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Abstract

We userelaxationto producepaintedimageryfrom imagesandvideo. An enegy functionis first specified;
apaintingis thengeneratedy performinga searchfor a paintingwith minimal enegy. The appealof this
stratgy is that, ideally, we needonly specifywhatwe want, not how to directly computeit. Becausahe
enepy functionis very difficult to optimize, we usea relaxationalgorithmcombinedwith varioussearch
heuristics.

This formulation allows us to specify painting style by varying the relative weightsof enegy terms.
Thebasicenegy functionyieldsaneconomicapaintingthateffectively corveys animagewith few strokes.
This economicalstyle producesmoderatetemporalcoherencavhen processingrideo, without losing the
essentialD quality of the painting. The systemallows asfine usercontrolasdesired:the usermayinterac-
tively changethe paintingstyle, specifyvariationsof style over animage,and/oraddspecificstrokesto the
painting.Procedurastroke texturesmaybe usedto enhancevisualappeal.

1 Introduction

Thetime is ripe for novel computergeneratedrisual styles. The increasinglyadwenturoususeof digital
effectsin moviesandtelevision, togethemwith mary recentadvancesn non-photorealisticendering(NPR)
make this an exciting time for NPR research.Painterly rendering,the subjectof this paper promisesto
metgethe beautyandexpressienesf paintingwith theflexibility of computergraphics.

In this paper we formulatepaintingasanenegy minimizationproblem,givena sourceimageor video
sequence.This approachhasmary benefits. Most generally it allows us to expressthe desiredfeatures
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of the paintingstyle asenegy terms,freeingus from the often-difficult taskof devising a new or modified
paintingalgorithmfor eachnew considerationn astyle.

This givesusthe ability to producepaintingsthat closelymatchtheinputimagery In somesensethis
paperpresentshefirst stroke-basegbainterlyimagefilter thatcanproducenon-“‘impressionisticpaintings.
This is particularlyimportantin processing/zideo sequencesyhereimprecisioncanleadto unacceptable
problemswith temporalcoherencethe only previousalgorithmfor automaticallypaintingvideowith long,
curved strokes[HPO0O] requiresmary small strokes, andstill producesa degreeof flickering that may be
objectionabldor someapplications.

The enegy minimizationapproachalsoallows usto bridgethe gap betweerautomaticpainterlyfilters
anduserdriven paint systems.Usersmay specify requirementsabouta paintingat a high-level (painting
style), middle-level (variationsof style over the image),and low-level (specificbrushstrokes); the user
maywork backandforth betweernthesedifferentlevels of abstractiorasdesired.This featureis of critical
importancefor taking the bestadvantageof the skills of artists. This also allows us to accommodata
wide rangeof userrequirementsskill levels,andtime constraintsfrom desktoppublishingto featurefilm
production.

1.1 Redated Work

We now review previous work on painterly rendering. (A more generalsurvey of NPR canbe found in
[CGGT99].) Onethreadof work arepainterlyfilters, which do notrequireanexplicit 3D modelof theworld
beingpainted.HaeberliiHae90]demonstratedninteractie paintingsystemfor quickly producingpainted
representationsf still image.Severalcommerciapackagese.g.[Ado, Rig99]) provide automatigoainterly
imagefiltersbasednthesddeasusingfixedsizeandshapestrokes. Litwinowicz [Lit97] demonstratetion
theseideascould be extendedfor processingideo,by moving shortstrokeswith estimatedpticalflow. In
previouswork, we variedbrushstroke sizesby layeringandplacedcurved strokesby following normalsof
imagegradientdHer98]. This methodproducesmagesthatareloosebut not very economicabr precise;
fine detailsareoftenlost even after severallayersof painting. This methodis extendedto video processing
in [HPOO]. Althoughthe existing techniqguegproduceexcellentimageryin a variety of styles,the rangeof
stylesavailableis limited by the particularpaintingprocessthis paperexpandsherangeof stylesin seseral
dimensionsandprovidesaframavork for the straightforvard additionof furtherstyles.

Theavailability of 3D geometryallows moreflexibility in producingpainterlyanimation.Meier[Mei96]
demonstratednautomatigparticle-base@pproachor paintingwith shortbrushstrokes. Extensionf this
ideawith interactiely-placedstrokeswereusedwith greatsuccesdn therecentfeaturefiims What Dreams
May Come [Lit99] andTarzan [Dan99]. Suchsystemaaturally provide excellenttemporalcoherenceand
aneconomicapaintingstyle,if desired.However, exact3D informationis oftenunavailable. Also, theuse
of 3D typically yields a differentaesthetidrom painterlyfilters, becausestrokesthatadherecloselyto 3D
shapeover time usually give the impressionof strokesattachedo objectsin space ratherthanof a view
throughananimatedpainting. Which appearances preferredwill dependontheapplication.

Haeberli[Hae90]introducedthe useof relaxationfor painterlyrenderingandTurk andBanks[TB96]
usedrelaxationto illustratevectorfieldswith streamlinesThis paperextendsthiswork. Optimizationmeth-

!By “impressionisti¢, we refer to a painting composecf a scattershotollection of brushstrokes ratherthanto a specific
historical paintingstyle. We have attemptedo recreatea somavhat “generic; modernpaintingstyle: realistic, but with visible
brushstrokes,inspiredby artistsasRichardDiebenlorn, WayneThiebaudandLucienFreud.
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odshave beenusedn otherarea®f computemgraphicghatentailbothaestheti@ndmathematicatoncerns,
suchasanimation[GSG"99], surfacemodeling(e.g.[WW92]), andlighting design(e.g.[KPC93)).

Two basicapproachebave beenusedto createrealistic-lookingstroke textures. Onegeneralapproach
is to usesomeapproximatesimulationof physicalmedia,by simulationof bristles[Str86 and/orthe fluid
dynamicsof paint[Sma90CAS*"97]. Suchmethodgprovideimpressiely-realisticappearancatthe costof
muchlongercomputatiortime. Alternatively, proceduratexturesmaybeused[Cur99]; proceduratextures
aremoread hoc, but fasterto evaluateand easierto control. However, the choiceof texturing stratey is
usuallyindependentf the stroke placementlgorithm.

1.2 Overview

Therestof this paperis organizedasfollows: We first describethe enegy of a paintingin Section2. The
relaxationprocedurdor thisenegy is describedn Section3, andthe sub-proceduréor applyingrelaxation
to asinglestroke is describedn Sectiond4. We thendescribestroke texturing in Section5, painterlyvideo
processingn Section6, and our userinterfacein Section7. Someimportantimplementatiordetailsare
givenin Section8, followedby discussiorin Section10, andfuturework in Section11.

2 Energy Function

The centralideaof this paperis to formulate paintingasan enegy relaxationproblem. Given an enegy
function E/( P), we seekthe painting P* with theleastenepgy:

pP* = in /(P
o iy PP

In this paper a paintingis definedas an orderedcollection of coloredbrushstrokes, togetherwith a
fixed carvascolor or texture. A brushstroke is athick curve definedby alist of control points,a color, and
athickness/bruskvidth. A paintingis renderedy compositingthe brushstrokesin orderontothe carvas.
Brushstrokesarerenderedasthick cubic B-splines.Strokesaredrawn in the orderthatthey werecreated

An enegy function canbe createdas a combinationof differentfunctions,allowing us to expressa
variety of desiresaboutthe painting,andtheir relative importance.Eachenepgy function correspondso a
differentpaintingstyle. This formulationgivesusareasonablyntuitive way of designingpaintingstyles,in
thatwe specifythe desiredfeaturesof the painting,ratherthanproviding a directmethodfor computingthe
painting,ashasbeendonein the past.

We usethefollowing enegy functionfor a painting:

E(P) = Eapp(P) + Earea(P) + Enstr(P) + Ecop(P)

Eopp(P) = Z Wapp (2, Y)||P(z,y) — G(z,y)||
(z,y)€T

2\We alsoexperimentedwith orderingby brushradius,andfound that, dueto the natureof the relaxation,large strokeswere
never placedafter smallstrokesin ary ordering. This occursbecaus¢he smallerstrokesarealmostalwaysa betterapproximation
to the sourceimagethanis a large stroke; hence,addinga large stroke on top of mary small strokesalmostalwaysincreaseshe
paintingenegy in the shortterm.
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Earea(P) = UWarea Z Area(S)
SepP

Epnstr(P) = wnsy - (thenumberof strokesin P)
E.,(P) = we - (thenumberof emptypixelsin P)

This enepy is alinear combinationof four terms. Thefirst term, E,,,,, measureshe pixelwise differ-
encesbetweernthe paintinganda sourceimage(. Eachpaintingin this paperwill be createdwith respect
to asourceimage;thisis theimagethatwe arepaintinga pictureof. Theseconderm, F,.,, measureshe
sumof the surfaceareasof all of the brushstrokesin the painting. In somesensethis is a measureof the
totalamountof paintthatwasusedby theartistin makingtheimage.The numberof strokesterm E,,;,- can
be usedto biasthe paintingtowardslarger brushstrokes. The coverageterm £, canbe usedto forcethe
carvasto befilled with paint,if desired by settingw,,, to bevery large. The weightsw areuserdefined
values.Thecolor distancd| - || represent&uclideandistancen RGB space.

The first two termsof the enegy function quantify the trade-of betweentwo competingdesires:the
desireto closelymatchthe appearancef the sourceimage,andthe desireto useaslittle paintaspossible,
i.e. to beeconomical By adjustingtherelative proportionof w,, andw ..., ausercanspecifytherelatve
importanceof thesetwo desiresandthusproducealifferentpaintingstyles.Lik ewise,adjustingw., s allows
usto discouragehe useof smallerstrokes.

By default, the valueof w,,, (z, y) is initialized by a binary edgeimage,computedwith a Sobelfilter.
This givesextra emphasigo the edgegquality, althougha constantveightoftengivesdecentresultsaswell
. If we allow the weightto vary over the carvas,thenwe getan effect thatis like having differentenegy
functionsin differentpartsof theimage(Figure8). Theweightimagew,,(z, y) allows usto specifyhow
muchdetailis requiredin eachregion of theimage,andcanbe generatec@utomaticallyor hand-paintedby
auser(Section?).

Someimportantvisual constraintsaredifficult to write mathematicallyFor example the desirethatthe
paintingappeatto be composedf brushstrokeswould be difficult to write asan enegy functionover the
spaceof bitmaps;hence we parameterize paintingin termsof strokes. Hence we definesomeaspectof
apaintingstyleasparameterso therelaxationprocedureratherthanasweightsin the enegy function.

3 Reaxation

Theenepy functionpresentedn the previous sectionis very difficult to optimize:it is very discontinuous,
it hasa very high dimensionality(numberof brushstrokes* numberof brushstroke parametersyandthere
doesnotappearo beananalyticsolution.

Following Turk and Banks[TB96], we usea relaxationalgorithm. This is a trial-and-errorapproach,
illustratedby thefollowing pseudocode:

P — emptypainting
while not done

C «— SUGGEST() /I Suggest change
if (F(C(P)) < E(P)) /I Does the change help?
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P —C(P) /1'1f so, adopt it

Thereis no guarante¢hatthealgorithmwill corvergeto aresultthatis globally optimalor evenlocally
optimal. Neverthelessthis methodis still usefulfor producingpleasingresults.

The maininterestingguestionis how malke the suggestionsin our initial experimentswe usedhighly
randomsuggestionssuchas addinga disc stroke in a randomlocationwith a randomsize. Most of the
computatiortime wasspenton suggestionshatwererejected resultingin paintingspoorly-matchedo the
enegy. Becausehespaceof paintingshasvery highdimensionalityit is possibleio make mary suggestions
that do not substantiallyreducethe enegy. Hence,it is necessaryo devise more sophisticatedvays of
generatinguggestions.

4 Stroke Relaxation

A basicstrateyy that we usefor generatingsuggestionss to usea stroke relaxation procedure.This is a
variationon snales[KWT87], adaptedo the paintingenegy function. This methodrefinesanapproximate
stroke placementhoiceto find a local maximumfor a given stroke. This is doneby an exhaustve local
searcho find thebestcontrol pointsfor the stroke, while holdingfixedthe stroke’s radiusandcolor, andthe
appearancef therestof the painting. We alsomodify the snale algorithmto includethe numberof stroke
controlpointsasa searchvariable.

Thehigh-level algorithmfor modifying a stroke is:

Measurehepaintingenegy
Selectanexisting stroke

Optionally, modify somestroke attribute
Relaxthestroke

ok wnN ke

Measurehe new paintingenepgy

Herewe omit mary implementatiordetails. This algorithmis describedn detailin Section8.1. How-
ever, we mentiontwo importantaspectsof the implementationhere: First, the stroke searchprocedure
evaluatesthe paintingenepgy with the stroke deletedfor reasonglescribedater Hence,the modification
suggestiormay becomea stroke deletionsuggestionat no extra cost. Second the relaxationprocedure
would be very expensye anddifficult to implementf doneprecisely Insteadwe useanapproximatiorfor
theenepy insidetherelaxationloop, andmeasurehe exactenegy only aftergeneratinghe suggestion.

4.1 Single Relaxation Steps

In this sectionwe describeandividual proceduresor generatingsuggestions.

Add Stroke: A new strokeis createdstartingfrom agivenpointontheimage.Thenew strokeis always
addedn front of all existing strokes. Controlpointsareaddedo thestroke, usingthecontourapproximating
proceduredescribedn [HPOO]. The stroke is thenrelaxed (seeprevious section). The resultof this search
is thensuggeste@sa changeo the painting.
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Reactivate Stroke: A given stroke is relaxed, and the modificationis suggesteds a changeto the
painting. However, if deletingthe stroke reduceghe paintingenegy morethanthe modificationdoes then
the stroke will be deletedinstead.Note thatthis proceduredoesnot modify the orderingof strokesin the
image. Thus,it will deleteary stroke thatis entirely hidden,solong asthereis somepenaltyfor including
strokesin the painting(i.e. a positive weighton the areaor numberof strokesterms).

Enlarge Stroke: If the stroke radiusis belov the maximum,the stroke radiusis incrementedandthe
strolke is reactvated. Theresultingstroke becomes suggestion.

Shrink Stroke: If the stroke radiusis above the minimumradius,the stroke radiusis decrementednd
thestroke is reactvated.

Recolor: The color for a stroke is setto the averageof the sourceimagecolorsover all of the visible
pixelsof the stroke, andthe stroke is reactivated.

4.2 Combining Steps

Individual suggestionarecombinednto loopsoverthe brushstrokesin orderto guarante¢hatevery stroke
is visited by arelaxationstep.

Place Layer: Loop overimage,Add Strokes of a specifiedradius,with randomlyperturbedstarting
points.

Reactivate All: Iterateover the strokesin orderof placementandReactvatethem.

Enlarge/Shrink All: For eachstroke, Enlaige until the changds rejectedor the stroke is deleted If the
stroke is unchangedthenShrinkthe stroke until the changds rejectedor the stroke deleted.

Recolor All: Iterateoverthe strokes,andRecoloreachone.

Script: Executeasequencef relaxationloops. To make a paintingfrom scratchwe usethe following
script:

foreach brushsize R;, from largestto smallest,
do N times:
Reactvateall strokes
PlacelLayer R;
Enlarge/ShrinkAll
RecolorAll

We normallyuse/N = 2. This scriptusuallybringsthe paintingsufficiently closeto corvergence.Note
thatthereactvationloopsapplyto all brushstrokes,notjustthoseof the currentsize. For processingideo,
we reduceprocessingime by setting/N = 1 andomitting therecolorandenlage steps.

Creatinga final imagecantake severalhours,dependingpn theimagesizeandthe paintingstyle. Most
of theimagesn this papemweregenerateah afew hoursona225MHz SGI OctaneR10000.Theaccompa-
nying videowasprocesseat low resolution(320x240)with thereducedscriptabove to save time, yielding
aprocessingateof aboutl hourperframe.

6
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5 Stroke Color, Texture, and Opacity

Our systemprovidesa variety of differentwaysto renderanintermediateor final painting. Brushstrokes
canbe renderedwith randomcolor andintensity perturbationgasin [Her98]), with transpareng and/or
with proceduraltextures. Texturing operationsare omitted from the main relaxationprocedureprimarily
solely for the sale of efficiency. Furthermoreseparatinghe renderingstepallows usto experimentwith

differentstroke colorsandtextureswithout needingo performrelaxationanev. Proceduraktroke texturing
is describedn the Appendix.

All of our stroke scan-cowmersionis performedn software,usingthetriangle-stripmethoddescribedn
the Appendix. We have not usedhardware scan-cowmersionbecauseve needto be ableto reliably traverse
every pixel in a brushstroke without rendering(for adding/remaing strokes and summingimage statis-
tics), which is not easilyafforded by hardware scan-cowmersion. Scan-cowertingin softwareallows usto
guarante¢hataloop over a stroke visits every pixel of the stroke exactly once.

6 Video

Therelaxationframeavork extendsnaturallyto processingiideo. A variety of enegy formulationscanbe
employedfor video. In the simplestformulation,the enegy of thevideo sequencés the sumof theenegy
for eachframe. Thetargetimagefor eachvideoframeis the correspondingmagein the sourcesequence.
For efficiengy andtemporalcoherencewe canusethe paintingfor oneframeastheinitial paintingfor the
next frame. For speedwe currentlyproceseachframesequentiallya moregenerakxtensionwould beto
performrelaxationover the entiresequencén arbitraryorder

This methodcanbeimprovedif opticalflow informationis available[Lit97]. Opticalflow is ameasure
of the motion of sceneobjectsprojectedontotheimageplane.Warpingbrushstrokesby opticalflow gives
the impressionof brushstrokes moving to follow the motionsof objectsin the scene.We computeflow
using a variantof coarse-to-finalifferential motion estimation[SAH91]. In orderto generatethe initial
paintingfor a frame,we warp the stroke positionsby the optical flow beforerelaxation. This givesa good
initialization for the next frame.

Thisyieldsarelatively clearvideosequenceyith muchlessflickeringthanoccursin more“impression-
istic” algorithms.In particular it is possibleto paintavideosequence&vith muchlarger strokesthanbefore.
However, thetemporalcoherencés farfrom perfect,andmorework remainsto bedonein thisarea.

7 Interaction and M etapainting

The enegy formulationis well-suitedfor an interactive painting application. In this view, the software
functionsasa high-level paintbox,allowing the userto malke artisticdecisionsat ary stageandatary level
of abstractiorin the paintingprocessin particulay theusermay:

e Selectoverall paintingstyles.
e Selectdifferentstylesfor differentimageregions.

e Placeindividual brushstrokes,assuggestionsr by decree.
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We referto this approachasmetapainting. (A relatedsystemwasdescribedy Salishury etal. for pen-and-
ink illustration[SWHS97].)

In ourimplementationthe userhascompletefreedomto make thesechoicesbefore,during, andafter
relaxation.For example,the usermight selectan overall style for animageandperforma relaxation.After
seeingthe result, the userdecidesthat a particularpart of the imageshouldbe emphasizedpaintsa new
appearanceveight function, and then performsrelaxationagain. The userthenrealizesthat shedesires
specificbrushstrokesin oneimageregion, andthenpaintsthemin.

Our userinterface allows several different methodsfor visualizing the painting and editing painting
styles,including outputpainting, differenceimage,sourceimage,weightimage,pseudocolofeachstroke
assigneda randomcolor), etc. The usermay paintdirectly into the outputimage,and may paint weights
into the weightimage. Painting stylesand parametersre controlledby variouswidgets. Specificstrokes
may bereactvatedby clicking onthem.During relaxation,changego the paintingaredisplayedasthey are
computed}o give the usera view of thework in progressandto allow modificationto the style duringthe
computation.

We believe thatinteractive metapaintingcanbe a very powerful tool for image-makingcombiningthe
easeof anautomaticfilter with the fine control of a digital paintsystem. The artistholdsabsolutecontrol
over the appearancef the final painting, without being requiredto specify every detail. The appealis
even greaterfor video processingwhereone canautomaticallypropagteartistic decisionsbetweervideo
frames.

The systemis currentlytoo slow to provide tight interactvity. With fasterhardware,the userfeedback
loop canbe madetighter We look forwardto the daywhenit is possibleto visualizechangesn painting
stylesatinteractie rates.

8 Implementation Details

In this section we describesomeof the algorithmsanddatastructuresusedin ourimplementatiorto avoid
redundantomputation.

Lazy evaluationandpatrtial resultcachingareusedthroughoutour code. The valuesof eachsubtermin
the enegy functionarecachedandareonly updatedvhenthey change.For example,oneimageencodes
the perpixel valueof theweightedcolor difference(WCD) betweerthe paintingandsourceimage(i.e. the
summanaf £,,,). Wheneerapixel valuechangesthecorrespondingaluein theWCD imageis updated.
The sumof the WCD imageis alsoupdatedoy subtractinghe old valueandaddingthe new value. Similar
methodsareusedfor othertheenegy terms.

8.1 Stroke Relaxation

We now describehedetailsof the stroke relaxationprocedureéntroducedn Section4.

Performinga searchfor a locally optimal setof stroke control pointswould be prohibitively expensve
even with dynamicprogramming;the costis a productof the numberof perpixel operationsthe costof
scan-coxerting a curve section,andan exponentialin the size of the searchneighborhood A key ideaof
therelaxationprocedureds to performrelaxationover a simplerenepgy functionthatapproximateshe true

8



NYU CSTechReport:Paint By Relaxation

Figurel: Approximatingtheimprovementof a stroke. Left: A stroke is definedasa smoothpathapproxi-
matinga givenlist of controlpoints.Right: Theimprovementof a stroke is approximatedy the sumof the
improvementsof discscenteredat eachcontrol point. Eachdischasradius R. Theimprovementof placing
adiscof radiusR atlocation(z,y) is storedasanimage/r(z,y). (Althoughnotillustratedin thefigure,
controlpointsareroughly R pixelsapartfrom eachother) Theimage/, storesmprovementto the painting
dueto eachpixel. Ir(z,y) is computedoy summingl, overadiscof radiusR. Theimagesi/ and/, are
computedazily, in orderto avoid redundantomputation.

enepy, andhasroughlythe sameminimaasthe true enegy. Thetrue stroke enegy will only be evaluated
once,for theresultingsuggestion.

Our goalis to replaceinitial stroke S with a stroke T', whereT' hasthe samecolor andthicknessas S,
and7 minimizesthenew enegy E(P—S+1T). Thisis equivalentto minimizing E(P—S+1)— E(P—S),
whichcanbeevaluatedaster’ We build anapproximateenegy function(7T) ~ E(P—S+T)—E(P—S)
over which to search.In this new enepgy function, a brushstroke is modeledroughly asthe union of discs
centeredteachcontrolpoint. Thesearclhis restrictedn orderto ensurehatadjacentontrolpointsmaintain
a roughly constantdistancefrom eachother This is doneby addingan extra termto the paintingenegy
function: £, (P) = Wyem >.(||vi — viy1]| — R)?, for astroke of radiusR. Thisis avariantof membrane
enegy [KWT87].

All of thetermsof thetrueenegy function £( P) have correspondingermsin theapproximation/ (7°).
The numberof strokesandspacingtermsare measureaxactly: I, (T) = wystr, Imem(T) = Epen(T).
Theareaeneny I, IS approximatedstheproductof thestroke’'sradiusandits controlpolygonarclength.

Theappearancf ,;,,) andcoveragemprovementg/.,,,;,) areapproximatedy makinguseof auxiliary
functions Ir(z,y) and I, (x,y) (Figure 1). This formulation allows us to uselazy evaluationto avoid
unnecessargxtracomputatiorof theauxiliary functions. I, (z, y) measuretheenegy improvementdueto
changingpixel (z, y) to the color of the stroke, unlessthe stroke would be hiddenby anotherstroke at that
pixel. I'r(z,y) sumsl,(z,y) overacirculardiscaround(z, y). Thesefunctionsaregivenby:

IR(xvy) = Z Ip(ua U)

[[(wv)=(zYlI<R
[p(xvy) = h(xvy)wapp(itay)IC(xay) - C(may)wempty
Io(z,y) = ||C—=G(z.y)ll - [I(P = 95)(z,y) - G(z,y)l|

3We use+ and— in the settheoreticsensevhenappliedto paintingsandstrokes,e.g. P + 7' = P U {I'} = painting P with
stroke T' added.E(P) is ascalarandthus E(P;) — E(P») is ascalarsubtraction.
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C'is thecolor of the brushstroke. ¢(x, y) andh(z,y) areindicatorfunctionscomputedrom the fragment
buffer: ¢(x,y) is 0if (z,y) is coveredby ary paint,1 otherwise(z,y) is 0if (x,y) is coveredby a stroke
thatwascreatedafter S. (Thenew stroke will take the sameplaceastheold stroke in the painting;e.qg.if S
is completelyhidden,thenT maybeaswell.) Summing/z(z,y) over the control pointsfor a stroke gives
anapproximatiorto the appearancandcoverageimprovementtermsdueto placingthe stroke:

Iapp + Iempty = Z IR(iL‘, y) (1)
(z,y)econtrolpoints

With thesefunctions,we canmodify a stroke asfollows:

MeasureE (P)
Selectanexistingstroke S € P
Remave the stroke,andmeasure(P — 5)
Optionally, modify someattribute of the stroke
Relaxthestrole:

S’ S

do lastImp «— I(S")

S arg minTEneighborhood(S’) I(T)

while I(S") < min{lastImp, H}
Measurethe new paintingenegy E(P + S’ — 5).
P« argminge(pp_spis—sy £(Q)

Thedo loop in theabove text representshe actualstroke relaxation,describedn the next section.
The constantH is usedto prevent pursuingstrokesthat appearto be unprofitable. We normally use
H = 0; H couldalsobe determinedxperimentally

8.1.1 Locally Optimal Stroke Search

In this section,we describea dynamicprogramming(DP) algorithm for searchingfor a locally optimal
stroke, with a fixed stroke color and brushradius. This is a slightly modified version of an algorithm
developedby Amini etal. [AWJ9Q for usein finding imagecontoursbasedn snales[KWT87].

We searchor thelocally optimal control polygon,andfix all otherstroke andpaintingparametersiWe
first defineanenegy functione(T") of astroke T" consistingof 2D controlpointsvg, vy, ..., vy —1:

n—1 n—2
= Z eo(vi) —+ Z el (1)7;, vi+1) (2)
=0

1=0

For our purposestheenegy e(7') is theimprovement! (P, T, S) definedin the previous section.Note that
n is alsovariable;we aresearchingor the optimal control polygonof ary length. For now we will assume
that the strole lengthis kept constant,and later describehow to modify it. Higher orderterms,suchas
bendingenepgy, may alsobe addedo optimization(e.g. > 03 e1(vi, vi4+1,vi42)) asdescribedy Amini et
al. [AWJ9Q; however, thecompleity is exponentialin the orderof the enegy, sowe have focusedonly on

thelower-orderterms.

10
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The mainloop of the searchis asfollows: Given a currentstroke, we wantto find nen control points
in the neighborhoodf the currentcontrol points (Figure 2). Eachcontrol point hasa window of w x w
candidatesn whichwewill searchfor the bestnearbycontrol point. We normallyusew = 5. Theintuition
for the algorithm comesfrom the obsenation thatthe enegy is purelylocal: the optimallocationfor the
first controlpointis connecteanly to the optimallocationfor the secondcontrolpoint; therestof thecurve
hasno interactionwith thefirst controlpoint. Thereforewe cancreatea DP tablethatwill take theposition
of thesecondcontrolpointandreturnthe correspondingptimallocationfor thefirst point.

We startby builing the DP tablesas:

so(v1) = ng}(i)n eo(vo) + eg(v1) + e1(vo, v1)
s1(ve) = I%illl so(v1) + eo(v2) + e1(v1, v2)
si-1(vi) = minsi—a(vi-1) + eo(vi) + e1(vi-1, i)

Thesetableshave theimportantpropertythat:
si—1(vi) = ming,. ,e(vo,...v;i)

In otherwords,givenafixedvaluefor control point v;, the optimallocationfor the prior controlpointv; _;
canbelookedupass;_1(v;).

In additionto theenegy tableswe alsocreatea correspondingablethatcanbebacktrackdto find the
optimal stroke with the correspondingptimalenegy:

Pi_1(v;) = argmin s;_2(vi_1) + eo(vi—1) + e1(vi—1,v;) (3)

Vi—1
Usingthesetables we canseethatthe optimalchoicefor thelastcontrolpoint, v, is givenby
Up = arg ng}ln Sn—1(vn) (4)
Therestof thestrolke is foundrecursvely:
vi—1 = Pi_1(v;) (5)

Furthermorewe canfind the lengthm of the locally optimal curve of ary length (up to n) simply by
searchinghetablesfor the smallestvalue:

. . . ~ 6
m '8 minLengthSIlegmaxLength Invlll Sm—1 (7)) ( )
This operatiorrequiresminimal overheadbecausave cankeeptrack of the minimumentrywhile building
thetables.
We alsoadda control pointv,,+1 = 2v, — v, _1 to the stroke beforeeachrelaxationstep,andsearch
nearthis longerstroke. This allows the stroke lengthto increaseaswell asdecreaseluringthe search.

11
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< Vo v

Figure2: Left: Dynamicprogrammingfor computinga locally optimal stroke shape.A w? tableis con-
structedaroundevery controlpoint, exceptthefirst. s;_1 (v;) is atablethatcontaingheenegy of theoptimal
strolkefor agivenvaluefor v;. Right: Theenepgy of theoptimalstroke of lengthn canbefoundby searching
then-th table:e,,;;, = min,,, s,,—1(vy,).

Thecomputationatompleity of asinglesearctstepis linearin thelengthof thestroke, but exponential
in the orderof theenegy: ©(n(w?)*) enegy evaluationsarerequiredfor a stroke of orderk andlengthn
For k = 2 andw = 5 thismean$25 computationger control point periteration,whereeachcomputation
may be quite expensve.

For stroke evolution, we chosedynamicprogrammingfor the advantageof generality Gradient-based
methodssuchasusedby Kassetal. [KWT87] requiretheenegy functionto bedifferentiable andit appears
thata graph-theonformulation[MB95] of this problemwould be NP-complete.

8.2 Fragment Buffer

Whenwe deletea brushstroke, we needto find outwhatthe new paintinglookslike. A simple,but exceed-
ingly slow, methodwould beto rerendetherevisedpaintingfrom scratch.Becausdrushstrolke deletionis
avery commonoperationn therelaxationprocessyve needafasterway to deletebrushstrokes.

We chooseanapproactsimilarto an A-buffer [Car84],calledafragment buffer. Eachpixel in theimage
is associatedvith a list of the fragmentghat cover that pixel, aswell astheir associatedtroke indices. A
fragmentis definedasa singleRGBA value,andeachlist is sortedby depth.In our currentimplementation,
thisis equivalentto sortingby the orderof stroke creation.

To computethe color of a pixel, we compositeits fragmentlist from bottomto top, unlessthe top
fragmentis opaque. Creatingor deletinga stroke requiresgeneratingor deletingone fragmentfor each
pixel coveredby the stroke. In our experimentsthe lengthof a typical fragmentlist rarely exceedss for
automatically-generatdchages.

The fragmentbuffer is alsousefulfor otheroperationssuchas picking a stroke basedfrom a mouse
click, andrerenderingstrokeswith pseudocolors.

Therearea variety of alternatvesto this method,basedon saving partial renderingresults;we chose
thisasagoodtrade-of betweersimplicity andefficiency.

8.3 TextureBuffer

Our systemallows the userto experimentwith modifying the stroke renderingstyles. Becausestroke po-
sitionsare not modified during this processijt would be wastefulto repeatedlyscan-cowert strokeswhile

12



NYU CSTechReport:Paint By Relaxation

changingcolors. We usea texture buffer to avoid this effort. Thetexture buffer is a fragmentbuffer with
additionaltexture coordinategprovided with eachfragment. The fragmentalsocontainspartial derivatives
for usein the proceduratexture; the completetexture fragmentdatastructurecontains:

¢ (u,v) texturecoordinates

9s Ot
e Jacobiarmatrix of partials: | 92 %7 |, wheres(z, y) andt(z,y) definethe mappingfrom screen
9y Oy

Yy
spaceo stroke texture space.The partialsarecomputedasa productof stroke scan-cowersion.
e Stroke index, usedto look up the stroke color andtexturing function.

Before experimenting,we first scancorvert all brushstrokesinto the texture buffer. Renderingwith nen
texturesand colorsis thena matterof traversingthe texture buffer, calling the appropriateprocedurefor
eachtexture coordinate andcompositing.Thetexture buffer could alsobe usedto incorporatetexture into
relaxation;we currentlydo notdo this for efficiency concerns.

8.4 Paralle Implementation

We have implemented parallelversionof therelaxationalgorithmfor betterperformanceA senersystem
containsthe maincopy of the painting,andclient machinegprovide suggestionso the sener. Oneconnec-
tion is usedbetweereachclientandthe sener; in ourimplementationthis takestheform of asingle UNIX
socletonthesener. Wheneeraclientgeneratesa suggestionit is sentto thesener overthesoclet. These
suggestionarekeptin a queueon the sener, andaretestedin the orderthey werereceived. Whenerer the
sener commitsa changeo the painting,it is announceaver the soclket, andadoptedoy all clientsin their
local copiesof the painting. Although therearemary waysof generatingsuggestionsall suggestiongan
be written asone of two typesof messagesbDelete stroke numbern, or Create/modify stroke numbern
to have radiusR, color C, andcontrolpolygon P. (Thereis no distinctionbetweeri'create” and“modify”
commands.)The sameprotocolis usedfor sendingsuggestionso the sener asfor announcingchangego
the clients. Two othermessageypesareused:one messageells clientsto advanceto the next framein a
videosequenceandanotherannounceshangedo the style parametersnadeby the user

This systemis limited by the main processos speedn processinguggestionsWe have alsodevised
(but notimplemented)a decentralized/ersionin which ary processomay commit changedo a painting
afteracquiringa lock on the appropriatamageregion. In this setup,a main copy of the paintingresides
on sharedstorage Wheneer a processogenerates suggestionit is placedon a global suggestiomqueue.
Before computinga suggestiona processomustfirst testevery suggestionn the queueandclearit out if
thequeueis notalreadyin use,to keepthe paintingup-to-date Theimageis brokeninto blocks,andbefore
testinga suggestionthe processoacquiresawrite lock on the affectedimageblocks.

9 Improved Search Methods

In this section,we speculateon how standardnethodscanbe appliedto improve the solutionsdetectedy
therelaxationalgorithm.

13
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Themethodsn thissectionareprimarily designedo find bettedocalminima,notto speedipthesearch.
A passof relaxationat full resolutionseemsdo be requiredafter ary othercomputationsto cleanup ary
errorsresultingfrom simplifying the problem.

9.1 Coarseto-Fine

We have experimentedvith onestandardmageprocessingechnigue coarse-to-fingorocessing.Theidea
is to performrelaxationon a subsampledersionof the problem,andusethe resultasa startingpoint for
relaxationon the completeimage. Reducingthe imagesizeis like increasingthe searchwindow around
eachcontrolpoint during stroke relaxation.The compleity of the problemis reducedbecausegheimageis
smaller but fine detailsarelost.

Resamplinghe paintingrequiresproducinga new relaxationproblemthatis equialentto the old one,
at a differentscale. The sourceandweightimagesare resampledandthe stroke control points and radii
areadjustedaswell. The enepgy functionis modifiedthatthe enegy for the new paintingis equivalentto
the old enegy, up to a scalefactor This is doneby observingthe effect of rescalingthe paintingon the
enepy function: for example,if theimageis doubledin size,the valuesof all termsof the enegy function
quadrupleexceptfor the numberof strokesweight (w,s+-). Therefore,an equvalentenegy function is
achieved by multiplying w,,- by the scalefactorsquared.For example,if theimagewidth andheightare
eachbeingdividedin half, thenw,,,- shouldbedividedby 4.

In our experimentsthusfar, coarse-to-fingorocessinghasgiven worseresultsthan processingvithout
coarse-to-fineOnepossibleexplanationfor thisis thatthe detailslostto subsamplingresosignificantthat
the minimaof the subsamplegroblemarenot a goodapproximatiorto thefull problem.If so,thenthisis
evidencethatthe enegy functionis very poorly-behaed.

9.2 MonteCarlo

A standardelaxationtechniquearethe Monte Carlomethods.In thesemethodswe replacethe relaxation
loop with thefollowing:

P — emptypainting

while not done

C + SUGGEST() // Suggest change
if (E(C(P)) < E(P))or RaNDOM() < p // Doesthe change help?
P~ C(P) I1'1f so, adopt it

Thevariablep is athresholdhatdecreasefom 1 to 0 by somepredefinedr automaticscheduleduring
therelaxation,andRANDOM is arandom-numbegeneratoin therangel0, 1]. Acceptingsuggestionshat
appeato beunprofitableallows therelaxationto escapdrom local minima. As relaxationproceedsp goes
to 0, therelaxationsettlesnto alocal minimum.

14



NYU CSTechReport:Paint By Relaxation

9.3 Other Annealing Methods

Thegeneraktratgy of annealings to reducehecompleity of theenegy function,for example by blurring
theenepy function. Otherformsof annealingnay be possible suchasby removing termsfrom the enegy
function,or increasinghe weights.For example,we couldreducethe numberof strokesweightto getalot
of brushstrolkes,thenincreasdahe costsothatextra strokeswill bedeleted.

10 Discussion

We have presenteda novel methodfor generatingpaintedimageryfrom imagesandvideo. This is done
by searchingor a paintingthat minimizessomeenegy function. The style of the paintingis completely
specifiedby the enegy function, constraintson stroke sizes,the brushtextures,and,to someextent, the
relaxationsteps.This allows usto producean economicapaintingstyle,andto easilyaccommodateiser
specifiedconstraintsor spatialvariationsin style. In the long run, it provides a generalframework for
designingpaintingstylesin termsof enegy functions.

Therelaxationalgorithmrequiressubstantiallynorecomputatiortime thando previousalgorithms but
canproduceimagesin novel styles. The distinctionis analogougo the situationin photorealistiaggraphics,
with a continuumfrom fast, low-endmethodsto more expensve high-endmethods.Painting canbe done
at differentpointsalongthe continuum:relaxationcanbe combinedwith anotherpaintingalgorithm,and
computatiortime canbetradedoff for morepolishedresults.As in photorealistiaqgraphicswe expectthat
the high-endpainterlyrenderingof todaycanbe a partof the consumeievel graphicsof tomorrow.

11 FutureWork

In this section we outline someof the mary avenuesavailablefor extendingthis work.

Themostpressingneedis for speedwe wereunableto testmary of the stylesthatwe wanted because
they would have beentoo slow to compute.We arehopefulthatfasterhardwarein the next few yearswill
go alongway to speedingip the computation.The suggestionmechanisntouldalsobetuned.

Givenfastercomputationye canexplorestandardnethoddor finding betterminima,includinganneal-
ing, Monte Carlo methodsandgeneticalgorithms,ary of which would be straightforvard to incorporate
into relaxation.Lik ewise, stroke relaxationcould beimproved by usinga betterapproximationandinclud-
ing stroke color, radius,andtexturein thesearch.

Thetemporalcoherencef paintedvideo needdmprovement.Preliminaryexperimentswith a pairwise
temporalcoherencenegy have beenunsuccessfubecausehe brushstrokesgeneratedor a singleframe
typically do notcorresponduficiently to scenegeometry Globaloptimizationover anentiresequencenay
give betterresults.

A moresophisticatediserinterfacewould be helpful, especiallyonethat providesdiagnostictools for
estimatingenepgy functionsfrom examplesor from local information.

From an artistic standpointthe mostinterestingfuture work is the explorationof the enegy functions
andpaintingstyles. Thusfar, we have only scratchedhe surfaceof paintingandanimationstylesthatcan
be createdby enegy minimization.
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A Brush Stroke Rendering

In thischapterwe describanethodsve have usedfor scan-corertingandtexturing brushstrokes. However,
methodsmoresophisticatedhantheseareavailable(e.g.[HLW93, Met, NMOQ]).

A.1 Brush Stroke mode

In our systema basicbrushstrolke is definedby a cure, a brushthicknessR, a stroke color C'. Thestroke
is renderedy placingthestroke color ateveryimagepointthatis within R pixelsof thecurve. Thecurweis
anendpoint-interpolatingubic B-splinedefinedby a setof control points. A densesetof curve pointscan
becomputedoy recursve subdvision.

Our original implementationusedfor the figuresand video in [Her98], was chosenfor easeof im-
plementationandsimply sweptan arbitrary brushprofile alonga curve, with somefang/ bookkeepingto
correctlyhandlestroke opacity In the remainingimplementatiorandimages,we usedthe fastermethod
describedn thenext section.

A.2 Rendering with Triangle Strips

Our basictechniguefor scan-comertinga brushstroke is to tessellatehe stroke into a trianglestrip:

Givenamoderatelydensdist of controlpointsp; andabrushthicknessk we cantesselat¢he stroke by the
following steps:

1. Computecurve tangentsat eachcontrol point. An adequateapproximationto the tangentfor an
interior stroke point p; is givenby v; = p;+1 — p;_1. Thefirst andlasttangentsarevy = p1 — po
andvn—l = Pn—-1 — Pn—2-

2. Computecurve normaldirectionsasperpendiculato thetangentsn = (ng;, n,;) = (vyi, —vai)/||vil|

3. Computepointsonthe boundaryof the stroke aspointsoffsetby a distanceR alongthecurve normal
direction. The offsetsfor a controlpointarea; = p; + Rn; andb; = p; — Rn;.

4. Tesselatehe stroke asshawvn abore.
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Figure3: A variable-thicknesstroke. Thicknessesvererandomlygeneratedor eachcontrol point.

5. If desiredaddcircular“caps” astrianglefans.

This algorithmcanalsobe usedwith varying brushthicknesqFigure 3), by specifyinga profile curve
for thethickness We dothis by assigningathicknesdor eachcontrolpoint,andsubdviding thethicknesses
atthesametime assubdving the controlpoint positions.

This methodfails whenthe stroke hashigh cunaturerelative to brushthicknessandcontrol point spac-
ing. Suchsituationscan be handled,for example, by repeatedsubdiision nearhigh curvature points.
Generally we have not found theseerrorsto be of muchconcern,althoughthey may be problematicfor
high-qualityrenderings.

A.3 Procedural Brush Textures

Paintingswith the texture andappearancef real mediacanaddsubstantiabppealto a painting. Thefirst
stepin creatingstroke texturesis to definea parameterizatiotior a stroke [HLW93]. A stroke definesa
mappingfrom (z, y) screercoordinateso (s, t) texturecoordinatesThe parametes variesalongthespine
of thestroke in proportionto the curve’s arclength,andthe parametet variesnormalto the curve from —1
to 1, asillustratedin Figure4. Multiplying ¢ by the brushradiusgivesa parameterizatioproportionalto
distancen imagespace.

Figure4: Parameterizatiowf a brushstroke
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We have exploredthe useof proceduratexturesfor providing brushstroke textures.Proceduratextures
are typically fasterthan paint simulationapproachedasedon cellular automata] Sma90,CAS™97] and
provide finer controlover appearancegn the otherhand,usingproceduratexturesmalke it moredifficult to
achieve the comple, naturalisticappearancproducedby simulation. Papertexture andcarvascanalsobe
synthesizegrocedurallyWor96, Cur99]. Scanningmagesof real paintstrokesis anexcellentway to get
goodstroke textures.We currentlyemploy a simplebristletexturegivenby bristle(s,t) = noise(cys, cat),
wherenoise(z,y) € [-1,1] is anoisefunction[Per85],andc ~ 1000. This function canbe usedfor the
stroke opacity or asa heightfield for paintlighting; we computelighting asa function of the dot product
betweerthe view directionandthe slopeof the heightfield: I(z,y) = f(LYVH(x,y)), whereH (z,y) is
the heightfield at (z, y). We have usedf(p) = |p| + .8. Thestroke textureitself providesthe heightfield
parameterizedh texture space:H (s, t). The stroke parameterizatiomlsodefinesa mappingfrom screen
spaceto texture spaceas (s(z,v), t(z, y); the derivative of this mappingcan be computedduring stroke
scan-cowersionandsummarizedy the Jacobiarmatrix

9s Ot
s = | | )
dy
Theintensitycanbe computeds:

H(z.y) = h(s(z, y) (967 v))
= (2 )

VH(:L'/ y) ah(s(:r,y) t

= J(z,y)Vh(s(z,y), U(z,y))
I(z,y) = [LTVH(z,y)) = f(L"I(z,y)Vh(s(z,y), H(z,y)))

Additionally, a softedgecanbe addedto the stroke by multiplying the stroke opacityby a falloff curve
parameterizeth t.
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Figure5: A sourceimage,and painterly renderingswith the methodof [Her98] with 1, 2, and 3 layers,
respectiely. Thealgorithmhasdifficulty capturingdetailbelow the stroke size.
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(©)

Figure6: Paintby relaxationwith (a) onelayer (for comparisorwith FigureA.3(b)) and(b) two layers(for
comparisorwith A.3(c)). Strokesare preciselyalignedto imagefeatures especiallynearsharpcontours,
suchasthelowerright cornerof thejacket. (c) A looserpaintingwith two layers.
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@) (b)

Figure7: Procedurabrushtexturesappliedto Figure6(a)andFigure6(c).
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@) (b)

(©) (d)

Figure 8. Spatially-\arying style provides a useful compositionaltool for directing attention. (a) Source
image. (b) Interactvely paintedweightimage(w,,;). (C) Paintinggeneratedvith the givenweights.More
detailappearsiearfacesandhandsasspecifiedn theweightimage.(d) A moreextremechoiceof weights
andfocus. Detailis concentratedn therightmostfigures.
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Figure9: A looserpaintingstyle,with andwithouttexture

25



NYU CSTechReport:Paint By Relaxation

26 Figure10: QueenMary paintings,illustrating varioususesof textureandtranspareng
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Figurell: QueenMary paintings,llustratingvarioususesof texture andtranspareng 21
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28 Figure12: QueenMary paintings,illustrating varioususesof textureandtranspareng
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Figure13: Consecutie framesfrom a painterlyanimation.
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