of the real parts of the eigenvalues of the matrix

> Bud, (18)
=1

whereas the lower bound for a”(zq;d) given by the right hand side of inequality (8) in
Theorem 1 is the average of these quantities. This behavior is repeated in the case of the
spectral radius. If p(z9) = 0, then p”(zo;d) is the spectral radius of the matrix (18) while
the lower bound given by (11) is the modulus of the average of the eigenvalues of (18).
Similarly, if p(zo) # 0, then p*(zq;d) is the maximum of the values

1 By !
(z0) Re A\ A%
while the lower bound in (14) is the average of these values (since Ny = 0). Apparently the
difference between the actual value of the directional derivative (1) and the lower bounds
given by Theorems 1 and 2 can be quite great. Nonetheless, these lower bounds indicate
when these directional derivatives are infinite-valued and in the generic nonderogatory case
they give precise values for the directional derivative.
In the general case, when the eigenvalues are derogatory but not semisimple, little precise
information is known beyond the general lower bounds provided by Theorems 1 and 2. The
semisimple case illustrated above indicates a possible upper bound.

4 The Proximal Normal Subdifferential

In this section, we use our knowledge of the directional derivatives a”(z;d) and p"(z;d)
to obtain insight into the structure of the proximal normal subdifferential for the spectral



radius and spectral abscissa. A vector v € €'* is said to be a proximal normal subgradient
for the function f:C*® — R at z; € €C° if

timinf L) = F(20) = (v, 2 — 20)

> —00, 19
m iy o= =l? (19)

where the inner product on €'* is given by
(y, w) := Re 7" w.

The collection of all proximal normal subgradients at zy is called the proximal normal
subdifferential of f at zp and is denoted by J2f(z9). Our interest in understanding the
proximal normal subdifferential for the functions « and p stems from the rich calculus
that is available for this subdifferential and its limits. For more information about this
subdifferential, we refer the reader to Mordukhovich [6] and Rockafellar [8].

Let zg € €* and suppose that A(zg) has the block diagonal decomposition described in
Section 2. According to Theorem 1, the directional derivative a’(zq;d) is bounded below
by the support function for the set

O(zg) = { nl_k [tr Br1,---, tr Bes]™ @ k€ A(z) }
+ [{C[tr NeBg1, -, tr NpBgs]™ @ k€ A(z0), Re¢ >0 }U
span{[tr Nj,;_lﬁkl, <ot Ni_lﬁm]T 2 i=3,. . ng, ke Alzo) },
where the support functional for a set Q C € is defined by the expression

oa(d) = sgg(y, d).
y

Similarly, by Theorem 2, the directional derivative p"(zq; d) is bounded below by the support
functional for the set

76
S(z) = {% [tr Bi1, -+, tr By,]* : 0 €[0,2q] }
+ span{[trﬁi_1§11,~~, trﬁi_lﬁls]T i =2,...,n},

when p(z9) = 0, and is bounded below by the support functional for the set

#(20) [tI’ Nkpkl; ey tr NkaS]T
W(zg) = k € R(zo,d), 0 €[0,27]
—I—nk;}(’;o) [tr Be1, -, tr By]”
+ [{C/\%[tr NgBpi, -, tr Ny Bgs] : k€ R(z), Re (>0} U
spand{[tr Ni_lpkl, cee tr Né_lﬁks]T J=3,.. nk, k€ R(z) },

when p(zg) # 0. The vectors defining the sets ®, E, and ¥ are our prime candidates for
proximal normal subgradients. The partial results that we have been able to obtain to date



depend upon the resolvent theory for analytic operator valued mappings on €'* developed
by Baumgértel [2]. The key result that we require in this regard is [2, Theorem 2, page 374].
In order to understand this result, one must first understand the notion of a Ag-group for
A € E(Zo)

Given Ap € X(zg) the Ap-group is the set of all functions A(z) € X(2) such that A(z) —
A as z — zg. The Ap-groups are well defined since the spectrum X(z) is a continuous
multifunction. The projection onto the invariant subspace for the entire Ag-group is called
the group projection for Ag. The following remarkable fact, established in [2, Theorem 2,
page 374], states that each such group projection is locally analytic.

Theorem 4 Let zo € C*. Then there is a neighborhood Q of zg in €° such that for each
Ak € X(z0) the group projection Iy (z) associated with Ay is analytic on Q. Moreover, for
each A\, € X(zg) there is a neighborhood Gy, of A in € such that

Spec(A(2)Ix(2)) = E(2) NGy,
for all z € Q and Ay € X(20) where Spec(A(z)llix(2)) denotes the spectrum of A(z)lg(z).

This result is the key to establishing the local factorization of the characteristic poly-
nomial used in Section 2 of Part I of this study. In the current context, we simply observe
that Theorem 4 implies the analyticity of the trace of each Ag-group,

m(2) = tr A(2)x(2), (20)

since this trace is simply minus the coefficient of the (A — Az )"**~1 term in the characteristic
polynomial for A(z)Py(2). From Lemma 3 in Part I, we find that the gradient of the trace
of each Ax-group at zp is given by

Vri(z) = [tr Bgy, -+, tr Bis]™. (21)

By combining this fact with the observation that the maximum of a finite set of real numbers
always exceeds (or equals) their average, we are able to establish that certain members of the
sets ®(z0), E(z0) (if p(20) = 0), and ¥(zg) (if p(z0) # 0) are proximal normal subgradients.

Theorem 5 Let zy € C° and suppose that A(zyg) has the block diagonal decomposition
described in Section 2. Then

1 — _
a[tr Bp1, -+, tr Bps]" € O2a(20), (22)

for every k € A(zp).

Proof Let k € A(zg). Since 1;(z) is analytic near zg and a(z) > (1/ng)7m(2) for z near zg
and k € A(zg), we have that

a(z) — a(z) — nl—kRe Vrie(z0)" (2 — z0) > %Re [15(2) — T (20) — V7i(20)" (2 — 20)]

O(lz = zo|?).



Thus, by (21)

i i a(z) — a(z) — (%[tr By, -, tr Brsl, z — 20) .
2=0 |z =zl '

O

Theorem 6 Let zg € C° and suppose that A(zy) has the block diagonal decomposition
described in Section 2.

1. Suppose that p(z0) = 0 so that X(zg) reduces to the single eigenvalue Ay = 0. Then

Gt -
"n [tt By, -, tr B1,]” € 8ap(0), (23)

for every n € [0,1] and 6 € [0, 27].

2. Suppose that p(z0) # 0. Then
Ap

ngp(zo

[tr Bri,---, tr Bps]” € Oa2p(20), (24)

for each k € R(z).

Proof (1) Let n € [0,1] and @ € [0, 27] be given. Since 71(z) is analytic near zg, we have
that
¢i0

p(x) = p(z0) — (T—[trBi, -, tr B,z = x)
> L n(e) — In(z0) + Vra(zo)"(z — o)
= Ol =P,

which establishes the result.
(2) Let k € R(zp). Since 1(z) is analytic near zg, we have that

pe) = plzn) 2 elme(a)] = Ine(eo)] (25)

|76(2)]* = Ik (20)]?

[l (2)] + 7 (20)l]

2Re (Tr(20)(16(2) — i (20)))+ 72 (2) — 71 (20)[*
e[| (2)] + |7 (20)l]

2Re (T (20) (71 (2) — 7(20)))

ng[|me(2)] + [ (20)]]

2Re (Ti(20)(V7(20)" (2 — 20) + O(Jz = 20[*)))

[ (2)] + |7 (20)l]

_ 2Re Tr(20)(VTr(20)" (2 — 20)) 2 — 202

- 2ng | (20)] +al o )
_ Re XkVTk(ZO)(z_ZO) 2 — 202

- e +O([z = z0]%),

10



where the inequality (25) follows from the inequality p(z) > (1/n) |7e(2)| and the equation
p(z0) = (1/ng) |7(20)|, and the equality (26) follows from the formula
1 1 b—a
(a+b) 2b  2b(a+b)

and the fact that [|7x(20)| — |7 (2)|] = O(]|z — zg|). Therefore,

p(z) — p(z0) — <nk;\€zo)[tr By, tr Eks],z—z@
= 9l = plan) = e (Re(Te0)" (2 = 20)
> O(]z = 2

O

Although the results stated in Theorems 5 and 6 are significant, they do not clarify the
status of the remaining vectors in the sets ®, = and ¥. We have yet to establish that
these vectors are proximal normal subgradients. Indeed, we are uncertain whether or not
this is the case. The difficulty stems from the fact that those vectors involving the matrix
Ny, arise from the bifurcation of the eigenvalues into Puiseux-Newton series of the form (3)
where the power p satisfies (1/n) < p < 1. Because of this, the individual behavior of
these eigenvalues is not fully captured by the trace of their associated Aj-group since these
traces are analytic at zg. However, it was the properties of these traces, especially their
analyticity, that allowed us to establish the results in Theorems 5 and 6. Consequently, a
different approach may be necessary in order to establish whether or not those vectors in
the sets ®, = and ¥ involving the matrix N are proximal normal subgradients.
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