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ABSTRACT

The spectral element method has been used extensively for the simulation of
fluid flows. The resulting linear systems are often not amenable to direct methods of
solution, and are especially ill-conditioned. Domain decomposition preconditioners,
well adapted to the solution on parallel computers, are proposed and analyzed; both
two and three space dimensions are considered.

Second-order elliptic equations are considered first, and the now well-developed
theory of domain decomposition methods for finite elements is fully extended to
spectral elements. This includes an analysis of exotic coarse spaces, which have
proven necessary for the efficient solution of elliptic problems with large discon-
tinuities in the coefficients, as well as a study of overlapping methods. Estimates
of the condition numbers of the Schur complement restricted to an edge (in two
dimensions) or to a face (in three dimensions) are also given; in particular, a fast
method is designed and studied in full detail for problems with many subregions.

The Stokes problem, when restricted to the space of discrete divergence free
velocities, is symmetric positive definite. A number of preconditioners are pro-
posed, which are based on previous results for the scalar elliptic case, and new
global models. The construction of a basis for the constrained velocity space is not
required, and the resulting condition numbers grow only weakly with the degree N
and are independent of the number of subdomains.

We also consider the stationary Navier-Stokes equations, solved with Newton’s
method. In each iteration, a non-symmetric indefinite problem is solved using a
Schwarz preconditioner. A new coarse space is proposed which satisfies the usual
properties required by the elliptic theory, and also a specific H!-approximation
property. The rate of convergence of the algorithm grows only weakly with V, and
does not depend on the number of subdomains, or the Newton step.

Finally, a hierarchical basis preconditioner for the mortar finite element method
in two dimensions is proposed and analyzed. The result shows that the flexibility
allowed by the mortar method can be combined with a good preconditioner to
produce an attractive and fast method. This is further demonstrated by extensive

numerical experiments.
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Chapter 1

Introduction

1.1 A Brief Overview

In order to find approximate solutions to partial differential equations discretized
by finite elements or finite differences, discrete linear systems have to be solved.
Domain decomposition methods have been developed for this purpose; see, e.g.,
[62, 40, 41, 63, 67, 98, 68]. These are usually of iterative type, and involve the
solution of many local and one global problem in each iteration. A major goal is
to obtain algorithms that are scalable, i.e. the solution of a problem of size 2.5 can
be obtained with 2P processors in about the same time as a similar problem of
size S on P processors. Therefore, the iteration count has to be approximately
independent of the number of processors; this has been achieved for a number of
domain decomposition preconditioners, and in particular for all the methods studied
in this thesis. The global solve corresponding to a coarse model plays a major role
in accomplishing this goal.

This thesis can be viewed as part of a research program which now focuses at
extending these algorithms to harder and more important problems and discretiza-
tion methods. The techniques and framework previously developed for domain
decomposition preconditioners of finite element discretizations of second-order el-
liptic problems is used in many ways throughout this thesis.

The spectral element method may be regarded as a domain decomposition

method, since the discretization space is based on a partition of the domain into



logically square or cubic subdomains. Several advantages result from this property:
the use of tensor product bases and quadrature rules, geometrical flexibility, and
good potential for parallelization. Some of the main contributors to the theoretical
and practical development of these methods are Christine Bernardi, Paul Fischer,
Yvon Maday, Anthony Patera, and Einar Renquist [12, 58, 73, 74, 57]; their work
has been central to ours.

In the main part of this thesis, we consider spectral element discretizations of
second-order elliptic, and the incompressible stationary Stokes and Navier-Stokes
equations. A number of different domain decomposition methods have already
been proposed for solving the resulting system of linear equations, many without
rigorous theoretical justification. An important goal of this thesis is to develop an
appropriate theory that explains the good convergence behavior of some of these
algorithms. The next step is then to design improved versions of the existing
methods, given the insight provided by this new theory. We believe that we have
accomplished these goals, to a reasonable extent, for a number of problems. Finally,
in the last chapter, we develop, analyze and test an efficient Schwarz algorithm for
the mortar finite element method.

In Chapter 3, we present a theory that supports the very clever and insight-
ful experimental work of Shannon Pahl [88] and Einar Rgnquist [100] on domain
decomposition methods for elliptic second-order equations. This theory allows us
to design other efficient preconditioners, and also provides several tools for further
developments in the subsequent chapters. We note that while the principal goal is
to develop algorithms for parallel architectures, many of these methods can also be
used efficiently on machines with a single processor. Some of our results provide
new proofs of results obtained by Pavarino and Widlund, but the new tools are also
used to study and develop new algorithms, in particular the overlapping methods
for the spectral element discretization; see Section 3.1.

Chapter 4 starts by developing a theory to account for the very good experimen-
tal results obtained by Babuska et al. [5, 6, 7] for an iterative substructuring method
for the p-version finite element in two dimensions. The most efficient variant of
their method, actually implemented, is not covered by the theory in [5]. We have

been able to develop such an analysis, and as an outgrowth of our study, we have



proposed an algorithm for the spectral element in three dimensions which substan-
tially improves the weakest part of one of the methods previously proposed. In our
improved algorithm, the face components of the residual are preconditioned with
a diagonal matrix, without significantly decreasing the rate of convergence of the
overall method; see subsection 4.6.2. Known alternatives involve relatively expen-
sive solutions of Poisson problems in the union of two subregions. Our new method
has been tested by Einar Rgnquist, and the results show a significant improvement;
the iteration count is within a factor of two of some of the best preconditioners for
the finite element method (a low-order discretization), while the work per iteration
is substantially reduced. Some of these experiments are described at the end of
Chapter 4.

Rgnquist has also proposed very ingenious and efficient domain decomposition
preconditioners for the incompressible, stationary Stokes and Navier-Stokes equa-
tions; see [100]. Motivated by his work and also by the important work of Fischer
and Patera [57] and Fischer and Rgnquist [58] on the unsteady problem, we have
developed a theory that attempts to explain rigorously the success of Rgnquist’s al-
gorithm. Chapter 5 contains our results for the Stokes problem. As with Rgnquist’s
method, our algorithm is based on iterative substructuring. However, his algorithm
uses the GMRES method for the Stokes problem, and iterates over the velocity and
the pressure, while we propose an iterative method that constrains the velocities
to the subspace of discretely divergence free velocities. The Stokes equation then
becomes a symmetric positive definite problem, for which the preconditioned con-
jugate gradient method can be used. We note that our method does not require
the construction of an explicit basis for this divergence free subspace.

In Chapter 6, we introduce a domain decomposition method for the incompress-
ible, stationary Navier-Stokes equation. Although we again work in the space of
discretely divergence free velocities, the GMRES method is used, since the lin-
earized problem resulting from the Newton iteration is not symmetric positive
definite. We remark that our work does not fully explain the success of Rgnquist’s
algorithm, but we believe that this attempt brings a much greater understanding
of the mechanisms involved, as well as some promising new methods that will be

implemented and compared with Rgnquist’s in the near future.



The Schwarz framework of Dryja and Widlund [52] accommodates, in an ele-
gant fashion, the use of overlapping spaces in the design of preconditioners. The
preconditioner is viewed as consisting of different modules, each of which is often
associated with a geometrical object, or with a simplified global model. We try
to stress, throughout the thesis, that the judicious use of this flexibility, by adding
some simple local spaces and reducing both the dimension of the global problem
and the overall condition number, is beneficial and very cost effective. This theme
is present in Sections 3.5, 4.6, and Chapters 5 and 6.

We remark that the modularity of the methods is very important for two differ-

ent reasons:

o the codes generated by this technology are modular in nature, and therefore

inherently easy to implement and modify, especially on a parallel machine;

e the analysis for a variant of a previously known method often requires only
new insight into one of the components of the complete algorithm; new meth-

ods can also be assembled using components from other methods.

The first point has been very well illustrated for finite elements by the release of
PETSc, a software package designed to take advantage of this flexibility. Many
new methods can be implemented with ease, by modifying the components one at
a time, e.g., using different inexact solvers or iterative methods. The second aspect
is used to great advantage especially in Section 4.6 and Chapter 5, and has been
stressed in [66, 109].

Mortar methods attempt to increase the geometrical flexibility of both the spec-
tral and the finite element method; see [14]. We only consider the geometrically
conforming version of the h-version of the method, for which the intersection be-
tween two subdomains is either empty, a vertex, or a whole edge of a subdomain.
The meshes within the substructures into which the original domain has been parti-
tioned do not necessarily match on the interfaces; an integral constraint is imposed,
which still preserves the convergence properties of the method. In Chapter 7., we
propose hierarchical basis preconditioners for these methods in the plane, and obtain
condition numbers that grow only polylogarithmically with the maximum number

of points on an edge of the substructures. The flexibility of the Schwarz framework
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is again used to substantially decrease the dimension of the global space. In Section
7.4, we report on relatively extensive experiments to support our theory.

Chapter 3 has appeared in a slightly different form as a technical report [37].
We note that Chapter 4, except for Section 4.6 was published as [36]. Chapter 7 rep-
resents joint work with Olof Widlund [39]. These three reports have already been
submitted for publication. Section 4.6 represents joint work with Einar Rgnquist
and Olof Widlund.

The remainder of this introductory chapter introduces some background ma-
terial on Sobolev spaces and the spectral element discretization of the various
problems we will consider. For details on the mortar finite element method for
second-order elliptic problems, we refer to Section 7.2. Chapter 2 contains a brief
discussion of some iterative methods and the abstract framework of Schwarz meth-
ods. For a more detailed overview of the material of Chapters 3-7, we point to the
introductory sections of each chapter. We have also included an index of symbols

as an appendix, in order to help the reader.

1.2 Sobolev and Trace Spaces

Sobolev and trace spaces provide essential tools for the study of partial differential
equations, for the analysis of numerical algorithms, and for the analysis of domain
decomposition algorithms for the resulting linear systems of equations. In this sec-
tion we collect some well-known results about these spaces that are used throughout
this thesis. A more thorough introduction to the most important tools, specifically
those used in domain decomposition theory, may be found in [102, Section 1.2].
For a more complete development of the theory, we refer to [85] and [64].

Let  be a bounded Lipschitz region in R%. Let x represent a point in Q or on
its boundary 99, let u, v, f, g be scalar valued functions, let u, v be vector valued
functions, and let u; be the i-th component of u, a vector with d components.

The space L*() is defined as the closure of C'>(Q) in the norm



The H'-semi-norm is defined by
Q

and the scaled norm is given by

1
lullin) = lulin + 57 luliz)-
Q

where Hg is the diameter of ; this scale factor is generated by dilation starting
from a region of unit diameter. The spaces H'(Q) and Hj(Q) are the closures of
C>(Q) and C§°(Q), respectively, under the H'-norm.

Lemma 1.2.1 (Poincaré’s inequality) Let

1
__ L d
u |Q|/Qu z,

be the average value of u, where || denotes the volume of Q. There exists a

constant C' (), which depends only on the Lipschitz constants of 0N, such that
Hu — ﬂ”]ﬁ(g) < C(Q) HQ|U|H1(Q) Yu € Hl(ﬂ)

We also need the Poincaré-Friedrichs inequality. The main idea of its proof can

be found in [43, Theorem 6.1] and in [85, Chapter 2.7.2].

Lemma 1.2.2 (Poincaré-Friedrichs’ inequality) Let A be a an open subsel of
IO with posilive measure. There exisls a constant C(Q, A) such that Vu € H'(Q),

1
) < C(OA) H (ulie) + 7 ( f ude)*) (1)

The constant C(2, A) depends only on the Lipschitz constant of 02 and on the

measure of A relative to 0.

Let H'?(A) be the trace space of H'(Q) on A. The K-method of interpolation
gives the equivalent definition H'/2(A) = [L%(A), H'(A)]1/2 ; see [71, Section 1.15].



This space can also be characterized by several equivalent semi-norms. One of

them is:

lulFri2ay = Jﬁﬂ |71 ()
Another equivalent semi-norm that has the nice property of being intrinsic, i.e. it
only refers to the values of the function on A, is:
2
il = [, M ds(a) ds (),
The norm of the space H'/%(A) is therefore given by the norm produced by the
K-method of interpolation, or by

ull7r72a) = [ulznreay + [ullZ2ga)s

where | - |51/2(5) is given by any of the two expressions above.

The closures of Cg°(A) and C*°(A) under the H'/?(A)-norm are both the space
H'?(A). However, the extension of u € H'?(A) by zero to the whole of 9 is not
a bounded operator from H'/2(A) to H'/2(99). To obtain a bounded extension, we
have to restrict ourselves to a strictly included subspace HSéQ(A) C H'?(A), and
use a stronger norm. The space HSéZ(A) is formed by the functions v € H'/?(99)
that vanish outside A, endowed with the norm |[v|[g1/2(5g). This space is isomorphic
to the interpolation space [L*(A), Hy(A)]1/2; see [71, Chapter 1]. An equivalent
norm for HSéQ(A) is given by:

ol = o+ [ 7 dS(o): (12)
Hyl*(8) W) T Jy d(x, 9A) ’ ‘

see [85].

1.3 Ellipticity and the Babuska-Brezzi Theory

We start with the following well-known lemma, which establishes existence, unique-

ness and well-posedness for the elliptic problems to be considered.

Lemma 1.3.1 (Lax-Milgram Lemma) Let B be a bilinear form on a Hilbert
space H. Assume that B is bounded,

B(w,0)] < K [[wla- ol Vw,veH,

7



and coercive, i.e. there exists an o > 0 such that
B(v,v) > alv||} VveH

Then, for every bounded functional f € H*, there exists a unique element uy € ‘H
such that
B(ug,v) = f(v) YveH,

and

‘;L{*

uglln <

/]

The counterpart of the Lax—Milgram Lemma for a certain class of saddle point

problems is given by the following result; see Brezzi and Fortin [26].

Lemma 1.3.2 (Babuska-Brezzi Lemma) Let V' and Q be Hilbert spaces with
norms || - ||v and || - ||g, respectively. Let a(-,-) be a continuous bilinear form on
V x V, let b(-,-) be a continuous bilinear form on V x @Q, and assume thal the
range of the operator B : V — @', defined by (Bv,q) = b(v,q), is closed in Q' i.e.
there exists kg > 0 such that

b(v,q)
sup
veV HVHV

> ko llqllo/kerBT = Ko (qoei}?iBT g+ qlle) Vg€ Q. (1.3)

Assume also that the operator given by the bilinear form a(-,-) is elliptic on Ker B,
i.e. there exists ag > 0, such that

: a(u0,vo)
infy exerB SUPv,eKerB Vollv Tuollv > ap,

(1.4)
infy,ckerB SUPy, e Ker B m > ayp.
Then, the problem:
Findu €V and p € ) such that

a(u,v)+b(v,p)=hL(v) VeV

b(u,q) =l(q) VqeQ,

has a solution (u,p) Yl € V' and Vl; € Im B. The first component, u, is unique,
while p is defined up to an element of Ker BT. Furthermore
1 el 1
< —||l|lv: + (1 + —) —||L2]|o 1.5
< il + (4220 g, (15)

8



e U Jal
a a
IPllg/xerBT < E(l + a—)HllHV' + H(l +

0

el
— N2 o- 1.6
Dge. o)
We note that (1.3) and (1.4) are not only sufficient but also necessary for the

existence of a solution; cf. Brezzi [25].

1.4 Variational Formulation of the Equations

1.4.1 Second Order Elliptic Problems

Let © be a bounded polyhedral region in R? with diameter of order 1. We consider
the following elliptic self-adjoint problem:
Find v € Hg(Q) such that

a(u,v) = f(v) Vv e Hy(Q), (1.7)
where

a(u,v):/ﬂk(m) Vu-Vuvdr and f(v):/ﬂfvdz: for fe L*(9),

where C' > k(z) > ¢ > 0; C and ¢ are constants. The results of Chapter 3 and
of Section 4.6 also hold for mixed Neumann—Dirichlet boundary conditions, but
here we restrict ourselves to homogeneous Dirichlet conditions, to simplify our
discussion. In Chapter 7, we present, for a different discretization, the modifica-
tions needed to extend our algorithms and analysis to problems with these mixed
boundary conditions.

It is elementary to verify, using Lemma 1.2.2, that this problem satisfies the
hypothesis of the Lax-Milgram lemma, and hence the solution u exists, is unique,

and satisfies:
ullzi) < CEONfla-1@)»

where C(f) depends on © and on the supremum and infimum of the coefficient



1.4.2 Stokes Problem

We consider the Stokes equation in the velocity-pressure formulation:
—vAu+Vp=1f in(Q,
V-u=0 1inQQ, (1.8)

ufsg = g,
where the system has been properly non-dimensionalized and v > 0 is the viscosity.

We need a few standard definitions in order to state the variational formulation

of (L8). Let V = (H}(Q)%, Q = LA(Q) = {q € L*(Q). Jy q dz = 0},

Ou; Ov;

(u,v _VZ/Q:L’]@;L’]

7,7=1

b(v,q) = — JoqV vz,
and
<17V> = fo vdr — G(UO,V),
for some ug € (H*(Q))? with uglag = g in HY?(Q), and V - u, = 0.
Then, for f € (H7'(Q))%, g € (H'?(99))?, a weak solution of (1.8) can be
obtained by first finding (w,p) € (H}(R))? x Li(Q) such that:
{ a(w,v)+b(v,p) = (Lv) Vve (H(Q)),

b(w,q) = 0 Vqe L5(%),
and then letting u = w 4+ ug. An equivalent formulation is given by:
Find (u,p) € (H*(Q))? x L(Q) such that:
a(u,v)+b(v,p) = (f,v) Vve (H}(D)),

bu,q) = 0 Vg€ L3(Q), (1.9)

ulpe = g,
where (f,v) = [of - v dz. A straightforward application of Lemma 1.3.2 together

with an extension lemma [60, Lemma 1.2.2] gives the following result; see [60,

Theorem 1.5.1].
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Theorem 1.4.1 Let Q be a bounded and connected Lipschilz region of R:. Then
there erists a unique pair (u,p) € (H(Q))? x Li(Q) which solves (1.9).

By restricting the test functions v to be solenoidal, i.e.
v Vo = {we (H(Q)'|V - w =0},

we can determine the velocity u by solving the following self-adjoint elliptic prob-

lem:

a(u,v)=(f,v) VYvelg. (1.10)

1.5 Spectral Element Method

We triangulate (2 into non-overlapping substructures {€;}  of diameter H;. In
the standard spectral element literature, the substructures €); are usually called ele-
ments. However, in what follows, we denote the €; by substructures or subdomains.
Later on, we will further divide the substructures into hexahedrals, which will be
called elements.

Each €; is the image of the reference substructure { = [—1,+1]° under a map-
ping F; = D; 0 G; where D; is an isotropic dilation and G; a C'*® mapping such that
its Jacobian and the inverse thereof are uniformly bounded by a constant. In Sec-
tion 3.2, we show that our bounds depend on this constant, and are better the closer
this constant is to one, i.e. the closer the substructures are to cubes. We also as-
sume that the partition into substructures is geometrically conforming, i.e. in three
dimensions, the intersection between the closures of two distinct substructures is
either empty, a vertex, a whole edge or a whole face; this is a standard assumption
in finite element theory. Some additional properties of the mappings F; are required
to guarantee an optimal convergence rate. We refer to [12, problem 2], and refer-
ences therein for further details on this issue, but remark that affine mappings are
covered by the available convergence theory for these methods; see also [24, Sec-
tion 8.4] for an analysis involving isoparametric mappings in a related context. We
assume for simplicity that k(z) has the constant value k; > 0 in the substructure

;, with possibly large jumps occurring only across substructure boundaries. The

11



bounds for the iterative substructuring methods will be independent of these jumps.
For the overlapping methods, we need to introduce more stringent restrictions on
k(x) to obtain bounds that are independent of the jumps; see the discussion after
Lemma 3.3.4. We remark also that if k(z) varies moderately in each substructure,
all our results are easily seen to hold.

We define the space PV (Q) as the space of polynomials of degree at most NV
in each of the variables separately. The space PV (;) is the space of functions vy
such that vy o F; belongs to PN(Q). The conforming discretization space P (Q) C
Hg(Q) is the space of continuous functions the restrictions of which to Q; belong
to PN(€).

Let A = [—1,1]. For each N, the Gauss-Lobatto-Legendre quadrature of order
N is denoted by GLL(N) and satisfies:

1

pe PN, [ pla)de = Y a6 (111)

-1

Here, the quadrature points ¢; are numbered in increasing order, and are the zeros
of (1 —z*)L!(z), and L,(z) is the Legendre polynomial of degree n; see (4.2). The
weights p; are given by:

2
T NN DIE(E)
The GLL(N) quadrature has the following important property:

(0<j<N). (1.12)

s

Vpn € PY(A),  [lpnlliaa) Z (&)ps < 3lpwlIL2(a); (1.13)

see [12, Corollary I11.1.3].
In three dimensions, the discrete L*(Q)-inner product is defined by

N
Y ki (wo I) - (vo ) - | Jil(&, 6. &) - piprpr, (1.14)

1 7,k,l1=0

M:

7

where |J;| is the Jacobian determinant of F;.
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1.5.1 Second Order Elliptic Problems
We define a discrete bilinear form for u,v € H'(Q) by:
ag(u,v) = (Vu, Vo)y, (1.15)

where (-, )y is computed component-wise. The discrete problem with homogeneous

boundary conditions is then:

Find uy € PN(), such that
CLQ(UN,UN) = (f, UN)N Yooy € Pév(ﬂ) (116)

We number the GLL nodes of all the substructures, and choose nodal basis
functions qbév € PYN(9Q), which are one at the GLL node j and zero at all the
others. This basis gives rise, in the standard way, to the linear system Kyx = b.
Note that the mass matrix of this nodal basis, generated by the discrete L? inner
product (1.14), is diagonal. The analysis and experimental evidence show that the
spectral element method just described achieves very good accuracy for reasonably
small N for a wide range of problems; see [12, 73, 74] and references therein. The
practical application of this method for large scale problems, however, depends on
fast and reliable solution methods for the system Kyx = b. A direct method is
often not an economical choice, because of long range interactions between the
basis elements, and because this is a discretization of a three dimensional problem,
which demands large computer resources even for the much simpler seven-point

finite difference stencil; see [53].

1.5.2 The Stokes Problem

Let (PYN(9))* be the space of vector-valued velocities with each component in
PN(Q). While the velocities are taken to be continuous functions, the pressures
can be discontinuous across subdomain boundaries. The restriction of the pressure
space PN=2(Q) to each Q; is PN72(€);). We note that PN=2(Q) c L*(9), but
PN=2(Q) ¢ HY().

To simplify the presentation, we assume that g = 0 in (1.9). In the general
case, the discrete formulation is completely analogous, while the analysis of the dis-

cretization error is somewhat more involved. Here we are concerned with solution
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methods for the resulting linear system, and the case g # 0 presents no essential
additional difficulty; the same is true for mixed Dirichlet and Neumann bound-
ary conditions, and hence we consider only the homogeneous Dirichlet boundary
conditions.

The spectral element discretization of (1.9) is given by:

Find (u,p) € (PN () x PN=2(Q) N L23(N) such that:
ag(u,v) +b(v,p) = (Lv) Vve (F(Q),
) (1.17)
b(u,q) = 0 Vge PN2Q)n LiN).

Here, ag(-,-) is the same as in (1.15), calculated as the sum over the components
of the vector arguments u and b, and with &; = v, for all «. The form b(-,-) in
1.17 is defined in subsection 1.4.2, and can be computed exactly by the GLL(N)
quadrature rule only if each substructure is the image of a cube under an affine
mapping. However, we assume that the discrete problem being solved is actually
(1.17); such an assumption is also made in the analysis of the Stokes approximation
given in [75], and we refer to that paper for further details on this issue.

We choose the same basis {qbév } as before for each component of the space
(PN (Q))4, and use the same notation {quv}, with j now varying over a d-times
larger set of values, since there are d degrees of freedom per point. We number
the GLL(NV) nodes ¢ within the subregions €; by an index r, and define a basis for
PN=2(Q) by B,,(&,) = 6,1y, for all 71, 73, where § is the Kronecker symbol. We note
that any function of PN=%(Q) is uniquely represented by its values at the interior
GLL(N) nodes &,.. The choice of the internal GLL(N) nodes is an implementation
choice; a basis for PN=2(Q) could also be generated by using Gauss quadrature
points, which are all internal to the substructures.

By writing the solution (u,p) in terms of these two bases, we arrive, in a

standard way, to a linear system equivalent to (1.17):

Au+ Bp=f
(1.18)
Bu = 0.

To each component of the velocity, there corresponds a diagonal block of A which

is equal to the scalar spectral element stiffness matrix Ky from subsection 1.5.1.
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The entries of B are given by B;,. = b( ;V,ﬁr), and f is a vector with components
f, = (f, qb;\[} Here and in what follows, an underline is used to denote vectors in an
Euclidean space; they are often very large vectors. We note that, in the full stress
formulation of the Stokes problem, the matrix A is no longer block-diagonal, and
our study is not directly applicable to that case; see [59].

The analysis of the discretization error of this approximation is given in [75],
and proceeds along the lines of the standard approximation result for mixed finite
elements [60, Theorem 1.1.8]. The key point in the analysis is an estimate of the

inf-sup constant as a function of the degree N; see [75, Lemmas 5.3 and 5.4].

Lemma 1.5.1 For each N, there exists a By > 0 such that

- b(v.q)
N L G sup
g€PN=2(Q)NLF(Q) ve(PY(Q))? ||V||H1(Q)||Q||L2(Q)

> B

If the geometry is rectilinear, i.e. the F; are affine mappings, then there exists a
constant (3, independent of N, and such that Bn > ﬁng_d, ford=1,2, or3.

As far as we know, the only rigorous approximation result for the case of many
substructures applies only when the mappings F; are affine. We refer to [75] for
a detailed study of this issue and the full analysis of the discretization error, and
remark that very good convergence properties are predicted by the theory and have

been extensively verified in practice; see [58, 73].
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Chapter 2

Domain Decomposition Methods

2.1 TIterative Methods

For problems in two dimensions, direct methods are still the solution method of
choice for most industrial or academic problems discretized with the standard fi-
nite element or finite differences methods. These methods take advantage of a well-
developed set of mesh ordering techniques and software for Gaussian and Cholesky
factorizations. For three-dimensional problems, however, the situation changes dra-
matically. Even for the seven-point finite difference stencil, the computer resources
needed grow very rapidly; see [53].

For spectral element methods, memory and work requirements are even larger
for the same number of degrees of freedom, because of the long range interactions
between the basis elements. Therefore, iterative methods are almost a necessity
in order to use these discretizations. For symmetric positive definite problems,
the method of choice is the preconditioned conjugate gradient method; we give a
brief review of its most important properties in the next subsection. For non-
symmetric or indefinite problems, it is harder to point to one iterative method as
the best in all circumstances. Indeed, many different iterative schemes may be
used with success for any single problem, although the goal of the preconditioning
may vary for each individual problem and iterative method. Depending on the
iterative method being used, keeping the eigenvalues of the preconditioned problem

in the right half of the complex plane may insure convergence, as is the case for
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GMRES. For other iterative solvers like preconditioned conjugate residuals, it is
most important to obtain eigenvalues that are bounded away from zero, although
the spectrum may have positive and negative parts; see e.g. the recent progress on
block preconditioners for the Stokes problem [55, 69, 106]. We consider here only
the GMRES method, and present some of its properties in subsection 2.1.2

The important observation is that for all acceleration methods, the precondition-
ing plays a crucial role in the rate of convergence, and ultimately in the applicability
of the methods; if a low quality preconditioner is used, GMRES may even fail to

converge.

2.1.1 Preconditioned Conjugate Gradients

We consider a linear system

Az = b, (2.1)

where A is symmetric and positive definite. Let A be another symmetric positive
definite matrix of the same size, and let v be a vector. The preconditioned con-
jugate gradient (PCG) is an iterative method for solving (2.1), which requires the
operations Av and A~'v once per iteration. It also requires the storage of a few
vectors and the computation of a few inner products per iteration.

Let xg be an initial guess, x be the exact solution, and z,, be the nth iterate of

the PCG method. Then, the following convergence estimate holds:

(0 — 2) Al — 7) < 2(%1 1)2”(:130 o) Alzo — 2), (2.9)

where

(A4

B /\min(./zl_l.A)'
Therefore, PCG is an effective method when
o Av is relatively inexpensive to compute,

e A 'v is also relatively easy to evaluate, and

® k is small.
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Most of the domain decomposition methods of this thesis are designed having
this method in mind, and we will have the explicit goal of substantially reducing &
while being able to compute A~y efficiently, especially in a parallel environment.
We note that if A is the spectral element stiffness matrix Ky, efficient ways of

computing Av efficiently are available; see [12, 74].

2.1.2 GMRES

The GMRES method [101] is an iterative method that in each step minimizes
the residual over a certain Krylov subspace. For a general non-symmetric matrix
A, there is no three-term recurrence relation available, and the work and storage
grow linearly with the number of iterations. Therefore, the restarted or truncated
versions of the algorithm are also used; see [101]. We note that conditions for a
short-term recurrence relation to exist are well known; see [56].

Since this is a well-known scheme, we do not present a full algorithmic descrip-
tion, and state only one convergence result that will be used in Chapter 6 to analyze
a preconditioned method for the stationary Navier-Stokes equation. We note that
there are several different estimates of the convergence of the GMRES algorithm;
see [H4, 101, 111].

Let [-, -] be an inner product, which is usually generated by an auxiliary sym-

metric positive definite matrix A, i.e. [-,:] = (A-,-). Let A be a preconditioner of

A, and define

o @A AT A
ATAT o0 (a4 AmAT T el

where the norm |[|-|| is generated by [+, -]. The following theorem can be established,
by considering the decrease of the norm of the residual r,, = ./Zl_l.Axm — bin a

single step of the algorithm; see [54].

Theorem 2.1.1 (Fisenstat, Elman, and Schultz) If ¢ ;1 4 > 0, then the GMRES

method converges and after m steps, the norm of the residual is bounded by

2 m/2
]l < (1— A ““) ol

2
CA—IA
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Compared to the estimate given above for the PCG method, this estimate seems
rather poor; it emphasizes the need for a good preconditioner A, so that the param-

eters in (2.3) fall within reasonable limits to make the method of practical value.

2.2  Multiplicative and Additive Schwarz Methods

As early as 1869, H. A. Schwarz [105] used a domain decomposition idea to con-
struct solutions to the Laplace problem for easily decomposable domains. Pierre-
Louis Lions restated the algorithm in variational form, in a paper that provided
a starting point for the revival of the interest in the method [72]. We concern
ourselves with extensions of the method for the solution of finite element or other
Galerkin methods for problems in a region {2 decomposed into the union of many
subdomains.

We consider for simplicity (1.7), discretized by choosing a subspace V" = V" ((2)
(e.g., a spectral or finite element space), and look for an approximate solution

up € V" that satisfies
a(up,vp) = f(op), Vo, € 1743 (2.4)

Assume that we are given subspaces {V/}M  C V*(Q), such that their sum spans
the whole of V(Q):

VE=VE+ W 4 4 Vi
and inner products bs(-,-): V* x V! — R. We define approximate projections
T, : Vh — VI by:
bs(Tswp,vp) = a(wp,vy) Yo, € Vsh Ywy, € V. (2.5)

We remark that if bs(-,-) = a(-,-), Ts is an orthogonal projection in the a(-,-)-inner
product.

Let up be the unique solution of (2.4), assumed to exist for any reasonable
choice of a space V". The multiplicative Schwarz method is given by the following

iterative scheme, where u{ is an initial guess, and u} the kth iterate:

(ub™ —up) = (I = To)(I = Ty) - (I = Tag)(uf — uy). (2.6)
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This may be written as

where Tims = I — (I = To)(I —Ty)--- (I — Tar). This iteration can be interpreted

as a Richardson iterative scheme for solving the equation

Tmsun = g, (2.7)

where g may be computed without knowing the solution wj, since for each s, and
for wy, = uy, the right hand side of (2.5) is, Vv, € V!,

alup,vy) = f(on).

If there are only two subspaces Vi = H}(Q) and V, = Hy (), where Q) and
), are overlapping subdomains satisfying Q) UQ, = Q, and by(-,-) = a(-,-), this is
exactly the reformulation by Lions of the method proposed by Schwarz.

The rate of convergence of u} to uy will of course depend on the choice of the
spaces V" and the bilinear forms b,(-,+). Even if these elements of the algorithm
are fixed, there are many variants of the method. For the operator Tig itself, we
may use iterative methods more powerful than the Richardson iteration scheme; for
efficiency reasons equation (2.7) may be accelerated by the GMRES method. We
also mention briefly a few alternatives to T, and refer to [27, 48, 80] for more
detailed studies; all the methods are acceleration schemes applied to an equation
Tup, = g, where T is a polynomial of the operators T, and g can be calculated
without knowing wuy, as in (2.7).

For the operator Tins, the problems (2.5) have to be solved in a sequential man-
ner. This may be remedied in part by observing that if the intersection of Vs}f
with VSZ is trivial, then 75, and 7, may be computed at the same time, which is
extremely important to enhance the efficiency of computations on parallel comput-
ers. This is called the coloring strategy [29, 30]. If, however, there is one space,
for example V*, which has a non-trivial intersection with all the other subspaces,
then this is ‘a possible bottleneck’ for parallel computations, ‘with many proces-

sors idly waiting for the solution’ of this single problem; see [102, p. 26]. It turns
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out that for any scalable method for an elliptic problem, the presence of such a
space is absolutely necessary, as shown in [115], and hence we need to look for an
alternative.

The additive Schwarz operator Ths proposed by Dryja and Widlund [49] and
Matsokin and Nepomnyaschikh [84] is the simplest polynomial of the arguments
To, Ty, ..., Ty, for which one can still compute ¢ = Taguy, given only the right
hand side f(vp):

Tas:T0‘|‘T1‘|‘""|‘TM-

The algorithm then amounts to solving the equation Thgup = ¢ using a Richard-
son iteration or a conjugate gradient method, since all the T, (and hence Tyg) are
symmetric with respect to the inner product given by a(-,-). For an additive al-
gorithm, all the solves Tiv;, may be performed concurrently, which has obvious
advantages for the implementation on parallel computers. In the next subsection,
we will state some theoretical results which show that both algorithms are conver-
gent at approximately the same rate, under certain assumptions.

In practice, the multiplicative methods usually converge faster, and one would
like to preserve this fast convergence and the good parallelization properties of Thg.

In this direction, Cai [27] has proposed a hybrid method, given by
Teai=7To+ (I = (I =Ty)--- (I = Th)),

combining the multiplicative and additive schemes. For these and other reasons
related to the solvability of some local problems, Mandel and Brezina [80] proposed
an alternative hybrid method:

We conclude this discussion of the many different combinations of these oper-
ators by pointing out that the best choice of polynomial of Ty, ..., Ty depends on
the particular problem and computer system where the algorithm will be imple-
mented. For example, the particular properties of convection-dominated flows have
been used to great advantage in practical computations, by selecting a particular

polynomial of the Ty; see [31].
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2.3 Abstract Condition Number Estimates

We state two abstract results on the condition number of the operators Ths and
Tms. The framework given by these theorems is sufficiently general to analyze
several domain decomposition and multigrid algorithms that have been proposed
for elliptic problems; see [47, 48] for several applications of these methods.

The basic assumptions of these theorems are the following three hypothesis;
here and in what follows we will drop the subscript A in the notation for discrete
functions.

H1: There exists a constant C2 such that every u € V() can be decomposed

into a sum u = ¥, u,, with u, € V", which satisfies
st(us,us) < C’ga(u,u);

in other words, the sum of the approximate energies of the components can be
estimated in terms of the energy of the original function.

H?2: There exists a constant w > 0 such that

a(u,u) < why(u,u) Yue VP s=0,1,..., M.

3

H3: There exist constants &;;, 1,7 =1,..., M, such that
a(ui,ug) < Egalui, u)?a(uy,u;)? Yu; € VI, Yu; € v
Let p(&) be the spectral radius of the matrix £, with entries &;.
Theorem 2.3.1 Assume that H1, H2, and H3 hold. Then,
Cia(u,u) < a(Tasu,u) < (p(€) + Nwa(u,u) Yu € V*(Q).

The proof of this lemma can be found, e.g., in [52].

¥ —u be the error at step

We state now a result for the operator Trs. Let €* = u
k of the iterative algorithm (2.6). It is clear that an upper bound for the relative
decrease of the a-norm of the residual at each iteration is given by an upper bound

on the a-norm of the error propagation operator Fys = (I —Ty)--- (I —Ts).
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Theorem 2.3.2 Assume that H1, H2, and H3 hold. Assume further that w < 2.
Then,

2—w

(1 +207(€)7)C8

|1Es|l; <1~
where w = max(1,w)

We note that w < 2 is a natural assumption; otherwise for at least one of the factors

we would have

1(E =Tl > 1.

A quite similar theorem was first proved in [20]; see also [52].
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Chapter 3

Quasi-Optimal Schwarz Methods for
the Conforming Spectral Element
Discretization

3.1 Introduction

The spectral element method has been used extensively to discretize a variety of
partial differential equations, and its efficiency has been demonstrated both ana-
lytically and numerically; see [73, 74], and references therein. The method uses
polynomials of high degree in each element, and a particular choice of basis and
numerical quadrature rules. In large scale problems, long range interactions be-
tween the basis elements within each substructure produce quite dense and expen-
sive factorizations of the stiffness matrix, and the use of direct methods is often
not economical because of the large memory requirements [58]. In the past decade,
many preconditioners have been developed for finite element discretizations of these
equations; see, e.g., [67, 68, 98]. For both families of discretizations, the design of
preconditioners for three dimensional problems is especially challenging.

Early work on preconditioners for spectral methods was carried out by Canuto
and Funaro [35] and Pavarino [91, 92, 93]. Some of the algorithms studied by
Pavarino are numerically scalable (i.e., the number of iterations is independent of
the number of substructures) and optimal (the number of iterations does not grow

or grows only slowly with the degree of the polynomials). However, each application
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of his preconditioners can be very expensive.

Several iterative substructuring methods, which preserve quasi-optimality and
scalability, were later introduced by Pavarino and Widlund [94, 95]. These precon-
ditioners can be viewed as block-Jacobi methods after the stiffness matrix has been
transformed by using a certain basis. The subspaces used are analogues of those
proposed by Smith [108] for piecewise linear finite element discretizations. The
bound for the condition number of the preconditioned operator grows only slowly
with the polynomial degree, and is independent of the number of substructures.

The tensorial character of the spectral element matrix can be exploited when
evaluating its action on a vector [74], but does not help when evaluating the action
of the inverse of certain blocks of this matrix, as required when using these precon-
ditioners. Orzag [86] and Deville and Mund [45] have proposed the use of a finite
difference and a ()1 or P; finite element model, respectively, as preconditioners for
the spectral element matrix. The triangulation for this finite element method is
based on the hexahedrals defined by the Gauss-Lobatto-Legendre (GLL) mesh of
one substructure. This preconditioner has been demonstrated both numerically, in
[45], and theoretically, by Canuto [34], to have a condition number independent of
the degree of the polynomials. We note that ideas similar to those in [34] and [45]
also appear in Quarteroni and Zampieri [99] and references therein. The spectral
equivalence results of Canuto [34] and generalizations for other boundary conditions
were also obtained independently by Parter and Rothman [89].

Based on these ideas, extended to the case of several substructures, Pahl [88]
proposed efficient, easily parallelizable preconditioners for the spectral element
method using iterative substructuring and overlapping Schwarz methods applied
to the GLL finite element model. Pahl also performed experiments for a model
problem in two dimensions, demonstrating that these preconditioners can be very
efficient. In other words, high order accuracy is combined with efficient and in-
expensive low-order preconditioning. The work of Pahl, however, did not contain
any rigorous theoretical justification for the experimental results obtained. Einar
Rgnquist has also proposed some iterative substructuring-based methods for three-
dimensional problems, and conducted relatively large experiments [100]. Again, no

rigorous theory was proposed to support these results. In Section 4.6, we present a
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variant of the original algorithm by Rgnquist together with some numerical results.

The previous analysis of Schwarz preconditioners for the h-method has relied
upon the shape-regularity of the mesh, see [19, 48, 51], which does not hold at all
for the GLL mesh. In this chapter, we analyze some Schwarz finite element precon-
ditioners defined on this mesh, and derive polylogarithmic bounds on the condition
number of the preconditioned operators for iterative substructuring methods, and
a result analogous to the standard finite element bound for overlapping Schwarz
algorithms. Then, by applying Canuto’s result, [34], we propose and analyze a new
overlapping preconditioner that uses only blocks of the spectral element matrix to
define the local contributions of the preconditioner. We also give a new proof of
one of the estimates in [94]. In summary, the equivalence between the spectral and
finite element matrices, and the tools we develop here, allow us to extend the anal-
ysis available for the domain decomposition preconditioners of the standard finite
element case to the spectral element case. We remark that our techniques may
also be used to estimate the convergence of a large class of domain decomposition
preconditioners on some non-regular meshes.

The remainder of the chapter is organized as follows. The motivation and
strategy of our analysis are presented in detail in Section 3.2. In Section 3.3, we
state and prove our core technical results. In sections 3.4 and 3.5, we formulate and
analyze several representative iterative substructuring and overlapping algorithms.

Section 3.6 briefly describes some numerical experiments performed by Pahl [88].

3.2 Finite Element Preconditioning and Some Sim-
plifications

The condition number of Ky is very large even for moderate values of N; see
[12]. Our approach is to solve this system by a preconditioned conjugate gradient
algorithm. The following low-order discretization is used to define several precon-
ditioners in the next sections.

The GLL points of degree N, denoted GLL(N), define, in a natural way, a tri-
angulation Th of () into N3 parallelepipeds, and on this triangulation we define the

space PE(Q) of continuous functions that are trilinear (1) in each parallelepiped
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of T". The spaces P"(Q;) and P}(Q) are defined by mapping in the same way as
for PV (€;) and PY(9). The finite element discrete problem associated with (1.7)
is:

Find uj;, € P}(R), such that
a(up,vp) = f(op) Yo, € Pgl(ﬂ). (3.1)

The standard nodal basis {qAb?} of PE(Q) is mapped by the F; into a basis for
Ph(€), for 1 < i < M. These bases and the bilinear form a(-,-) give rise to a
system K,z = b.

We could also define a finite element system generated by dividing each hexahe-
dral of 7" into tetrahedrals, and using P finite elements on this new triangulation.
As will become clear in the following, the analysis for P; elements carries over im-
mediately from the analysis for ()1 elements, and from the following equivalence of
norms. Let K be an element of Til, and let uy € Q1(K). If ug is the continuous
function with restrictions to each tetrahedral into which K has been decomposed
belonging to P, and coinciding with u; at the vertices of K, then it is easily seen
that the H'-norms of u; and u, are respectively equivalent to each other, with
constants independent of N; the same is true for the L?-norm. We remark that the
Py elements have been shown to produce smaller condition numbers when used as
a preconditioner, and should be prefered in a practical implementation. For the
sake of simplicity, we restrict our analysis to the case of )1 elements.

Let / be the distance between the two leftmost GLL(N) points & and & in
the interval [—1,41]; & is on the order of 1/N2, while the distance between two
consecutive GLL points increases to a maximum, close to the origin, which is on
the order of 1/N; see [12]. Hence, the aspect ratios of some of the elements of the
triangulation Th grow in proportion to V.

We use the following notations: = <y, z > u, and v <X w to express that there

are strictly positive constants C' and ¢ such that
r<Cy, z>cu, and cw <v<(Cw, respectively.

Here and elsewhere ¢ and C' are moderate constants independent of H, N, and
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Let @y belong to PN(Q), and let @), = [A}LV(QN) be the unique function of PE(Q)
for which
in(ze) = in(za),
for every GLL(N) point z¢4 € Q. Then, by corollary 1.13, page 75 of [12] and the

results in [34], we have:

Up,

T2y = Nnl o) < (@ns an) N, (3.2)

and

A

2
Uh |1

@ = QNﬁIl(Q) = ag(tn,n), (3.3)
where aj is given by (1.14) and (1.15) with .J; = 1 and k; = 1. The basis of the
proof of this last result is the H'-stability of the polynomial interpolation operator
at the GLL nodes for functions in H'([—1,+1]), proved by Bernardi and Maday
[11, 12]. The L*-stability of the GLL quadrature of order N for polynomials of
degree N, and properties of the GLL nodes and weights are also important in the
argument. We remark that the first equivalence of (3.3) and generalizations to other
boundary conditions were obtained independently by Parter and Rothman [89].
Consider now a finite element function u defined in a substructure ; with
diameter of order H. Changing variables to the reference substructure by (&) =

v(Fi(2)), and using the bounds on the Jacobian of F;, we obtain

HUH%%QL) = Hd U 22(())7 (34)
and
[ulfr ) = H' i 12111((2)7 (3.5)

where d is the dimension and is equal to 1, 2, or 3.

These estimates can be viewed as spectral equivalences of the stiffness and
mass matrices generated by the norms and the basis introduced above. Indeed, the
nodal basis {q;?} is mapped, by interpolation at the GLL nodes, to the nodal basis
of PN(Q). Then, (3.3) can be written as

' Kyt =< 47 Ky, (3.6)



where u is the vector of nodal values of both @y or uj, and R’h and R’N are the

stiffness matrices associated with |- |2, o and ag4(.,.).

' ' ()

Let K}(Ll) and K](\Z;) be the stiffness matrices generated by the bases {gb?} and
{gij}, respectively, for all nodes j in the closure of €;, and by using | - |%11(Q£_) and
aga,(+,-), respectively. Here, ag o, (-, ") is the restriction of ag(-, -) to the subdomain

Q. If u is the vector of nodal values, and u® is its restriction to Q;, then

w7 KDy = O g9y

?

by (3.3) and (3.5). The stiffness matrices Ky and K}, are formed by subassembly
[48]:
u Kyu=Y; g(i)TK}(f)g(i); (3.7)

an analogous formula holds for K. These last two relations imply that
ul Kyu < u' Kyu. (3.8)

This shows that K} is an optimal preconditioner for K in terms of number of
iterations. All these matrix equivalences, and their analogues in terms of norms,
are hereafter called the FEM-SEM equivalence.

We next show that the same results also hold for the Schur complements S, and
Sn. The interface of the decomposition is defined as I' = UM, 99, \ 9Q. The Schur
complement matrices S} and Sy are obtained by the elimination of the interior
nodes of each €2; by Cholesky’s algorithm; see [48]. A function uy is said to be

(piecewise) @-discrete harmonic in Q if, Vi,
aga(un,on) = 0, Vo € PN(9:) N H().

The definition of (piecewise) h-discrete harmonic functions is analogous. It is clear
that uLSyur = ag(un,uy) and that uLS,ur = a(up,up), where u;, and uy are
respectively h— and ()—discrete harmonic and ur is the vector of nodal values on
I' of u;, and wuy.

The matrices Sy, and Sy are spectrally equivalent. Indeed, by subassembly (3.7),

it is enough to verify the spectral equivalence for each substructure separately. For
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the substructure €;, we find:

HT 2 2
Wl SPuY = ag o, (un, un) = ag, (1 (un), i (un)) > (3.9)

N o (G
ag, (Ha(Tun), Ha(Ihux)) = ag, (un, u) = uf Sju?,

where Hj, is the h-discrete harmonic extension of the interface values, and I% is the
composition of f]}{, with F;. Here, we have used the FEM-SEM equivalence and the
well-known minimizing property of the discrete harmonic extension. The reverse
inequality is obtained in the same way.

This equivalence implies that Sj, is an optimal preconditioner for Sy, in terms
of number of iterations. However, as before, the action of the inverse of 5}, is too
expensive to produce an efficient preconditioner for large problems.

In his Master’s thesis [88], Pahl proposed the replacement of K} and S, by

preconditioners K}, and Sy, respectively. If the condition number satisfies
k(K7 Ky) < C(N), (3.10)

with a moderately increasing function C'(N), then a simple Rayleigh quotient ar-
gument shows that x(K;'Ky) < C(N); an analogous bound can be derived for
SNYh_lSN. K, and S, are domain decomposition preconditioners based on 7", and are
designed so that the action of their inverses on vectors are inexpensive to evaluate.

In the next three sections, we define our preconditioners and then establish
(3.10) and its analogue for S, and gh_l We note that the triangulation 7j is not
shape-regular, and that all the bounds of this form for Schwarz preconditioners
previously established in the literature require some kind of inverse condition, or

regularity of the triangulation, which, as pointed out in Section 3.2, does not hold

for the GLI mesh.

3.3 Technical Results

In this section, we present the technical lemmas needed to prove our results. As

is clear from the start, we draw heavily upon the results and techniques of Dryja,

Smith, and Widlund [48].
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3.3.1 Some estimates for non-regular triangulations

In this section, we develop all the estimates necessary to extend the technical tools
developed in [48] to the case of non-regular hexahedral triangulations. We recall
that € = [—1,41]" is the reference substructure, and Th its triangulation generated
by the GLL mesh. Let K = [—1,+1]" be the reference element, and let K c
be a parallelepiped of T with sides hy, hy and hs; these mesh parameters are not
necessarily comparable in size. The function @ is a trilinear (@) function defined
in K. In this subsection, we use hats to represent functions defined in K, and no
superscript for points of K.

Our first result provides expressions of the LQ([%)— and Hl([%)—norms of a tri-
linear function @ in terms of its nodal values. Let e; be one of the coordinate
directions of R’, and let a, b, ¢ and d be the vertices of one of the faces that are
perpendicular to e;. Let a’, b, ¢/, and d’ be the corresponding points on the parallel

face. z, denotes a generic vertex of K.

Lemma 3.3.1 Lel @ be trilinear in K. Then,

22(1%) = hlhghg E (ﬁ(xa))z, (311)

Ta ER’

U

and
, hihhs
LK) ™ 2

10

> (a(wa) —iay,))”. (3.12)

rq=a,b,c,d

Proof. These formulas follow by changing variables, and by using the equiva-
lence of any pair of norms in the finite dimensional space Ql(ﬁ’). a

In the next lemma, we give a bound on the gradient of a trilinear function in

terms of bounds on the differences of the nodal values. Its proof is routine.

Lemma 3.3.2 Let @ be trilinear in K such that

t(a) — a(b)] < Cla —b|/r for
some constant C' and parameter r, and for any two vertices a and b belonging to

one face of K. Then
|V

<

3

= Q

where C' is independent of the parameter r.
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Lemma 3.3.3 Let t be a trilinear function defined in [{’} and let ) be a O function
such that |V < C/r, and |0] < C for some constant C and parameter r. Then

A

2
u

-2
m@Ey T

A

g
|0, 1" (94)|3 72 i))- (3.13)

L2(K)

<

Here C' is independent of N and r, and 1" is the Q1 -interpolant using the values

at the vertices of K.

Proof. By equation (3.12), and letting hq, hy, and hs be the sides of the element
K:
hihohs

P
10 D) a5y < =

> (W@)d(z) - a(a")d(a"))’

r=a,b,c,d

Each term in the sum above can be bounded by

The bound on V4 implies that |J(z) — J(2')| < hi/r, and therefore

hifa hihahs . . . h?
10100 By 2 S i) — i) YD ()
7 r=a,b,c,d r=a,b,c,d r
j U ?,{1(]{,) + T_2 U 22(1%), (314)

since ¥ is bounded. 0

3.3.2 Further technical tools

The iterative substructuring algorithms are based on subspaces directly related to
the interiors of the substructures, and the faces, edges and vertices. Let €;; be the
union of two substructures €2;, ©;, and their common face Fj. Let W, represent the
wirebasket of the subdomain €;, i.e. the union of all its edges and vertices. We note
that a face in the interior of the region {2 is common to exactly two substructures,
an interior edge is shared by more than two, and an interior vertex is common to
still more substructures. All the substructures, faces, and edges are regarded as

open sets.
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The following observations greatly simplify our analysis in the next sections.
The preconditioner S, that we propose is defined by subassembly of the matrices
SNY,(Li); see Section 3.4. We then restrict our analysis to one substructure. The
results for the whole region follow by a standard Rayleigh quotient argument. The
assumption that the { F;} are arbitrary smooth mappings improves the flexibility
of the triangulation, but does not make the analysis essentially different from the
case of affine mappings. This is seen from the estimates in Section 3.2, where we
have used only bounds on the Jacobian and inverse of the Jacobian of F;. Therefore,
without loss of generality, we assume, from now on, that the F; are affine mappings.
Throughout this subsection, u is a finite element function belonging to P*.

For a proof of Lemma 3.3.4 and a general discussion, see Bramble and Xu [21].

Lemma 3.3.4 Let QM be the L? projection of u € P*(Q) onto the coarse space
VH . Then,

lu — Q™ ul[F2(q) = H?|ultq),
and

Q" ulfn ) = |ulfnq)-

We remark that these bounds are not necessarily independent of the values k; of
the coefficient. A sufficient condition to guarantee this independence is that the
coeflicients k; satisfy a quasi-monotone condition; see [47].

In what follows, some of the results are stated for substructures of diameter
proportional to H, but the arguments are given only for a reference substructure.
The introduction of the scaling factors into the final formulas is, by the results of

Section 3.2, routine.

Lemma 3.3.5 Lel uw, be the average value of u on W;, the wirebaskel of subdo-

main ;. Then
||U||%2(W]) = (1+ 10g(N))||u||%11(9])7
and
[l = uw, |[72 0w, = (1 4 log(N)|ulfn q,)-

Similar bounds also hold for an individual substructure edge.
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Proof. In the reference substructure, we know that Pk VE, where P* was
defined in Section 3.2, and Vhis a ()1 finite element space defined on a shape-
regular triangulation that is a refinement of Th ; we can refine all the elements of
T with sides bigger than, say, 3?1/2, where h = 1/N?% Now we apply Lemma 4.3
in [48], a well-known result for shape-regular triangulations, to get both estimates.
g

In the abstract Schwarz convergence theory described in Section 2.3, the crucial
point in the estimate of the rate of convergence of a two-level algorithm is the proof
that all functions in the finite element space can be decomposed into components
belonging to the subspaces, in such a way that the sum of the resulting energies
are uniformly, or almost uniformly, bounded with respect to the parameters H and
N. The main technique for deriving such a decomposition is the use of a suitable
partition of unity. In the next two lemmas, we construct functions that are used to

define such partitions of unity.

Lemma 3.3.6 Let Fy, be the face common to Q; and Q;, and let 0x, be the function
in P"(Q) that is equal to one at the inlerior nodes of Fy, zero at the remaining

nodes of 0Q); U 08, and discrete harmonic in Q; and Q;. Then
105, |11 (0, = (14 log(N))H,
The same bound also holds for the other subregion ;.

Proof. We define functions é}'k and 9 7, 1n the reference cube; 07, and Jx, are
obtained, as usual, by mapping; see Section 3.2. We construct the function lgfk
with the same boundary values as é}‘k, and then prove that the bound given in
the Lemma holds for Igfk. The standard energy minimizing property of discrete
harmonic functions then gives the estimate for é}‘k. The six functions 1§k which
correspond to the six faces of the cube also form a partition of unity at all nodes
belonging to the closure of the substructure except those on the wirebasket; this
property is used in the next lemma.

We divide the substructure into twenty-four subtetrahedra by connecting its
center C' to all the vertices and to all the six centers C} of the faces, and by

drawing the diagonals of the faces of Q; see Fig. 3.1.
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Figure 3.1: One of the segments C'CY,

The function lgfk associated with the face Fy is defined to be 1/6 at the point
C'. The values at the centers of the faces are lgfk(cj') =0z, for y = 1,...,6, where
d; 1s the Kronecker symbol. 1§}'k is linear on the segments C'C';. The values inside
each subtetrahedron formed by a segment C'C; and one edge of F; are defined to
be constant on the intersection of any plane through that edge, and are given by
the value, already known, on the segment C'C’;. Next, the whole function J 7, 1s
modified to be a piecewise ()1 function on Th by interpolating at the GLL nodes;
the values of this finite element function at the nodes on the wirebasket are defined
to be equal to zero.

We claim that |V1§fk(;r;)| < C/r, where z is a point belonging to any element K
that does not touch any edge of the cube, and r is the distance from the center of
K to the closest edge of the cube. Let ab be a side of K. We analyze in detail the
situation depicted in Fig. 3.2, where ab is parallel to C'C}. Let e be the intersection
of the plane containing these two segments with the edge of the cube that is closest
to ab. Then |1§_7-‘k(b) — 1§fk(a:)| =< D, by the construction of igfk, where D is the size
of the radial projection with center e of ab onto C'C}. By similarity of triangles,

we may write:
dist(a,b)

[0:5,(6) =z, ()] = — =, (3.15)

r
where 7/ is the distance between e and the midpoint of ab. Here we have used that
the distance between e and C'Cy is of order 1. If the segment ab is not parallel
to C'Cy, the difference |1§fk(b) — @fk(aﬂ is even smaller, and (3.15) is still valid.
Notice that v is within a multiple of 2 of r. Therefore Lemma 3.3.2 implies that
Vi z, ()] < C/r.
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; G

Figure 3.2: Geometry underlying equation (18)

In order to estimate the energy of 3 7,, we start with the elements K that touch
an edge & of the cube. Let h3 be the side of K which is parallel to £. Then hj is
greater than or equal to the other sides of [&’, by the properties of the GLL nodes,
as explained in Section 3.2. Since the nodal values of igfk in K are bounded by 1,

by the construction of 9 7,, we have:

197 iy = s,

by using equation (3.12). Summing over R’, we conclude that the energy of rlgfk is
bounded independently of N for the union of all elements that touch the edges of
the cube.

To estimate the contribution to the energy from the other elements of the sub-
structure, we consider one subtetrahedron at a time and introduce cylindrical co-
ordinates using the substructure edge, that belongs to the subtetrahedron, as the
z-axis. The bound now follows from the bound on the gradient of J F, given above
and elementary considerations. We refer to [48] for more details, and also to the
proof of the next lemma, where a similar computation is performed. 0O

The following lemma corresponds to Lemma 4.5 in [48]. This lemma and the
previous one are the keys to avoiding the use of HS({Q estimates and extension

theorems in the analysis of our algorithms.

Lemma 3.3.7 Let 0z, () be the function introduced in the proof of Lemma 3.3.6,
let Fy be a face of the substructure Q);, and let I" denote the interpolation operator
associated with the finite element space P" and the image of the GLL points under
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the mapping F;. Then,

Xk: 1"V pu)(x) = u(z),

for all nodal points x € Q; that do not belong to the wirebasket W;, and

1" (0 7,0) 1,y = (1 +1og(N))?||ul31(q,)-

Proof. The first part is trivial from the construction of rlgfk made in the previous
lemma. For the second part, we work in the reference substructure, and first
estimate the sum of the energy of all the elements K that touch an edge & of
the wirebasket. We provide a detailed argument only for K touching Fj; the other
elements that touch an edge are treated similarly. The nodal values of [B(lg}‘k i) in
such an element are 0,0,0,0, @(a), @(b), ﬂfk( )u(c) and ﬁfk(d) (d); ﬂfk lies between
0 and 1. Moreover, let hs be the side of K that is parallel to €. Then hs = hq
and hs = ha, by the geometrical properties of the GLL: mesh. Now, equation (3.12)
implies:

A A

5, 0) 2 iy = ol (@) + i (8) + (D, ()ir(e))? + (D, (d)ir(d))?).

Then, applying (3.11) for the segments that are parallel to £, and Lemma 3.3.5, we

have:

Z |[h(19}-k )

K

(i) = (1 +1og(N) il q,),

where this sum is taken over all elements K that touch the wirebasket of ).
We next bound the energy of the interpolant for the other elements. By the
proof of the previous lemma, |Vi§ 7| < C/r, where r is the distance between the

element K and the nearest edge of Q. Then, Lemma 3.3.3 implies that

E |[h ﬂfk Ix

Kc& K CQ

—2

U

Ix

22(12') );

where the sum is taken over all elements A that do not touch the wirebasket of €.
The bound of the first term in the sum is trivial. To bound the second term,
we partition the elements of ) into groups, in accordance to the closest edge of Q;

the exact rule for the assignment of the elements that are halfway between is of no
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importance. For each edge of the wirebasket, we use a local cylindrical coordinate
system with the z axis coinciding with the edge, and the radial direction, r, normal

to it. The sum restricted to each of these groups of elements can be estimated by

c N T
L 2 [ [ [ 5 dz o .

The integral with respect to z can be bounded by using Lemma 3.3.5. We

an integral
Z r2||4

Kch

obtain

. c
i 22(12') = (1+ 10g(0/h))||u||ip(@) /r:}l rdr

¥

Kch

and thus

2
HY(Q)”

U

S Mg )

Kc&

e = (1 +log(C/h)*

O

We note that this proof is an extension of an argument given in [48] for shape-
regular meshes, and that equation (3.13) replaces the use of the inverse inequality,
which if used here would introduce the bad aspect ratios of the elements into the

estimates.

Lemma 3.3.8 Let gz, and uy, be the averages of u on 0Fy, and W;, respec-

tively. Then,
_ 1
(us,)" = rllullizomy,

B 1
(uw,)? = E||U||%2(wj)-

The proof is a direct consequence of the Cauchy—Schwarz inequality.

Lemma 3.3.9 Let u € P"(;) be zero on the mesh points of the faces of Q; and

discrele harmonic in ;. Then,

|U|%11(Q]) = ||U||%2(W])-

This result follows by estimating the energy norm of the zero extension of the
boundary values using equation (3.12) and by noting that the harmonic extension

has a smaller energy.
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3.4 Iterative Substructuring Algorithms

At this point, we can propose and analyze several iterative substructuring methods
previously developed for finite elements. We choose the wirebasket algorithm pro-
posed by Smith [108] because it is efficient, and its analysis raises all the important
technical issues. In a practical problem, the choice between the many alternatives
now known should be made on the basis of the theoretical results that can be
derived from our theory, as well as numerical experimentation.

Smith’s algorithm is a wirebasket based method, and it is also described as
Algorithm 6.4 in [48] in the context of standard finite elements. It can be viewed
as a block-diagonal preconditioner after transforming Sj, into a convenient basis,
and the same is true for our algorithm.

By the abstract framework of Schwarz methods of Section 2.3, we know that in
order to describe the algorithm we only need to prescribe subspaces, the sum of
which spans the whole space of h-discrete harmonic functions of Py (Q), and one
bilinear form for each subspace.

For each internal face Fj, we let Vr, be the space of h-discrete harmonic func-
tions that vanish at all the interface nodes that do not belong to this face. The
functions in Vi, have support in €2;;, the union of the two substructures ; and Q;
that share the face Fj. The bilinear form used for these spaces is a(-,-).

The wirebasket subspace is the range of the following interpolation operator:

Iu = ST u(ze)er + Y Upprbpr.
%

TEEWY

Here, @y is the discrete harmonic extension of the standard nodal basis functions
o, Wy is the set of nodes in the union of all the wirebaskets, and uspx is the

average of u on JF*. The bilinear form for this coarse subspace is given by
bo(u,u) = (1 +log(N Zk mf [lu = eill72om

These subspaces and bilinear forms define, via the Schwarz framework, a pre-

conditioner of S} that we call SN';WWB.
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Theorem 3.4.1 For the preconditioner §h7WB, we have
R(SiwsSn) < C(1 + log(N))?,
where the constant C' is independent of N, H, and the values k; of the coefficient.

Proof. We can apply, word by word, the proof of theorem 6.4 in [48] to the

matrix Sp, using now the tools developed in Section 3.3. This gives
w(SiwpSh) = (1+log(N))™.

The harmonic FEM-SEM equivalence (3.9) and a Rayleigh quotient argument com-
plete the proof; see Section 3.2. 0O

The next algorithm is obtained from the previous one by the discrete harmonic
FEM-SEM equivalence, by which we find a preconditioner §N7WB from §h7WB.
The subspaces that define the preconditioner are now contained in the space of
Q-discrete harmonic functions of PN ().

Each face subspace, related to a face Fj, consists of the set of all @)-discrete
harmonic functions that are zero at all the interface nodes that do not belong to
the interior of the face Fi. The bilinear form for these spaces is ag(-,-).

The wirebasket subspaces are defined as before, by prescribing the values at
the GLL(NV) nodes on a face as the average of the function on the boundary of the
face. The bilinear form used for the wirebasket subspace is bOQ(-, -), obtained from
bo(+,-) by applying the GLL(N) quadrature to compute the L*-norm on each edge
of the wirebasket. This is exactly the wirebasket method based on GLL quadrature
described in [94].

The following lemma shows the equivalence of the two functions uj and ux with

respect to the bilinear forms by(-, ) and bOQ(-, -), respectively.

Lemma 3.4.1 Let uy, be a )y finite element function on the GLL(N ) mesh on the
interval 1 = [—1,+1], and let un be its polynomial interpolant using the nodes of
this mesh. Then,

N
inf [[up, — |72 = inf ) (un (&) — ¢)*p;
i=0
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Proof. The GLL(N) quadrature has the following important property:
For any polynomial uy of degree N defined on 1,

N
lunl|72a) < D2 un(&)ps < 3llunllizqay;
7=0

see [12, p. 75]. Therefore, it is enough to prove that:
inf |[un — C||%2(1) < inf |un — C||%2(1)-

We prove only the < part of this last estimate, since the opposite inequality is
analogous. The inequality without the infimum is valid for the constant ¢, that
realizes the inf in the right hand side by the FEM-SEM equivalence. By taking the
inf of the left hand side the inequality is preserved. 0O

Theorem 3.4.2 For the preconditioner §N7WB, we have
K(SywpSy) < C(1 +log(N))?

where the constant is independent of the parameters H, N, and the values k; of
the coefficient.

Proof. In this proof, the functions with indices A~ and N are h- and @)- discrete
harmonic functions respectively, and they agree at the GLL nodes that belong to
the interface I'. As observed in Section 3.2, it is enough to analyze one substructure

); at a time, and prove the following equivalence:

bOQ,Wi(qu UN) —|— Z k‘2|uN — HNﬁfkeN,fkﬁIl(Qi) = (316)
FrCLy
bo,w; (un, ur) + Z kilun — Uo7, 0h7, |%[1(Qi)7
FrCQy

where the subscript W; means that only the contribution from the wirebasket of
; is used to define the bilinear form. We prove only the < part; the proof of the
reverse inequality is analogous. We first note that Lemma 3.4.1 bounds the first
term on the left hand side by the first term on the right hand side.

Each term in the sum on the left hand side can be bounded from above by
2kilun — Unor, 0N, 7, |121[1(Qi) + 2k;|(Un,07, — Unp7,) 0N, 7, |121[1(Qi)-
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The first term of this expression can be bounded from above by the corresponding
term on the right hand side by using the harmonic FEM-SEM equivalence. The

second term is bounded by

CkZH(l + 10g(N))|ﬂh73}'k — ﬂN,STkP =
ChiH(1 4 1og(N))[(un — cawi)sz, — (un — caw)oz, *s

where ¢, y, is the average of u over W;. Here we have used that the estimate
on the energy norm of 8, r,, given in Lemma 3.3.6, implies a similar estimate for
On 7., by (3.9). Applying the Cauchy-Schwarz inequality, as in LLemma 3.3.8, and
the FEM-SEM equivalence, we can bound this last expression in terms of the first

term of the right hand side of equation (3.16). O

3.5 Overlapping Schwarz Algorithms

We now consider the additive overlapping Schwarz method, which is discussed, for
standard finite element discretizations, e.g., in [50, 51]. We recall that an abstract
framework, Theorem 2.3.1, is available for the analysis of this type of algorithm.
Here we only discuss the additive version, but the analysis can also be extended in
a standard way to the multiplicative variant by using Theorem 2.3.2. This variant
has proven more effective in many practical problems.

As in the previous section, a preconditioner K} for Kj, is specified by a set of
local spaces together with a coarse space. We also have to provide bilinear forms
(approximate solvers) for the elliptic problems restricted to each of these subspaces.
Here we work with exact solvers, i.e. the bilinear form is a(-,-). The extension to
approximate solvers is straightforward.

In the context of spectral elements, the following construction was first proposed
by Pahl [88]. The domain 2 is covered by substructures €;, which are the original
spectral elements. We enlarge each of them, to produce overlapping subregions (0,
in such a way that the boundary of €, does not cut through any element of the
triangulation 7" generated by the GLL nodes. The overlap § denotes the minimum
distance between the boundaries of €; and Q;. When § is proportional to H the

overlap is called generous, and when § is comparable to the size of the elements of
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T*, we speak of a small overlap. For the sake of simplicity, we again restrict our
analysis to the case when all the mappings F; are affine. The general situation can
be treated similarly.

The local spaces are given by P((), the set of functions in PZ(€)) that vanish
at all the nodes on and outside @Q;. The coarse space is the ()1 finite element
space defined on the mesh generated by the subregions €);, the elements of the
coarse triangulation, which are shape-regular by assumption; see Section 1.5. This

setting incorporates both small and generous overlap.
Theorem 3.5.1 Pahl’s additive Schwarz algorithm salisfies:
k(KphsKn) < (14 H/6)
The constant C' is independent of the parameters H, N, and §.

Proof. As before, we follow the proof of the analogous theorem for shape-regular
finite elements; see Theorem 3 in [51]. The proof applies, word by word, except for
the estimate of ax (1(0;wp), [1(0;wp)) where I}, is the interpolation operator, {6;}
a partition of unity (different from the one described in Lemma 3.3.6), wy, a finite
element function, and ag(-,-) the restriction of a(-,-) to the single element K € T".
It is known that 6; can be found such that |6;] < 1, and |V§;| < C/é. Lemma 3.3.3

gives:

1
ax(In(0ion), In(0iwn)) < Clwalfn ) + 5 l0nllzam)s

where the constant ' depends on the coefficients k;. The rest of the proof follows

without any change, and we obtain
k(K s Ky) < C(1+ HS).

The FEM-SEM equivalence and a Rayleigh quotient argument complete the proof.
U

Remark 3.5.1 Fven though the theory does not rule oul the possibility of growth
of the constant C of Theorem 3.5.1 when the coefficient k(x) has large jumps, only
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a very moderale increase has been observed in numerical experiments; see e.q. [65].
We also note that when the overlap is generous, the method is optimal in the sense

that the condition number is uniformly bounded with respect to N and H.

Remark 3.5.2 In the present algorithm, the local spaces are allowed to be more
general than those considered by Pavarino [91, 92, 93]. For each crosspoint w,,
Pavarino defines an extended subdomain €, as the union of all the subdomains

that contain x, as a vertex. Therefore, § is always on the order of H.

We now apply the FEM-SEM equivalence to the subspaces that define R’h AS,
to propose yet another preconditioner; this is the same technique used to derive
the preconditioner §N7WB from S’mWB. The coarse space is the same as the one for

[gf}% 4s, while the local spaces are given by
Vo = {ov € Py (Q) such that Iy (vw) € Fy(2)}.

Notice that the polynomials of VQ]Y are generally not equal to zero outside Q;, and
therefore VQ]Y 7 PN ().

These subspaces and the use of the bilinear forms ag(-,-) and a(-, ) for the local
and coarse spaces, respectively, define our new preconditioner ]§7N7 as. Theorem
3.5.1 and a simple application of the FEM-SEM equivalence for each of the local

spaces immediately give:

Theorem 3.5.2
k(KyysKn) < C(1+ HJS).

Remark 3.5.3 To the best of our knowledge, this preconditioner R’NAS is new.
FEven though ]g’}hAg is superior to RNAS for the model problem considered here,
because the local problems are much easier to solve, the comparative efficiency in

more complicated problems can only be determined by experiments.
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3.6 Comments on the Numerical Experiments by

Pahl

We describe here some of the experiments performed by Pahl [88]. These experi-
ments have motivated our analysis, and are used to illustrate the efficiency of some
of the algorithms considered in the last two sections. For more details on this very
thorough study, we refer to [88].

The region ) was taken to be the unit square in the plane, and the tests were
based on the two dimensional analogues of some of the methods described in the
previous two sections. {2 was subdivided into a uniform M x M mesh of squares,
with sides H = 1/M. In each square, polynomials of degree N were used. The
coefficient k(z) was equal to one, and the right hand side of (1.7) was chosen so
that the exact solution was v = zy(l — z)(1 — y). The stopping criterion for
the PCG iteration was a reduction of 107° in the Euclidean norm of the residual,
and only iteration counts were reported. The experiments were performed for the
finite element based preconditioners of the spectral element stiffness matrix; see
our Theorems 3.4.1 and 3.5.1.

In a first set of experiments, the iterative substructuring methods were consid-
ered. Several preconditioners were studied. We focus our attention on the wire-
basket preconditioner analyzed in Section 3.4, and an analogue of the balancing
preconditioner of Mandel and Brezina [80]. For N = 4 and M between 2 and 12,
the number of iterations was bounded by 10, and grew hardly at all, with increasing
M. For M =7 and N between 4 and 12, the iteration count increased very slowly
with NV, and was bounded by 11 for the wirebasket and balancing preconditioners.
We remark that the analysis of the finite element balancing preconditioner for the
spectral element method is a straightforward application of the results of Section
3.4 and the existing theory for shape-regular finite elements; cf. [90]. Pahl’s results
corroborate, in a clear cut way, the results of the theory.

The overlapping Schwarz preconditioner was studied in a second set of experi-
ments. The domain was divided as before into M x M subdomains, polynomials of
degree N were used within each subdomain, and § was taken to be on the order of

one or two mesh intervals. From the geometrical properties of the GLL mesh, it is
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easy to see that the bound on the condition number given by Theorem 3.5.1 grows
like (1 4+ H/§) < N?. Hence, our theory predicts an iteration count which is linear
in N and independent of M. The experiments performed by Pahl showed that
for N = 4, the number of iterations grows very slowly with M between 2 and 12,
and presents a sublinear growth when N increases from 4 to 12, for M = 7. The
maximum iteration count was 22, achieved for M =7 and N = 12. Our estimate
seems pessimistic in its dependence on N, at least for this range of values, while
it describes the dependence on the number of subdomains quite well.

An important practical question, also addressed by Pahl’s experiments, is the
choice of the most efficient overlap ¢ for a particular problem and decomposition
of the domain. The greater the overlap, the smaller the iteration count, but since
a more generous overlap also increases the work to solve the local problems, it is
hard to decide in advance what the best § would be. The results obtained by Pahl
indicate that, for M = 7 and N between 4 and 9, one mesh size overlap appears to
be a good choice in terms of total work on a serial machine, while a more generous

overlap seems to be appropriate for larger V.

46



Chapter 4

Diagonal Edge Preconditioners in
p-version and Spectral Element

Methods

4.1 Introduction

Polynomials of high degree have been used extensively to approximate second order
elliptic partial differential equations in the plane. Two well-known discretization
schemes are the p-version finite element method [112], and the spectral element
method [73, 74].

For each substructure €;, the basis of the polynomial space PV (;) is usually
chosen so that it can be partitioned into sets of functions associated with the interior
of the element, the individual edges, or the vertices.

Let the stiffness matrices corresponding to the p-version and spectral element
methods for the homogeneous Dirichlet problem defined in one element be denoted
by K, and Ky, respectively. Let the usual bases for these methods, which will be
described in Section 4.2, be used to generate these matrices. Then, the condition

numbers satisfy:

k(K,) < N* and k(Ky)x N? (4.1)

see [12] and [97]. Here, and in what follows, < means that the ratio of the quantities
being compared is bounded from above and below by constants independent of the

degree N. These conditioning results are even worse for a domain partitioned
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into many elements, and they suggest that an unpreconditioned conjugate gradient
method is likely to require many iterations; this is actually seen in numerical tests.
Diagonal preconditioning of these full matrices has also been used, but the condition
number still increases quadratically with V; see [12, 97].

Many domain decomposition preconditioners can be viewed as block-Jacobi
preconditioners after an appropriate change of basis has been made. Each block
is determined by a subspace of the discrete space, and by an exact or inexact
solver; see [48]. The decomposition into subspaces corresponds to the elimination
of the coupling between different sets of basis functions. We note that it has been
determined experimentally that there is a very strong coupling between the interior
and the standard interface basis functions [7]. A block-Jacobi preconditioner that
eliminates the problem associated with this strong coupling has been proposed
by Babugka, Craig, Mandel, and Pitkaranta [5] for the p-version finite element
method in two dimensions. A change of basis is performed by computing the Schur
complement with respect to the interior degrees of freedom; the new interface basis
functions are orthogonal to the interior ones. In this new basis, the preconditioner is
built from one block of relatively small dimension associated with a global problem,
one block for each edge of the triangulation into elements, and one block for the
interior of each element; exact solvers are used for all blocks. The condition number
of this algorithm is bounded from above by C(1 4 log(N))?; see [5]. This result
can be extended straightforwardly to the spectral element method.

However, for all the implementations that we know of, the Schur complement
blocks associated with the edges are preconditioned by their diagonals; in other
words, inexact solvers are used to totally decouple the edge degrees of freedom.
This substantially reduces the amount of work in constructing and evaluating the
action of the preconditioner, because it eliminates the need to assemble and factor
the edge Schur complement blocks, or, alternatively, the need to solve, in each
iteration, Dirichlet problems in the unions of pairs of subregions; see [5, 48]. The
use of this diagonal preconditioner has been found not to increase the condition
number of the overall iterative process appreciably, if at all; see [5, 6, 7, 77]. No
theoretical result is derived in [5] to support this particular variant of the algorithm.

In this chapter we prove that the blocks of the Schur complement associated
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with each edge, preconditioned by their diagonal, have condition numbers that
grow approximately linearly with N, both for the p-version and for the spectral
element method; see Theorems 4.3.1 and 4.4.1.

There are at least two applications of these results: the first immediate conse-
quence is that, for the algorithm as actually implemented in [5] and [6], the condition

number & grows faster than polylogarithmically in N. In fact, x satisfies
CN <k <CN(1+log(N))°.

A very similar estimate holds for the spectral element case. These results can also
be easily extended to the p-version finite element applied to triangular elements;
see Remark 4.3.1. The numerical results presented here demonstrate that the linear
growth predicted by this estimate is present for large N, but also that the actual
condition numbers are relatively small, even for N on the order of 50; see Figs. 4.1
and 4.2.

Many domain decomposition algorithms have also been developed for problems
in three dimensions; see e.g. [38, 78, 79, 88, 94, 95, 100]. Again, the Schur com-
plement blocks associated with the faces play a major role. We propose diagonal
preconditioners for these blocks that produce very reasonable condition numbers
for the overall process. In Section 4.6 we analyze one such diagonal preconditioner,
applied to a three-dimensional elliptic equation. As above, an essentially linear
upper bound on the condition number is derived, and some results of numerical
experiments performed by Einar Rgnquist are discussed, showing a substantial im-
provement over his original preconditioner, which used a different scaling of the

variables on the interfaces.

4.2 On Polynomials and Trace Norms

Let Q = [—1,+1]% with the side [—1,+1] x {1} identified with A = [—1,+1].
Let PV (A) be the space of polynomials of degree less than or equal to N, and let
PN(A) be the set of polynomials in PV (A) that vanish at —1 and 1.

The space PN() is given by tensorization of PN(A); analogously, P (Q) is
the tensor product of PV (A) with itself.
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The Legendre polynomial basis {L,}n,>0 results from applying the Gram-
Schmidt procedure to the set 1,z,2% ..., and normalizing so that L,(1) = 1.

The following properties are classical, and can be found in [12]:

(1 =2?) L (2)) +n(n+1)La(z) =0 (n > 0), (4.2)
[ = — 75 (n=20) (4.3)
[ vy = 2n1+ (L (2) = Loa(2) (02 1), (4.4)

We recall that for each N, the Gauss-Lobatto-Legendre quadrature of order N
is denoted by GLL(N) and satisfies:

Vp e PPN7I(A), /_11 p(z) dz = ﬁjp(&)ﬂj-

Here, the quadrature points {; are numbered in increasing order, and are the zeros
of (1 —x?)L ().
We next describe the basis functions used in the two methods. Following

Babugka and Szabé [112], a polynomial basis for the p-version finite element method

on PN(A) is defined by no(z) = (1 — 2)/2, m(z) = (1 + x)/2, and

1 T
I\ L i—1 d i_ . .
() — [ b iz (4.5)

| Liza |l

A p-version polynomial basis for PV () is given by tensorization of this one di-
mensional basis.

The basis for the spectral element method on PN(A) is given by {¢;}X, the
Lagrange interpolation basis at the GLL points, i.e. £;(&) = &;;. The spectral
element basis in two and three dimensions are also given by tensorization of the
one dimensional basis.

The remainder of this section describes some Schur complement and trace norm
properties. They are valid for both the p-version and the spectral element method.
In each case, the basis can be partitioned into two sets of functions. The first
is formed by the basis functions vanishing on 9€; these are the interior (i) basis

functions. The others are the boundary (b) basis functions. The Schur complement
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is defined by S = Ky, — beKZ»;lKib, where the subscripts refer to blocks of the
stiffness matrix K, ordered appropriately.

Let w be the restriction of a function of PV (Q) to 99, let w, be the vector of
its boundary degrees of freedom, and let || - |[g1(q) and | - [g1(q) be the standard

Sobolev norm and semi-norm, respectively. We easily find that
whSw, = mmu|u|H1 @ = |Hw|H1 (4.6)

where the minimum is taken over all functions v € PV () such that u|sq = w, and
Hw is the function achieving the minimum. It is also easy to see that (w;,w;)" =
Hw satisfies:

Kiw; + Kgpwy, = 0.

The first expression of (4.6) defines a Schur complement symmetric bilinear form
that only depends on the boundary values of the function, and can be estimated

in terms of a trace norm. By Theorem 7.4 of [5], for any w € PM(f), there is a
u € PN(Q) with u = w on 99, such that

ullm@) < Cllwllmirz(say: (4.7)

We recall that the space HSéQ(A) is the space of functions v € H'/?(9) that
vanish outside A, endowed with the norm |[v|[g1/2(5q). This space is isomorphic to
the interpolation space [L*(A), Hj(A)]1/2; see [71]. An equivalent norm for HééQ(A)

is given, in this context, by:

Wl = [ [T D gy g [ D
T —y 11—.1:

see [85].
Let vp be the trace on A ~ [—1,1] x {—1} of a function of PV (Q) that vanishes
on I\ A. Let v, be the vector of degrees of freedom associated with the interior

of A, and let S be the Schur complement restricted to these degrees of freedom.
Then, by using (4.6) and (4.7), we obtain, Vv, € PN (A):

()
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4.3 Diagonal Edge Preconditioning for the p-version
in 2d

In what follows, we only work with S, the Schur complement related to A, as in
(4.9), and we therefore drop the subscript A. Accordingly, the vectors consist of the
degrees of freedom associated with the interior of A. The p-version and spectral

element Schur complements are denoted by S5, and Sy, respectively.

Theorem 4.3.1 Let D, be the diagonal of S,. Then, Yu € PN (A),

Nonin (W Dptt) < u'Spu < Ny’ D), (4.10)
with
¢ < AMnaz < C, (4.11)
and Clog(V)
¢ N og

Proof. Let u(z) = YN, a;n;(z). By using (4.9) and the Courant-Fischer char-
acterization of the extreme eigenvalues in terms of a Rayleigh quotient, we only
in terms of YN, a?||n: . We start by showing

need to estimate ||u||12ql/2 1
00

2
(A) | |Hoo’ ()

that ||m||12‘150/2(1\) =< 1/i. Indeed, from (4.2), we have

7i._ 1/2(1 - J?Z)L;'—l- (4‘13)

Ty

Then, by integrating by parts and using (4.2) again, the second term of (4.8) is
easily seen to be of order 1/7%. To compute the first term of (4.8), we note that it is
the square of the L%-norm of a polynomial of degree less than or equal to 7 — 1. We
use the GLL(7 — 1) quadrature rule which, by (1.13), gives the value of the integral,
to within a multiplicative constant. The use of this quadrature rule results in a
double sum that can be reduced to

i1

> (0i(€)) e,

1=0
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since the ¢; are zeros of 