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BDDC ALGORITHMS WITH DELUXE SCALING AND
ADAPTIVE SELECTION OF PRIMAL CONSTRAINTS FOR
RAVIART-THOMAS VECTOR FIELDS
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ABSTRACT. A BDDC domain decomposition preconditioner is defined by a
coarse component, expressed in terms of primal constraints, a weighted average
across the interface between the subdomains, and local components given in
terms of solvers of local subdomain problems. BDDC methods for vector field
problems discretized with Raviart-Thomas finite elements are introduced. The
methods are based on a new type of weighted average and an adaptive selection
of primal constraints developed to deal with coefficients with high contrast even
inside individual subdomains. For problems with very many subdomains, a
third level of the preconditioner is introduced.

Under the assumption that the subdomains are all built from elements of
a coarse triangulation of the given domain, and that the material parameters
are constant in each subdomain, a bound is obtained for the condition num-
ber of the preconditioned linear system which is independent of the values
and the jumps of these parameters across the interface between the subdo-
mains. Numerical experiments, using the PETSc library, are also presented
which support the theory and show the effectiveness of the algorithms even
for problems not covered by the theory. Included are also experiments with
Brezzi-Douglas-Marini finite element approximations.

TR2015-978

1. INTRODUCTION

Let ©Q be a bounded Lipschitz domain in R3. We will work with the Hilbert
space H(div;(2), which is the subspace of vector valued functions u € (L?(£2))3
with dive € L*(Q). The space Hy(div;) is the subspace of H(div;Q) with a
vanishing normal component on the boundary 9.

We will consider the following problem: Find u € Hy(div; ) such that

(1.1)  a(u,v) ::/

(adivudivo+ u-v)de = [ f-vde, Vv e Hy(div;Q).

Q Q

We will assume that the coefficient « is a bounded, nonnegative function, that g is
a strictly positive, bounded function, and that the right-hand side f € (L?(2))3.
We note that the norm of u € H(div; ) for a domain with a unit diameter is given

by (a(u,u))l/2 with a =1 and g =1.
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The bilinear form (1.1) arises from the boundary value problem:

Lu := —grad (adivu) + fu = f in Q,
(12) u-n =0 on IN.
Here, n is the outward unit normal vector of 9. The boundary value problem (1.2)
is equivalent to a mixed formulation of a first order system least-squares problem
as in [15]. There are also other applications related to the H(div) space, e.g.,
in iterative solvers for the Reissner-Mindlin plate, the sequential regularization
method for the Navier-Stokes equations, and, possibly most importantly, mixed
formulations of flow in porous media or Brinkman equations. For more details,
see [5,6,46,77].

Domain decomposition methods of iterative substructuring type for solving large
linear algebraic systems originating from elliptic partial differential equations have
been studied extensively; see [70]. Among these methods, the balancing Neumann-
Neumann (BNN) and the finite element tearing and interconnecting (FETI) al-
gorithms have proven quite successful; see, e.g., [25,27,28,41,49]. The balancing
domain decomposition by constraints (BDDC) methods, introduced in [19], are
modified BNN methods with a global component of the preconditioner determined
by a set of primal continuity constraints between the subdomains. For a pioneering
analysis for scalar elliptic problems, see [50,51].

The BDDC methods are closely related to the dual-primal FETI (FETI-DP)
methods [26,54] as are the earlier BNN methods to the one-level FETT methods;
see [29]. Thus, the spectra relevant to the performance of a BDDC and a FETI-
DP algorithm will be the same, except possibly for eigenvalues of 0 and 1, for the
same set of primal constraints; see [13,45,51]. Hence, we can use results for BDDC
methods to obtain results for FETI-DP methods and vice versa.

The main purpose of this paper is to construct and analyze a BDDC precon-
ditioner for vector field problems discretized with Raviart-Thomas finite elements.
Iterative substructuring methods for Raviart-Thomas problems were first consid-
ered in [80] and we will use several auxiliary results from that study in the analysis
of our method. BNN, FETI, and FETI-DP methods for these problems were de-
veloped in [65,68,69]. Overlapping Schwarz methods have also been introduced
for vector field problems; see [5,30,57,58,66]. Other methods such as multigrid
methods have been applied successfully in [7,33,40].

BDDC methods have also been widely extended to other problems such as flow in
porous media in [71,72], incompressible Stokes equations in [44], Reissner-Mindlin
plate models in [9,42], advection-diffusion problems in [76], and Helmholtz equa-
tions in [43]. Multilevel BDDC methods were introduced in [19,64,73-75] and other
discretization methods, e.g., spectral element methods and discontinuous Galerkin
methods, have been considered in [24,60,61]. Recently, there has also been pioneer-
ing work on isogeometric element problems, see [10,11]. We will explore the use of
three-level BDDC, which was first successfully studied in [73-75] for other elliptic
problems.

In the construction of a BDDC preconditioner, a set of primal constraints and a
weighted averaging technique have to be chosen and these choices will very directly
affect the rate of convergence. Effective primal constraints are very simple to find for
the Raviart-Thomas elements; we primarily need a no-net-fluz condition across each
subdomain boundary. However, for problems with coefficients with large contrast,
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additional primal constraints are sometimes very useful. We will adaptively select
the primal constraints to deal with such coefficients as pioneered in [62]. For recent
work in this field, see also [18,35,36, 52, 53].

The choice of averaging proves to be intricate. We will use a new type of weighted
averaging technique, called deluze scaling, introduced in [22] for three dimensional
H(curl) problems. The deluxe scaling technique allows us to reduce the analysis to
individual subdomains. Hence, a finite element extension theorem, which is needed
in the analysis of other averaging techniques as in [38], is no longer needed.

In several previous studies on domain decomposition methods for vector field
problems, [65,68,69,80], the bound on the condition number of the preconditioned
linear system depends on the ratio of the coefficients o and SH? where H is the di-
ameter of the subdomain. Such results have been developed for a BDDC algorithm
for three-dimensional problems in H(curl); see [22] as well as [67]. This limita-
tion has been removed in several recent studies. Among them is a paper on an
iterative substructuring method for two-dimensional problems posed in H(curl),
see [21]. In more recent work results have been obtained for BDDC deluxe and over-
lapping Schwarz algorithms again for two-dimensional problems posed in H(curl),
see [16,17]. An overlapping Schwarz method for three-dimensional H(div) prob-
lems has also been developed, see [58]. In that work, two sets of inequalities were
developed to handle the mass-dominated and the divergence-dominated cases, re-
spectively.

We know of no previous full analysis of BDDC or FETI-DP type methods for
three-dimensional H (div) problems; see [59] for an announcement of some of our re-
sults. We are able to provide BDDC methods with an upper bound on the condition
number which is independent of the values and the jumps of the coefficients across
the interface and to obtain condition number bounds which are polylogarithmic in
the number of degrees of freedom of the individual subdomains or only depend on
a tolerance parameter used for an adaptive selection of primal constraints. While
we are developing and testing our algorithms for quite general subdomains and ma-
terial parameters, our proofs are restricted to subdomains which each is a union of
a finite number of coarse elements and with material parameters constant in each
subdomain.

The rest of this paper is organized as follows. In section 2, we introduce some
standard Sobolev spaces, a finite element approximation based on Raviart-Thomas
elements, and decompositions of the interface spaces. We introduce our BDDC
algorithms for an interface problem and define various operators used to describe
the algorithms in section 3; in its last subsection, we introduce adaptive 3-level
BDDC. We next provide some auxiliary results and a proof of our main result
in section 4. Finally, section 5 contains results of numerical experiments, which
extend our findings to irregular subdomains obtained by mesh partitioners. Our
algorithm is also shown to perform well for higher order Raviart-Thomas elements
and Brezzi-Douglas-Marini (BDM) elements; cf. [14].

2. FUNCTION AND FINITE ELEMENT SPACES

2.1. Continuous spaces. We will use the Sobolev spaces H'(2) and its trace
space H'/? (09), equipped with their norms and semi-norms for bounded domains.

The domains and the subdomains into which they are partitioned are assumed to
3



Duk-Soon Oh, Olof B. Widlund, Stefano Zampini, and Clark R. Dohrmann

be Lipschitz. Let H be the diameter of 2. Then,

1 1

2 2 2 2 2 2

ullf,q = [uli.q + )78 llullg.q » lulli 2,00 = luli/2.00 + T [wllo.00 »
where the L?-norm || ||o., and the semi-norms |- |, ., and |- l1/2;00 are defined by

2 2 2 2
Hu||0;Q = fQ |ul® du, |u|1;Q = fQ |Vu|” dx, and

2 |u(z) —u(y)[”
|u|1/2;89 ::/ / 35— dady,
aadaa |z —y|

respectively. The weights for the L2—terms result from the standard definitions of
the norms for a domain of diameter 1 and a dilation. We can also easily extend
these definitions to vector-valued cases.

The space H(div ;) is defined by

H(div;Q) := {u € (L*(Q))? |divu € L*(Q)}

with the scaled graph norm:
1
2 . 2 2
[l o= vl + o7l

The normal component on the boundary 99Q of any u € H(div;{2) belongs to
H~'/2(0Q); see [14,55]. The norm for the space H~/2(9Q) is given by

lw-nll_y 500 = Sup Mol o’
PEH/2(89),0£0 H¢H1/2;asz

where the angle brackets stand for the duality product of H~/2(99) and H'/2(9Q).
We have the following trace theorem.

Lemma 2.1. There exists a constant C, which is independent of the diameter of
Q, such that, for all uw € H(div;),

2 . 2 2
- nll? g0 < CCH? [div g + ull2o).

Proof. This follows directly from Green’s formula on a domain of unit diameter and
by applying a dilation; see [80, Lemma 2.1]. O

In developing our theory, we also need to work with the H(curl; Q) space defined
by
H(curl; Q) := {u € (L*(Q))? | curlu € (L*(R2))*}
with the scaled graph norm:

2 2 1 2
A A O R T
We finally introduce H}(Q), Ho(div;), and Hy(curl;Q) as the subspaces of
HY(Q), H(div;Q), and H(curl;Q) with a vanishing boundary value, a vanishing
normal component, and a vanishing tangential component on 0f2, respectively.

Remark 2.2. The curl operator for two dimensions is just a simple rotation of the
divergence operator. In two dimensions, we therefore can use results for H(div ;)
to obtain results for H(curl; ) and vice versa.

4
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2.2. Finite element spaces. In this paper, we will develop our theory for tetrahe-
dral elements but we note that our results are equally valid for hexahedral elements.
We remark that there are many useful tools, developed for such elements in [80],
that can easily be modified for tetrahedral elements.

We first introduce a triangulation 75 of € into tetrahedral elements. We then
decompose the domain €2 into N nonoverlapping subdomains §2; of diameter H;.
We assume that each subdomain §2; is a union of elements of the triangulation
Tr and that each §2; is simply connected and has a connected boundary. We also
assume that the triangulation 7y is shape regular with nodes matching across the
interface between the subdomains. The smallest diameter of the elements of €); is
denoted by h;. In our estimates, we will use the fraction H/h to denote

H/h:= o {H;/h;}.

We also define the interface I' by

o (o)

i=0
and the local interfaces I'; by
T :=TNo%,.

For our analysis, we will consider the lowest order Raviart-Thomas elements
on the mesh 7p; see [14, Chapter 3] and [56]. The Raviart-Thomas elements are
conforming in H (div; ) and those of lowest order are defined by

Wi={u|ug € RT(K),K € T and u € H(div;Q)},

where the shape function RT (K) is given by four scalar parameters

aq x
RT(K):=\ a2 | +b| y
as z

for a tetrahedral element. The degrees of freedom for an element K in 7, are given
by

)\f(u):zﬁ/fu-nds, f COK,

i.e., the average values of the normal components over the faces of the element.
These four values determine ai,as, a3, and b. A basis function of the lowest or-
der Raviart-Thomas element space is supported in two elements of T,, with the
value of the normal component on a face equal to 1 for one of the elements and
—1 for the other, while vanishing on all other faces. While our analysis will be
limited to the lowest order Raviart-Thomas elements, we will consider higher order
Raviart-Thomas elements and BDM elements in our experiments; such elements
have additional degrees of freedom corresponding to moments over elements faces
of the normal component and as well as degrees of freedom of the element interiors.
For details, see [14].

The [?—norm of the vector of the coefficients As(u) can be used to estimate the
L?—norm of u and of its divergence; the proof of the following lemma is elementary
and a simple modification of [63, Proposition 6.3.1]. See also [80, Lemma 3.1].
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Lemma 2.3. Let K € T;,. Then, there exist strictly positive constants, ¢ and C,
depending only on the aspect ratio of K, such that for all u € W,

¢ > BN () < fulg e <C D R (w)?
fCOK fCOK
and
. 2 2
[divullgx <C Z heXp(u)”,
fCOK
where hy is the diameter of f.

The following lemma follows directly from Lemma 2.3.

Corollary 2.4 (inverse inequality). Let K € T,. Then, there exists a constant C,
depending only on the aspect ratio of K, such that for all u € W,

(2.1) hic |div g, < C llullo g
where hi s the diameter of K.

We also need Wg, a finite element subspace of Hy(div;):

Wo(Q) := W(Q) N Ho(div ; Q).

We will now consider the variational problem (1.1). We obtain the stiffness
matrix A by restricting this problem to /V[70; A is symmetric and positive definite.

When developing our theory, we will need several additional spaces. Let S be
the space of continuous, piecewise linear functions on the tetrahedral elements, and
let Sy be the subspace of elements of S which vanish on 0f2. Let @ be the space
of piecewise constant functions on the same elements. Finally, let X be the space
of the lowest order Nédélec elements. We recall that the Lagrange P;, Raviart-
Thomas, and Nédélec spaces are conforming finite element spaces in H', H(div),
and H (curl), respectively.

Let V;, and F}, be the set of vertices and faces of T}, respectively. The interpola-
tion operators Ij,, and ITI}7 for sufficiently smooth functions u € H' and v € H(div)
onto S and W, respectively, are defined as follows:

Iyu:= ) u(p)éy and v = 7 As(v)df,
PEV, feFn

where (;55 and ¢J1?T are the basis functions of the P; and Raviart-Thomas spaces
associated with the node p and the element face f, respectively. We also denote by
II;, the L?—projection operator onto Q.

We finally recall the following error estimate for the Raviart-Thomas interpola-
tion operator and a commuting property.

Lemma 2.5. For any u € (H*(Q))?, we have
||u — HI?TUHO;Q < Ch |u|1;Q .
Proof. See [12, Lemma 5.5]. O

Lemma 2.6. Let u be sufficiently reqular. Then, the following commuting property
holds:

(2.2) div (Tl w) = 10, (divu) .
Proof. See [12, Property 5.3]. O
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We note that property (2.2) is a part of the discrete de Rham diagram described,
e.g., in [55, section 5.7].

2.3. The discrete problem. The description of the BDDC algorithm and its
analysis require the introduction of several spaces. Let W () be the space of the
lowest order Raviart-Thomas finite elements on 2; with a zero normal component
on 90 N 9. We decompose W into two subspaces, an interior space Wl(i) and
an interface space ngi). The interface space ngi) is then decomposed into a primal

space Wr(li) and a dual space WX ), Hence, we have the following decompositions:
wO =wPew =wewl ew.

We will also use the following product spaces:

N N ) N ]
Wo = [[w®, wp=[[w”, wr =]
=1 =1 =1
and

N N
Wa = [[Wy, wr = ]w.
i=1 i=1

We then have

Wy =W e Wrp :=W; & Wa & Wh.

In general, the functions in Wt have discontinuous normal components across the
interface while those of the finite element solutions are continuous; the subspace
with continuous normal components will be denoted by /V[7r. We also consider
a space Wp, consisting of functions which are continuous at the primal degrees
of freedom while being discontinuous elsewhere on the interface. We can then
decompose ﬁ/\p and ﬁ//p into WA e ﬁ/\n and Wa @ ﬁ/\n, respectively, where WA is
the continuous dual variable subspace and /V[7H is the continuous primal variable
subspace.

We can now obtain the local stiffness matrix A() by restricting the bilinear form
to £, i.e.

(2.3) a;(u,v) := / (adivudive + fu - v)de,
Q

and replacing H(div; ;) by the finite element space W(*). It is convenient to make
a change of variables by introducing a basis for the primal degrees of freedom and a
complementary basis for the dual subspace WX ) The presentation of the algorithms
and the theoretical results are considerably simplified using the new basis. Here
we can follow the recipes of [45, subsection 3.3] closely. We note that there is also
some evidence that such a change of variables enhances the numerical stability of
BDDC and FETI-DP algorithms; see [37]. However, the change of variables can
come with a loss of sparsity and there are alternative ways of implementing these
algorithms, cf. [19].

After this change of variables, we find that the contributions from the subdomain
); to the stiffness matrix and to the load vector can be written as

A AR A s
As, Aay Aan | | Ty
AIH AAH AHH II
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We then obtain the global linear system of algebraic equations by sub-assembling
these local contributions:

us Arr Aia Am us f1
(2.4) Al ua | =| AJn Aan Aan ua | = | fa |,
ug Al Alp  Amn ur Ju

where uy € Wi, ua € Wa , and up € Wy

3. THE BDDC METHODS

3.1. Some useful operators. We will now define several operators which per-
form restrictions, extensions, scalings, and averaging between dlfferent spaces. We
first consider the restriction operators. Rl(ﬂ) maps the space Wp to the subdo-
main subspace ng). Slmllarly, we can define Ré) : Wp — W() Moreover,
R(i Wa — W(i and R(i) WH — Wr(l) map global interface vectors defined
on I' to their components on I;. RFA and Rrr are the restriction operators from
the intermediate space Wp to Wa and WH, respectively. Similarly, we can define
the restriction operator RF)A from W(l) to WX). Rr and Rr are the direct sums of
all the R%f ) and R% , respectwely Furthermore, Rp Wp — Wp is the direct sum
of RH and all the R( ), where RH represents the restriction from Wp to WH and

R(A) maps the space Wp into Wé).

We next introduce scaling matrices, D), acting on the degrees of freedom as-
sociated with the I';. They are combined into a block diagonal matrix and should
provide a discrete partition of unity, i.e.,

DM

D@
(3.1) RL , Rr =1I.

DWV)

We can now define scaled operators Rg),r = D(i)Rg ) by pre-multiplying Rg ) by
the scaling matrices D®. Other locally scaled operators Eg) A are defined by
}NB%) A= RI@AR%%F. We next consider a globally scaled operator ED)F defined by
the direct sum of ﬁn and all the Eg) A- We note that

Bl fop = I o Fir = 1.
This identity shows that the averaging operator Ep : Wp — ﬁ/\p given by
(3.2) Ep := RrR% .

is a projection. Ep provides a weighted average of the subdomain interface values
across the interface I'. We will provide details on our choice of scaling matrices in
subsection 3.3.

3.2. A block factorization. The following block factorization of the inverse of the
stiffness matrix is associated with the elimination of the interior degrees of freedom
of all subdomains:

o [T =AG AR AT 0 I 0
(3:3) A _[o I 0§ |-afarr 1]
8
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Here Ajr := (Ara Amm). The Schur complement §p, with respect to the interior
unknowns, is positive definite and it is obtained by sub-assembly

(3.4) Sp = RLSrRp = Z RWT SO R,

where Sr is the direct sum of the local Schur complements defined by
i Q DT ,(1)—1 4(2
St 1= Afp — AR AT TR,
and where
A(i) A(i)
AA All

A;Z% = )T i
AR Al

For the model problem (1.2), the local Schur complements S’l(f) are always positive
definite. A preconditioner for (2.4) is then defined by using (3.3), after replac-
ing the inverse of the Schur complement §p by the action of a suitable interface
preconditioner.

3.3. The BDDC algorithm. In order to describe the BDDC algorithm, we need
to define a partially assembled Schur complement, defined on Wr, by

gp = R;SFRF.
After eliminating the components of the right-hand-side corresponding to the inte-
rior unknowns, we obtain

. (1) i _ 0 -
(1) R(Al)EFAgFUF

A : — : :
uf™) 0
(AN) R(AJI)RFNASFUF
ug | | BRroSrur

where A is the partially assembled stiffness matrix on W& ﬁ//p. We note that solv-

ing this linear system is much less expensive than working with the fully assembled

linear system since the number of primal variables is much smaller than the total

number of interface variables. We also note that the fully assembled Schur comple-

ment Sp can be obtained by an additional sub-assembly step, i.e. S’p = RF SpRp
The BDDC preconditioner has the following form:

M~1.= Eg)rgflél)yp.

Here, §F_ ! can be obtained by using a block Cholesky factorization of Aasin [45,
section 4]:

(3.5)
N (i) o 1°*
~ = ; A A 0 ~ N
St =RE, Z[ 0 RVT } e [ RO ] Rra + @S @”
=1 IA AA A
with
A(i) A(i) A(i) )
@ —RFH RFA 0 R(l) Nr s A | Ry
>[o a7 ]| e 2] |28

9
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and where
(3.6) 1
N () @ 1° ()
— T [ 46) DT ()T A A A (i)
s= 3R (A= [ AR AQT || gl 0 || 0]
i=1 IA AA ATI

The first term of (3.5) consists of uncoupled subdomain corrections realized by
means of local Neumann solves, with solutions constrained to vanish at the primal
degrees of freedom; the second term is the coarse-level part of the preconditioner
associated with the primal space and provides the global exchange of informa-
tion which is needed to obtain a scalable preconditioner for the conjugate gradient
method. In subsection 3.7, we will also explore the option of approximating the
inverse of Sy by invoking the BDDC algorithm once more, thus introducing a
three-level BDDC algorithm.

3.4. Interface equivalence classes. Equivalence classes of degrees of freedom
related to the interface between the subdomains play an important role in the
design, analysis, and parallel implementation of domain decomposition algorithms
such as BDDC. In the case of div-conforming Raviart-Thomas and BDM elements,
the situation is very simple since each interface degree of freedom is associated with
an element face common to only two elements. Thus, any equivalence class will be
given by a subset of the degrees of freedom on the intersection of the boundaries of
two neighboring subdomains. We will refer to such an interface class as a subdomain
face. In order to avoid disconnected subdomain faces in our experiments, we will
consider two degrees of freedom connected and belonging to the same subdomain
face only if there exists a path between their element faces which passes from
element to element of the subdomain face by crossing an edge between element
faces.

3.5. Deluxe scaling. In order to complete the description of the algorithm, we
need to define the weighted averaging operators D(?). Conventional weighted av-
eraging techniques, known as stiffness and p scalings, are described in [19,51]. We
will show, in section 5, that there are cases for which these conventional techniques
perform poorly for (1.2), since these methods are designed for constant coefficients
or for one variable coefficient. For more than one variable coefficient, as for the
problem considered here, we need a different approach and we will use the deluxe
scaling, introduced in [22] for H(curl) problems and further considered in [23]. A
survey of other studies using deluxe scaling is given in [78].

We will work with the principal minors, associated with subdomain faces F', of
the subdomain stiffness matrices. Two local stiffness matrices associated with F'
are given by principal minors of the subdomain stiffness matrices

A(k) A(k)

IT IF =i i
k)T k ) yJs
Ag} A%I);

and the two Schur complements associated with F by

k k BT (k)™ (k o
Siy = ARy — Aﬁﬁl 6451’ AR k=i,
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. ) N1
We will use the scaling matrices D§-l) = (Sg}r + ng)r) Sg}; . The scaling oper-
ator D is then given by

bR
. D
(3.7) D) = 2 ,
by
where F1i,..., F}) are the subdomain faces of §2;.

We remark that there are two scaling matrices for each subdomain face, and that
it is easy to show that the partition of unity condition (3.1) is satisfied, i.e., that

N T . .
ST RY DORY = 1.
i=1

Thus, a face component of the averaging operator Ep is defined by
@p = (Epw)p = (Syp + S92 (Stpws) + 58wid)).

Here wg) (resp. wg)) is the the restriction of w® € ngl) (w) € WIEJ)) to the
face F.

The action of (S +5¢ » F) can be implemented by solving a Dirichlet problem
on ; U F Uy, Where F is the face between the two subdomains. This can add
significantly to the cost. In the economic variant of deluxe scaling (e-deluxe), we
replace this large domain by a thin domain built from one or a few layers of elements
next to the face and this often results in very similar performance; see, e.g., [23] and
section 5. Instead of solving such a Dirichlet problem, in our experiments, we exploit
the Schur complement feature of the numerical factorization package MUMPS [2],
a package which explicitly provides the local Schur complement matrix S’l(f) when
factoring the subdomain problem. Our approach has the further advantage that the
Dirichlet solver can be reused in the static condensation step in (3.3), and that the
Schur complement solver can be reused when computing the subdomain correction
n (3.5). Therefore, a single factorization step suffices to set up the preconditioner.

Differently from [23], in our experiments with the e-deluxe variant, we consider
the principal minors of the Schur complement obtained by eliminating all the inte-
rior degrees freedom in a layer of elements next to all of the subdomain interface I';.
However, when using e-deluxe, the Dirichlet and Schur complement solvers cannot
be reused, and additional factorizations are needed to set up the preconditioner.
We note that our implementation of e-deluxe is quite similar to the one analyzed
in [36].

3.6. Basic BDDC deluxe estimates. The core of any estimate for a BDDC
algorithm is an estimate of the norm of the averaging operator Ep. By an algebraic
argument, known for FETT-DP since 2002, we have

K(M'SP) < ||Epllg,

see [39] or [45]. The analysis of any BDDC deluxe algorithm can be reduced to
bounds for individual subdomains. Arbitrary jumps in the coefficients across I' can

then be accommodated.
11
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Instead of develqping an estimate for Ep, we will work with Pp ::.I —FEp. Thus,
we estimate the Sél)—norm of RL (w;f) —wr), instead of (RE'(I)F)TSI@Rng. Here
Rp denotes the restriction to the face F. By elementary algebra, we find that

w0l — oy = (S, +S(j))flsg}( © _ ),

More algebra gives, by using that s rp = RpS l)R}Tr,
(RE(wly) — wp)) TSP (RE(wl) — @) =
(wi —wi) SEp(Spr + SER) T SER(Spr + SEr) T SR (wy) —wid).

Adding a similar contribution from €2;, we obtain, following Pechstein and Dohrmann
[62], that the relevant expression of the energy is

T A I )
The matrix of this quadratic form is a parallel sum, and we will use the notation
A:B:=(A'+B H!
cf. [4]. We easily find that
(38) (wi' = wi)(Sip s S (wi — wi))
< 2(wy —wn)" (S} + S (W —wn) + 2wl —wn)”(S1 : S (Wl —wn)
where wry is an arbitrary element of the primal space. Since S’g ng)r < Sk @ rp and

Sg w8k (J ) < Sgl);, each of these terms can be estimated by an expression which is
local to only one subdomain.

Let wg)A = wg) wrr. There now remains to estimate wg)AT(S ng)r) F)A
by the energy of w®. For this, we will need the energy-mlmmlzlng extension of
any finite element function defined on F. The relevant matrix is S w defined by

(3.9) S =St — ses) s,
Here SF/F, is the prmmpal minor of SF with respect to I'; \ F' and S g an off-

diagonal block of S . We need to establish a bound for

wil (S9 : SEwih by wil (S5 SYL)wi

and to show that
w(F)ﬁ (S( ) S(F‘]F) )w(F): < w( )TSF( )w( ),

where w(® is an arbitrary extension of the values of wg) on the face F' to the rest
of Fl .

In standard BDDC theory, as in section 4, the required estimates is obtained
by using a face lemma, cf. [70, subsection 4.6.3], where such a result is established
for constant coefficients in each subdomain, polyhedral subdomains, and scalar
elliptic problems. For an adaptive algorithm, this result is replaced by the use of a
generalized eigenvalue problem. For BDDC deluxe, we first generate elements for
the primal space for a face by solving a generalized eigenvalue problem

(3.10) SO 80 =S Uy,
The primal space are then generated by the eigenvectors for a few of the largest

eigenvalues of (3.10) and making (gg}; : §g})(wg) - wg)) orthogonal to these

12
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eigenvectors. The complementary dual space is then spanned by the remaining
eigenvectors which is then orthogonal to the primal space with respect to the matrix
Sg}, : Sg}, This orthogonality condition allows us to conclude that

)T ot j 4 )T S o %
w5 SPhwih < w55 - Sl

We also have to use that §;% : 51%2, < §$F and §;% : 51%2, < §g} We can
now bound the right-hand side of (3.8) by v, times the energy of w contributed
by the two subdomains €2; and Q; where v/F, is the largest eigenvalue associated
with the eigenvectors not used in deriving the primal constraints. Thus, we have
the following result:

Lemma 3.1. If l/tlzl is the largest eigenvalue of (3.10) ignored when we generate
our primal constraints from eigenvectors of that eigenvalue problem, we have

|(Pow)iellF, < 2 vig(ai(w,w) + aj(w, w)),
where a;(+,-) is given by (2.3).
By elementary estimates, we can then obtain the following result:

Theorem 3.2. H(M’lgp) < ||PDH§F <4 v N2, where vy := maxp Vfgl and Np
equals the maximum number of faces of any subdomain.

We note that there is evidence that adaptive primal spaces in deluxe BDDC
methods are smaller compared to those generated using conventional point-wise
scalings [35, 36].

3.7. Three-level BDDC. Coarse problem solvers in BDDC methods, as in all
others two-level Domain Decomposition methods, can create a bottleneck for the
algorithm when there is a large number of subdomains and/or many coarse degrees
of freedom per subdomain, as could be the case when an adaptive BDDC algorithm
is used. A multilevel extension of the BDDC algorithm is readily available given the
unassembled nature of the coarse problem (3.6); for a pioneering analysis see [73,74].
In a three-level BDDC algorithm, the solution of the coarse problem is replaced
by the application of a BDDC preconditioner at a coarser level; this leads to highly
scalable BDDC preconditioners, provided a suitable coarse space for the second
level is found. In fact, as proved in [20], the use of approximate coarse solvers could
degrade the condition number of the BDDC algorithm and increase the number of
iterations of the Krylov solver. But an upper bound for the condition number of a

three-level BDDC method holds
r(M;,

3level

Sr) < k(Mg Srm) (M~ Sp),

where Mﬁrll is the BDDC preconditioner for Stp. Differently from earlier work,
we will construct an adaptive coarse problem for Spp and we then will be able
to control x( My Stm) and construct highly scalable and robust three-level BDDC
preconditioners. We note that the design of effective primal spaces for coarser levels
of H(div) problems could be a subject of future development of theory.

13
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4. TECHNICAL TOOLS AND THE MAIN THEORETICAL RESULT

When we turn to the development of our theory, we need to impose additional
conditions on the geometry of the subdomains and the values of the two material
parameters o and 8. Thus, each subdomain €2; will be assumed to be convex and a
union of a finite number of shape-regular tetrahedral elements of a coarse triangu-
lation Tg. We also assume that o and 8 are constant in each subdomain while we
allow arbitrarily large coefficients jumps across the interface. We will denote by «;
and f; the values of these coefficients taken on subdomain €2;. We note that these
assumptions have been used in the development of theory for many domain decom-
position algorithms of the iterative substructuring family, see, e.g., [70, Chapters
4-6].

Our primal variables will be defined by the common average of the normal com-
ponent of the solution over the subdomain faces. This means that a no-net-flux

condition
/ U’X) ‘mnds=0
F

is imposed for each subdomain face.

In our proofs, we also need some standard tools for the space S(2;), which we
can borrow from [70, subsection 4.6]. These results are related to the subdomain
faces and their boundaries. of 9€;. We note that the proof of [70, Lemma 4.16] is
not satisfactory but that a correct proof is now available in [23, Section 3.].

Lemma 4.1. There are functions Yor € S(Q;) and 9p € S(;) such that for all
nodes on the closure of F

198F+19F = 17

I =0 on OU\F, and Yo = 0 at all nodes of 9; except those on OF. Moreover,
for any u € S(Q;), there exists a constant independent of h; and H;, such that

2 2
[n (Doru)li.q, < C(1+1log Hi/hs) [[ull}.q,
and
2 2 2
n (Vpu)lig, < C (1 +1log Hi/hi)™ [lull}q, -
In addition, the following estimate holds:
2 2
[ullg.or < C(1+log H;/hi) [[ully.q, -
We next introduce a stable operator, which provides a divergence-free extension.

Lemma 4.2 (divergence free extension). There erxists an extension operator H;
from the normal trace space of Wg) to W | such that, for all u € WX),

(ﬁiu) ‘N o=, divﬁiu =0,

where p = u - n. Moreover,

’ﬁiﬂ

<C 5 -
oo, < Clll 1200,

Proof. A proof of this result is provided for the lowest order Raviart-Thomas el-

ement defined on hexahedral meshes in [80, Lemma 4.3] and [79, Lemma 2.6]. A

proof for the case of tetrahedral elements can be obtained using exactly the same

arguments. 0
14
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We then have the following estimate for the discrete harmonic extension, i.e.,
the extension of a given normal trace with the minimal energy. For more details,
see [70, section 10.2] and [58, section 3.1].

Corollary 4.3 (discrete harmonic extension). Let H; be the energy minimizing

discrete harmonic extension. For all u € WX), we have
(Hip) - m=p:=u-n.
Furthermore,
. 2 2 2
@ ”leHiMHO;m + Bs ”HiMHO;m < OB |‘M|L1/2;aszi :

Proof. H; is the minimal-energy extension operator for a given subdomain interface.
Therefore, we have

~ 2 2
a; HdiVHiﬂ”(Q);Qi + B HHZ'MH(Q);Qi < oy ||div Hip ‘ + Bi ||Hip ‘

0;9 0%

Since div ﬁiu = 0, we have, by using Lemma 4.2,

. 2 2 2
o ||d1Vin/LHo;Qi + B ||Hi/LHo;Qi < CBi |‘N|L1/2;aszi :
O

We next consider a coarse interpolation operator IT& onto the Raviart-Thomas
space on the coarse mesh 7.

Lemma 4.4 (stability of the coarse interpolant). Let K € Ty. For allu € W, we
have the following estimates:

[ div (HZT’U,)HE;K = ”diV“HS;K

and
2 .
Il < O (0 + SowH /) [l + H v a2 )

where Hy is the diameter of K. Here, the constant C' depends only on the aspect
ratio of K and the elements of Ty,.

Proof. Full proofs of this result are given in [79, Lemma 2.4] and [80, Lemma 4.1]
for hexahedral meshes. These proofs can be translated line by line to also hold for
tetrahedral meshes. (]

We then have the following:

Lemma 4.5. Let urp € W® with \f (up) = 0, Vf C 0Q;\F. Furthermore, let
ug = H; (HgTuF n) and assume that o; < ﬂZHf We then have for the bilinear
form (2.3)

(4.1) a; (uff ,uff) < Ca; (up,up),
where C' is independent of H;, h;, a;, and [;.

Proof. We will modify the proof of [58, Lemma 5.6]. We first assume that F' consists
of only one face of a coarse element K € Ty C ;. Let Qf_iF C Q; be the set of
all points which are within a distance d; of F. Let xr be a piecewise linear scalar
cut-off function, which has the value 1 on F' and vanishes in QZ\QfF for some
hi < d; < H;. Moreover, ||xr|l., <1 and ||[Vxr|, < C/d;. '

We next consider a coarse basis function related to a discrete harmonic exten-

sion. This basis function qb?gT is obtained from the standard basis function ¢&%
15
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and is given by %I}?T = H,; (XFQSI{‘ZT . n) We note that ||¢§
div " 5.0, < CH:.

We then define the function @! as follows:

T”o;m < CH} and

(4.2) @l = Ap (up) PET.

In order to estimate the energy of @w!, we will estimate the coefficient A (ur) and
the energy of %l{‘zT, separately.

We first estimate the coefficient. By the divergence theorem, and the fact that
(xFur) - n vanishes on 8QdF\F

|PWAF<uF>:|PWAF<xFuF>:”/<xFuF>-nds
F
:/dv div (xpur) da:—/ Ny (xFur) -nds
i,ZF BQlZF\F
:/dv div (xpur) dz.
i,ZF

By using the Cauchy-Schwarz inequality and the shape-regularity of the elements
of Ty, we obtain

2 ] . 2
IAr (up)|” < 1_2 ldiv (xrur)lg g

d;
C gz (el

< O Idivurlig, +C g lurlo,.

<

% urli,)
o) Fllo;;

We can now obtain our estimate of the basis function. From the minimal energy
property, we find
2
div f7 ||+
0;9;

< ay [ldiv (" (xrd ")) o, + 8 | (IR (xrdi")) [,

Q;

F HO,QI

Hence, we have

(@ ff) = o A (wr) (div 57 Hz;m + 6 | e (ur) (357) Hz;gi

< C(ai+ Bid}) |divauplg.g, + C (ai/d; + B;) |urllg.g, -

(4.3)

Let d; = max{\/a;/Bi, h;} and recall that h;, < d; < H;. By using (4.3) and
Lemma 2.4, we obtain

(ug,uF) < a; (ug,ug) < Ca;(up,up).

If F is the union of faces of several elements of Tg, we should replace the basis
function in formula (4.2) by a sum of such functions associated with the relevant
faces of the coarse elements. O

16
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We next introduce a partition of unity associated with the faces of an individual
subdomain §; as in [70, Chapter 10.2.1],

Z (r = 1,a.e. on 9Q;\09,
FCoQ;
where
1, zeF
(44) Cr(@) = { 0, € dU\F.
We then have the following estimates for the subdomain face components; we recall
that for u; € Wg), fF u; - nds = 0 for each subdomain face F' C 052;.

Lemma 4.6. For any u; € WX) and for any ul! € Wl({-), let w;i ' =wu;-n, pup :=

Crpi, and pf! :=ul -n. Then, the following estimate holds:

2 2 2
HIUFH—l/Q;aQi <C(1+logH;/h;) ((1 + log H;/hi) Hﬂz + :u"{{H_l/g;(’?Qi + ||/LiH71/2;aQi)
holds, where C is independent of uf, H;, and h;.

Proof. This result is closely related to [80, Lemma 4.4] and [79, Lemma 2.7], which
are results for hexahedral meshes. Carefully checking all the arguments, we find
that the same results are also valid for tetrahedral meshes. O

Unlike for the gradient operator, it is quite complicated to classify the kernel and
the range of the curl and divergence operators. The discrete regular decompositions
given in [32] provide useful tools to analyze problems posed in H(curl) and H (div).
We can then apply techniques developed for H!-functions by using the following
result.

Lemma 4.7 (Hiptmair-Xu decomposition). Let D C Q be a convex polyhedron.
Then, for all vy, € W (D), there exist ¥y, € S(D), qn € X(D), and v, € W(D)
such that

vy, = vy + 1ET (W) + curl gy,

and

(4.5) 15 Bl + 123y < Clldivenllyp

(4.6) leurl gullo.p + 1%allsp < Clonliop-

Proof. See [32, Lemmas 5.1 and 5.2]. O

We note that this important paper, [32], was preceded by [31], which concerns
another application of the same decomposition.

Lemma 4.8. For any u; € W(i), there exist v; p € W@ and va S Wr(li) such
that
(4'7) { /\f ('Ui,F) = /\f (ul) fo C F;
/\f ('Ui,F) =0 Zf f C 891\}7‘
and
(48) { Ar (vip) = Ar (" ws) if f C F;
Ap (vfp) =0 if f COU\F.
Furthermore,
a; (vi,F — 'Uil,{Favi,F — vz{{F) <C (1 =+ log I’Il/hl)2 a; (ui,ui) ,
17
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where C' is independent of «;, B;, H;, and h;.

Proof. We will only consider the case where a; < BiHE since for ﬁin < «;, the
proof is straightforward by using Corollary 4.3 and Lemmas 4.6, 2.1, and 4.4; for
more details, see [80, Section 5].

By using Lemma 4.7, we can find u;, ¥;, and g; such that
(4.9) w; = u; + 1T (W) + curl g;.

We note that div (curlg;) = 0 and that (4.5) and (4.6) provide bounds for the
different terms.

We first consider w;. We define u; p := chF Ar () qb?T, where d)ﬁT is the
Raviart-Thomas basis function associated with the face f. By using Lemmas 2.3,
2.4, and 4.7, we have

~ 2 ~ \2 ~ 12
[t rllg0, < C Y B (W) < Clllg.q,
(4.10) fCF
. 2 2
< Ch} [divuillo.q, < Clluillo.,
and
o~ 2 ~\2
Idiv @ pllo.q, < C Y hidg ()
(4.11) jck
1~ 2 . 2
<C||n; 1ui||0;Qi < C||divufp.q, -
Hence, from (4.10) and (4.11),
(412) a; (ﬁi)p, ﬁi,F) S Cai (Ui, ui) .
We also define ul, := H; (11" @; - n). By using Lemma 4.5 and (4.12), we
obtain
(413) a; (ﬁl]:[F,ﬁlI:IF) S Oai(ﬁiyp,ﬁiyp) S Cai ('U/“’LLZ) .

We note that by construction, @; p — uf, satisfies the no-net-flux condition. We
will similarly construct pairs of functions originating from the other terms of the
right-hand side of (4.9) such that the differences satisfy the no-net-flux condition.

We next consider the second term IIFT (W,) of (4.9). Let ¥, p = I;, (JpP;).
By using Lemmas 4.1 and 4.7, we obtain

2
[%irll.q, < C Il

2 2
0;€2% <C ||ui||o~,szi

and
[div @ pll5.q, < CWiplrg, < C(1+1log Hi/hi)® Wil

< C(1+log Hy/hi)® ||div wilffq, -

Moreover, by using Lemma 2.5, an inverse estimate, and Lemma 2.6, we obtain
2 2 2
T (2ir) ||, < 2110 rllog, +2[|¥ir — I (Pir)||q,
2 2 2
S 2 H\Ilin”();Qi + Chf |\IlivF|1;Qi S ¢ H‘Ili'rF”O;Qi ’

7

and
i 2 . 2 . 2
Hdlv i (‘IlixF)HO;Qi = [y (div ¥, 7)[[g.0, < 1div ¥ pll.q, -
Therefore,
2
(4.14) | (‘I’i,F)HO;Qi < Clwillge,

18
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and
(4.15) div I (%5 p) [0, < C (1+ log Hy/hi)® [[div s g,
Hence, from (4.14) and (4.15), we obtain
(4.16) a; (T (@, p) ,TIET (B, 1)) < C (14 log Hy/hi)® a; (ws, w;) .
Let \IlfIF = H; (IF" (I ¥, p) - m). By using Lemma 4.5 and (4.16), we have
417 a; (U5, i) < Ca; (T (W, p) T (W )
< C(1+log Hi/hi)? a; (ws, ;) .

Let gior = I (I (Vor®;)) and ¥ op := Y p Af (gi0r) ¢F7. By using
Lemmas 2.3, 2.5, 4.1, and 4.7, an inverse estimate, and an estimate for the P; basis
functions of S(£2;), we obtain

2 2 2
H‘I’i,aFHo;Qi <C § h?/\f (giﬁF) <C ||gi78F||0;Qi
(4.18) fCF
2 2 2
< Ch (Yor¥i)llo.n, < Cll¥illoq, < Clluillyg,

and
. 2 2 1 2
[div¥;0p(h.o, <C Z hig (gior)” < CF lgi.07o.0,
fcF ¢
1 2 2
(4.19) < Oﬁ 1h (Vor¥®:)llo.0, < Cl¥illgor

< C(1+log Hi/hi) [ i3,
< C(1+1log Hfhy) [[divwilfq, -
Hence, combining (4.18) and (4.19), we obtain
(4.20) a; (Pior, Wior) <C(1+1logH;/h;)a;(u;,u;).
Let \Ilfap = H; (HgT\Ili,@F n) From Lemma 4.5 and (4.20), we obtain
@i (‘I’fap, ‘I’faF) <Ca; (¥, or, ¥, 0r)
< C(1+logH;/h;)a; (u;,u;).

We finally consider the curlg; term of (4.9). Let 2 := II&T (curlg;), r; :=

(curlq;) - n, and rf := rf - n. Moreover, let v/ := H; (Cprf) and r; p =

H; (¢r (rs —rH)). From Corollary 4.3 and Lemma 4.6, we obtain
ai (ri Py TiF)
< OB H<F (Ti - TZH)H:/in

(1.21) < CB; (1+1og Hi/ha) (1 +1og Hi/ha) 13l 1 o, + Il = 711”0, )
< CB;i (1 +1log Hi/h;) ((1 +log H;/h;) |\7°i||2_1/2;am + H’”f{||2—1/2;am)

2
< CB; (1 +log H;/hy)? HTiH2—1/2;8Qi + CBi (1 +log H;/hy) HTZHH—umaQi :
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We note that ||dierH||0_Q < ||div (curl g;)||y.q, = O from Lemma 4.4. Hence, by
using Lemmas 2.1 and 4.4, we obtain

HTzHH:/Q;aQi <C (Hf HdiVTzHHi;Qi + Hrf”i;ﬂi) = CHTzHH(Z);Qi
(122 < ((1+log Hi/h) eurl @0, + 12 [div (curlqi) 3., )
= C (1 +log Hy/hy) |leurl g, g,
and
(4.23)

il 120, < € (H? |ldiv (curl @) o, + [eurlqilfg, ) = C lleurl gi[5g,
Therefore, by combining (4.21), (4.22), (4.23), and Lemma 4.7, we obtain
a; (ri,p,rir) < C(1+log Hi/hi)2 Bi ||curl Qi||(2);szi
(4.24) < C(1+1log Hi/hi)* Bi l|wil3.c,
< C(1+4log Hi/hy) a; (wi, w;) .
We can now define v; r as follows:
vip =+ (U, p) + W, op + Tfp + 7R
and leF by
vlp=ulp+ Ol vl el
Then, v; p and va satisfy the conditions (4.7) and (4.8), respectively. Further-

more, we obtain the following estimate by using (4.12), (4.13), (4.16), (4.20), (4.17),
(4.21), and (4.24):

a; (vi,F - 'Ul-I:IF,’ULF - ’UZ{IF) < O(l + IOgHZ/hZ)Q a; ('U/“’LLZ) .

We are now ready to prove our main result.

Theorem 4.9 (condition number estimate). The condition number of the precon-
ditioned operator M ~1Sr satisfies

(4.25) K (M‘1§p) <O (1+logH/R)?.

Proof. We first recall that the left hand side of (3.8) provides an upper bound
of the square of the S —norm of a face component of Ppw. We again note that
Sg}; : Sgl); < Sg}; and that Lemma 4.8 provides us with a bound for the right-hand
side of (3.8). O

5. NUMERICAL RESULTS

All results in this section, except when otherwise stated, are for problems on
the domain = [0,1]®. The triangulation of £ and the assembly of the subdo-
main matrices are performed using the C++ library DOLFIN, [48], which is part
of the FENICS project, [47]. ParMETIS, [34], is used to decompose the meshes
and always results in irregular subdomains. The linear system (2.4) is solved us-
ing the Preconditioned Conjugate Gradient (PCG) method as implemented in the
Portable and Extensible Toolbox for Scientific Computing (PETSc), [8], with the
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BDDC preconditioner implemented in PETSc by the third author, see [81], for
which each subdomain is assigned to a different MPI process. The right-hand sides
are always chosen randomly and a relative residual reduction of 1078 is used as a
stopping criterion. The MUMPS, [2], Cholesky factorizations are used for the sub-
domain solvers and to compute the local Schur complements. The current PETSc
implementation, which uses dense linear algebra kernels, see [3], is employed for

solving (3.10) for each subdomain face and the small dense blocks Sg}, are inverted
explicitly. Formula (3.9) is not used in practice; instead, each Sl(f) is first explic-

itly inverted, and the principal minors §$}_1 are then extracted. Unless otherwise
stated, we use the averages of the normal component over each subdomain face
as our primal constraints as provided by the no-net-flux condition. The quadra-
ture weights for these constraints can easily be obtained by using the divergence

theorem, i.e.,
/ u-n= / div u.

For further details on the BDDC implementation and for additional numerical
results for our H(div) model problem, see [81]. Our large scale numerical results
have been obtained on the Cray XC40 Shaheen of KAUST, ranked 9th in the Top500
list as of November 2015, and which features 6192 dual 16-core Haswell processors
clocked at 2.3 Ghz and equipped with 128GB of DRAM per node, for a total of
198,144 cores.

5.1. Example 1 (Common average constraints). We decompose the unit cube
Q into 64 irregular subdomains using ParMETIS and assume that the coefficients
a and @ have jumps only across the interface between the subdomains. We have
conducted two different sets of experiments for the lowest order Raviart-Thomas
and BDM elements. For the first set of experiments, we report on the condition
numbers and the number of iterations for different values of H/h, with a constant
value of 8 while varying o between the subdomains. Here and in what follows,
H/h is defined as the maximum of the ratio of the diameter of a subdomain and
the smallest diameter of any of its elements. The subdomains are subdivided into
even and odd subdomains according to their MPI rank. In the second set of exper-
iments, the value of « is constant while [ varies. As predicted by the theory, the
experimental results in Tables 1 and 2 confirm that the condition number of deluxe
BDDC is insensitive to the jumps of the coefficients for the lowest order Raviart-
Thomas elements. As indicated by the results in Tables 3 and 4, the no-net-flux
condition is also sufficient to obtain condition number independence for the lowest
order BDM elements.

5.2. Example 2 (The effect of using conventional averaging techniques).
In this subsection, we report on some numerical experiments comparing deluxe
BDDC and conventional scaling techniques. We have performed four different types
of experiments with the same set of coefficient distributions using the lowest order
Raviart-Thomas and BDM elements. The first set of experiments, named “deluxe”,
is based on the weighted averaging techniques as described in (3.7). In the second,
the economic variant of the deluxe scaling (“e-deluxe”) is used with one layer of
elements next to I'. The results in the third and fourth columns of Tables 5 and 6 are
obtained by using conventional methods as described in [19,51]. In the “stiffness”
case, the scaling is based on the diagonal entries of the subdomain matrices, whereas
21
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TABLE 1. Condition numbers (k2) and iteration counts (it) for the
lowest order Raviart-Thomas elements with different mesh sizes.
a; = a, = 1 for odd subdomains and a; = a, for even subdomains,
B; = 1; there are 64 irregular subdomains.

H/h=43 | H/h=73 | H/h=11.1 | H/h=13.5
K2 | it K2 | it K2 | it K2 | it
ae=10"21315[ 13 [3.67 | 14 | 4.38 15 5.17 16
ae=10"1 [ 3.53 | 14 | 4.31 15 | 4.92 16 5.21 16
ae = 100 3.84 | 15 | 452 | 15 | 5.69 17 5.57 16
ae = 10! 3.90 | 14 | 456 | 14 | 5.87 16 5.68 16
ae = 102 3.91 13 | 457 | 13 | 5.89 15 5.70 16

TABLE 2. Condition numbers (k2) and iteration counts (it) for the
lowest order Raviart-Thomas elements with different mesh sizes.
B; = Bo = 1 for odd subdomains and 3; = S, for even subdomains,
a; = 1; there are 64 irregular subdomains.

H/h=43] H/h=173| H/h=11.1 | H/h =135
K2 | it K2 | it K2 | it K2 | it
Be=10"214771 14 [ 510 15 [ 6.05[ 17 [6.66 ] 17
Be=10"1 462 14 [ 491 15 [ 574 ] 16 | 596 17
Be = 100 384 | 15 [ 452 15 [ 569 17 | 557 16
Be = 101 467 15 [ 509 15 [ 529 17 |5.02]| 16
Be =102 502 | 15 | 5.68 | 16 | 5.96 | 18 | 556 | 17

TABLE 3. Condition numbers (k2) and iteration counts (it) for the
lowest order BDM elements with different mesh sizes. a; = a, = 1
for odd subdomains and «; = . for even subdomains, 3; = 1;
there are 64 irregular subdomains.

H/h=43 | Hh=73 | H/h=11.1 | H/h=13.5
K2 | it K2 | it K2 | it K2 | it
ae=10"2]5.04 17 [6.38 [ 19 [ 6.59 19 7.91 20
ae=10"1]599] 19 [6.84 | 20 | 7.59 21 7.97 21
ae = 100 6.49 | 20 | 7.18 | 20 | 8.69 21 8.44 21
e = 101 6.59 | 19 | 7.24 | 19 | 8.96 21 8.59 20

ae = 102 6.60 | 18 | 7.25 | 18 | 9.00 19 8.62 19

TABLE 4. Condition numbers (k2) and iteration counts (it) for the
lowest order BDM elements with different mesh sizes. 3; = 8, = 1
for odd subdomains and 3; = S, for even subdomains, o; = 1;
there are 64 irregular subdomains.

H/h=43] H/h=73| H/h=11.1 | H/h =135
K9 | it K9 | it K9 | it K9 | it
Be=10"21799] 19 [ 861 20 [ 10.25 [ 22 [ 11.80 | 23
Be=10"1 1739 20 [ 775 ] 19 | 9.04 | 21 | 9.11 | 22
Be=100 |6.49] 20 [ 7.18| 20 | 869 | 21 | 844 | 21
Be = 10! 696 | 21 | 7.85| 20 | 813 | 22 | 826 | 21

Be = 102 851 | 21 | 887 | 22 9.45 24 | 10.32 | 23

22



BDDC FOR RAVIART-THOMAS VECTOR FIELDS

in the “card” case, we use the usual cardinality scaling, which for Raviart-Thomas
elements and BDM elements results in using 1/2 as the scaling factor for each
interface degree of freedom. For other general settings, we follow subsection 5.1.
As we see in Tables 5 and 6, our weighted averaging technique, even in its economic
version, works well for both Raviart-Thomas elements and BDM elements, while
the other scaling choices are sensitive to discontinuities across the interface.

TABLE 5. Condition numbers (k2) and iteration counts (it) for
the lowest order Raviart-Thomas elements with different scalings.
a; = a, =1 and B; = B, = 1 for the odd subdomains and «; = .
and 8; = (. for even subdomains, 64 irregular subdomains, and
H/h=17.3.

deluxe e-deluxe stiffness card

K9 | it K9 | it K9 | it K9 | it
e =10"2, 8. =102 [ 471 [ 15 [ 467 [ 15 [ 1.8¢2 | 97 [ 5.1el | 57
e =10"1, B =10" [ 4.05 | 15 [ 4.02 [ 15 | 7.3el | 63 | 2.2¢1 | 35
e =100, B =100 [452 | 15[ 448 15| 5.26 | 17 | 525 | 16
e =101, B =10"T [ 452 | 14 [ 424 | 14 | 1.1e2 | 64 | 3.4el | 36
e =102, B =102 | 5.11 | 14 | 4.52 | 14 | 1.2¢3 | 158 | 3.2e2 | 101

TABLE 6. Condition numbers (k2) and iteration counts (it) for the
lowest order BDM elements with different scalings. a; = a, = 1
and f; = B, = 1 for the odd subdomains and a; = a. and §; = B.
for even subdomains, 64 irregular subdomains, and H/h = 7.3.

deluxe e-deluxe stiffness card

K9 | it K9 | it K9 | it K9 | it
e =10"2, 8. =107 [ 866 | 21 [ 830 [ 21 [ 2.1e2 [ 119 | 1.6e2 | 95
ae=10"1, 8. =101 [ 6.89 | 20 [ 6.60 | 20 | 1.1e2 | 81 | 3.8¢1 | 48
ae =109, B = 10° 718 [ 20 | 7.15 | 20| 7.82 | 21 | 7.82 | 21
oe =101, B =10"T | 741 |20 [ 6.85 | 20 | 1.6e2 | 83 | 5.1el | 47
ae =102, B =10"2[8.61 | 20 | 7.81 [ 20 | 1.8e3 | 235 | 4.8¢2 | 131

5.3. Example 3 (Using higher-order elements). In this subsection, we report
on the dependence of the rate of convergence of the deluxe BDDC algorithm on
the polynomial order of the finite element spaces. We recall that our theory does
not cover such cases. We consider a constant coefficient case, i.e. a = = 1,
and fix the fine triangulation of €. We then increase the polynomial order for
the Raviart-Thomas elements and BDM elements; the order of the lowest order
elements is equal to 1. The experimental condition numbers for Raviart-Thomas
(continuous line) and for BDM (dashed line), as reported in Figure 1, indicate a
polylogarithmic bound in the the polynomial order of the finite element spaces as
observed and theoretically justified for a spectral element case in [60].

5.4. Example 4 (Adaptive BDDC deluxe). In this subsection, we report on

the efficiency of adaptive BDDC deluxe, and its economic variant, with randomly

distributed material coefficients « and 3, using v4,; = 10 for the eigenvalue problem

(3.10). We consider different refinements of Q = [0, 1] which is always decomposed
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FIGURE 1. Square root of condition numbers as a function of log-
arithm of the polynomial order for Raviart-Thomas (continuous
line) and BDM (dashed line) elements. « = 8 = 1, with 64 irreg-
ular subdomains and H/h = 4.3.

——Raviart-Thomas
—* BDM

2
Polynomial order

into 64 irregular subdomains. For the material coefficient « (resp. /), we first draw
a set of random real numbers z, € [—¢,¢| (zs € [—¢,q]) and then set o = 107«
(8 = 10"5). Results for the lowest order Raviart-Thomas discretization are given
in Table 7; as the mesh is refined, the number of degrees of freedom increases from
50 thousand (H/h = 8.1) to 10 million (H/h = 40.8). Similar results for the lowest
order BDM elements are provided in Table 8; the number of degrees of freedom
varies from 152 thousand (H/h = 8.1) to 9 million (H/h = 30.5). Larger values
of H/h for BDM discretization were not possible because of memory issues. The
condition numbers, the number of iterations, and the size of the adaptive primal
spaces, given as a percentage of the number of degrees of freedom on the interface,
are provided. H/h is increased from top to bottom, whereas the contrast in the
coefficients is increased from left to right. We stress that the random distributions
considered for a and [ are different.

Experimental condition numbers are very close to the adaptive threshold used in
all the deluxe and e-deluxe adaptive BDDC runs; the size of the adaptively gener-
ated coarse problems are very similar, with the e-deluxe version always producing
slightly larger primal spaces. We note that the relative size of the primal spaces
always decreases as H/h is increased. It is also interesting to note that the relative
size of the adaptively generated primal spaces for BDM discretization is smaller,
being roughly a third of that generated with Raviart-Thomas elements.

Figure 2 shows the timings for the setup and the application of the adaptive
BDDC preconditioner for the lowest order Raviart-Thomas elements. We compare
deluxe (continuous line) and e-deluxe (dashed line) for the cases ¢ = 1 and ¢ = 4.
Setup times are comparable for deluxe and e-deluxe, with the former being slightly
faster. On the other hand, e-deluxe is asymptotically faster than standard deluxe
for larger values of H/h with respect to the solve times.

In the e-deluxe case, the Dirichlet and Neumann solvers are factored separately.
These matrices are quite sparse with at most 7 non-zeros per row and in our expe-
rience the factorization and the backward and forward substitutions are very fast.
Instead, in the deluxe case, one single factorization step with the Schur complement
computation is performed. This results in a different ordering of the unknowns
(provided by MUMPS) and a larger number of non-zeros in the sparse factors for
the Dirichlet solver. The local Neumann problems are instead solved with a dense
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TABLE 7. Condition numbers (k2), iteration counts (it), and rel-
ative size, in percent, of primal spaces (II) for the lowest or-
der Raviart-Thomas elements with randomly chosen coefficients
a, B € [1079,10%], with 64 irregular subdomains. Adaptive BDDC
with vy, = 10. Results given for deluxe and e-deluxe versions.

g=1 q=2 q=3 q=4
K2 it 11 K2 it II K2 it 11 K2 it 11

H/h deluxe

811 109 22 6.1 81 20 119|106 21 149|105 20 15.0
16.2 || 11.2 23 16| 9.2 21 49 |121 21 73 |116 20 79
224 || 11.3 23 0.8 |11.5 21 3.3 99 19 52 (109 19 5.9
30.5 || 11.1 23 0.5 (119 21 24 (115 20 3.8 [13.1 20 44
349 | 105 22 03 |116 20 19 (139 20 3.2 |11.8 18 3.7
40.8 || 11.7 22 0.2 |100 19 16 |124 21 26 |11.2 18 3.1
H/h e-deluxe

811109 22 62| 82 20 119|106 21 150|105 20 15.1
16.2 || 11.2 23 1.7| 92 21 50 |12.1 21 73 |11.7 20 8.0
224 11.3 23 09 (113 21 34| 97 19 53 |109 19 6.0
30.5 || 11.1 20 0.6 | 11.7 20 25 |11.3 20 39 | 131 20 45
3491 95 21 04| 97 19 20 |135 20 33 |11l5 18 338
40.8 || 116 22 03| 98 19 1.7 (121 20 2.7 |11.1 18 3.2

TABLE 8. Condition numbers (k2), iteration counts (it), and rela-
tive size, in percent, of primal spaces (II) for the lowest order BDM
elements with randomly chosen coefficients «, 8 € [107%,107], with
64 irregular subdomains. Adaptive BDDC with v,,; = 10. Results
given for deluxe and e-deluxe versions.

g=1 q=2 q=3 g=4
K2 it II K2 it II K2 it 11 K2 it II
H/h deluxe
8.1 90 23 23| 71 20 43 |11.2 21 441|103 21 5.3
16.2 || 109 23 07| 93 21 18130 22 18| 93 19 25
224 | 106 22 041|114 20 12108 20 12| 97 19 18
30.5 || 104 22 02105 21 09114 21 09]|119 20 1.3
H/h e-deluxe
8.1 91 23 23| 71 20 43 |11.1 21 441|103 21 5.3
16.2 || 109 23 07| 93 21 18130 22 18| 93 19 26
224 | 105 22 04 |11.2 20 12107 20 12| 97 19 1.8
305 98 21 03104 21 09114 20 09| 11.7 20 1.3

matrix-vector multiplication, reusing the Schur complement inverted during the
setup phase. Such a step has O(n?) complexity, where nr is the number of degrees
of freedom of the subdomain interface. A poor load balance of the unknowns of
the local interfaces impacts the timings of this application negatively. We have ob-
served similar results for the lowest order BDM elements, with about 21 non-zeros

per row (data not shown).

5.5. Example 5 (Strong scalability with a SPE10 test case). In this sub-
section, we report on the strong scaling for adaptive deluxe BDDC for a slightly
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FIGURE 2. Setup times (left) and times for the application of
the adaptive BDDC preconditioner (right) as a function of H/h.
Deluxe scaling compared against e-deluxe for different values of ¢,
with a and 8 randomly chosen in [107¢,104].
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different variational problem given by
(5.1) a(u,v) = /(Pdivudivv + u K ! v)da,
Q

where P is a non-negative scalar and K a symmetric positive definite tensor. The
porosity and the tensor permeability coefficients are given by the second data set
of the well-known SPE10 benchmark; cf. [1]. The domain considered is 1200ft x
2200ft x 170ft, regularly decomposed by a hexahedral grid of 60 x 220 x 85, with
each resulting hexahedron further subdivided into 6 tetrahedra. We use the lowest
order Raviart-Thomas elements, for a total of 15M degrees of freedom, and consider
the effect of increasing the number of subdomains N. We stress that the aspect
ratio of the elements is very high for the test case considered.

The porosity field is strongly correlated with the permeability coefficients, which
have very large variations (8 to 12 orders of magnitude). About 3% of the elements
have zero porosity. We note that we are not working with a discretization of the
original reservoir Darcy problem. Instead, we use this variational problem in order
to test our adaptive BDDC method on problems with highly irregular coefficients.
Adaptive deluxe BDDC is used with a threshold of 10 for the eigenvalues of (3.10);
the resulting coarse problem is solved using the parallel Cholesky solver provided by
the MUMPS library, [2]. Table 9 shows the results; experimental condition numbers
are very close to the eigenvalue threshold used, and the number of iterations is
scalable with an increasing number of subdomains. A superlinear speed-up can
be observed by inspecting the timings for the setup of the preconditioner (setup
column) and the total time for the Krylov solver, indicating that in the regimes
considered the computational times are dominated by the local Cholesky solvers
used for the sparse subdomain problems and for the dense Schur complement, while
the size of the coarse problem does not impact the scalability.
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TABLE 9. Condition numbers (k2) and iteration counts (it) for
SPE10 test case for different number N of subdomains. Setup time
for adaptive BDDC and total time for Krylov solver are shown (in
seconds); in parenthesis, the speed-up in relation to the case of 128

subdomains.
N K2 it setup solve ideal
128 | 12.6 | 20 | 26.5 (1.0) 6.51 (1.0) 1
256 | 13.1 | 21 | 8.91 (2.9) 2.92 (2.23) 2
512 | 14.0 | 22 | 3.83 (6.9) 1.27 (5.12) 4
1024 | 14.9 | 22 | 1.73 (15.3) | 0.61 (10.67) 8

5.6. Example 6 (Strong scalability test with adaptive three-level BDDC).
In this last subsection, we demonstrate the effectiveness of adaptive three-level
BDDC for the model problem (1.1) in a strong scaling setting. For weak scal-
ing results with up to 32,768 processes, see [81]. We consider a uniform mesh of
the unit cube which results in about 25 million degrees of freedom for the lowest
order Raviart-Thomas discretization, and increase the number of subdomains N,
from 1,024 to 16,384. The material parameters are randomly chosen in the range
[1073,10%] and we set 4, = 10 for (3.10). Results in Figure 3 compare setup times
and Krylov solving times using adaptive BDDC deluxe with a parallel Cholesky
solver (exact in the legend) against its three-level variants (CR64 and CR128),
where the parallel Cholesky solver is replaced by a second step of adaptive BDDC
deluxe. In the CR64 (resp. CR128) case, 64 (128) fine subdomains are aggregated,
using ParMETIS, into single coarse subdomains. The threshold for the selection of
the primal functions at the coarser level is set to 5.

Compared with the SPE10 case studied in the previous subsection, the primal
spaces generated in this case are larger (data not shown); the costs for the setup
and the application of the parallel coarse solver are no longer negligible, and domi-
nate the simulations for large numbers of subdomains. On the other hand, adaptive
three-level BDDC algorithms are still scalable in the number of Krylov iterations,
requiring a few more iterations to converge than the standard two-levels BDDC;
setup and the solve times for the three-level results are scalable up to 16,384 sub-
domains.
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