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Abstract. In a succinct proof protocol, a verifier gets assur-
ance that an untrusted prover executed an agreed computation,
without requiring the verifier to re-execute the computation
itself. In little more than a decade, this area has undergone
a remarkable transformation from theory to implemented
systems. This activity is extremely exciting. But there is a
catch. To apply succinct proofs, one needs to translate one’s
computation to a set of equations, or constraints. The required
translation has so far completely blocked systematic support
for numerical computations, namely those for which the bulk
of the computation uses approximations of real numbers. This
paper fills that void with the design, implementation, and eval-
uation of a system called Spain. The starting insight of Spain
is that since numerical computations inherently have approxi-
mation error, the constraint formalism should likewise allow
for approximate satisfiability. Based on this insight, Spain
introduces a new proof protocol and new ways to translate
computations to constraints. Spain’s implementation improves
over natural baselines by multiple orders of magnitude.

1 Introduction

A succinct proof protocol provides execution integrity: one
party (the verifier) gets assurance that another party (the
prover) executed an agreed computation, without requiring the
verifier to redo the computation or trust the prover. A variant
of this setup is zero-knowledge, which additionally hides
sensitive inputs from the verifier. Note that execution integrity
is orthogonal to program verification. Program verification
is about ensuring that a given program meets a specification;
here, the question is whether the alleged outputs of a program,
verified or otherwise, truly came from running that program.

Succinct proofs have undergone a remarkable transforma-
tion. These constructs were known to theorists, based on foun-
dational results in interactive proofs, zero-knowledge proofs,
arguments, and probabilistically checkable proofs (PCPs) in
the 1980s and 1990s [13, 14, 16, 17, 34, 65, 80, 89, 91, 120].
At the time, they were considered to be wildly impracti-
cal. However, over the past 15 years, these constructs have
been refined and implemented (see [130, 140] for surveys).
They have even been deployed [69, 126], mostly in cryptocur-
rency [54,55,72,73,84,88,103]. For example, in a traditional
blockchain, every node re-executes all transactions to check
the validity of state transitions; with succinct proofs, by con-
trast, a prover generates a proof once and records it on the
blockchain, and other nodes need only verify the proof [133].

Despite all of the progress, there is an inescapable awk-
wardness in applying succinct proofs. One must arithmetize

one’s computation, which means translating it to equations, or
constraints; roughly speaking, a solution to the constraints cor-
responds to a valid program trace. Unfortunately, this process
does not match how software developers write programs. Con-
trol flow, for example, is unnatural to represent as constraints.
Making matters worse, the constraints are expressed over a
finite field (such as the integers mod a given prime 𝑞), yet
finite fields have no notion of negative numbers or even order
relationships. Consequently, a simple program operation like
conditionally branching based on a comparison between two
numbers has a very verbose expression in constraints (§2).

Still, researchers and practitioners manage to get around
the semantic gap for certain small-scale computations (like
validating blockchain transactions). The verifier is truly fast,
and the prover’s overhead is “only” 106× relative to executing
the computation natively (§7, §8).

However, the semantic gap becomes a yawning chasm for
numerical computations: those for which the bulk of the
computation uses fixed-point or floating-point approximations
of real numbers. The core issue is that numerical computations
don’t map naturally to equations over finite fields, not even with
the kinds of gymnastics used for non-numerical computations.
Not to mention, researchers have no hope of competing with
the decades of investment in optimizing FPUs and GPUs.

Yet, numerical computations were one of the primary moti-
vations for the invention of computers, and continue to be of
intense interest. In the modern era, LLM training and infer-
ence, physics simulations, cyberphysical systems, and far more
all compute over approximations of real numbers. Succinct
proofs applied to numerical computations would thus allow
such computations to run on untrusted infrastructure. For
example, a user of an LLM could get a proof that the produced
tokens truly came from running inference on a given model.
Or someone could run a fluid simulation and then prove to
others that the simulation ran as specified, without anyone
having to redo the computation.

The purpose of this paper is to produce a system that applies
succinct proofs to numerical computations, with three goals:

1. The system should be general-purpose. This means that
the core proving machinery should not be specialized to
the computation itself; in particular, if the computation
changes, the core protocol should not have to change, nor
should the pencil-and-paper mathematics that undergird
the correctness of the succinct proof protocol.

2. The verifier shouldbe less expensive computationally than
native execution. Otherwise, the verifier could simply
run the computation itself. Note that in zero-knowledge
setups, this requirement does not arise, as the verifier



is not expected to be able to run the computation itself.
However, zero-knowledge is a non-goal for us.

3. The prover’s overhead is no more than three orders of
magnitude versus natively executing the computation.
While in ordinary computing contexts,overheadof 1000×
would be preposterous, in this research area, the state of
the art, including in deployed systems, is 105× or 106×.

Prior works encoding numerical computations in proof
systems do one of two things (§8). Some works give standalone
encodings of specific numerical operations, embedded in
general-purpose proof systems; these arguably meet goal 1
but at the cost of goal 3 [9, 50, 51, 59, 82, 115, 124]. Other
works build end-to-end special-purpose protocols for specific
numerical computations, sacrificing goal 1 – and in most cases
goal 3, too [19, 63, 77, 78, 86, 127, 128, 151]. In fact, only one
work that we are aware of has achieved goal 3 [105], but at
severe compromise of goals 1 and 2.

This paper describes a system, Spain, that achieves all three
goals in certain regimes. Spain makes several contributions:

A succinct proof framework for approximate rational arith-
metic (§3). Spain’s idea here is to reflect existing numerical
notions of accuracy by using constraints but having the proving
machinery establish that each constraint holds approximately.

A new proving protocol (§4). To actually prove that the
constraints hold approximately, Spain introduces a new proof
protocol. It is built on and inspired by prior work, specifically
Spartan [116], Zaratan [42], and DARK [40].

Highly compact arithmetizations (§5). Rather than paying
a number of constraints proportional to the number of bits
in numerical operations, Spain translates individual numer-
ical operations to single constraints; for example, division
and square root become one constraint each. This in turn
enables highly efficient comparisons, range checks, and piece-
wise functions. Spain also uses division to create efficient
translations of transcendental operations, such as 𝑒𝑥 . These
encodings could be of independent interest.

Rigorous proof (Apps. B, E, F). We prove correctness of
Spain’s proof protocol and its arithmetizations.

Implementation of Spain (§6, Appx. G). We have imple-
mented Spain. It includes several front-ends that translate
numerical computations to constraints and a common back-
end that implements the Spain prover and verifier.

Experimental evaluation (§7). We evaluate Spain and base-
line systems on various applications, including linear program-
ming problems; machine learning primitives andan end-to-end
application (GPT-2); fluid simulations; and geospatial calcu-
lations. We find that Spain has the fastest (general-purpose)
numerical prover in the literature. Additionally, Spain’s veri-
fier is the first that we are aware of to beat native execution
for reasonably-sized numerical computations.

Like all succinct proof systems, Spain must pay high over-
heads. However, in exhibiting a new kind of arithmetization,
Spain has substantially expanded what is possible.

2 Background

2.1 Numerical computations
People want to perform computations that involve real-
numbered arithmetic. However, doing so exactly is often
intractable. Instead, numerical programs are implemented
with approximate arithmetic, which comes in two flavors:
fixed-point and floating-point. Both have some rounding, or
error. Numerical analysis studies how to ensure that the final
result is meaningful.

Fixed-point arithmetic encodes a subset of the rational
numbers (denoted Q), specifically those expressible as an
integer divided by a fixed denominator (normally a power of
two). Real numbers outside of fixed-point are mapped to nearby
fixed-point numbers via rounding, prior to entering fixed-point
operations. Operations obey absolute error bounds. For any
two fixed-point numbers 𝑥 and 𝑦 and primitive operation op
(for example, +, −, ×, or ÷), the fixed-point operation op𝛿 is
defined (ignoring overflow) as:

(𝑥 op𝛿 𝑦) = (𝑥 op 𝑦) + 𝛿̂±,

where |𝛿̂± | ≤ 𝛿 for some fixed 𝛿 that depends on the operation
and the fixed-point format.

With floating-point representations and arithmetic, oper-
ations obey relative error bounds. Then with op as above,
𝑥, 𝑦 as floating-point numbers, and op𝛿 now denoting the
floating-point operation:

(𝑥 op𝛿 𝑦) = (𝑥 op 𝑦) · (1 + 𝛿̂±),

where |𝛿̂± | ≤ 𝛿. Even simple operations introduce errors. For
example, when using single-precision IEEE 754 [2] floating
point, (2 ÷𝛿 5) ≈ 0.400000006 rather than exactly 0.4.

2.2 Succinct and probabilistic proofs
A succinct proof (or probabilistic proof ) is a cryptographic
protocol between a prover and a verifier (typically thought of
as probabilistic algorithms) about a statement that the prover
wants to persuade the verifier of [64, 130]. We will in this
work consider statements of the form: “(in, out) is a valid
input-output pair for some procedure 𝐹.” That is, the succinct
proof is aimed at establishing that the alleged out is truly the
output when 𝐹 is run on in.

Astonishingly, the data flowing from prover to verifier, and
the work required by the verifier, is (at least in principle) much
smaller than the work to execute 𝐹. Yet, a verifier is unlikely
to be fooled by a false claim from the prover.

Succinct proof implementations typically have a front-
end and a back-end. The front-end compiles 𝐹 into a set
of constraints. The back-end is the proving and verifying
algorithms. We elaborate on both below.
Front-end: Arithmetization and R1CS. Various proof back-
ends require statements to be compiled, by the front-end,
to a rank-one constraint system (R1CS), which we often



refer to as constraints. An R1CS structure is a system of
𝑚 equations and 𝑛 variables over a finite field (typically F𝑞 ,
the integers mod a prime 𝑞) with a subset of the variables
designated as in and a subset designated as out [118]. These
equations are represented by three matrices 𝐴, 𝐵, 𝐶, each of
dimension 𝑚 × 𝑛. An R1CS instance for a given structure is
(𝐴, 𝐵, 𝐶, in, out); we say that an instance is satisfiable if there
exists some witness 𝑤 such that, for 𝑧 := (in, out, 1, 𝑤), we
have: (𝐴 · 𝑧) ◦ (𝐵 · 𝑧) − (𝐶 · 𝑧) = ®0, with ◦ denoting entry-
wise multiplication. Unpacking the algebra, each constraint
𝑖 ∈ {1, . . . , 𝑚} restricts any assignment, that is any valuation
of the variables 𝑧 = (𝑧1, . . . , 𝑧𝑛), as follows: (𝐴𝑖,1𝑧1 + · · · +
𝐴𝑖,𝑛𝑧𝑛) · (𝐵𝑖,1𝑧1 + · · · + 𝐵𝑖,𝑛𝑧𝑛) − (𝐶𝑖,1𝑧1 + · · · +𝐶𝑖,𝑛𝑧𝑛) = 0.

As a simple example, take the computation
function 𝐹(𝑧1, 𝑧2, 𝑧3)

𝑧4 ← (𝑧2
1 − 4) · (𝑧2 + 3𝑧3) − 2

return 𝑧4

Here in is (𝑧1, 𝑧2, 𝑧3) and out is 𝑧4. The first step in translation
to R1CS is to unroll the computation so that each line of code
is written as a product of linear combinations of variables,
minus another linear combination of variables:

function 𝐹(𝑧1, 𝑧2, 𝑧3)
𝑧6 ← 𝑧1 · 𝑧1 − 4 // 𝑧6 is a new var, part of the witness
𝑧4 ← 𝑧6 · (𝑧2 + 3𝑧3) − 2
return 𝑧4

Next, these lines are translated to constraints, each of which
becomes a row in the 𝐴, 𝐵, 𝐶 matrices. These constraints are:

(1 · 𝑧1) · (1 · 𝑧1) − (1 · 𝑧6 + 4 · 1) = 0
(1 · 𝑧6) · (1 · 𝑧2 + 3 · 𝑧3) − (1 · 𝑧4 + 2 · 1) = 0.

In matrix form, the constraints are:
𝑧1 𝑧2 𝑧3 𝑧4 𝑧5 𝑧6[ ]

𝐴 =
1 0 0 0 0 0
0 0 0 0 0 1[ ]

𝐵 =
1 0 0 0 0 0
0 1 3 0 0 0[ ]

𝐶 =
0 0 0 0 4 1
0 0 0 1 2 0

in out 1 𝑤

Now, consider this valuation of the in variables: 𝑧1=3,
𝑧2=2, 𝑧3=−1 (these quantities are in F𝑞 , so −1 is shorthand
for 𝑞 − 1), and the corresponding out valuation: 𝑧4 = −7
(shorthand for 𝑞 − 7). In this case, the full assignment is
𝑧 = [3, 2,−1,−7, 1, 5]⊺. When subsequently giving example
constraints, we drop the explicit “1·”, add the “𝐶 piece” to
both sides, and use semantically appropriate variables to refer
to elements of 𝑧.

One can translate an entire unrolled computation to a set of
constraints, in the sense that some 𝑧 satisfies the constraints
only if 𝑧 respects the original semantics of the computation.
This translation is called arithmetization [7, 17, 18, 24, 35,

36, 49, 75, 81, 96, 97, 115, 118, 138, 146, 147]. It is typically
accompanied by a witness generator, which either executes the
computation and thereby obtains the assignment to 𝑧 [15, 24,
26,76,81,102], or else solves the constraints using annotations
provided by the translation process [35, 75, 96, 100, 114, 115].

Modern proof systems also translate computations into
lookup tables [31, 33, 41, 57, 71, 119, 119], often in combi-
nation with constraints. However, lookup tables outperform
constraints only when the table is small (for example, 28 ele-
ments) or has algebraic structure [119]. Numerical operations
do not generally fit into either of these categories.

Back-end: Proving R1CS satisfiability. The job of the back-
end is, given an R1CS structure and instance (𝐴, 𝐵, 𝐶, in, out),
to prove that a satisfying assignment exists. The back-end
provides the following properties, which we state informally.
• Back-end soundness: If there does not exist a 𝑤 such that
𝑧 := (in, out, 1, 𝑤) makes (𝐴 · 𝑧) ◦ (𝐵 · 𝑧) − (𝐶 · 𝑧) = 0,
then the probability (over the verifier’s random choices)
that the verifier accepts is negligible.

• Back-end completeness: If a prover has access to 𝑤 such
that 𝑧 := (in, out, 1, 𝑤) makes (𝐴 · 𝑧) ◦ (𝐵 · 𝑧) − (𝐶 · 𝑧) = 0,
then the prover can make the verifier accept with probability
1, over the prover’s and verifier’s random choices.
For our work, the relevant strand of back-end protocols is

based on the sum-check primitive [89]. We defer justifying this
choice until we have established the necessary context (§4.1,
§4.2.2). The sum-check primitive is an interactive proof [16,
65] by which the prover persuades the verifier that the sum of a
given multi-variate polynomial’s evaluations over all Boolean
combinations that its variables can take is a given value.
(Appendix A reviews this primitive.) Succinct proofs that use
the sum-check primitive typically do so multiple times within
the same protocol; for example, GKR [66, 67] invokes the
sum-check primitive once per layer in a layered circuit while
Spartan [116] invokes the primitive twice (loosely speaking,
one invocation is over the rows of the R1CS instance and one
is over the columns). We call proofs built on the sum-check
primitive sum-check protocols [30, 42, 44–46,48, 60, 66–68,
116,117,119,123,129,135–137,139,143,147,148].

Modern works in this strand [131] rely on polynomial
commitment. The idea is that 𝑤 is encoded as a polynomial
by the prover; a small commitment (far smaller than 𝑤) is
sent to the verifier; this commitment binds the prover to that
polynomial; and one or more invocations of the sum-check
primitive prove that an additional polynomial (formed from the
prover’s committed polynomial, from in and out, and from the
R1CS structure itself) has a certain property that is equivalent
to 𝑧 = (𝑖𝑛, 𝑜𝑢𝑡, 1, 𝑤) satisfying the instance.

The costs of the back-end are driven by the number of con-
straints, 𝑚 and the number of witness elements, |𝑤 |. Specifi-
cally, the prover’s costs are roughly 𝑂 (𝑚 + |𝑤 |). The verifier’s
costs vary based on the protocol. Our work follows Spar-
tan [92, 116] (without its SPARK module), where the verifier



has an 𝑂 (𝑚) fixed cost that is specific to the structure (the
constraints); this cost amortizes over synchronized instances,
with each instance adding cost that is 𝑂 (log( |𝑤 |)). There
is also an 𝑂 (log( |𝑤 |)) setup cost, reusable across all future
invocations, including different R1CS structures. See else-
where [38,116,117,119] for techniques that asymptotically
lower the verifier’s work at the prover’s expense.

To quantify, running the prover on a single machine is
generally considered unreasonable when 𝑚 and |𝑤 | are above
229 (unless one possesses terabytes of RAM and hundreds
of cores) [108], owing to memory bottlenecks. There are
techniques for scaling across a fleet [87, 108, 142, 144], and
reducing memory requirements at the cost of increased prover
time [20, 93, 99], but neither approach mitigates the sheer
amount of work required to prove large computations.

Arithmetization poses a semantic challenge. A salient cost
is translating from ordinary computations to R1CS; this
appears in the values of 𝑚 and |𝑤 |. Indeed, there is a massive
semantic gap in this research area: ordinary computations do
not map to equations over finite fields in a natural way. To
highlight the challenge, consider the division of two positive
𝑘-bit integers. Checking this computation, 𝑧 ← 𝑥/𝑦, in R1CS
involves two steps. First, the prover supplies the purported
quotient 𝑧 and remainder 𝑟 and the following constraint is
added: 𝑦 · 𝑧 = 𝑥 − 𝑟, where 𝑟 is a witness variable. Second,
constraints are required to assert that 𝑥 ≥ (𝑧+1) and 𝑦 ≥ (𝑟+1).

But finite fields have no native notion of order, so a typical
arithmetization of assert(𝑥 ≥ (𝑧 + 1)), where 𝑥 and 𝑧 are 𝑘-bit
numbers, introduces witness variables 𝑏0, . . . , 𝑏𝑘−1 represent-
ing the bits of 𝑥 − (𝑧 + 1). Then, for all 𝑖, constraints are added
to enforce that each variable 𝑏𝑖 is a bit: 𝑏𝑖 · (1−𝑏𝑖) = 0. Finally,
a constraint is added to enforce the relationship among 𝑥, 𝑧,
and the bits:

∑𝑘−1
𝑖=0 𝑏𝑖2𝑖 = 𝑥 − 𝑧 − 1. This set of constraints is

satisfiable only if 𝑥 − 𝑧 − 1 is itself a 𝑘-bit number. This assert
alone requires 𝑘 additional variables and 𝑘 + 1 constraints.

This blowup is not isolated to division. Researchers in
succinct proofs often perform contortions to represent compu-
tations. While there are, for example, more succinct encodings
of certain kinds of conditional operations [115], arbitrary
low-level operations of the kind that would ordinarily be
accelerated in hardware are not well-handled. In particular,
representing a single numerical operation in R1CS typically
involves explicitly expressing the digital logic of the operation.
This results in a number of auxiliary variables and constraints
that is a multiple of the number of bits of the numbers being
represented in each operation [9, 50, 51, 82, 124] (§7, §8),
rather than the number of machine instructions that would be
required in an ordinary computing context.

3 Problem statement and overview of Spain

Problem statement. A prover and a verifier agree on a single
numerical computation, 𝐹. The verifier sends input in, the

prover executes 𝐹 on that input, and claims that the output is
out. The prover then wants to persuade the verifier that out
indeed could have been produced by 𝐹 (in), given the kinds
of approximation that are inherent in fixed- or floating-point
numerical computation. The verifier should spend fewer com-
putational resources than if it ran 𝐹 (in) itself; otherwise, the
verifier could disregard out, and simply use the result of execut-
ing 𝐹 on in. We will sometimes work in an amortized setting
where multiple instances of 𝐹 are outsourced on in1, . . . , in𝐿

different inputs, getting different outputs out1, . . . , out𝐿 .

The core conflict. On the one hand, existing proof machinery
ensures that an execution proceeded exactly as it was supposed
to. On the other hand, in the numerical context “supposed
to” means “certain error”. To resolve this conflict between
exactness and error, any protocol must reject truly wrong
executions, namely those that include any operations with
more than 𝛿 error (§2.1). At the same time, the protocol must
not be too much of a scold: if all operations do obey the 𝛿

error bound, then the given execution should be accepted.
As noted in Section 2.2, some works handle this tension

by representing the digital logic of the approximate compu-
tation in the arithmetization (the R1CS instance). A related
approach is for the prover to embed in the R1CS instance
variables that capture each operation’s error, thereby making
the error incurred by each operation part of the statement to
be validated [59]. Both approaches bring expense.

Overview of Spain. In contrast to existing work, Spain’s
arithmetizations are agnostic to the error in each operation, yet
the prover is forced to adhere to the bounds. Spain combines
several new techniques, in the front-end and back-end. Figure 1
depicts Spain, contrasting it with the most natural baseline.

Front-end (§5): Spain introduces a new kind of arith-
metization; it translates 𝐹 to a set of constraints over the
rational numbers Q (rather than a finite field F𝑞) in a way
that satisfying all constraints up to some 𝜖 corresponds to
error up to 𝛿 in each operation. Each constraint 𝑖 ∈ {1, . . . , 𝑚}
enforces:

�� (𝐴𝑖,1𝑧1 + · · · + 𝐴𝑖,𝑛𝑧𝑛
)
·
(
𝐵𝑖,1𝑧1 + · · · + 𝐵𝑖,𝑛𝑧𝑛

)
−(

𝐶𝑖,1𝑧1 + · · · + 𝐶𝑖,𝑛𝑧𝑛
) �� ≤ 𝜖 . We call such constraints approx-

imate constraints; compare to the constraints in §2.2 that
enforce equality, which we call traditional constraints.

Approximate constraints are dramatically more concise than
the alternative; in fact, each low-level operation in 𝐹 generally
corresponds to one or a small number of constraints. The
intuition is that constraints in Spain are freed from operating
on the bits of operands, being expressed over Q, and are
freed from explicitly encoding approximation error, as “≤ 𝜖”
encodes slackness directly. The trade-off is that a user of Spain
must perform certain analyses not needed when working with
traditional constraints. This requirement is a manifestation of
the conflict stated earlier: the user must show that satisfying
the constraints means the prover adhered to “≤ 𝛿” error, and
also show that if the prover does execute the operation with
bounded error, then it can satisfy the approximate constraints.



Baseline systems (ex: Spartan [116]) Spain
𝐹 (in) = out via approximate arithmetic over Q

Arithmetize (§5)
Express as 𝑓 ′ (in) = out over F𝑞

Convert to traditional R1CS over F𝑞
𝐴𝑧 ◦ 𝐵𝑧 − 𝐶𝑧 = 0 ⇐⇒ 𝑓 ′ (in) = out

Convert to approximate R1CS over Q
|𝐴𝑧 ◦ 𝐵𝑧 − 𝐶𝑧 | ≤ 𝜖 ⇐⇒ 𝑓 (in) ≈ out

Prove (§4) P V P V
Commit to witness 𝑤 over F𝑞 Commit to witness 𝑤 over Q

Choose random prime 𝑞

Prove 𝐴𝑧 ◦ 𝐵𝑧 − 𝐶𝑧 = 0 over F𝑞 Prove |𝐴𝑧 ◦ 𝐵𝑧 − 𝐶𝑧 | ≤ 𝜖 , embedded in F𝑞

Figure 1: High-level comparison between existing proof systems (left) and Spain (right). Given an initial claim, the protocol is divided into two
phases: arithmetization and proving. Similar steps are vertically aligned to facilitate comparison.

Back-end (§4): Spain’s back-end enables a prover to es-
tablish that a given assignment (to a given set of constraints)
meets the 𝜖 bounds. We call such an assignment 𝜖-accurate.

Compared to prior work, Spain’s back-end has three in-
terlocked aspects. First, Spain maps the constraints over Q
to a finite field, which is the kind of domain typically used
in sum-check protocols (§2.2). However, preserving the se-
mantics of the constraints in the finite field requires care; a
key mechanism is that the verifier chooses the finite field (via
prime 𝑞) only after the prover commits to the assignment.

Second, Spain establishes a statement that implies
𝜖-accuracy. Specifically, Spain modifies Spartan [116] to
prove a statement about the sum of each constraint’s squared
error, for a given assignment; this sum will be notated as
∥𝐸X,𝑧 ∥22. As we argue later, by proving that ∥𝐸X,𝑧 ∥22 is small,
the protocol guarantees that the assignment obeyed the re-
quired 𝜖 bounds. Third, Spain uses a polynomial commitment
protocol (§2.2) that is geared to integers, but makes several
technical adjustments, as naive use of this primitive in our
context would be prohibitive.

4 Spain’s approximation-friendly back-end

This section presents the core statement that Spain’s back-end
proves (§4.1) and the techniques that it uses to do so (§4.2–
§4.3). First, though, we must define what it means for a back-
end to be correct in Spain’s context. We do so by modifying
the existing back-end notions of soundness and complete-
ness (§2.2). The modified properties are as follows, with
respect to an R1CS instance X = (𝐴, 𝐵, 𝐶, in, out):
• Back-end 𝜖-soundness. If there does not exist a 𝑤 such that
𝑧 := (in, out, 1, 𝑤) is 𝜖-accurate forX, then the probability 𝜅
(over the verifier’s random choices) that the verifier accepts
is negligible. 𝜅 is known as soundness error.

• Back-end 𝜖𝐶 -completeness. A prover with access to 𝑤 such
that 𝑧 := (in, out, 1, 𝑤) is 𝜖𝐶-accurate for X can make the

verifier accept with probability 1, over the prover’s and
verifier’s random choices in the protocol.
These definitions embed two different levels of 𝜖-accuracy;

at the end of Section 4.1 below, we will see that 𝜖𝐶 < 𝜖 . To
preview the practical consequence, an honest prover will have
to execute with greater precision (for completeness) than what
the protocol guarantees to the verifier (via soundness).

4.1 What claim about error should be proved?
Spain’s back-end must establish the 𝜖-accuracy of an assign-
ment 𝑧. Before highlighting the challenges, we give a compact
notation for 𝜖-accuracy. Define the error vector 𝐸X,𝑧 for
an R1CS instance X = (𝐴, 𝐵, 𝐶, in, out) and an assignment
𝑧 = (in, out, 1, 𝑤) as:

𝐸X,𝑧 := (𝐴 · 𝑧) ◦ (𝐵 · 𝑧) − (𝐶 · 𝑧).

This error vector has 𝑚 components. Its 𝑖th component is
(𝐴𝑖 · 𝑧) · (𝐵𝑖 · 𝑧) − (𝐶𝑖 · 𝑧) , where 𝐴𝑖 , 𝐵𝑖 , and 𝐶𝑖 are the
𝑖th rows of 𝐴, 𝐵, and 𝐶. Notice that if the component with
maximum absolute value is upper-bounded by 𝜖 , that is equiv-
alent to saying that the assignment 𝑧 for the instance X is
𝜖-accurate (§3). Meanwhile, the maximum absolute value
over all components of 𝐸X,𝑧 is, by definition, the ℓ∞ norm of
𝐸X,𝑧 , denoted ∥𝐸X,𝑧 ∥∞. Thus, 𝜖-accuracy can be written:

∥𝐸X,𝑧 ∥∞ ≤ 𝜖 .

One challenge is that we don’t know how to apply prov-
ing machinery to this inequality directly. Sum-check proto-
cols (§2.2), for example, work over polynomial expressions.
Although Spartan [116] shows how to cast R1CS satisfiability
as suitable polynomial expressions, the ℓ∞ norm cannot be
turned into polynomial expressions, because of the absolute
value and maximum operations.

Instead, our insight here is that the square of the ℓ2 norm is
compatible with sum-check protocols, and this quantity upper-
bounds the square of the ℓ∞ norm. Specifically, for a vector 𝑣,



the square of the ℓ2 norm, ∥𝑣∥22, is
∑𝑚

𝑖=1 𝑣
2
𝑖
. Also, the definitions

of the norms imply that for any vector 𝑣, ∥𝑣∥2∞ ≤ ∥𝑣∥22. So,
if the prover could persuade the verifier that

∥𝐸X,𝑧 ∥22 = 𝐽, (1)

for some 𝐽, and if the verifier then checked that 𝐽 ≤ 𝜖2, that
would suffice to establish that ∥𝐸X,𝑧 ∥∞ ≤ 𝜖 .

However, there is another difficulty. While ∥𝐸X,𝑧 ∥22 ≤ 𝜖2

implies ∥𝐸X,𝑧 ∥∞ ≤ 𝜖 , the converse is not true. Consequently,
an assignment 𝑧 could well satisfy ∥𝐸X,𝑧 ∥∞ ≤ 𝜖 , but Equa-
tion (1) would not hold for any 𝐽 ≤ 𝜖2. In a full protocol, an
honest prover would then have no way to convince the verifier.

To address this, the execution by the prover has to be more
accurate than 𝜖 . Specifically, while Spain must meet Back-
end 𝜖-soundness, it must meet Back-end 𝜖𝐶-completeness,
where 𝜖𝐶 = 𝜖/

√
𝑚. (The gap between 𝜖 and 𝜖𝐶 can be

narrowed; §D.3.) Under these conditions, there does exist
𝐽 ≤ 𝜖2 with ∥𝐸X,𝑧 ∥22 = 𝐽. To see this,notice that the definitions
of the norms imply that for any vector 𝑣, ∥𝑣∥22 ≤ 𝑚 ·
∥𝑣∥2∞. Consequently, requiring that the prover produces an
𝜖𝐶 -accurate 𝑧 yields ∥𝐸X,𝑧 ∥∞ ≤ 𝜖𝐶 = 𝜖/

√
𝑚 and thus:

∥𝐸X,𝑧 ∥22 ≤ 𝑚 · ∥𝐸X,𝑧 ∥2∞ ≤ 𝑚 · 𝜖2
𝐶 ≤ 𝜖2.

4.2 Main protocol
Spain’s back-end aims to establish Equation (1). Spain adapts
three existing tools, specifically Spartan [116], which is a
sum-check protocol (§2.2) that targets R1CS instances, and
forms the core of Spain’s back-end; DARK [40], which is a
polynomial commitment protocol (§2.2) with the ability to
bind the prover to a polynomial over Q; and Zaratan [42],
which is a framework for proving traditional R1CS satisfiability
over the integers, as opposed to over a finite field.

One of the configurations explicitly considered by Zaratan
is combining Spartan and DARK, and we will do likewise.
Specifically, whereas Spartan assumes that an R1CS structure
is defined over a finite field (typically F𝑞; §2.2), Zaratan
observes that 𝑞 can be chosen at run-time by the verifier, after
the prover commits to an encoded version of 𝑤 via DARK.

Spain’s full protocol is given in Appendix B. Figure 2
provides an overview. This protocol embeds three major
changes compared to prior work, as outlined below.

4.2.1 Proving statements over Q

Constraints in Spain are expressed over the rational numbers,
Q. However, the sum-check primitive is typically applied over
a finite field (§1, §2.2). Accordingly, Spain maps Equation (1)
into a corresponding claim over a finite field, namely F𝑞 .
But, this mapping is fraught; to highlight the challenge, we
introduce some mathematical language.

Define Q(𝑞) as {(𝑎, 𝑏) ∈ Q | 𝑞 ∤ 𝑏}. This set is the rational
numbers without multiples of 𝑞 in the denominator.1 Spain

1Mathematically, this set is known as a localization [141], and could be
written (Z \ 𝑞Z)−1Z, or Z(𝑞) .

1. The prover runs an agreed-upon computation 𝐹, thereby
producing 𝑤.

2. Using DARK, the prover encodes 𝑤 as a polynomial,
𝑤; commits (§2.2) to that polynomial; and sends this
commitment to the verifier, effectively binding itself to
the value of 𝐸X,𝑧 .

3. The prover computes and sends 𝐽 to the verifier; 𝐽 is
purportedly ∥𝐸X,𝑧 ∥22.

4. The verifier checks that 𝐽 is less than 𝜖2.
5. The verifier sends a prime 𝑞 to the prover randomly

chosen from a set of large primes.
6. The prover and verifier map all rationals to elements

of F𝑞 and apply the sum-check protocol to the claim
𝜌𝑞 (∥𝐸X,𝑧 ∥22) = 𝜌𝑞 (𝐽), reducing it to a claim about 𝑤.

7. The verifier checks consistency between the claim in
Step 6 and the commitment to 𝑤 in Step 2.

Figure 2: Spain’s back-end protocol (simplified).

maps these numbers into a finite field, via:

𝜌𝑞 : Q(𝑞) −→ F𝑞
(𝑎, 𝑏) ↦−→ (𝑎 mod 𝑞) (𝑏 mod 𝑞)−1,

and the Spain prover and verifier apply a sum-check protocol
to the claim:

𝜌𝑞 (∥𝐸X,𝑧 ∥22) = 𝜌𝑞 (𝐽). (2)

However, for this approach to make sense, there are two
requirements. First, arithmetic must stay in Q(𝑞) , otherwise
𝜌𝑞 is undefined. Second, unequal quantities in Q(𝑞) should
stay unequal after the mapping. That is, if ∥𝐸X,𝑧 ∥22 ≠ 𝐽, then
𝜌𝑞 (∥𝐸X,𝑧 ∥22) = 𝜌𝑞 (𝐽) should not occur, except with negligible
probability (over the verifier’s choice of 𝑞).

Spain achieves both requirements through a combination
of convention, DARK, and the verifier’s checks. The starting
convention is that all rational numbers in the 𝐴, 𝐵, 𝐶 matri-
ces that define an R1CS instance X are presumed to have a
denominator 𝐷 that is a power of two; thus 𝑞 does not divide
𝐷. Furthermore, the assignment 𝑧 is supposed to follow this
convention as well. DARK partially preserves the convention,
by ensuring that all committed rationals (Step 2) have the same
denominator but not necessarily that it is exactly 𝐷. Surpris-
ingly, this partial preservation does not give the prover room
to cheat without detection (§B). For simplicity, our description
below assumes that DARK preserves the convention fully.

One consequence is that arithmetic begins in Q(𝑞) , and
stays there. Thus, 𝜌𝑞 is defined on all intermediate values
and the result. To see this, notice that the convention ensures
that the entries of 𝐴 · 𝑧, 𝐵 · 𝑧, and 𝐶 · 𝑧 have denominator 𝐷2;
the entries of (𝐴 · 𝑧) ◦ (𝐵 · 𝑧) have denominator 𝐷4, and the
values of ((𝐴𝑖 · 𝑧) · (𝐵𝑖 · 𝑧) − (𝐶𝑖 · 𝑧))2, and hence ∥𝐸X,𝑧 ∥22,
have denominator 𝐷8. The verifier completes the enforcement
by requiring 𝐽 to have denominator 𝐷8.



Another consequence is that this approach avoids collisions.
If ∥𝐸X,𝑧 ∥22 and 𝐽 are not equal, then given that they have
the same denominator, 𝜌𝑞 (∥𝐸X,𝑧 ∥22) = 𝜌𝑞 (𝐽) only if the
numerator 𝑁 of ∥𝐸X,𝑧 ∥22− 𝐽 is a multiple of 𝑞. Analysis shows
that by limiting the numerators of the entries of 𝐴, 𝐵,𝐶, and 𝑧,
𝑁 can be kept small enough that the probability of a randomly
chosen large prime, like 𝑞, dividing 𝑁 is low (Appx. B.5).

Both Spain and Zaratan [42] map a claim from a larger
domain (in their case Z, in Spain’s case Q) to some F𝑞 . How-
ever, the introduction of a denominator in Spain significantly
complicates the analysis of collisions.

The bottom line is that Spain ensures that if the prover sends
a 𝐽 ≠ ∥𝐸X,𝑧 ∥22 (Step 3, Figure 2), then with overwhelming
probability over the choice of 𝑞 in Step 5, 𝜌𝑞 (∥𝐸X,𝑧 ∥22) ≠
𝜌𝑞 (𝐽). Consequently, if the prover did lie in Step 3, it would
be stuck trying to prove a false statement in Step 6.

4.2.2 Proving a new type of claim

To prove that 𝜌𝑞 (∥𝐸X,𝑧 ∥22) = 𝜌𝑞 (𝐽), Spain observes that an
adaptation of Spartan can directly prove statements about the
squared ℓ2 norm of the errors in an R1CS instance.

To explain how Spain both borrows and diverges from Spar-
tan,we must present some furthermathematical detail. One can
view 𝐴, 𝐵, 𝐶 ∈ F𝑚×𝑛𝑞 , and 𝑧 ∈ F𝑛𝑞 as functions. Specifically,
letting 𝑠 = ⌈log𝑚⌉ and 𝑘 = ⌈log 𝑛⌉, we view the matrices as
functions {0, 1}𝑠 × {0, 1}𝑘 → F𝑞 . For example, 𝐴(𝑟, 𝑐) is the
entry of 𝐴 at the row given by the binary representation of 𝑟
and the column given by the binary representation of 𝑐. We
do the same for 𝑧, viewing it as a function {0, 1}𝑘 → F𝑞 .

An important concept is a polynomial extension of a discrete
function. The polynomial extension of a function agrees with
that function everywhere the function is defined, but the
polynomial is defined over a larger domain. A polynomial
extension can be thought of as an encoding of that function.
As a simple example, imagine defining a function 𝑓 at points 0
and 1, and drawing a line (a first-degree polynomial) through
𝑓 (0) and 𝑓 (1). The entire line – its description, or any two
points on it – encodes the values of 𝑓 (0) and 𝑓 (1). We denote
multilinear extensions with tildes. For example, for a function
𝑓 (·) defined over 𝑥 ∈ {0, 1}𝑠 , the multilinear extension of 𝑓 is
𝑓 : F𝑠𝑞 → F𝑞 , which is a polynomial that equals 𝑓 on {0, 1}𝑠 ,
with degree no more than 1 in each variable.

Now, let 𝑀 stand in for 𝐴, 𝐵, or 𝐶, and let 𝑔𝑀 (𝑡) :=∑
𝑐∈{0,1}𝑘 𝑀 (𝑡, 𝑐) · 𝑧̃(𝑐), where 𝑀 and 𝑧̃ are the multilin-

ear extensions of 𝑀 and 𝑧, respectively (when mapped to F𝑞).
Also, let Eq(·, ·) return 1 if its two arguments, viewed as 𝑠-bit
strings, are the same and 0 otherwise; denote the multilinear
extension of Eq as Ẽq.

In Spartan (and Zaratan), the prover aims to persuade the
verifier of the following, where 𝜏 is chosen randomly [116, §4]:∑︁

𝑟∈{0,1}𝑠
(𝑔𝐴(𝑟) · 𝑔𝐵 (𝑟) − 𝑔𝐶 (𝑟)) · Ẽq(𝜏, 𝑟) = 0. (3)

In Spain, by contrast, the prover aims to persuade the verifier
(in Step 6) that the following holds:∑︁

𝑟∈{0,1}𝑠
(𝑔𝐴(𝑟) · 𝑔𝐵 (𝑟) − 𝑔𝐶 (𝑟))2 = 𝜌𝑞 (𝐽). (4)

Notice from the definition of extension that the left-hand side
above sums the squared error for each constraint, given assign-
ment 𝑧, when the constraints and 𝑧 are mapped to F𝑞 . That
sum is 𝜌𝑞 (∥𝐸X,𝑧 ∥22). Thus, the protocol is indeed establishing
Equation (2). After this step, Spain follows Spartan.

4.2.3 Accelerating and adapting DARK

Spain makes two sets of modifications to DARK. First,whereas
DARK normally works over a group of order unknown to both
prover and verifier, Spain exploits interactivity to have the
verifier generate a group for which it alone knows the order.
Appendix C details this technique.

Second, DARK as originally proposed had an error: it
provided only a weak binding property, namely it ensured only
that the committed-to polynomial had rational coefficients [29].
This was problematic for Zaratan and other uses of DARK (for
example, in combination with Spartan), as those uses require
a polynomial with integer coefficients. Thus, Zaratan (and
other protocols) layer techniques [29, 42] atop DARK, which
have extra costs. However, in our context, the original (weaker)
form of DARK suffices. Appendix B gives details.

4.3 Support for batching and “just in time” R1CS
Spain supports two variants of R1CS. The first is a
SIMD-R1CS instance [134], which is a combination of 𝐿

R1CS instances with the same structure (that is, multiple exe-
cutions of the same program on different inputs). The second is
an I-R1CS instance [97], where the prover and verifier interact
to construct the full instance. Given a partial R1CS instance
(one with some variables missing), the prover and verifier take
turns filling it in. In round 𝑖, the prover commits to 𝑤𝑖 , and
the verifier sends additional in𝑖 . The final R1CS instance has
assignment 𝑧 := (in1, . . . , in𝑅, out, 1, 𝑤1, . . . , 𝑤𝑅).

Spain extends I-R1CS in a natural way: in Spain, the verifier
may also supply constraints. Thus, the prover and verifier start
with a partial structure, and as the prover commits to 𝑤𝑖 in
round 𝑖, the verifier submits in𝑖 or new constraints. Further
details of Spain’s support for R1CS variants are in Appendix D.

5 Encoding numerical operations in R1CS

This section describes how, by taking advantage of the back-
end claim of 𝜖-accuracy (§4), Spain produces dramatically
more concise arithmetizations versus the traditional approach.

Using approximate constraints (§3) requires a new kind
of correspondence between a numerical function 𝐹 and an



R1CS structure that allegedly arithmetizes 𝐹. Roughly speak-
ing, (a) any assignment that is 𝜖-accurate (§3) for the con-
straints should correspond to an execution of 𝐹 with operations
bounded by 𝛿 (§2.1), and (b) for every execution of 𝐹 with
operations bounded by 𝛿wg (where 𝛿wg is a constant smaller
than 𝛿) there should be an 𝜖𝐶 -accurate assignment. The need
for separate 𝛿 and 𝛿wg reflects the same asymmetry that leads
to 𝜖𝐶 < 𝜖 (§4). Appendix E formalizes (a) and (b) as transla-
tion fidelity, and proves that the constraints described in this
section meet these properties.

Note that translation fidelity concerns the error in each
operation, not the accumulated error in the output of a com-
putation. This is analogous to how the IEEE floating-point
specification [2] bounds the error in each operation and relies
on numerical analysis to derive bounds on the accumulated
error.

Below we present arithmetizations using approximate con-
straints, notating them with ≈𝜖 . For example, 𝑧1 · 𝑧2 ≈𝜖 𝑧3
enforces |𝑧1 · 𝑧2 − 𝑧3 | ≤ 𝜖 .

Division and square root. Recall that checking 𝑧 ← 𝑥/𝑦
traditionally requires dozens of constraints (§2.2). Spain uses
one constraint: 𝑦 · 𝑧 ≈𝜖 𝑥.

In traditional constraints, the square root operation (𝑦 ←√
𝑥) is encoded as 𝑦 · 𝑦 = 𝑥 − 𝑟 plus dozens of constraints to

bound 𝑟 in terms of 𝑥 and 𝑦. Spain again requires only one
constraint: 𝑦 · 𝑦 ≈𝜖 𝑥. This takes advantage of the fact that all
real square roots have arbitrarily close rational approximations.
If one wants a specifically positive or negative root, one applies
the square root operation again! For example, suppose we
want 𝑦 to be the negative square root of 𝑥. Then we use an
additional constraint: 𝑡 · 𝑡 ≈𝜖 −𝑦, exploiting the fact that −𝑦
must be non-negative to have a real square root.

Note that this encoding of the square root operation can
be satisfied when 𝑥 is a small negative number, in contrast to
usual numerical computations, where Not a Number (NaN)
would arise. If this is problematic, the constraints and/or
numerical analysis should ensure that the function’s input is
strictly non-negative.

The power of approximate square roots. In traditional arith-
metization, bottlenecks include range checks, branching, max,
and min. As we show next, Spain arithmetizes approximate ver-
sions of these operations orders of magnitude more efficiently,
using square roots.

assert (x ≥ y). Recall from Section 2.2 that this operation
required 𝑘 additional variables and 𝑘 + 1 constraints. Spain
requires only 1 constraint and 1 additional variable, regardless
of bit width: 𝑡 · 𝑡 ≈𝜖 𝑥 − 𝑦, for some witness variable 𝑡. This
is not a strict translation of assert but instead an approximate
version that allows 𝑥 to be 𝜖 smaller than 𝑦 but no smaller.

b← (x ≥ y). Spain requires only 3 constraints and 2 aux-
iliary variables: 𝑏 · (1 − 𝑏) ≈𝜖 0, (2𝑏 − 1) · (𝑥 − 𝑦) ≈𝜖 𝑡, and
𝑠 · 𝑠 ≈𝜖 𝑡. The first constraint ensures that 𝑏 is Boolean. The
second ensures that 𝑡 is non-negative only when 𝑏 correctly

reflects the comparison. The third ensures that 𝑡 is indeed non-
negative. As with square root and assert, this comparison is an
approximate version; Appendix E.2 delves into the semantics.

max. Consider 𝑧 ← max(𝑣) for an array 𝑣 = [𝑣1, . . . , 𝑣𝐿].
Spain’s approach here is inspired by Distiller [76], which
encodes a checker for min, rather than embedding logic to
identify the minimum. However, Distiller requires 𝐿 · (𝑘+3)+1
constraints and 𝐿 · (𝑘 + 2) witness variables, where 𝑘 is the
bit-widths of the elements in the array. Spain’s are far more
concise because it pays so little for comparison operations:
• for all 𝑖 ∈ {1, . . . , 𝐿}: 𝑡𝑖 · 𝑡𝑖 ≈𝜖 𝑧 − 𝑣𝑖
• for all 𝑖 ∈ {1, . . . , 𝐿}: 𝑏𝑖 · (1 − 𝑏𝑖) ≈𝜖 0
• for all 𝑖 ∈ {1, . . . , 𝐿}: 𝑏𝑖 · (𝑧 − 𝑣𝑖) ≈𝜖 0
•

∑𝐿
𝑖=1 𝑏𝑖 ≈𝜖 1

The first set ensures that 𝑧 is greater than or equal to all elements
in the array. The next two sets ensure that 𝑏𝑖 is Boolean and
that 𝑏𝑖 can be 1 only if 𝑣𝑖 = 𝑧 (to support multiple equal
maxima, 𝑏𝑖 is allowed to be 0 even when 𝑣𝑖 = 𝑧). The last
ensures that exactly one of the 𝑏𝑖 is 1. This requires 3 · 𝐿 + 1
constraints and 2 · 𝐿 auxiliary variables.

Piecewise functions, sorting, and beyond. The encoding
of comparisons naturally leads to efficient translations of piece-
wise functions; ReLU will demonstrate this below. Similarly,
the previous best solutions for sorting or for string manipula-
tion paid relative to the number of bits in their inputs due to
comparisons, while Spain’s approach more closely matches
the number of instructions in a typical CPU execution.

ReLU is a primitive in machine learning contexts. The
operation is 𝑧 ← max(0, 𝑥). This function can be represented
in constraints as 𝑠 · 𝑠 ≈𝜖 𝑧 − 𝑥, 𝑡 · 𝑡 ≈𝜖 𝑧, and (𝑧 − 𝑥) · 𝑧 ≈𝜖 0.
The first two ensure that 𝑧 ≥ max(0, 𝑥). The last one ensures
that 𝑧 = 0 or 𝑧 = 𝑥.

Transcendental functions. Arithmetizing transcendental
functions, such as 𝑒𝑥 or tanh(𝑥), over some interval tradition-
ally uses polynomial approximation [50,51,78,82,105,124,
128,151]. Specifically, for a function 𝑓 (𝑥) to be approximated,
one identifies a polynomial 𝑃(𝑥) such that |𝑃(𝑥) − 𝑓 (𝑥) | ≤ 𝛿

for 𝑥 in the given interval. The motivation is that add and
multiply, which are the operations that polynomials require,
are the easiest to represent in traditional constraints.

However, there is an additional issue (besides the over-
head from traditional enforcement of numerical operations
in constraints): polynomials require many terms to converge.
Drawing on its support for division, Spain uses rational ap-
proximations: a ratio of polynomials 𝑃(𝑥)/𝑄(𝑥) such that
|𝑃(𝑥)/𝑄(𝑥) − 𝑓 (𝑥) | ≤ 𝛿 for 𝑥 in the interval. In Spain, ratio-
nal approximations cost nearly nothing extra over polynomial
approximations, but rational approximations converge faster.
To illustrate, compare the degree-4 Taylor series for 𝑒𝑥 :

𝑔(𝑥) = 1 + 𝑥 + 𝑥2

2
+ 𝑥3

6
+ 𝑥4
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to the degree-[4/4] Padé approximant [98]:

ℎ(𝑥) =
1 + 𝑥

2 +
𝑥2

10 +
𝑥3

120 +
𝑥4

1680

1 − 𝑥
2 +

𝑥2

10 −
𝑥3

120 +
𝑥4

1680

.

Note that the number of constraints for the two approaches
is the same (for translating ℎ(𝑥), Spain memoizes the powers
of 𝑥). One can compare accuracy (using a computer algebra
system or a large piece of paper), and consider the size of
the intervals for which |𝑔(𝑥) − 𝑒𝑥 | ≤ 𝛿 and |ℎ(𝑥) − 𝑒𝑥 | ≤ 𝛿

respectively. In this example, take 𝛿 = 0.01. The Taylor Series
(𝑔) has error at most 0.01 over the interval [−1.07, 1.00]
and larger errors outside this interval. The Padé approximant
(ℎ) has error at most 0.01 over [−8.11, 2.84]. In fact, the
degree [2/2] Padé approximant has error at most 0.01 over
[−2.18, 1.16]: better than the degree-4 Taylor series.

Better approximations (more accuracy, wider interval) for
the same number of terms also translate to fewer variables and
hence fewer constraints to achieve the same accuracy. Going
beyond exponentials, the technique of rational approximation
works for a large class of functions.

Concurrent work [124] makes a similar observation; they
find that for highly precise approximations, arithmetizations
(of high-degree polynomials) can be even more expensive than
traditional arithmetizations of division. These authors then
incorporate Padé approximations to existing proof pipelines,
obtaining a small speedup. Their paper contains many intrigu-
ing examples of approximation using this technique. All of
these examples can be used in Spain directly, only with lower
cost, because division is so inexpensive in Spain.

6 Implementation of Spain

6.1 Back-end implementation
Spain’s back-end implements the protocol described in Sec-
tion 4.2. It also supports SIMD-R1CS and I-R1CS (§4.3).

Spain implements fixed-size large integer arithmetic with
inline limb storage; this avoids the performance cost of existing
large integer libraries’ [3–5] heap allocation of limb arrays.
This functionality is used to compute and check 𝐽 (Steps 3
and 4 in Fig. 2). Spain also implements 64- and 128-bit finite
field arithmetic, with support for fast type conversion from
large integers (Step 6); Spain does not use existing finite field
libraries [11] because they optimize at compile time for a
specific field, whereas in Spain, the finite field is determined
only at run time. Finally, Spain implements fixed-size RSA
group arithmetic, to do fast modular arithmetic for moduli not
known at compile time (Steps 2 and 7).

Spain’s back-end is implemented in 12,135 lines of Rust,
including the new libraries.

6.2 Front-end implementation
We implemented three front-ends for Spain.

Gadget front-end. This front-end provides a library of
gadgets [113,150] (pairs of functions where the first generates
constraints and the second generates witness values satisfying
them), including the primitives in Section 5. The framework
is modular and extensible.

ONNX front-end. ONNX [95, 132] is a specification for
machine learning models. In ordinary use, one describes a
model in ONNX’s format (a collection of nodes), and then a
highly optimized run-time executes the model on the available
hardware. Spain’s ONNX front-end translates from the ONNX
format to approximate constraints. For the accompanying
witness generator (§2.2), we had hoped to reuse ONNX-
compatible run-times and tools; however, existing run-times
neither produce satisfying assignments to auxiliary variables
of the kind that arise in arithmetization (§5) nor run with the
high-precision floating-point types that Spain uses (§6.3).

Spain solves this challenge with two sub-components. The
first is a model translator that converts an ONNX model to a
verbose version of the model, whose nodes produce output that
includes the auxiliary information. In the process, the model
translator rewrites transcendental functions to use rational
approximations (§5), using the textbook implementation of
the Remez algorithm [104]. The translator also modifies the
operations in the model to specify higher-precision data types
(for example, double- or quadruple-precision floating point
instead of single-precision floating point). The second sub-
component is a from-scratch ONNX executor that supports
these high-precision data types. This executor implements
each ONNX operator that appears in Spain’s benchmarks (§7).

Linearprogramming front-end. This front-end is specialized
to linear programming problems for comparison with prior
work (§7), specifically Otti [9].

Spain’s front-ends are implemented in, respectively, 2898
lines of Rust; 4747 lines of Python and 2025 lines of Rust;
and 1524 lines of Rust.

6.3 Numerical considerations
A user of Spain begins with a particular computation 𝐹 and
desired error 𝛿. Note that the choice of 𝛿 is exogenous to Spain,
and should be driven by numerical considerations (§2.1). The
user must then determine: (a) 𝜖 , to inform the verifier’s check
of 𝐽 (§4), (b) 𝛿wg, the precision at which the prover must
run 𝐹 (§5, Appx. E), and (c) 𝐷, the denominator used in the
arithmetization of 𝐹 (§4.2.1, Appx. B). The general recipe
for doing so is as follows. First, translate 𝐹 to R1CS. Next,
perform numerical analysis on each operation in the translation
and compose the analyses to obtain an upper bound on 𝜖 in
terms of 𝛿 (Appx. E.2). This 𝜖 , along with the number of
constraints, 𝑚, upper-bounds 𝜖𝐶 (§4). Finally, returning to the
numerical analysis, 𝜖𝐶 enforces an upper bound on 𝛿wg and
on 1/𝐷, and thus a lower bound on 𝐷 (Appx. E.2).

One could perform this last step analytically; essentially
one would determine the maximum magnitude of values in the
computation over all possible inputs, and then choose small-



enough 𝛿wg and 1/𝐷 to ensure each constraint has error upper-
bounded by 𝜖𝐶 . For convenience, we instead guess (by running
the witness generator at an estimated high precision) and check
(by observing that it produces a witness for which ∥𝐸X,𝑧 ∥22 ≤
𝜖). This approach is not dangerous: choosing 𝛿wg and 1/𝐷
too large – meaning underestimating the required precision –
cannot affect soundness (which holds regardless of the prover’s
behavior). Furthermore, if there were such an underestimate,
the prover could recalibrate and run witness generation at
higher precision for all subsequent proof generations; witness
generation is not the primary bottleneck for the prover (§7.2).
For the same reason, accidentally overestimating precision
does not unduly increase costs.

In Section 7, we provide values of 𝛿, 𝜖 , 𝜖𝐶 , and 𝐷 for the
benchmarks in our experiments. Here, we work through their
derivation for one example, a fluid simulation with 𝛿 = 2−32.

By analyzing the translation to R1CS (Appx. E), we get that
𝜖 = 𝛿/4 suffices: an 𝜖-accurate assignment to the constraints
ensures absolute error of 𝛿 = 2−32. Supposing that 𝑚 ≤
226, the prover needs a witness with error 𝜖𝐶 ≤ 𝜖/

√
226 =

2−47 (§4.1). For witness generation, this example uses double-
precision floating-point arithmetic, which has relative error
about 2−53. In this application, the magnitude of intermediate
values is sufficiently small that this relative error keeps the
absolute error of each operation (𝛿wg) below 2−47. Note that the
next choice up, quadruple-precision floating-point arithmetic,
has relative error 2−112, and would suffice if the intermediate
values were larger.

Furthermore, most constraints are satisfied with error far
smaller than 𝜖𝐶 , so the “closeness” of 𝛿wg and the floating-
point relative error is not a concern in practice, and one can
even run witness generation in a way where some constraints
violate 𝜖𝐶 provided their totality satisfies ∥𝐸X,𝑧 ∥22 ≤ 𝜖 . To
counterbalance 𝛿wg being close to 𝜖𝐶 , this example chooses
1/𝐷 to be significantly smaller than 𝜖𝐶 : 2−70.

Spain’s back-end scales these floating-point values and
converts them to large fixed-width integers to commit via
DARK and to compute 𝐽 exactly (Steps 2 and 3, Figure 2). For
these steps, Spain combines 256-, 512-, and 768-bit integer
arithmetic. Spain then maps these integers to field elements
to execute the sum-check protocol steps (Step 6, Figure 2).

7 Experimental evaluation

We aim to answer the following questions experimentally:
1. How does Spain perform compared to the best proof

systems for numerical computations?
2. What are the contributions to Spain’s costs?
3. In what regimes does Spain meet the performance goals

stated in Section 1?

Baselines. We compare Spain to five baselines, listed below.
Two are end-to-end general-purpose systems, two are syn-
thetic general-purpose systems with back-ends very similar to

Spain’s (for isolating the effect of Spain’s front-end), and one
is a special-purpose system.

Otti [9]: This is a general-purpose proof system in which
fixed-point numerical computations are translated to finite field
operations (§2.2). Otti aims at linear programming and semi-
definite programming. Otti’s back-end is a non-interactive and
zero-knowledge variant of Spartan [116] so Otti offers quali-
tative properties that Spain does not (§7.4). Our experiments
run Otti’s released code [10].

ZKLP [51]: This general-purpose proof system encodes
IEEE 754 floating-point logic in I-R1CS (§4.3, §D.2). ZKLP’s
back-end is the gnark [32] implementation of Groth16 [70],
which (like Otti’s back-end) is non-interactive and zero-
knowledge. Our experiments run ZKLP’s released code [52].

Otti-FE: This baseline uses Otti’s front-end, meaning the
same constraints as in Otti, and couples it with Spain’s back-
end implementation (including DARK), adjusted to prove a
statement in the form of Equation (3) (§4.2.2). This setup
results in a small fraction of Otti’s constraints not being
satisfied, because they rely on inverses over Otti’s original
finite field, rather than the one that Spain uses for sum-check,
which is smaller. To be pessimistic to Spain, we filter out these
constraints in our measurements.

ZKLP-FE: This baseline uses the same back-end as Otti-FE.
For the front-end, we adopt a synthetic approach because
ZKLP’s front-end is not compatible with Spain’s back-end,
and making it so would have been a significant engineering
effort. To apply this baseline to a benchmark, we count the
operation types in the benchmark; for each operation type, we
borrow constraint counts from ZKLP, and use the total num-
ber of constraints to construct an R1CS structure. Although
this structure is semantically meaningless, its size (which is
what drives performance) reflects the expected number of
constraints that would be produced by using ZKLP’s arithme-
tization of single-precision floating-point computations.

zkGPT [105]: This baseline is a special-purpose proof
system for GPT-2 inference (described below). We choose
it because it is, to our knowledge, the fastest application-
specific prover for any numerical computation in the literature;
however, the proof system itself mirrors the structure of GPT-2
inference, so it cannot be adapted to other computations.
Benchmarks. Our benchmarks are in four families:

Linear Programming. This family includes several linear
programming instances from the Netlib library [61] that are
used by Otti [9] (specifically, adlittle, afiro, sc105, scagr7, and
scsd8).

Machine Learning. This family includes common machine
learning primitives (Softmax, LayerNorm, and GELU) as well
as the inference phase of GPT-2 [106].

Softmax maps 𝑥 = [𝑥1, . . . , 𝑥𝐿] to 𝑦 = [𝑦1, . . . , 𝑦𝐿] as
follows: 𝑦𝑖 ← 𝑒𝑥𝑖/(∑𝐿

𝑗=1 𝑒
𝑥 𝑗 ), for 𝑖 ∈ {1, . . . , 𝐿}. Spain

arithmetizes this computation with Remez approximations of
𝑒𝑥1 , . . . , 𝑒𝑥𝐿 (§5). This microbenchmark runs on each row of
a 32 × 32 tensor.



𝐹 𝛿 𝜖 𝜖𝐶 𝐷

Linear Programming 2−32 2−32 2−38.26 250

Machine Learning 2−20 2−40 2−46.75 275

Fluid Simulation 2−32 2−34 2−44.27 270

Geolocation 2−13 2−26 2−35.10 270

Figure 3: Numerical parameters for benchmark families. 𝜖𝐶 varies
within a family as it depends on the number of constraints 𝑚 (§4.1)
and batch size 𝐿 (§4.3, §D.1) for the particular instance(s). We
report the minimum 𝜖𝐶 across the family. 𝛿wg is omitted because
all witness generation is performed using double- or quadruple-
precision floating point, which has relative rather than absolute
error guarantees (§6.3). Specifically, the Linear Programming, Fluid
Simulation, and Geolocation families use double-precision, and the
Machine Learning family uses quadruple-precision.

LayerNorm involves computing the mean and variance
of a vector and then normalizing the vector. Specifically,
𝑥 = [𝑥1, . . . , 𝑥𝐿] is transformed to 𝑦 = [𝑦1, . . . , 𝑦𝐿] via
𝑦𝑖 ← 𝑥𝑖−𝜇√

𝑣+𝛿 , where 𝜇 and 𝑣 are the mean and variance of the
inputs 𝑥, and 𝛿 provides numerical stability. Spain arithmetizes
this benchmark with square root, division, and multiplication
operations. We run this microbenchmark on a 32× 768 tensor.

GELU is a popular activation function used in GPTs, de-
fined as 𝑥 · Φ(𝑥), where Φ(𝑥) is the Gaussian CDF. Spain
arithmetizes this with a piecewise linear approximation (§5).
We run this microbenchmark on a 32 × 3072 tensor.

GPT-2 [106] is an open source LLM that uses several
machine learning primitives, including Softmax, LayerNorm,
GELU, and matrix multiplication (MatMul). For MatMul,
Spain includes an optimization not described earlier: Spain
translates to a checker that uses the Freivalds algorithm [56].
This requires an approximate version of Freivalds [74] to-
gether with Spain’s extension to I-R1CS (§4.3, Appx. D.2).
This benchmark runs the inference phase of GPT-2, and is
parameterized by a length of input tokens (seq), and a number
of iterations (passes).

Fluid Simulation. This family is a Stable-Fluids-style [125]
incompressible fluid simulation that approximately solves
the 2D Navier-Stokes equations over square grids. Spain
arithmetizes this benchmark with multiplication, max, and
min operations. We benchmark 8 × 8 and 16 × 16 grids,
each simulated for 10 timesteps, denoted small and large
respectively. Even at such small sizes, these benchmarks are
computationally intensive; simulations of this form often run
on GPUs in practice.

Geolocation. This family includes the geospatial com-
putation in ZKLP [51], which checks consistency between
spherical coordinates (latitude, longitude) and coordinates
in a hierarchical Discrete Global Grid System [110] called
Uber H3 [37]. This benchmark required simulating modular
arithmetic, by arithmetizing the ⌊·⌋ operation.

Figure 3 gives the numerical parameters for each family.

Metrics, measurement, and method. We report the proving
time, verification time, constraint counts (𝑚, from §2.2), and
proof size of Spain and baseline systems on the benchmarks
above. We also report the cost of native execution. In addition,
we measure the memory usage of Spain’s prover, and fixed
and setup costs for the Spain verifier.

We run all experiments in single-threaded configurations,
on CPUs. We measure time based on the wall clock, with a
harness that runs and times all phases of Spain. The exception
is witness generation. That is timed differently depending on
the benchmark. For the Linear Programming benchmarks, we
time a custom Rust program that solves the linear program and
uses the solution to generate the witness values. For ONNX
benchmarks, we time the execution of the transformed ONNX
model on Spain’s high-precision ONNX executor (§6.2). For
Fluid Simulation, similar to the Linear Programming bench-
marks, we time a custom Rust program that generates witness
values.

We report the average of at least 5 runs for each experiment.
The standard deviations are within 11% of the means.

Testbed. For all experiments, we run the verifier on a 2.1 GHz
64-Core AMD Opteron 6272 with 256 GB RAM, running Red
Hat Enterprise Linux 9.8. To reflect the motivation for succinct
proofs, we run the prover on a more powerful machine: a 64-
Core Intel Xeon Platinum 8592+ with 3 TB RAM, running
Red Hat Enterprise Linux 9.6. When running Otti and ZKLP
on our hardware, we use the artifacts provided by the authors.

7.1 Spain versus baselines
To compare Spain to the baselines, we run the aforementioned
benchmarks. For ZKLP-FE run on GPT-2, the constraint
counts are too large to run the back-end. Instead, we estimate
prover and verifier time, as well as proof size, by executing
ZKLP-FE on synthetic instances of various sizes and extrapo-
lating times linearly (𝑅2 > 0.99 for both).

Figure 4 depicts the results. Spain shows dramatic improve-
ment in number of constraints (𝑚). This owes to the techniques
in Section 5; for example, with the Linear Programming bench-
marks, the baseline needs verbose constraints to represent
comparisons (≥, ≤, and so on) whereas Spain does not.

The lowered𝑚 for Spain yields prover speedups of 8–2700×,
bringing the prover’s overhead down in some cases to our
goal of 3 orders of magnitude (§1). In fact, notice that Spain’s
back-end is worse than the baselines on a per-constraint basis;
for example, Otti outperforms Otti-FE (which has a Spain-like
backend) when running with substantially the same constraints.
Yet, the reduction in 𝑚 is more than enough to compensate.
Indeed, the only baseline that Spain’s prover does not exceed is
zkGPT. But zkGPT does not apply beyond that one benchmark,
and it has qualitative disadvantages, described later (§7.3).

Similarly, Spain’s verifier improves on all baselines except
zkGPT (see above) and ZKLP. ZKLP’s back-end is specif-
ically aimed at verifier performance, but it has high setup
cost (§7.3, §7.4). Spain’s improvement over all other baselines



Constraints (𝑚) Prover time Verifier time Proof size

Benchmark Baseline Native time Baseline Spain Ratio Baseline Spain Speedup Spain/Native Baseline Spain Speedup Baseline Spain Ratio

adlittle Otti 2.5 ms 181,000 292 620× 930 ms 62 ms 15× 69× 480 ms 17 ms 29× 29 KB 9.3 KB 3.1×
adlittle Otti-FE 2.5 ms 142,000 292 490× 7.8 s 62 ms 130× 69× 190 ms 17 ms 11× 16 KB 9.3 KB 1.8×
afiro Otti 420 𝜇s 36,800 111 330× 270 ms 33 ms 8.2× 180× 160 ms 14 ms 11× 20 KB 7.4 KB 2.7×
afiro Otti-FE 420 𝜇s 29,100 111 260× 2.1 s 33 ms 62× 180× 59 ms 14 ms 4.3× 15 KB 7.4 KB 2.0×
sc105 Otti 3.1 ms 113,000 372 300× 490 ms 62 ms 8.0× 64× 320 ms 17 ms 19× 21 KB 9.3 KB 2.2×
sc105 Otti-FE 3.1 ms 80,000 372 220× 3.9 s 62 ms 63× 64× 110 ms 17 ms 6.6× 16 KB 9.3 KB 1.7×
scagr7 Otti 6.2 ms 229,000 455 500× 900 ms 62 ms 14× 34× 540 ms 17 ms 31× 29 KB 9.3 KB 3.1×
scagr7 Otti-FE 6.2 ms 159,000 455 350× 7.6 s 62 ms 120× 34× 200 ms 17 ms 12× 16 KB 9.3 KB 1.8×
scsd8 Otti 300 ms 3.42e6 5,900 580× 9.9 s 320 ms 31× 4.0× 8.9 s 30 ms 290× 81 KB 13 KB 6.2×
scsd8 Otti-FE 300 ms 3.42e6 5,900 580× 120 s 320 ms 380× 4.0× 4.0 s 30 ms 130× 20 KB 13 KB 1.5×

Softmax ZKLP-FE 41 𝜇s 1.31e6 7,230 180× 15 s 200 ms 74× 48,000× 1.5 s 49 ms 31× 22 KB 15 KB 1.4×
LayerNorm ZKLP-FE 230 𝜇s 1.01e7 98,400 100× 120 s 1.3 s 92× 52,000× 12 s 160 ms 73× 24 KB 19 KB 1.3×
GELU ZKLP-FE 1.7 ms 4.71e7 1.47e6 32× 470 s 19 s 25× 120,000× 49 s 1.6 s 31× 26 KB 22 KB 1.2×
GPT-2 (seq=2, passes=1) ZKLP-FE 79 ms 1.85e10 1.63e6 11,000× 37 h 50 s 2,700× 1,500× 4.7 h 22 s 770× 860 KB 1.5 MB 0.56×
GPT-2 (seq=32, passes=1) ZKLP-FE 440 ms 2.26e10 4.19e7 540× 45 h 750 s 210× 11,000× 5.7 h 78 s 260× 860 KB 1.6 MB 0.52×
GPT-2 (seq=32, passes=1) zkGPT 440 ms — 4.19e7 — 64 s 750 s 0.085× 11,000× 5.8 s 78 s 0.075× 88 KB 1.6 MB 0.053×
GPT-2 (seq=32, passes=2) zkGPT 870 ms — 4.19e7 — 130 s 1,600 s 0.081× 12,000× 12 s 78 s 0.15× 180 KB 3.2 MB 0.053×
GPT-2 (seq=32, passes=4) zkGPT 1.7 s — 4.19e7 — 260 s 3,200 s 0.081× 12,000× 23 s 78 s 0.30× 350 KB 6.4 MB 0.054×
GPT-2 (seq=32, passes=8) zkGPT 3.5 s — 4.19e7 — 510 s 1.8 h 0.081× 12,000× 46 s 78 s 0.60× 710 KB 13 MB 0.054×
GPT-2 (seq=32, passes=16) zkGPT 7.0 s — 4.19e7 — 1,000 s 3.3 h 0.086× 11,000× 93 s 79 s 1.2× 1.4 MB 26 MB 0.054×

Fluid Sim. (small) ZKLP-FE 3.3 ms 2.32e7 291,000 80× 240 s 4.4 s 54× 5,500× 25 s 440 ms 58× 25 KB 21 KB 1.2×
Fluid Sim. (large) ZKLP-FE 13 ms 1.26e8 1.53e6 83× 920 s 17 s 53× 4,800× 140 s 1.9 s 71× 27 KB 23 KB 1.2×

Geoloc. (1 Location) ZKLP 790 ns 25,500 596 43× 660 ms 76 ms 8.7× 96,000× 8.6 ms 36 ms 0.24× 0.38 KB 13 KB 0.030×
Geoloc. (512 Locations) ZKLP 410 𝜇s 1.02e7 596 17,000× 220 s 4.8 s 46× 12,000× 9.7 ms 50 ms 0.19× 0.38 KB 20 KB 0.019×

Figure 4: Constraint counts, native execution time, prover time, verifier time, proof sizes, and overhead of proving (ratio of prover:native) for
baselines and benchmarks. “Native time” refers to the verifier’s hardware while the Spain/native ratio is measured on the prover’s hardware.
Times, proof sizes, and ratios are displayed with two significant figures. Constraints are displayed with three significant figures. The italicized
numbers for ZKLP-FE mean that the times and proof sizes are extrapolated (see text); the back-end could not run at that scale. zkGPT does not
support a batched configuration, so we scale zkGPT’s measurements by passes where appropriate. Spain improves over baselines in constraint
counts (from 32× to 4 orders of magnitude). With two exceptions, Spain improves over baselines in prover and verifier time, by at least an order
of magnitude. The first exception is zkGPT, which outperforms Spain on all metrics, except for verifier time when passes = 16, where Spain’s
verifier is slightly better. The second exception is ZKLP, whose verifier outperforms Spain’s verifier by 4–5×.

stems from substantial reduction in the number of auxiliary
variables in the arithmetizations, making the witness 𝑤 corre-
spondingly smaller. Meanwhile, recall that one contribution
to the verifier’s costs is a component logarithmic in |𝑤| (§2.2).

7.2 Costs of Spain
We examine the relative costs of the protocol phases, for the
prover and verifier. Figures 5 and 6 depict the results. For
most benchmarks, DARK is the dominant cost. For GPT-2,
witness generation (compute 𝑤) has a larger share of prover
time, due almost entirely to the difference in complexity
between executing matrix multiplication (which must happen
to generate the witness) and checking matrix multiplication
with the Freivalds algorithm (which is what the constraints
enforce, as described in the GPT-2 benchmark earlier).

The prover’s primary resource bottleneck is memory. For
example, with GPT-2, our largest benchmark, the prover re-
quires≈41 GB for seq=32, passes=1, and≈267 GB for seq=32,
passes=16. The verifier’s bottleneck for small computations
(small 𝑚) is DARK evaluation. The bottleneck for larger
computations is evaluating 𝐴, 𝐵, and 𝐶 at a random point.

7.3 Breaking even and batching
Recall that to justify outsourcing on performance grounds,
the verifier must be cheaper than native execution (§1). For

the largest linear program, scsd8, Figure 4 shows that Spain’s
verifier does meet this condition. However, for most of the
other benchmarks, this condition is not met.

In these cases, Spain must amortize fixed costs (§2.2) via
batching. This is the SIMD-R1CS model (§4.3, Appx. D.1):
the same computation repeated on different input/output pairs.
This structure is natural for many numerical computations.
For example, when running an LLM, people don’t just want
one token; they want a whole paragraph (or more...).

Spain’s verifier indeed benefits from batching; notice that
for the rows in Figure 4 featuring GPT-2 with various passes,
the verifier’s work grows less than linearly in batch size. Indeed,
Figure 6 shows that the fixed costs – namely fixed work in
DARK (§4.2.3, Appx. C) and evaluating 𝐴, 𝐵, 𝐶 at a random
point (Step 6, Figure 2) – are the dominant contribution when
verifying single instances, and thus amortization is beneficial.
These results agree with the theory. Specifically, Spain’s fixed-
cost is 𝑂 (𝑚) for the entire batch (§2.2). Meanwhile, Spain’s
variable costs comprise a component logarithmic in the total
witness size across all instances in the batch and a component
linear in the number of variables in in and out across all
instances. Given this cost profile, there is usually a batch size
for which, in principle, Spain’s verifier breaks even once the
batch size crosses a threshold. We say usually because, for
very small computations with very large in and/or out, the
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Figure 5: Prover phase breakdown for Spain. Steps refer to those in Figure 2. Steps 4 and 5 are omitted as they incur no cost for the prover.
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Figure 6: Verifier phase breakdown for Spain. Steps refer to those in Figure 2. Steps 1-3 are omitted as they incur no cost for the verifier. The
majority of the verifier’s time is spent in Step 7, which decomposes into three sub-steps: evaluating 𝐴, 𝐵, 𝐶; opening the commitment to 𝑤; and
checking consistency between the claim in Step 6 about 𝑤 and the opening of 𝑤, using in and out.

variable costs alone may exceed the cost of native execution.
In contrast to Spain, zkGPT does not amortize with passes;

as shown in Figure 4 (the GPT-2 rows), zkGPT’s verifier is
more expensive than Spain’s verifier at seq=32, passes=16.
For ZKLP, the comparison is equivocal. On the one hand,
ZKLP’s fixed costs (which are not included in Figure 4)
amortize over all future uses of an R1CS structure, not merely
a synchronized batch as in Spain; on the other hand, ZKLP’s
fixed costs are dramatically higher (over 50 thousand times
larger than the verifier’s work on a single instance [112]).

A loose end is setup costs, as distinct from fixed costs (§2.2);
these are not depicted. However, on our benchmarks, Spain’s
setup costs range from negligible to 5× the verifier’s work to
check a single instance, so this cost quickly amortizes.

7.4 Summary and discussion
We believe that Spain meets the goal of being general-
purpose (§1): it easily handled an array of natural benchmarks,
and we did not have to discard any benchmarks because Spain
lacked sufficient expressiveness.

At its core, Spain bakes approximation into the constraints
themselves, eliminating the need to enforce numerical seman-
tics explicitly, which in turn improves on the number of con-
straints (𝑚) in an arithmetization, by 32× to 17,000× (§7.1).

This reduction lowers the prover overhead versus natural

baselines by 1–3 orders of magnitude, down to 3–5 orders of
magnitude versus native execution (§7.1). Spain’s prover isn’t
the fastest in the literature; that honor belongs to zkGPT [105],
but as we have noted, zkGPT is specialized to a specific
machine learning model architecture, and its verifier neither
breaks even nor benefits from amortization (§7.3).

Spain’s verifier beats native execution for some reasonably-
sized numerical problems (§7.3), and is the only system we
experimented with to do so. Given their cost profiles (§7.2),
Spain’s verifier and prover would directly benefit from im-
provements in integer polynomial commitment protocols or
rational ones [6, 121]. There are additional avenues for im-
proving the verifier’s costs. Most saliently, the verifier could
shift some work to the prover using SPARK [116] or one of
its descendants [38, 117, 119].

A structural disadvantage of Spain is that, for the time being,
its new arithmetizations require its back-end. Traditional
constraints are more portable; they can be combined with
back-ends that provide different properties. Otti’s back-end,
for example, provides zero-knowledge and non-interactivity.
ZKLP’s back-end does too, and it inherits from Groth16 [70]
an extremely fast verifier (albeit with high fixed costs; §7.3).
If Spain’s arithmetizations could be ported to alternative
back-ends (§9), Spain could derive end-to-end speedups and
enhanced properties.



8 Other related work

We have described Spain’s intellectual antecedents through-
out. Here we focus on the intersection of proof systems and
numerical computations; we divide the work into two strands.
General-purpose (§1) proof systems. The first attempt to
represent numerical operations in succinct proofs was Gin-
ger [115], which supported fixed-point and primitive floating-
point operations, by mapping them to operations in a finite
field F𝑞 . Ginger used static analysis, bit-wise decompositions
of values, and a large field (large 𝑞) to ensure a unique repre-
sentation of each rational encountered during execution.

Subsequent works applied variations on this encoding to
specific numerical problems, for example Otti [9] to linear
programs, zkQMC [50] to Monte Carlo simulations, and
KL24 [82] to transcendental functions. All of these works
target general-purpose back-ends [8, 21–24, 46, 47, 49, 58,
62, 70, 85, 90, 100, 116, 117] and express computations as
traditional constraints over a finite field.

A few recent works have explored alternative approaches,
focusing on arithmetizing floating-point arithmetic. The works
in this vein range between strict IEEE 754 compliance with
support for all rounding modes and exceptions [51] (see §7)
and more relaxed semantics [59]. All such works translate nu-
merical operations using more constraints than Spain; however,
they offer relative error guarantees that Spain does not.

Recently, interest has renewed in a class of proof systems
known as zkVMs [15,25,26,53,83,145]. These proof systems
allow for proving the correct execution of any programs
written in a given instruction set, typically RISC-V [107].
Although RISC-V includes numerical operations via floating-
point instructions in an extension, we do not know of any
zkVMs that currently support this extension.

Like Spain, some works have back-ends that work over
domains other than finite fields. Chen et al. [45] arithmetize
numerical computations as arithmetic circuits (addition and
multiplication gates) over Galois rings, by encoding a rounding
operation as a sequence of additions and multiplications within
the ring. They then run GKR [66,67] (§2.2) over the Galois
ring. Bitan et al. [27] observe that some sum-check protocols
can be modified so that the protocol messages themselves
become approximate. Although we have yet to do a detailed
analysis, we estimate that the costs of these approaches would
be in between Spain’s and the approaches derived from Ginger.

Finally, concurrent with this work, others have refined
Zaratan [42] (discussed in §4.2), which is geared to integer
computations. These works design polynomial commitment
protocols over rational numbers that are significantly faster
than DARK [6, 121].2 While these works apply their faster
polynomial commitments to general-purpose proof systems for
exact integer and rational arithmetic, rather than approximate

2An older work in this family, Zinc [60], relies on results from another
paper [28]. However, under scrutiny, it turned out that the latter paper’s
performance claims are about a protocol without any provable guarantees.

computations, we observe that the polynomial commitments
themselves are compatible with Spain. We anticipate that
replacing DARK with the fastest of them will improve the
most expensive components of Spain by at least an order of
magnitude (§7.2).
Special-purpose proof systems. Here we consider systems
designed around specific applications. These systems rely on
the observation that checkers for some numerical computations
can be directly represented as sum-check protocols (§2.2).

The first in this line of work is Thaler’s protocol for prov-
ing matrix multiplication [129]. Some works use Thaler’s
protocol as a primitive in proof systems for machine learn-
ing [19, 63, 77, 78, 86, 105, 127, 128, 151] (see the survey of
Peng et al. [101] for a taxonomy). These protocols typically
quantize numerical values, and alternate between checking
exact operations (such as matrix multiplications, convolutions,
and activation functions) and rounding to return to a quantized
domain. From our testing, the most efficient of these systems
is zkGPT [105], which was discussed and evaluated (§7).

9 Conclusion

Spain meets the goal of proving numerical computations in
a general-purpose way, while in some regimes meeting the
goals (§1) of a prover with 3 orders of magnitude overhead
and a verifier less expensive than native (§7.4).

Spain also introduces a new form of arithmetization, ap-
proximate constraints (§5). We believe this is of independent
interest, as efficient arithmetizations are an object of intense
study among those interested in succinct proofs. In principle,
approximate constraints are usable in conjunction with the
two dominant forms of arithmetization: traditional constraints
and lookup tables (§E.4, §2.2).

A natural area for future work is adapting other proof back-
ends (both those based on sum-check protocols and those
not based on sum-check protocols) to handle approximate
constraints. Other future work includes reducing the cost
of polynomial commitment in Spain, slashing the cost of
Spain’s verifier by shifting work to the prover (§7.4), mak-
ing Spain zero-knowledge and non-interactive, supporting
relative error in constraints, and adding numerical support
to zkVMs (§8) [15, 53, 83, 145]. Many of these are separate
research efforts, which we hope our work here has motivated.
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A Sum-check primitive

Given a prover, P, and a verifier,V, the sum-check primitive
of Lund et al. [89] is an interactive protocol for proving that
a claimed value 𝐻 is equal to the sum of evaluations of a
𝑣-variate polynomial 𝐺 over the Boolean hypercube: {0, 1}𝑣 .
This primitive is depicted in Figure 7.

Spain relies on the following lemma concerning the sound-
ness andcompleteness of this primitive [122, Chapter10.4] [12,
Chapter 8.5] [130, Chapter 4.1].

Lemma 1. The primitive in Figure 7 is an interactive proof
(the term is defined in the references above) for the claim that
𝐻 =

∑
𝑏∈{0,1}𝑣 𝐺 (𝑏). If the initial claim is false, V rejects

with probability at least 1 − 𝑠𝑑/𝑞. If the initial claim is true,
P can makeV accept with probability 1.

B Spain’s full back-end protocol and analysis

Here we provide background on polynomial commitment
schemes and define the properties required by Spain (§B.1);
provide Spain’s full back-end protocol (§B.2) and its correct-
ness proofs (§B.3); quantify the guarantees based on the spe-
cific parameters in our implementation and evaluation (§B.4);
and finally prove some supporting lemmas (§B.5).

For clarity in exposition, when we mention a polynomial
commitment scheme, we are referring to a polynomial com-
mitment scheme for multilinear polynomials. Additionally,
when we use the term “coefficients” for a 𝑣-variate multilinear
polynomial, these refer to the coefficients in the multilinear
Lagrange basis [130, §3.5] with the interpolating set being the
𝑣-variate Boolean hypercube: {0, 1}𝑣 . These are exactly the
evaluations of the polynomial over the Boolean hypercube.

B.1 Spain-compatible polynomial commitment schemes
A multilinear polynomial commitment scheme [79, 94] PC
is a tuple of protocols (Setup,Commit,Open,Verify), defined
as follows.

• Setup: Given security parameter 𝜆 and a bound on the
number of variables in polynomials to be committed to,
produce public parameters pp.

• Commit: Given public parameters pp and a multilinear
polynomial 𝑓 , produce a commitment com 𝑓 .

Setup: P andV agree on a field F𝑞 and a degree 𝑑 multi-variate
polynomial 𝐺 over F𝑞 with 𝑣 variables.
Online phase: If at any pointV’s check fails, it rejects.

1. P sendsV a value 𝐻, claimed to equal∑︁
𝑏∈{0,1}𝑣

𝐺 (𝑏)

and a univariate polynomial 𝑔1 (𝑥), claimed to equal∑︁
(𝑏2 ,...,𝑏𝑠 ) ∈{0,1}𝑣−1

𝐺 (𝑥, 𝑏2, . . . , 𝑏𝑠).

2. V checks that 𝐻 = 𝑔1 (0) + 𝑔1 (1).
3. V sends P a random 𝑟1 ∈ F𝑞 .
4. For 𝑘 = 2, . . . , 𝑣:

(a) P sendsV a univariate polynomial 𝑔𝑘 (𝑥), claimed to
equal ∑︁
(𝑏𝑘+1 ,...,𝑏𝑠 ) ∈{0,1}𝑣−𝑘

𝐺 (𝑟1, . . . , 𝑟𝑘−1, 𝑥, 𝑏𝑘+1, . . . , 𝑏𝑠).

(b) V checks that 𝑔𝑘−1 (𝑟𝑘−1) = 𝑔𝑘 (0) + 𝑔𝑘 (1).
(c) V sends P a random 𝑟𝑘 ∈ F𝑞 .

5. Finally,V checks that 𝑔𝑠 (𝑟𝑠) = 𝐺 (𝑟1, . . . , 𝑟𝑠).
If all checks pass,V accepts.

Figure 7: The sum-check primitive of Lund et al. [89].

• Open: Given public parameters pp, a multilinear polyno-
mial 𝑓 , and a point 𝑥, produce a result 𝑦 and a proof 𝜋𝑦

that 𝑦 = 𝑓 (𝑥). Together, the result and proof are called
an opening of com 𝑓 at 𝑥.

• Verify: Given public parameters pp, a commitment com 𝑓 ,
a point 𝑥, and an alleged opening (𝑦, 𝜋𝑦), output “accept”
if 𝜋𝑦 is a valid proof that 𝑦 = 𝑓 (𝑥) and “reject” otherwise.

A polynomial commitment scheme is binding if it is intractable
for a prover to produce two distinct openings (𝑦, 𝜋𝑦) and
(𝑦′, 𝜋𝑦′ ) for the same commitment com 𝑓 such that the verifier
accepts both openings. For Spain, intractable means that a
polynomial-time adversary cannot succeed with probability
greater than 𝜅PC.

Spain requires, as a building block, a binding polynomial
commitment scheme, PC, that satisfies an additional property,
which we call Weak Integer Binding. Weak Integer Binding is
parameterized by 2 constants, 𝑁max and 𝐷max. Weak Integer
Binding has two sub-properties, given below. To state the sub-
properties we define Integer-limited: a 𝑣-variate multilinear
polynomial 𝑓 is called Integer-limited if all of its coefficients
are integers with magnitude at most 𝑁max.

• Weak Integer Binding, sub-property 1. It is impossible for
a prover to produce a commitment com 𝑓 unless for some
positive integer 𝐷′ and multilinear polynomial 𝑔̃, 𝑓 = 𝑔̃/𝐷′,
where 𝐷′ ≤ 𝐷max and 𝑔̃ is Integer-limited. (Here 𝑔̃/𝐷′
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means a polynomial with the same coefficients as 𝑔̃ but
with an extra 𝐷′ factor in each coefficient’s denominator.)

• Weak Integer Binding, sub-property 2. Given an honest
(polynomial-time) prover, for any Integer-limited polyno-
mial 𝑓 , invoking Commit causes the prover to produce
a valid commitment, and for any point 𝑥, invoking Open
causes the prover to produce a corresponding opening that
causes Verify to accept

Weak Integer Binding is similar to, but weaker than, the
notion of a Relaxed Mod-PCS introduced by Zinc [60]. A
Relaxed Mod-PCS imposes an additional requirement, ex-
tractability (essentially, that the prover must “know” 𝑓 of the
right form in order to produce com 𝑓 ).

Also, note that Weak Integer Binding is an idealized prop-
erty in that sub-property 1 states that it is impossible, rather
than computationally intractable, for a prover to produce a
commitment com 𝑓 that does not satisfy the stated condition.
When instantiating a multilinear commitment primitive (§B.4),
we will handle probabilistic deviation from the ideal.

B.2 Spain’s back-end protocol
Spain’s full protocol is in Figure 8. This protocol is parameter-
ized by a constant 𝜖 ; an R1CS instance,X, containing rationals
with unreduced denominator 𝐷 and unreduced numerators
with magnitude at most 𝑁max; a polynomial commitment
scheme PC satisfying Weak Integer Binding with parameters
𝑁max and 𝐷max (§B.1); and a large set of primes, 𝑃. The R1CS
structure underlying X has 𝑚 constraints and 𝑛 variables. Re-
call from Section 4.2.2 that 𝑠 and 𝑘 are defined to be ⌈log2 𝑚⌉
and ⌈log2 𝑛⌉ respectively.

Note that Weak Integer Binding means an honest prover
commits to a polynomial 𝑓 with integer coefficients, yet Spain
has been described (Fig. 2, §4) as committing to a polynomial
𝑤 with rational coefficients. In fact, in Step 1 (Fig. 8), Spain’s
prover obtains 𝑓 by multiplying 𝑤 by 𝐷. Meanwhile the
elements of 𝑤 are expected to have unreduced denominator
𝐷 (§4.2.1) and hence the same holds for the coefficients of 𝑤.
Thus, 𝑓 indeed has integer coefficients.

B.3 Correctness of Spain’s back-end protocol
In this section, we prove the correctness, meaning complete-
ness and soundness (§4), of Spain’s back-end, specifically
the protocol in Figure 8. The figure depicts, and the proof is
about, an idealized version of Spain in which the polynomial
commitment scheme meets the properties in Appendix B.1. In
addition to quantifying parameters, Appendix B.4 instantiates
the polynomial commitment scheme with a concrete protocol,
namely DARK [40], and handles the deviation from the ideal.

En route to the proof, we define 𝑈𝑚,𝑛,𝑁max ,𝐷,𝐷max (written
as 𝑈 for brevity) to be

𝑈 := 𝑚 · 𝑛2 · 𝑁4
max · 𝐷4

max · (𝑛 · 𝑁2
max + 𝐷2)2 + 𝐷8 · 𝐷4

max.

Additionally, we use min 𝑃 to denote the smallest prime in 𝑃,
and |𝑃 | to denote the number of primes in 𝑃.

The definitions of completeness and soundness (§4) refer-
ence 𝜖-accuracy, which was described informally in Section 3.
Below, we state 𝜖-accuracy more formally. Let 𝑀𝑖 denote row
𝑖 of matrix 𝑀 .

Definition (𝜖-accuracy). An assignment 𝑧 for an R1CS struc-
ture S = (𝐴, 𝐵, 𝐶) is 𝜖-accurate if

| (𝐴𝑖 · 𝑧) · (𝐵𝑖 · 𝑧) − (𝐶𝑖 · 𝑧) | ≤ 𝜖, for all 𝑖 ∈ {1, . . . , 𝑚}.

We are now ready to state the central correctness theorem
for Spain.

Theorem 1. The protocol in Figure 8 satisfies Back-end
(𝜖/
√
𝑚)-completeness. The protocol also satisfies Back-end

𝜖-soundness, with soundness error 𝜅 upper-bounded by

⌊logmin 𝑃 𝐷max⌋ + ⌊logmin 𝑃𝑈⌋
|𝑃 | + 4𝑠 + 2 + 2𝑘

min 𝑃
+ 𝜅PC.

Proof. We use two facts about 𝜌𝑞 , both proved in Ap-
pendix B.5.

Lemma 2 (𝜌𝑞 ill-defined). Let X, 𝑧, and 𝑤 be as in Figure 8,
and let 𝑞 be sampled uniformly from 𝑃. Then

Pr
𝑞∼𝑃

[
𝜌𝑞 is undefined on ∥𝐸X,𝑧 ∥22

]
≤
⌊logmin 𝑃 𝐷max⌋

|𝑃 | .

Lemma 3 (𝜌𝑞 collision). Let X, 𝑧, 𝑤, and 𝐽 be as in Figure 8
with 𝐽 ≠ ∥𝐸X,𝑧 ∥22, and let 𝑞 be sampled uniformly from 𝑃.
Conditioned on 𝜌𝑞 being defined for ∥𝐸X,𝑧 ∥22, we have

Pr
𝑞∼𝑃

[
𝜌𝑞 (𝐽) = 𝜌𝑞 (∥𝐸X,𝑧 ∥22)

]
≤
⌊logmin 𝑃𝑈⌋
|𝑃 | .

Back-end (𝜖/
√
𝑚)-completeness. If P has an assignment 𝑧

that is (𝜖/
√
𝑚)-accurate for the instance X, by the argument

of Section 4.1, ∥𝐸X,𝑧 ∥22 ≤ 𝜖2. Thus if P sends messages
prescribed by the protocol, every check byV passes, andV
accepts with probability 1.
Back-end 𝜖-soundness. Suppose that there does not exist an
𝜖-accurate assignment for X. We bound the probability that
V accepts.

First, an adversarial prover need not use Commit in Step 1
to produce com 𝑓 nor use Open in Step 8 to produce an alleged
opening (𝑦, 𝜋𝑦) of com 𝑓 at 𝛽. To handle all adversarial prover
behavior involving the polynomial commitment, we define
Ebind to capture the event thatV accepts the opening in Step 8
but this opening is inconsistent with the commitment provided
in Step 1. By inconsistent, we mean that 𝑦 ≠ 𝑓 (𝛽). By the
binding property of the polynomial commitment scheme,

Pr[Ebind] ≤ 𝜅PC.

We now consider the case where Ebind does not occur, so
the binding property of the polynomial commitment scheme
fixes a unique 𝑓 and thus a unique 𝑤 (and unique 𝑧).



Setup: Prover P and VerifierV agree on the parameters of the protocol, which are as follows:
• a small constant 𝜖 ≪ 1
• an instance, X = (𝐴, 𝐵, 𝐶, in, out), consisting of rationals with unreduced denominator 𝐷 (a power of 2).
• a polynomial commitment scheme PC satisfying Weak Integer Binding with parameters 𝑁max and 𝐷max.
• a large set of primes, 𝑃, from whichV will sample in the protocol.

Preprocessing: P andV perform the setup required by PC.
Online phase: If at any pointV’s check fails, it rejects.

1. Using PC, P commits to a multilinear polynomial 𝑓 whose coefficients are purportedly integers. P sends this commitment toV.

• Define 𝑤 := 𝑓 /𝐷. Define 𝑤 as the coefficients of 𝑤, and define 𝑧 := (in, out, 1, 𝑤). If P is honest, then 𝑤 is chosen to make 𝑧 an
𝜖-accurate assignment to X.

2. P computes ∥𝐸X,𝑧 ∥22 (over Q), and sends 𝑆 := ∥𝐸X,𝑧 ∥22 · 𝐷
8 toV.

3. V checks that 𝑆 is an integer, computes 𝐽 := 𝑆/𝐷8, and checks that 0 ≤ 𝐽 ≤ 𝜖2.
4. V samples a random prime 𝑞 ∼ 𝑃, sends it to P, and P andV map all quantities in Q into F𝑞 via 𝜌𝑞 .
5. V and P run a degree-4 sum-check primitive on

𝜌𝑞 (𝐽) =
∑︁

𝑟∈{0,1}𝑠
(𝑔𝐴(𝑟) · 𝑔𝐵 (𝑟) − 𝑔𝐶 (𝑟))2,

where 𝑔𝐴, 𝑔𝐵, and 𝑔𝐶 are defined as in Section 4.2.2.
The result of this primitive is three purported claims over F𝑞 :

𝑣𝑎 = 𝑔𝐴(𝛼), 𝑣𝑏 = 𝑔𝐵 (𝛼), and 𝑣𝑐 = 𝑔𝐶 (𝛼)

for a random 𝛼 ∈ F𝑠𝑞 .
6. V samples a random 𝛾 ∈ F𝑞 , sends 𝛾 to P, and computes

𝑣 ← 𝑣𝑎 + 𝑣𝑏 · 𝛾 + 𝑣𝑐 · 𝛾2.

7. P andV run a degree-2 sum-check primitive on

𝑣 =
∑︁

𝑐∈{0,1}𝑘
(𝐴(𝛼, 𝑐) + 𝐵(𝛼, 𝑐) · 𝛾 + 𝐶 (𝛼, 𝑐) · 𝛾2) · 𝑧̃(𝑐).

This results in the following four purported claims over F𝑞 :

𝑢𝑎 = 𝐴(𝛼, 𝛽), 𝑢𝑏 = 𝐵(𝛼, 𝛽), 𝑢𝑐 = 𝐶 (𝛼, 𝛽), and 𝑢𝑧 = 𝑧̃(𝛽)

for a random 𝛽 ∈ F𝑘𝑞 .
8. P maps the point 𝛽 into Z as 𝛽, opens the commitment to 𝑓 at 𝛽, and sends the result 𝑦 (and accompanying proof 𝜋𝑦) toV.
9. V uses 𝜋𝑦 to check that the result 𝑦 is a valid opening; if it is, 𝑦 = 𝑓 (𝛽) over the rationals.V computes ĩn(𝛽) and õut(𝛽) (over F𝑞),

and combines them with 𝑦/𝐷 = 𝑓 (𝛽)/𝐷 = 𝑤(𝛽) (mapped to F𝑞 via 𝜌𝑞) to produce 𝑧(𝛽).V then checks the purported claims from
the end of Step 7.

If all checks pass,V accepts.

Figure 8: Spain’s back-end protocol for proving that an R1CS instance has an 𝜖-accurate assignment.

Because X has no 𝜖-accurate assignment, ∥𝐸X,𝑧 ∥∞ > 𝜖

and thus ∥𝐸X,𝑧 ∥22 > 𝜖2. However, in Step 3,V accepts only if
𝐽 ≤ 𝜖2. Consequently, 𝐽 ≠ ∥𝐸X,𝑧 ∥22.

ForV to accept the final check in Step 9, it must be the case
that, in some step of the protocol, a false claim is transformed
into a true claim. We define one bad event per step that captures
this transformation.

• E𝜌𝑞 : the event that, in Step 4, 𝐽 ≠ ∥𝐸X,𝑧 ∥22, but either 𝜌𝑞

is undefined on ∥𝐸X,𝑧 ∥22 or 𝜌𝑞 (𝐽) = 𝜌𝑞 (∥𝐸X,𝑧 ∥22).

• Esc1: the event that, in Step 5, 𝜌𝑞 (𝐽) ≠ 𝜌𝑞 (∥𝐸X,𝑧 ∥22), but
after the first sum-check primitive, the claims 𝑣𝑎 = 𝑔𝐴(𝛼),
𝑣𝑏 = 𝑔𝐵 (𝛼), and 𝑣𝑐 = 𝑔𝐶 (𝛼) are all true.

• Eagg: the event that, in Step 6, 𝑣𝑎 ≠ 𝑔𝐴(𝛼), 𝑣𝑏 ≠ 𝑔𝐵 (𝛼),
or 𝑣𝑐 ≠ 𝑔𝐶 (𝛼), but the aggregated claim 𝑣 = 𝑣𝑎 + 𝑣𝑏 ·
𝛾 + 𝑣𝑐 · 𝛾2 is true.



• Esc2: the event that, in Step 7,

𝑣 ≠
∑︁

𝑐∈{0,1}𝑘
(𝐴(𝛼, 𝑐) + 𝐵(𝛼, 𝑐) · 𝛾 +𝐶 (𝛼, 𝑐) · 𝛾2) · 𝑧̃(𝑐),

but after the second sum-check primitive, the claims 𝑢𝑎 =

𝐴(𝛼, 𝛽), 𝑢𝑏 = 𝐵(𝛼, 𝛽), 𝑢𝑐 = 𝐶 (𝛼, 𝛽), and 𝑢𝑧 = 𝑧̃(𝛽) are
all true.

If none of these occur, then 𝜌𝑞 is defined on ∥𝐸X,𝑧 ∥22, 𝜌𝑞 (𝐽) ≠
𝜌𝑞 (∥𝐸X,𝑧 ∥22), and each step of the protocol transforms a false
claim into a false claim. As a result, in the final step, at least
one of the following must be false:

𝑢𝑎 = 𝐴(𝛼, 𝛽)
𝑢𝑏 = 𝐵(𝛼, 𝛽)
𝑢𝑐 = 𝐶 (𝛼, 𝛽)
𝑢𝑧 = 𝑧̃(𝛽)

Either the verifier’s explicit evaluation of 𝐴, 𝐵, or 𝐶 at (𝛼, 𝛽)
will expose a false claim, or the opening of the commitment
to 𝑤 will expose a false claim about 𝑧̃(𝛽). HenceV rejects if
none of the bad events occur.

By a union bound, the probability thatV accepts is at most
the sum of the probabilities of these bad events, plus Pr[Ebind].
We now bound the probability of each bad event.
For E𝜌q , by Lemma 2, the probability that 𝜌𝑞 is undefined on
∥𝐸X,𝑧 ∥22 is at most

⌊logmin 𝑃 𝐷max⌋
|𝑃 | .

By Lemma 3, the probability that 𝜌𝑞 (𝐽) = 𝜌𝑞 (∥𝐸X,𝑧 ∥22),
conditioned on 𝐽 ≠ ∥𝐸X,𝑧 ∥22 and 𝜌𝑞 being defined on ∥𝐸X,𝑧 ∥22,
is at most

⌊logmin 𝑃𝑈⌋
|𝑃 | .

Thus, by a union bound,

Pr[E𝜌𝑞 ] ≤
⌊logmin 𝑃 𝐷max⌋ + ⌊logmin 𝑃𝑈⌋

|𝑃 | .

For Esc1, this event involves an invocation of the sum-check
primitive on a degree-4 polynomial with 𝑠 variables where
the claimed sum is false but the final polynomial evaluation
claims are all true. By Lemma 1 and min 𝑃 ≤ 𝑞,

Pr[Esc1] ≤ 4𝑠/𝑞 ≤ 4𝑠/min 𝑃.

ForEagg, this event treats three claims as a degree 2 polynomial
and evaluates this polynomial at a random point 𝛾. If at least
one constituent claim is false, the resulting polynomial is
non-zero, and thus, by the Factor Theorem (a univariate case
of the Schwartz-Zippel lemma [111,149]) and min 𝑃 ≤ 𝑞,

Pr[Eagg] ≤ 2/𝑞 ≤ 2/min 𝑃.

For Esc2, this event involves an invocation of the sum-check
primitive on a degree-2 polynomial with 𝑘 variables where
the claimed sum is false but the final polynomial evaluation
claims are all true. By Lemma 1 and min 𝑃 ≤ 𝑞,

Pr[Esc2] ≤ 2𝑘/𝑞 ≤ 2𝑘/min 𝑃.

By a union bound over all bad events, we get Back-end
𝜖-soundness holds with error at most

⌊logmin 𝑃 𝐷max⌋ + ⌊logmin 𝑃𝑈⌋
|𝑃 | + 4𝑠 + 2 + 2𝑘

min 𝑃
+ 𝜅PC.

B.4 Quantifying the guarantees of Spain’s back-end
The implementation described in Sections 6 and 7 uses spe-
cific parameters. The following corollary characterizes the
soundness and completeness guarantees of Spain’s back-end
when instantiated with DARK as the polynomial commit-
ment scheme, and in a regime that covers the aforementioned
parameters.

Corollary 1. When Figure 8 is instantiated with the following
parameters:
• 𝑚 ≤ 232, 𝑛 ≤ 232;
• 𝐷 ≤ 296;
• PC is the DARK multilinear polynomial commitment
scheme [40] with 𝑁max ≤ 296; and

• 𝑃 is the set of 128-bit primes,
the resulting protocol has Back-end (𝜖/

√
𝑚)-completeness

and Back-end 𝜖-soundness, with soundness error 𝜅 ≤ 2−40.

Proof. Back-end (𝜖/
√
𝑚)-completeness. DARK satisfies sub-

property 2 of Weak Integer Binding, so the completeness
result of Theorem 1 applies directly to this corollary.
Back-end 𝜖-soundness. For soundness, DARK only satisfies
sub-property 1 of Weak Integer Binding with high probability
(explicitly bounded further below), so we have to modify the
soundness analysis of Theorem 1.

Suppose that there does not exist an 𝜖-accurate assignment
for X. We bound the probability thatV accepts. Define the
event Eweak to be the event that, over randomness internal to
DARK’s Verify function,V accepts an alleged opening of a
commitment com 𝑓 at 𝛽 where 𝑓 does not satisfy the conditions
detailed in sub-property 1 of Weak Integer Binding.

Conditioned on Eweak not occurring, the verifier’s accep-
tance probability is upper-bounded by the soundness error
stated in Theorem 1. Thus, the overall probability that V
accepts is at most

⌊logmin 𝑃 𝐷max⌋ + ⌊logmin 𝑃𝑈⌋
|𝑃 | +4𝑠 + 2 + 2𝑘

min 𝑃
+𝜅PC+Pr[Eweak] .

It remains to fill in the parameters and bound Pr[Eweak].



First, we quantify DARK-related parameters. We explicitly
set 𝑁max ≤ 296 and derive 𝜅PC, 𝐷max, and Pr[Eweak] using a
combination of the analysis in the corrected DARK paper [40]
and a subsequent work [39]. In the corrected DARK paper [40],
it is proved that 𝜅PC for the DARK polynomial commitment
scheme is at most (3 log |𝑤 |)/2𝜆, where 𝜆 is a parameter
internal to DARK that introduces a tradeoff between 𝜅PC and
𝐷max. By choosing 𝜆 = 50, we get that 𝜅PC ≤ (3 log |𝑤 |)/2𝜆 =

3 · 32/250 < 2−43. From the analysis and scripts provided
in the subsequent work [39], we get that for 𝐷max ≤ 21422,
Pr[Eweak] ≤ 𝜅PC. Note that the analysis below is not very
sensitive to the magnitude of 𝐷max or 𝑁max; however, it is
very sensitive to 𝜅PC, and 𝜆 is chosen with that in mind.

Next, we need to determine the size of 𝑃, the set of 128-bit
primes. The number of 128-bit primes is exactly 𝜋(2128) −
𝜋(2127), where 𝜋(𝑥) is the prime counting function. By the
following standard bound [109]:

𝜋(2𝑥) − 𝜋(𝑥) ≥ 3𝑥/(5 · ln 𝑥) ∀𝑥 ≥ 21,

we have that

|𝑃 | ≥ 3 · 2127

5 · 127 · ln 2
>

3 · 2127

5 · 128 · ln 2
=

(
3

5 · ln 2

)
·2120 > 2119.

Additionally, min 𝑃 > 2127 by definition.
The remainder of the proof proceeds by computing

⌊logmin 𝑃 𝐷max⌋ + ⌊logmin 𝑃𝑈⌋
|𝑃 | and

4𝑠 + 2 + 2𝑘
min 𝑃

using the parameters above. This calculation is tedious but
mechanical. By definition:

𝑈 ≤ 𝑚 · 𝑛2 · 𝑁4
max · 𝐷4

max · (𝑛 · 𝑁2
max + 𝐷2)2 + 𝐷8 · 𝐷4

max

≤ 232+2·32+4·96+4·1422 · (232+2·96 + 22·96)2 + 28·96+4·1422

≤ 232+64+384+5688 · (232+192 + 2192)2 + 2768+5688

≤ 26168 · (2224 + 2192)2 + 26456

< 26168 · 2450 + 26456

< 26619.

It follows that

⌊logmin 𝑃 𝐷max⌋ + ⌊logmin 𝑃𝑈⌋
|𝑃 | <

⌊ 1422
127 ⌋ + ⌊

6619
127 ⌋

2119 =
63

2119 .

Additionally, we have the following bound on the second
term:

4𝑠 + 2 + 2𝑘
min 𝑃

<
4 · 32 + 2 + 2 · 32

2127 =
194
2127 .

By summing these two terms, 𝜅PC < 2−43, and Pr[Eweak] ≤
𝜅PC, we get that the probability that the verifier accepts a non-
𝜖-accurate assignment is less than 2−40, as claimed.

B.5 Deferred proofs
Here we prove Lemma 2 and Lemma 3. We start with two
counting lemmas that they use.

Lemma 4. Given an integer 𝑥 of magnitude at most 𝑀 and a
set 𝑃 of primes,

Pr
𝑞∼𝑃
[𝑥 ≡ 0 (mod 𝑞)] ≤

⌊logmin 𝑃 𝑀⌋
|𝑃 | .

Proof. For 𝑥 to be divisible by a prime 𝑞, 𝑞 must be one
of the prime factors of 𝑥. Suppose by contradiction that 𝑥
had more than ⌊logmin 𝑃 𝑀⌋ prime factors from 𝑃 (count-
ing multiplicity). Then 𝑥 would have magnitude at least
(min 𝑃) ⌊logmin 𝑃 𝑀 ⌋+1 > 𝑀, a contradiction. Thus, 𝑥 has at
most ⌊logmin 𝑃 𝑀⌋ prime factors from 𝑃, and the proba-
bility that a random prime from 𝑃 divides 𝑥 is at most
⌊logmin 𝑃 𝑀⌋/|𝑃 |.

Lemma 5. Consider instance X, multilinear polynomial 𝑓 ,
and vector 𝑧, as defined in the protocol in Figure 8. Let 𝐷′
be the unreduced denominator shared by the coefficients of
𝑓 . Then, the denominator of ∥𝐸X,𝑧 ∥22 is exactly 𝐷8 · 𝐷′4. The
numerator of 𝐽 − ∥𝐸X,𝑧 ∥22 is at most 𝑈, where 𝑈 is as defined
in Section B.3, and the denominator of this difference has the
same denominator as ∥𝐸X,𝑧 ∥22.

Proof. The proof proceeds by bookkeeping: tracking exact
denominators and an upper bound on the magnitude of inter-
mediate numerators. The accounting pessimistically assumes
that no reduction occurs when performing arithmetic oper-
ations. For example, when adding two rationals (𝑁1, 𝐷1)
and (𝑁2, 𝐷2) where gcd(𝐷1, 𝐷2) = 1, the numerator of the
result is at most |𝑁1 | · 𝐷2 + |𝑁2 | · 𝐷1 in magnitude and the
denominator is exactly 𝐷1 · 𝐷2.

By definition (§4.1),

∥𝐸X,𝑧 ∥22 =

𝑚∑︁
𝑟=1

(
𝑛∑︁

𝑐=1
𝐴𝑟 ,𝑐𝑧𝑐 ·

𝑛∑︁
𝑐=1

𝐵𝑟 ,𝑐𝑧𝑐 −
𝑛∑︁

𝑐=1
𝐶𝑟 ,𝑐𝑧𝑐

)2

.

Note that these summations are over 𝑚 and 𝑛 summands
respectively as opposed to 2𝑠 and 2𝑘 summands as described
in Section 4.2.2. This is because we are working with 𝐴, 𝐵, 𝐶
as matrices, rather than their multilinear extensions.

Now, recall that the entries of 𝐴, 𝐵, 𝐶, in, and out all have
unreduced denominator 𝐷; recall also that the numerators of
the entries of 𝐴, 𝐵, 𝐶, in, and out have magnitude at most
𝑁max (§B.2).
𝑧 is a concatenation of in, out, and 𝑤 (the definition of

𝑤 is in Figure 8). To bound the components of 𝑤, Weak
Integer Binding’s sub-property 1 (§B.1) implies that, for the
coefficients of 𝑓 , their unreduced denominator, 𝐷′, satisfies
𝐷′ ≤ 𝐷max and their numerators have magnitude at most 𝑁max.
By definition of 𝑤, its coefficients – that is, the components of
𝑤 – share an unreduced denominator of 𝐷 · 𝐷′, and each has



an unreduced numerator of magnitude at most 𝑁max. From
this, it follows that 𝑧, when written with a common unreduced
denominator of 𝐷 · 𝐷′, has numerators of magnitude at most
𝑁max · 𝐷′.

For any matrix 𝑀 , 𝑀𝑟 ,𝑐𝑧𝑐 is a rational with an unreduced
numerator of magnitude at most 𝑁2

max · 𝐷′ and an unreduced
denominator exactly 𝐷2 · 𝐷′.

Thus,
∑𝑛

𝑐=1 𝑀𝑟 ,𝑐𝑧𝑐 is a rational with a numerator of mag-
nitude at most 𝑛 · 𝑁2

max · 𝐷′ and an unreduced denominator
exactly 𝐷2 · 𝐷′.

It follows that
∑𝑛

𝑐=1 𝐴𝑟 ,𝑐𝑧𝑐 ·
∑𝑛

𝑐=1 𝐵𝑟 ,𝑐𝑧𝑐 is a rational with a
numeratorofmagnitude atmost𝑛2·𝑁4

max·𝐷′2 andan unreduced
denominator of magnitude exactly (𝐷2 · 𝐷′)2 = 𝐷4 · 𝐷′2.

When subtracting
∑𝑛

𝑐=1 𝐶𝑟 ,𝑐𝑧𝑐, a rational of the form
(𝑁1, 𝐷

2 ·𝐷′), from
∑𝑛

𝑐=1 𝐴𝑟 ,𝑐𝑧𝑐 ·
∑𝑛

𝑐=1 𝐵𝑟 ,𝑐𝑧𝑐, a rational of the
form (𝑁2, 𝐷

4 · 𝐷′2), one needs to multiply the numerator and
denominator of the first rational by 𝐷2 · 𝐷′ to get a common
denominator (in the worst case). Thus, after performing the
scaling and subtraction, the resulting rational has a numerator
of magnitude at most

𝑛2 · 𝑁4
max · 𝐷′2 + 𝑛 · 𝑁2

max · 𝐷2 · 𝐷′2

and an unreduced denominator of magnitude exactly 𝐷4 · 𝐷′2.
Squaring this rational to get the contribution of row 𝑟 to
∥𝐸X,𝑧 ∥22 results in a rational with a numerator of magnitude
at most

(𝑛2 · 𝑁4
max · 𝐷′2 + 𝑛 · 𝑁2

max · 𝐷2 · 𝐷′2)2

and an unreduced denominator of magnitude exactly 𝐷8 · 𝐷′4.
Summing over 𝑚 rows to get ∥𝐸X,𝑧 ∥22 does not change the

denominator so results in a rational with denominator 𝐷8 ·𝐷′4
(as claimed) and a numerator of magnitude at most

𝑚 · (𝑛2 · 𝑁4
max · 𝐷′2 + 𝑛 · 𝑁2

max · 𝐷2 · 𝐷′2)2

which simplifies to

𝑚 · 𝑛2 · 𝑁4
max · 𝐷′4 · (𝑛 · 𝑁2

max + 𝐷2)2.

To bound the numerator and denominator of 𝐽 − ∥𝐸X,𝑧 ∥22,
we first need to characterize the numerator and denominator
of 𝐽. To do this, we consider V’s checks in Step 3. To
pass these checks, 𝐽 must be a rational of the form (𝑆, 𝐷8)
where 𝑆 is a positive integer bounded above by 𝐷8 (since
0 ≤ 𝐽 ≤ 𝜖2 ≤ 1). To perform the subtraction 𝐽 − ∥𝐸X,𝑧 ∥22,
one needs to multiply the numerator and denominator of 𝐽 by
𝐷′4 to get a common denominator (in the worst case). The
resulting rational 𝐽 − ∥𝐸X,𝑧 ∥22 has a numerator of magnitude
at most

𝑚 · 𝑛2 · 𝑁4
max · 𝐷′4 · (𝑛 · 𝑁2

max + 𝐷2)2 + 𝑆 · 𝐷′4

and an unreduced denominator of magnitude exactly 𝐷8 ·𝐷′4,
as claimed.

Given that 𝐷′ ≤ 𝐷max and 𝑆 ≤ 𝐷8, the numerator is
upper-bounded by

𝑚 · 𝑛2 · 𝑁4
max · 𝐷4

max · (𝑛 · 𝑁2
max + 𝐷2)2 + 𝐷8 · 𝐷4

max.

This is exactly 𝑈, as claimed.

With the prime-divisibility bound (Lemma 4) and the nu-
merator bound (Lemma 5) in hand, the two 𝜌𝑞 facts quickly
follow.

Proof of Lemma 2 (𝜌𝑞 ill-defined). 𝜌𝑞 is undefined on
∥𝐸X,𝑧 ∥22 exactly when 𝑞 divides the denominator of ∥𝐸X,𝑧 ∥22.
By Lemma 5, the denominator is a product of powers of 𝐷 and
𝐷′ (where 𝐷′ ≤ 𝐷max). By construction, 𝑞 does not divide
𝐷; thus 𝑞 divides the denominator of ∥𝐸X,𝑧 ∥22 if and only if
𝑞 divides 𝐷′. Applying Lemma 4 with 𝑀 = 𝐷max gives the
bound.

Proof of Lemma 3 (𝜌𝑞 collision). 𝜌𝑞 (𝐽) = 𝜌𝑞 (∥𝐸𝑋,𝑧 ∥22) if
and only if 𝑞 divides the numerator of 𝐽 − ∥𝐸𝑋,𝑧 ∥22, which, by
Lemma 5, has magnitude at most 𝑈. Applying Lemma 4 with
𝑀 = 𝑈 gives the desired bound.

C DARK with verifier-known group order

This appendix details the technique mentioned in Section 4.2.3.
We consider an RSA groupGwith generator 𝑔 and modulus

𝑀 = 𝑝1 · 𝑝2. The verifier knows 𝑝1 and 𝑝2, while the prover
only knows 𝑔 and 𝑀 but not its factorization.

DARK requires, as a primitive, a way for the prover to
convince the verifier that 𝑔𝑧 = 𝑔𝑥 · 𝑔𝑐·𝑦 given 𝑔𝑥 , 𝑔𝑦 , and
𝑔𝑧 and a constant 𝑐 known to both parties. The problem is
computing (𝑔𝑦)𝑐; the verifier cannot efficiently compute an
exponentiation this large, because it requires ⌈log 𝑐⌉ multi-
plications, which is potentially on the order of a million or
a billion (the combined bit-length of all witness elements).
DARK solves this with a proof of exponentiation protocol that
is burdensome for the prover. In Spain, the verifier borrows an
optimization from RSA signing algorithms when the signer
knows the factorization of 𝑀 .

The key observation is that knowledge of the factoriza-
tion of 𝑀 allows the verifier to compute 𝜆(𝑀), where 𝜆 is
Carmichael’s function [1, 43]. Then the verifier can compute
𝑐′ = 𝑐 mod 𝜆(𝑀), a value on the order of 𝑀 rather than 𝑐

itself, and compute (𝑔𝑦)𝑐′ instead of (𝑔𝑦)𝑐.
The correctness of this substitution is as follows. 𝑔𝑦 is a

group element and thus is relatively prime to 𝑀, so by the
definition of Carmichael’s function, we have (𝑔𝑦)𝜆(𝑀 ) ≡ 1
(mod 𝑀), and thus (𝑔𝑦)𝑐′ ≡ (𝑔𝑦)𝑐 (mod 𝑀).

This substitution is efficient because log 𝑐′ ≈ log 𝑀 , which
is at worst a few thousand rather than a few billion.

At a high level, replacing the proof of exponentiation in
DARK with an explicit exponentiation, independent of how
the verifier computes, does not change the security of DARK.



Block et al. [29, Lemma 6.4] formally prove this in the context
of a verifier that does not know the factorization of 𝑀 and opts
to compute (𝑔𝑦)𝑐 directly. Their proof applies to our setting
as well, as the verifier’s computation of (𝑔𝑦)𝑐′ is functionally
equivalent to computing (𝑔𝑦)𝑐 directly.

D Protocol extensions

Spain can be adapted and extended in various ways.

D.1 SIMD-R1CS
Per Section 4.3, Spain can be adapted to support common
variations on R1CS, namely SIMD-R1CS and I-R1CS.

In SIMD-R1CS (§4.3), the prover has 𝐿 instances, each with
its own public input and witness, but sharing the same R1CS
structure (𝐴, 𝐵, 𝐶). That is, there are vectors 𝑧0, . . . , 𝑧𝐿−1,
corresponding to instances X0, . . . ,X𝐿−1, where all instances
are the same R1CS structure. To support SIMD-R1CS, define
𝑧(𝑐, 𝑗) similarly to 𝑧(𝑐). Here 𝑗 selects the particular instance
and 𝑐 selects the variable within that instance (similar to how
𝑐 functioned earlier). Given the multilinear extension 𝑧̃(𝑡1, 𝑡2),
define

ℎ̃𝑀 (𝑡1, 𝑡2) :=
∑︁

𝑐∈{0,1}𝑘
𝑀 (𝑡1, 𝑐) · 𝑧̃(𝑐, 𝑡2),

Then there are two options for proving correctness across all
𝐿 instances.

The first option is for the prover to make a single claim 𝐽

about the sum of squared errors across all 𝐿 instances. Then,
the verifier can confirm that 𝐽 ≤ 𝜖2 and the two parties can
apply the sum-check protocol to prove that

𝜌𝑞 (𝐽) =
∑︁

𝑗∈{0,1}ℓ

∑︁
𝑟∈{0,1}𝑠

(
ℎ̃𝐴(𝑟, 𝑗) · ℎ̃𝐵 (𝑟, 𝑗) − ℎ̃𝐶 (𝑟, 𝑗)

)2

where ℓ = ⌈log2 𝐿⌉. This provides Back-end 𝜖-soundness and
Back-end (𝜖/

√
𝐿 · 𝑚)-completeness. Notice that completeness

degrades with 𝐿 here.
The second option is to have the prover make 𝐿−1 separate

claims, where for 𝑗 = {0, . . . , 𝐿 − 1}, each claim 𝐽 𝑗 is about
∥𝐸X 𝑗 ,𝑧 𝑗 ∥22 for the respective instance X 𝑗 . The verifier then
checks that each 𝐽 𝑗 is at most 𝜖2. Then, the prover and verifier
interpret 𝜌𝑞 (𝐽) = [𝜌𝑞 (𝐽0), . . . , 𝜌𝑞 (𝐽𝐿−1)] as a function (from
index bits to value) to get its multilinearextension: 𝐽 (𝑡). Finally,
the verifier chooses a random 𝜏 ∈ Fℓ𝑞 and uses polynomial
identity testing (similar to Spartan [116]) to prove that 𝐽 (𝜏)
is equal to∑︁
𝑗∈{0,1}ℓ

Ẽq(𝜏, 𝑗)
∑︁

𝑟∈{0,1}𝑠

(
ℎ̃𝐴(𝑟, 𝑗) · ℎ̃𝐵 (𝑟, 𝑗) − ℎ̃𝐶 (𝑟, 𝑗)

)2
.

This provides Back-end 𝜖-soundness and Back-end (𝜖/
√
𝑚)-

completeness. Compared to the first option, completeness does

not degrade with 𝐿 here; however, the expression is degree 5
in 𝑗 rather than degree 4, which mildly increases prover and
verifier time.

D.2 I-R1CS
For I-R1CS (§4.3), the modification to Spain is simply: at the
end of the protocol, rather than opening a single commitment,
the prover opens all commitments 𝑤1, . . . , 𝑤𝑅.

Recall that Spain introduces an additional optimization:
Spain allows for the prover and verifier to collaboratively
introduce not only new values for the assignment but also
new constraints on the witness in each round. This allows
the verifier to encode random challenges in constraints, or to
partially specify constraints that are “filled-in” by the prover.
These techniques reduce the cost of performing dot products
between the witness and random vectors, which is the core
operation in checkers for matrix multiplication [56, 74]

D.3 Different norms for error measurement
Spain can be generalized to have a smaller gap between
soundness and completeness versus the one presented in the
paper, namely 𝜖𝐶 = 𝜖/

√
𝑚. Doing so lowers the precision

required of the prover’s witness generation (see §6.3 for the
interplay between “precision of witness generation” and 𝜖𝐶 )
but makes the underlying back-end protocol more costly.

Specifically, by using the ℓ2𝑡 norm rather than the ℓ2 norm
of 𝐸X,𝑧 , for integer 𝑡 > 1, Spain will continue to have Back-
end 𝜖-soundness but now it will have Back-end (𝜖/𝑚1/(2𝑡 ) )-
completeness. That is because the following chain of inequal-
ities holds:

∥𝐸X,𝑧 ∥2𝑡∞ ≤ ∥𝐸X,𝑧 ∥2𝑡2𝑡 ≤ 𝑚 · ∥𝐸X,𝑧 ∥2𝑡∞

for any integer 𝑡 > 1. To adapt Spain to use the ℓ2𝑡 norm, the
prover and verifier start with the following equation in place
of Equation (4) in Section 4.2.2 (Step 5 in Figure 8):

𝜌𝑞 (𝐽) =
∑︁

𝑟∈{0,1}𝑠
(𝑔𝐴(𝑟) · 𝑔𝐵 (𝑟) − 𝑔𝐶 (𝑟))2𝑡 .

This is a degree-(4𝑡) polynomial in 𝑟, so as 𝑡 increases, so
does prover time, verifier time, and communication.

E Translation fidelity

This appendix defines translation fidelity and covers some
technical details of this concept. The bulk of the appendix ana-
lyzes the translation fidelity of the arithmetizations presented
in Section 5.

E.1 Preliminaries
Definitions. Given an R1CS structure S = (𝐴, 𝐵, 𝐶), recall
that all entries in 𝐴, 𝐵, 𝐶 are presumed to have a given denom-
inator 𝐷, and likewise with the assignment 𝑧 (§4.2.1, Appx. B).
We call such numbers 𝜂-multiples, where 𝜂 = 1/𝐷.



Let 𝐹𝛿 (𝑥) denote the possible outputs of function 𝐹 on
input 𝑥 when its individual operations have error bounded by
𝛿.

Recall the distinction between 𝛿 and 𝛿wg (§3). 𝛿 is part of the
underlying protocol’s soundness guarantee: if any operation in
an execution has error greater than 𝛿, the verifier is supposed
to reject with high probability. On the other hand, 𝛿wg connects
to the protocol’s completeness guarantee: we want to arrange
the design and implementation so that if the prover limits the
per-operation error to 𝛿wg, then it can satisfy all constraints
with suitable error, and thereby cause the verifier to accept.

The reason for the asymmetry is technical. It relates to the
definitions of soundness and completeness in the front-end
(given in the next paragraph), and to the fact that 𝜖 and 𝜖𝐶 are
different, which itself stems from the fact that ∥𝐸X,𝑧 ∥∞ ≤ 𝜖

does not imply ∥𝐸X,𝑧 ∥22 ≤ 𝜖2 (§4.1).
Now, consider a purported translation of 𝐹 to an R1CS

structure S = (𝐴, 𝐵, 𝐶). Translation fidelity is two properties:

• The translation is 𝜖-tf-sound if: for all 𝜖-accurate assign-
ments (in, out, 1, 𝑤) to S, out ∈ 𝐹𝛿 (in).

• The translation is 𝜖𝐶-tf-complete if: for all (in, out)
such that out ∈ 𝐹𝛿wg (in) and (in, out) contains only
𝜂-multiples, there exists an accompanying 𝑤 such that
(in, out, 1, 𝑤) is an 𝜖𝐶 -accurate assignment to S.

It is helpful to keep the following ordering in mind:

𝛿 ≥ 𝜖 (will be established in the examples below)
> 𝜖𝐶 (§4.1)
≥ 𝛿wg (will be established in the examples below)

Per-operation vs per-function translation fidelity. The def-
initions of tf-soundness and tf-completeness cover translation
of an entire function. However, the arithmetizations that we
present in the next section will be at the level of individual
operations. For these lower-level translations to be relevant,
Spain needs a way to combine the translations of individual
operations. The needed concept is composition (of operations
or functions), and specifically how translations combine un-
der composition. The description below delves into detail;
the high-level point is that focusing on the translations of
individual operations is justified.

Given two functions 𝐹 and 𝐺, with corresponding
R1CS instances X𝐹 = (𝐴𝐹 , 𝐵𝐹 , 𝐶𝐹 , in𝐹 , out𝐹) and X𝐺 =

(𝐴𝐺 , 𝐵𝐺 , 𝐶𝐺 , in𝐺 , out𝐺), the corresponding instance for
𝐺 ◦ 𝐹, X𝐺◦𝐹 , is (𝐴, 𝐵, 𝐶, in, out) where in = in𝐹 , out =

out𝐺 , and 𝐴, 𝐵, 𝐶 contain the constraints of 𝐴𝐹 , 𝐵𝐹 , 𝐶𝐹 and
𝐴𝐺 , 𝐵𝐺 , 𝐶𝐺 , relabeled so that the output variables of X𝐹 and
the input variables of X𝐺 refer to the same set of variables,
which we call med; the variables in med are not part of either
in or out. The lemma below states that translation fidelity is
preserved by the composition of functions.

Lemma 6. If 𝐹 and X𝐹 satisfy 𝜖-tf-soundness and 𝜖𝐶-tf-
completeness, and if 𝐺 and X𝐺 satisfy 𝜖 ′-tf-soundness and
𝜖 ′
𝐶

-tf-completeness, then 𝐺 ◦ 𝐹 and X𝐺◦𝐹 satisfy min{𝜖, 𝜖 ′}-
tf-soundness and max{𝜖𝐶 , 𝜖 ′𝐶 }-tf-completeness.

Proof. We first establish min{𝜖, 𝜖 ′}-tf-soundness,where 𝜖∗ :=
min{𝜖, 𝜖 ′}. The constraints of X𝐺◦𝐹 are those of X𝐹 together
with those of X𝐺 , sharing only the variables med. An 𝜖∗-
accurate assignment to the composite therefore restricts to an
𝜖∗-accurate assignment to each part; as 𝜖∗ ≤ 𝜖 and 𝜖∗ ≤ 𝜖 ′,
these are in particular 𝜖- and 𝜖 ′-accurate. Then 𝜖-tf-soundness
of 𝐹 gives med ∈ 𝐹𝛿 (in), and 𝜖 ′-tf-soundness of 𝐺 gives
out ∈ 𝐺 𝛿 (med), so out ∈ (𝐺 ◦ 𝐹)𝛿 (in).

For tf-completeness, set 𝜖∗ := max{𝜖𝐶 , 𝜖 ′𝐶 }. Consider
(in, out) where in and out contain 𝜂-multiples and out ∈
(𝐺 ◦ 𝐹)𝛿wg (in). By definition of the composite, there must
be med, consisting of 𝜂-multiples, with med ∈ 𝐹𝛿wg (in)
and out ∈ 𝐺 𝛿wg (med). Applying 𝜖𝐶-tf-completeness of 𝐹,
there exists 𝑤𝐹 , where (in,med, 1, 𝑤𝐹) is an 𝜖𝐶-accurate
assignment to (𝐴𝐹 , 𝐵𝐹 , 𝐶𝐹). Likewise, there exists 𝑤𝐺 ,
where (med, out, 1, 𝑤𝐺) is an 𝜖 ′

𝐶
-accurate assignment to

(𝐴𝐺 , 𝐵𝐺 , 𝐶𝐺). Combining 𝑤𝐹 , 𝑤𝐺 , and med into 𝑤, the
assignment (in, out, 1, 𝑤) satisfies each constraint of X𝐺◦𝐹
with error upper-bounded by 𝜖𝐶 or 𝜖 ′

𝐶
, hence upper-bounded

by 𝜖∗.

E.2 Analysis of arithmetizations
The 𝜖 and 𝜖𝐶 described for the translations below depend
on the magnitudes of the inputs to these subfunctions. This
is not problematic because Spain enforces a strict bound on
the magnitude of rationals in the proof protocol (§B). By
considering this maximum magnitude, one derives absolute
bounds on 𝜖 and 𝜖𝐶 .

z← x/y. Division is a special case where the error bound
is inversely proportional to the magnitude of 𝑦, and thus one
must place restrictions on the domain of 𝑦 or perform static
analysis to ensure 𝑦 is not too close to 0 when using this
operation. Here we will assume that |𝑦 | ≥ 𝑀 for some known
𝑀 > 0.

First, we establish 𝜖-tf-soundness. Suppose we have an
𝜖-accurate assignment to 𝑦 · 𝑧 ≈𝜖 𝑥. That means |𝑦 · 𝑧− 𝑥 | ≤ 𝜖 .
Rearranging, we have that |𝑧 − (𝑥/𝑦) | ≤ 𝜖/|𝑦 |. This implies
that 𝑧 is within 𝜖/|𝑦 | of 𝑥/𝑦, and thus |𝑧 − (𝑥/𝑦) | ≤ 𝜖/𝑀
(using the assumed lower bound on |𝑦 |). Letting 𝛿 = 𝜖/𝑀
completes the proof of 𝜖-tf-soundness.

Second, for 𝜖𝐶-tf-completeness, consider all (𝑥, 𝑦, 𝑧), re-
stricted to 𝜂-multiples, such that 𝑧 = (𝑥/𝑦) + 𝛿̂± where
|𝛿̂± | ≤ 𝛿wg. The constraint has error at most

|𝑦 · 𝑧 − 𝑥 | = |𝑦 · ((𝑥/𝑦) + 𝛿̂±) − 𝑥 | = |𝑦 · 𝛿̂± | ≤ 𝛿wg |𝑦 |.

This establishes 𝜖𝐶 -tf-completeness provided that 𝜖𝐶 ≥ 𝛿wg |𝑦 |
for all inputs 𝑦.



y←
√

x. First, we establish 𝜖-tf-soundness. Suppose we have
an 𝜖-accurate assignment to 𝑦 ·𝑦 ≈𝜖 𝑥. That means |𝑦2−𝑥 | ≤ 𝜖 .
This can be rewritten as |𝑦 −

√
𝑥 | · |𝑦 +

√
𝑥 | ≤ 𝜖 , where

√
𝑥

is a true square root of 𝑥, and assume WLOG that
√
𝑥 is the

positive root. This implies that either |𝑦 −
√
𝑥 | or |𝑦 +

√
𝑥 | is

less than or equal to
√
𝜖 . This, in turn, implies that 𝑦 is within√

𝜖 of a true square root of 𝑥. Letting 𝛿 =
√
𝜖 finishes the proof

for 𝜖-tf-soundness.
Second, for 𝜖𝐶-tf-completeness, consider all (𝑥, 𝑦), re-

stricted to 𝜂-multiples, such that 𝑦 =
√
𝑥 + 𝛿̂± where 𝛿̂±

is a real number with |𝛿̂± | ≤ 𝛿wg. The constraint 𝑦 · 𝑦 ≈𝜖 𝑥 is
satisfied with error at most���(√𝑥 + 𝛿̂±)2 − 𝑥��� ≤ 2𝛿wg |

√
𝑥 | + 𝛿2

wg.

This establishes 𝜖𝐶-tf-completeness provided that 𝜖𝐶 ≥
2𝛿wg |

√
𝑥 | + 𝛿2

wg for all inputs 𝑥.

assert (x ≥ y). Recall that this is an assert of the form “greater-
than-or-approximately equal” where 𝑥 and 𝑦 are allowed (but
not required) to be “approximately-equal” when they are
within 𝛿 of each other.

First, we establish 𝜖-tf-soundness. Suppose we have an 𝜖-
accurate assignment to 𝑡 ·𝑡 ≈𝜖 𝑥−𝑦. That means |𝑡2−(𝑥−𝑦) | ≤
𝜖 . By definition, 𝑡2 ≥ 0. This implies that 𝑥 − 𝑦 ≥ −𝜖 . Letting
𝛿 = 𝜖 finishes the proof for 𝜖-tf-soundness.

Second, for 𝜖𝐶 -tf-completeness, consider all 𝑥, 𝑦, restricted
to 𝜂-multiples, such that 𝑥 ≥ 𝑦. Let 𝑡 be the nearest 𝜂-multiple
to √𝑥 − 𝑦. Thus, 𝑡 = √𝑥 − 𝑦 + 𝜂± where |𝜂± | ≤ 𝜂/2. Then the
constraint 𝑡 · 𝑡 ≈𝜖 𝑥 − 𝑦 is satisfied with error at most

|𝑡2 − (𝑥 − 𝑦) | = |2𝜂±
√
𝑥 − 𝑦 + 𝜂±2 | ≤ 𝜂

√
𝑥 − 𝑦 + 𝜂2/4.

This establishes 𝜖𝐶-tf-completeness provided that 𝜖𝐶 ≥
𝜂
√
𝑥 − 𝑦 + 𝜂2/4.

b← (x ≥ y). First, we establish 𝜖-tf-soundness for 𝜖 < 1/8.
Suppose we have an 𝜖-accurate assignment to the constraints:
𝑏 · (1− 𝑏) ≈𝜖 0, (2𝑏 − 1) · (𝑥 − 𝑦) ≈𝜖 𝑡, and 𝑠 · 𝑠 ≈𝜖 𝑡. Using
the same reasoning as in proving 𝜖-tf-soundness for the assert
statement, the third constraint implies 𝑡 ≥ −𝜖 .

The first constraint implies |𝑏 · (1 − 𝑏) | ≤ 𝜖 . By our bound
on 𝜖 and the quadratic formula applied to −𝜖 ≤ 𝑏 · (1−𝑏) ≤ 𝜖 ,
we have

𝑏 ∈
[
1 −
√

1 + 4𝜖
2

,
1 −
√

1 − 4𝜖
2

]
or

𝑏 ∈
[
1 +
√

1 − 4𝜖
2

,
1 +
√

1 + 4𝜖
2

]
.

Given that
√

1 − 4𝜖 ≥ 1−4𝜖 for 𝜖 < 1/4, and
√

1 + 4𝜖 ≤ 1+4𝜖
for 𝜖 < 1/4, this implies that 𝑏 ∈ [−2𝜖, 2𝜖] ∪ [1− 2𝜖, 1+ 2𝜖],
namely that 𝑏 is within 2𝜖 of either 0 or 1.

The second constraint requires the most involved analysis.
An 𝜖-accurate assignment implies | (2𝑏 − 1) · (𝑥 − 𝑦) − 𝑡 | ≤ 𝜖 .

Given that 𝑡 ≥ −𝜖 , this implies (2𝑏 − 1) · (𝑥 − 𝑦) ≥ −2𝜖 . Let
𝑏′ := 2𝑏 − 1. From the bounds on 𝑏 from before

𝑏′ ∈ [−1 − 4𝜖,−1 + 4𝜖] ∪ [1 − 4𝜖, 1 + 4𝜖] .

We also have 𝑏′ · (𝑥 − 𝑦) ≥ −2𝜖 . We consider two cases,
depending on which interval 𝑏′ falls into.

Case 1: 𝑏′ ∈ [−1 − 4𝜖,−1 + 4𝜖]. In this case, we have

𝑥 − 𝑦 ≤ 2𝜖
1 − 4𝜖

.

Given that 𝜖 ≤ 1/8, we have

2𝜖
1 − 4𝜖

≤ 2𝜖
1/2 = 4𝜖 .

Case 2: 𝑏′ ∈ [1 − 4𝜖, 1 + 4𝜖]. In this case, we have

𝑥 − 𝑦 ≥ −2𝜖
1 − 4𝜖

.

Given that 𝜖 ≤ 1/8, we have

−2𝜖
1 − 4𝜖

≥ −2𝜖
1/2 = −4𝜖 .

Summarizing the two cases: 𝑏 ∈ [−2𝜖, 2𝜖] (which is case
1) implies 𝑥 − 𝑦 ≤ 4𝜖 , while 𝑏 ∈ [1 − 2𝜖, 1 + 2𝜖] (which is
case 2) implies 𝑥 − 𝑦 ≥ −4𝜖 , or 𝑦 − 𝑥 ≤ 4𝜖 .

Taking the contrapositive of both

𝑥 − 𝑦 > 4𝜖 =⇒ 𝑏 ∈ [1 − 2𝜖, 1 + 2𝜖]
𝑦 − 𝑥 > 4𝜖 =⇒ 𝑏 ∈ [−2𝜖, 2𝜖] .

Finally, if |𝑥 − 𝑦 | ≤ 4𝜖 , no further conclusion can be drawn
about 𝑏, except that it must remain in the intervals derived
above. This means it must be within 2𝜖 of either 0 or 1.

By taking 𝛿 = 4𝜖 , the relationships among 𝑥, 𝑦, and 𝑏

obey the intended semantics of the operation, and thus 𝜖-tf-
soundness holds.

Second, we establish 𝜖𝐶-tf-completeness, provided that
𝛿wg ≤ 1/2. Consider all (𝑥, 𝑦, 𝑏), restricted to 𝜂-multiples,
such that 𝑏 = 1 + 𝛿̂± if 𝑥 ≥ 𝑦 and 𝑏 = 𝛿̂± otherwise, where 𝛿̂±
is a real number with |𝛿̂± | ≤ 𝛿wg.

For the first constraint there are two cases to consider.
Case 1: suppose 𝑥 ≥ 𝑦 and thus 𝑏 = 1 + 𝛿̂±. The constraint

is satisfied with error at most

|𝑏 · (1 − 𝑏) | = | (1 + 𝛿̂±) · (−𝛿̂±) | ≤ 𝛿wg + 𝛿2
wg.

Case 2: suppose 𝑥 < 𝑦 and thus 𝑏 = 𝛿̂±. The upper bound
on error is the same:

|𝑏 · (1 − 𝑏) | = |𝛿̂± · (1 − 𝛿̂±) | ≤ 𝛿wg + 𝛿2
wg.

For the second constraint, take 𝑡 = (2𝑏 − 1) · (𝑥 − 𝑦). The
constraint is then satisfied with zero error.



For the third constraint, take 𝑠 to be the nearest 𝜂-multiple
to
√
𝑡. Thus, 𝑠 =

√
𝑡 + 𝜂± where |𝜂± | ≤ 𝜂/2. Such a square

root exists because 𝑡 ≥ 0. This follows because (2𝑏 − 1) and
(𝑥 − 𝑦) have the same sign, as long as 𝛿wg ≤ 1/2. Now, we
show 𝑡 ≤ 2 · |𝑥 − 𝑦 |, as follows. If 𝑥 ≥ 𝑦, then 𝑏 = 1 + 𝛿̂± and
thus

𝑡 = (2𝑏 − 1) · (𝑥 − 𝑦) = (1 + 2𝛿̂±) · |𝑥 − 𝑦 | ≤ 2 · |𝑥 − 𝑦 |.

If 𝑥 < 𝑦, then 𝑏 = 𝛿̂± and thus

𝑡 = (2𝑏 − 1) · (𝑥 − 𝑦) = (1 − 2𝛿̂±) · |𝑥 − 𝑦 | ≤ 2 · |𝑥 − 𝑦 |.

Given this, the third constraint is satisfied with error at most

|𝑠2 − 𝑡 | = | (
√
𝑡 + 𝜂±)2 − 𝑡 |

= |2𝜂±
√
𝑡 + 𝜂±2 |

≤ 𝜂
√
𝑡 + 𝜂2/4

≤ 𝜂
√︁

2 · |𝑥 − 𝑦 | + 𝜂2/4.

This establishes 𝜖𝐶-tf-completeness provided that 𝜖𝐶 ≥
max{𝛿wg + 𝛿2

wg, 𝜂
√︁

2 · |𝑥 − 𝑦 | + 𝜂2/4}.
z← max{v1, . . . , vL}. Recall the constraints from Section 5:
• for all 𝑖 ∈ {1, . . . , 𝐿}: 𝑡𝑖 · 𝑡𝑖 ≈𝜖 𝑧 − 𝑣𝑖
• for all 𝑖 ∈ {1, . . . , 𝐿}: 𝑏𝑖 · (1 − 𝑏𝑖) ≈𝜖 0
• for all 𝑖 ∈ {1, . . . , 𝐿}: 𝑏𝑖 · (𝑧 − 𝑣𝑖) ≈𝜖 0
•

∑𝐿
𝑖=1 𝑏𝑖 ≈𝜖 1

First, we establish 𝜖-tf-soundness, for all 𝜖 ≤ 1/4 when
𝜖 · (2𝐿 + 1) < 1. Suppose we have an 𝜖-accurate assignment
to the constraints. For the first set of constraints, we can reuse
the results from the assert operation to establish that 𝑧 ≥ 𝑣𝑖 −𝜖
for all 𝑖. From the second set of constraints, we can use the
same reasoning as in 𝑏 ← (𝑥 ≥ 𝑦) to establish that each 𝑏𝑖
is within 2𝜖 of either 0 or 1. Given that 𝜖 · (2𝐿 + 1) < 1, the
last constraint and the second set together imply that there
exists some index 𝑗 such that 𝑏 𝑗 is within 2𝜖 of 1. This follows
by contradiction, suppose this was not the case, then each 𝑏𝑖
would be within 2𝜖 of 0, and thus

∑𝐿
𝑖=1 𝑏𝑖 ≤ 2𝐿 · 𝜖 < 1 − 𝜖 ,

leaving the final constraint unsatisfied by more than 𝜖 .
This leaves the third set of constraints to analyze. Let 𝑗

be the index for which 𝑏 𝑗 ≥ 1 − 2𝜖 . Since the assignment is
𝜖-accurate, |𝑏 𝑗 · (𝑧 − 𝑣 𝑗 ) | ≤ 𝜖 . Thus:

|𝑧 − 𝑣 𝑗 | ≤
𝜖

𝑏 𝑗

≤ 𝜖

1 − 2𝜖
.

In particular:

𝑧 ≤ 𝑣 𝑗 +
𝜖

1 − 2𝜖
≤ max

𝑖
𝑣𝑖 +

𝜖

1 − 2𝜖
.

We already have 𝑧 ≥ 𝑣𝑖 − 𝜖 for all 𝑖, which implies

𝑧 ≥ max
𝑖

𝑣𝑖 − 𝜖,

and since 𝜖 < 𝜖
1−2𝜖 also

𝑧 ≥ max
𝑖

𝑣𝑖 −
𝜖

1 − 2𝜖
.

Thus, |𝑧−max𝑖 𝑣𝑖 | ≤ 𝜖
1−2𝜖 . Given that 𝜖 ≤ 1/4, 𝜖

1−2𝜖 ≤
𝜖

1/2 =

2𝜖 . Setting 𝛿 = 2𝜖 completes the proof of 𝜖-tf-soundness.
Second, we establish 𝜖𝐶-tf-completeness. Consider all
(𝑣1, . . . , 𝑣𝐿 , 𝑧), restricted to 𝜂-multiples, such that 𝑧 =

max𝑖 𝑣𝑖 + 𝛿̂± for some 𝛿̂± where |𝛿̂± | ≤ 𝛿wg.
Take 𝑏 𝑗 = 1 for the index 𝑗 corresponding to the maximum

value, and set all other 𝑏𝑖 to 0.
For the first set of constraints, we use that 𝑧 − 𝑣𝑖 ≥ −𝛿wg.

This follows from the fact that 𝑧 = max𝑖 𝑣𝑖 + 𝛿̂± and thus
𝑧 − 𝑣𝑖 = max𝑖 (𝑣𝑖) + 𝛿̂± − 𝑣𝑖 ≥ 𝛿̂± ≥ −𝛿wg. Now there are two
cases to consider.

Case 1: suppose 𝑧 − 𝑣𝑖 ≥ 0. In this case, set 𝑡𝑖 to be the
nearest 𝜂-multiple to √𝑧 − 𝑣𝑖 . Thus, 𝑡𝑖 =

√
𝑧 − 𝑣𝑖 + 𝜂±𝑖 , where

|𝜂±𝑖 | ≤ 𝜂/2. These constraints are satisfied with error at most

|𝑡2𝑖 − (𝑧 − 𝑣𝑖) | = | (
√
𝑧 − 𝑣𝑖 + 𝜂±𝑖)2 − (𝑧 − 𝑣𝑖) |

= |2𝜂±𝑖
√
𝑧 − 𝑣𝑖 + 𝜂±2

𝑖 |

≤ 𝜂
√︃

max
𝑖
(𝑣𝑖) −min

𝑖
(𝑣𝑖) + 𝛿wg + 𝜂2/4.

Case 2: suppose 𝑧 − 𝑣𝑖 < 0. In this case, take 𝑡𝑖 = 0. These
constraints are satisfied with error at most

|𝑡2𝑖 − (𝑧 − 𝑣𝑖) | = |𝑧 − 𝑣𝑖 | ≤ 𝛿wg.

The second and fourth sets of constraints are satisfied with
zero error, by the choice of 𝑏𝑖 above.

The third set of constraints breaks into two cases. When
𝑏𝑖 = 0, the 𝑖th constraint in the set is satisfied with zero error.
When 𝑏𝑖 = 1 (that is, when 𝑖 = 𝑗), constraint 𝑗 in the set is
satisfied with error at most 𝛿wg, as 𝑏 𝑗 · (𝑧 − 𝑣 𝑗 ) = 𝑧 − 𝑣 𝑗 =

𝛿̂± ≤ 𝛿wg.
This establishes 𝜖𝐶 -tf-completeness provided that

𝜖𝐶 ≥ max
{
𝛿wg, 𝜂

√︃
max
𝑖
(𝑣𝑖) −min

𝑖
(𝑣𝑖) + 𝛿wg + 𝜂2/4

}
.

ReLU. First, we establish 𝜖-tf-soundness for 𝜖 ≤ 1. Suppose
we have an 𝜖-accurate assignment to the constraints: 𝑠 · 𝑠 ≈𝜖
𝑧 − 𝑥, 𝑡 · 𝑡 ≈𝜖 𝑧, and (𝑧 − 𝑥) · 𝑧 ≈𝜖 0 From the first and
second constraints, we have that 𝑧 ≥ −𝜖 + max(0, 𝑥). The
third constraint is where things diverge from prior analyses.
An 𝜖-accurate assignment implies | (𝑧 − 𝑥) · 𝑧 | ≤ 𝜖 . This can
be decomposed as |𝑧 − 𝑥 | · |𝑧 | ≤ 𝜖 . For the product on the left
to be at most 𝜖 , then at least one of the two factors must be at
most

√
𝜖 . Thus 𝑧 is within

√
𝜖 of either 0 or 𝑥.

Now there are two cases to consider.
Case 1: suppose 𝑥 ≥ 0. Here 𝑧 is at least 𝑥 − 𝜖 by the first

two constraints, and at most 𝑥 +
√
𝜖 by the third constraint.

Thus, as required, 𝑧 is within
√
𝜖 of 𝑥.



Case 2: suppose 𝑥 < 0. Here 𝑧 is at least −𝜖 by the first two
constraints, and at most

√
𝜖 by the third constraint. Thus, as

required, 𝑧 is within
√
𝜖 of 0.

By combining these cases, we get that 𝑧 is within
√
𝜖 of

max(0, 𝑥). Setting 𝛿 =
√
𝜖 completes the proof.

Second, we establish 𝜖𝐶-tf-completeness. Consider all
(𝑥, 𝑧), restricted to 𝜂-multiples, such that 𝑧 = max(0, 𝑥) + 𝛿̂±
where 𝛿̂± is a real number with |𝛿̂± | ≤ 𝛿wg. We consider each
constraint individually and take the maximum error across all
constraints.

Constraint 1: 𝑠 · 𝑠 ≈𝜖 𝑧 − 𝑥. This constraint has error at
most

|𝑠2 + 𝑥− (max(0, 𝑥) + 𝛿̂±) | = |𝑠2 +min(𝑥, 0) − 𝛿̂± |. = |𝑠2 + 𝑥′ |,

where 𝑥′ := min(𝑥, 0) − 𝛿̂±. 𝑥′ is an 𝜂-multiple ≤ 𝛿wg. There
are two cases to consider.

Case 1: suppose 𝑥′ > 0. In this case, setting 𝑠 = 0 satisfies
this constraint with error at most 𝛿wg.

Case 2: suppose 𝑥′ ≤ 0. In this case, set 𝑠 to the closest
𝜂-multiple to

√
−𝑥′. Thus, 𝑠 =

√
−𝑥′ + 𝜂±, for some 𝜂± where

|𝜂± | ≤ 𝜂/2. Then this constraint has error at most

| (
√
−𝑥′ + 𝜂±)2 + 𝑥′ | = |2𝜂±

√
−𝑥′ + 𝜂±2 |

≤ 𝜂
√
−𝑥′ + 𝜂2/4

≤ 𝜂

√︃
|𝑥 | + 𝛿wg + 𝜂2/4.

Thus the first constraint is satisfied with error at most

max
{
𝛿wg, 𝜂

√︃
|𝑥 | + 𝛿wg + 𝜂2/4

}
.

Constraint 2: 𝑡 · 𝑡 ≈𝜖 𝑧. This constraint has error at most

|𝑡2 − (max(0, 𝑥) + 𝛿̂±) |.

The analysis is similar to the one for the first constraint. The
cases here are 𝑧 ≤ 0 (in which case let 𝑡 = 0) and 𝑧 > 0
(in which case let 𝑡 be the closest 𝜂-multiple to

√
𝑧). These

settings satisfy this constraint with error at most

max
{
𝛿wg, 𝜂

√︃
|𝑥 | + 𝛿wg + 𝜂2/4

}
.

Constraint 3: (𝑧 − 𝑥) · 𝑧 ≈𝜖 0. This constraint is satisfied
with error at most��(max(0, 𝑥) + 𝛿̂± − 𝑥) · (max(0, 𝑥) + 𝛿̂±)

�� ≤ 𝛿wg |𝑥 | + 𝛿2
wg.

Combining the above, we have that all constraints are satis-
fied with error at most

max
{
𝛿wg, 𝜂

√︃
|𝑥 | + 𝛿wg + 𝜂2/4, 𝛿wg |𝑥 | + 𝛿2

wg

}
.

This establishes 𝜖𝐶 -tf-completeness provided that

𝜖𝐶 ≥ max
{
𝛿wg, 𝜂

√︃
|𝑥 | + 𝛿wg + 𝜂2/4, 𝛿wg |𝑥 | + 𝛿2

wg

}
.

E.3 On choosing between alternative arithmetizations
When using traditional constraints, the fewer constraints in
an arithmetization the better. However, with approximate con-
straints, this is not always the case. Take ReLU as an example.
The ReLU arithmetization in Section E.2 is 3 constraints
and satisfies 𝜖-tf-soundness with 𝛿 =

√
𝜖 . By contrast, if

the following 5 constraints are used (derived from the max
primitive):
• 𝑠 · 𝑠 ≈𝜖 𝑧 − 𝑥
• 𝑡 · 𝑡 ≈𝜖 𝑧

• 𝑏 · (1 − 𝑏) ≈𝜖 0
• 𝑏 · (𝑧 − 𝑥) ≈𝜖 0
• (1 − 𝑏) · 𝑧 ≈𝜖 0
then 𝜖-tf-soundness is satisfied with 𝛿 = 2𝜖 .

Despite using almost twice as many constraints, the second
arithmetization produces a significantly tighter relationship
between 𝜖 and 𝛿. This in turn enables a larger 𝜖𝐶 and 𝛿wg
(which means lower precision is needed in witness genera-
tion). In settings where high-precision witness generation is a
bottleneck, the second arithmetization may be preferable, in
spite of using a larger number of constraints.

E.4 Hybrid arithmetizations
Spain exclusively handles approximate constraints. Here we
sketch a short exploration of a hybrid setting where there are
two structures, S𝜖 and Sexact, that enforce approximate and
traditional constraints respectively on the same assignment 𝑧.

By appending to the definition of 𝜖-accuracy the require-
ment that the traditional constraints (those in Sexact) are sat-
isfied with zero error, the notion of translation fidelity can
be extended to this hybrid setting. To demonstrate, we step
through the analysis of a simple operation, 𝑏 ←exact (𝑥 ≥ 𝑦),
where 𝑏 is exactly 0 or 1 and the comparison is approximate.
Consider a hybrid arithmetization of this primitive that has two
traditional constraints: 𝑏 · (1−𝑏) = 0 and (2𝑏−1) · (𝑥− 𝑦) = 𝑡,
and one approximate constraint: 𝑠 · 𝑠 ≈𝜖 𝑡.

b←exact (x ≥ y). First,we establish 𝜖-tf-soundness. Suppose
we have an 𝜖-accurate assignment to the constraints.

From the first constraint, we have that 𝑏 is either 0 or 1.
From the second constraint, we have that

𝑏 = 0 =⇒ 𝑡 = 𝑦 − 𝑥
𝑏 = 1 =⇒ 𝑡 = 𝑥 − 𝑦.

Using the same reasoning as in proving 𝜖-tf-soundness for
the assert statement, the third constraint (the approximate one)
implies 𝑡 ≥ −𝜖 .

By combining the above, we have that

𝑥 − 𝑦 > 𝜖 =⇒ 𝑏 = 1
𝑦 − 𝑥 > 𝜖 =⇒ 𝑏 = 0.



In the case where |𝑥 − 𝑦 | ≤ 𝜖 , 𝑏 can be either 0 or 1, which is
consistent with the semantics of the approximate comparison.

By taking 𝛿 = 𝜖 , we have that 𝑏 is consistent with the seman-
tics of the approximate comparison, and thus 𝜖-tf-soundness
is established.

Second, we establish 𝜖𝐶-tf-completeness. Consider all
(𝑥, 𝑦, 𝑏) restricted to 𝜂-multiples such that 𝑏 = 1 if 𝑥 ≥ 𝑦 and
𝑏 = 0 otherwise. Take 𝑡 to be exactly (2𝑏 − 1) · (𝑥 − 𝑦) and 𝑠

to be the nearest 𝜂-multiple to
√
𝑡. Thus 𝑠 =

√
𝑡 + 𝜂 for some 𝜂

where |𝜂 | ≤ 𝜂/2.
The traditional constraints are satisfied with zero error by

the choice of 𝑡 and the definition of 𝑏.
Because 𝑏 is either 0 or 1, 𝑡 = (2𝑏 − 1) · (𝑥 − 𝑦) = |𝑥 − 𝑦 |.

Given this, the third constraint is satisfied with error at most

|𝑠2 − 𝑡 | = | (
√
𝑡 + 𝜂±)2 − 𝑡 |

= |2𝜂±
√
𝑡 + 𝜂±2 |

≤ 𝜂
√
𝑡 + 𝜂2/4

≤ 𝜂
√︁
|𝑥 − 𝑦 | + 𝜂2/4.

This establishes 𝜖𝐶-tf-completeness provided that 𝜖𝐶 ≥
𝜂
√︁
|𝑥 − 𝑦 | + 𝜂2/4.

Note that both the tf-soundness and tf-completeness results
here are stronger than those presented in the prior analysis
of 𝑏 ← (𝑥 ≥ 𝑦) where 𝑏 is approximately Boolean and no
traditional constraints are used.

Also, when exclusively using approximate constraints, it
is extremely complex to confine 𝑏 to be strictly Boolean,
while with traditional constraints, doing so is straightforward.
This example indicates the potential benefits of hybrid arith-
metization, the full exploration of which we leave to future
work.

F End-to-end correctness

We derive end-to-end soundness and completeness for Spain in
the general case and for the parameters in our implementation.
We do so by combining back-end correctness (Theorem 1,
§B.3) and translation fidelity (§E.1). The statements below
rely on 𝛿 and 𝛿wg, which are discussed in Appendix E.1.

Corollary 2. Let 𝐹 be a computation and (𝐴, 𝐵, 𝐶) be an
R1CS structure with𝑚 constraints and𝑛 variables. If (𝐴, 𝐵, 𝐶)
is an 𝜖-tf-sound and (𝜖/

√
𝑚)-tf-complete translation of𝐹, then

the protocol in Figure 8 satisfies the following two guarantees:
1. If out ∉ 𝐹𝛿 (in), then the verifier accepts with probability

at most

⌊logmin 𝑃 𝐷max⌋ + ⌊logmin 𝑃𝑈⌋
|𝑃 | + 4𝑠 + 2 + 2𝑘

min 𝑃
+ 𝜅PC.

2. If out ∈ 𝐹𝛿′ (in), then the prover can always make an
honest verifier accept.

This corollary follows by straightforward combination
of Theorem 1 with the definitions of tf-soundness and tf-
completeness in Appendix E.1.

Corollary 3. Let 𝐹 be a computation from the list of bench-
marks in Section 7, and (𝐴, 𝐵, 𝐶) be an R1CS structure with
𝑚 ≤ 232 constraints and 𝑛 ≤ 232 variables. If (𝐴, 𝐵, 𝐶) is
an 𝜖-tf-sound and (𝜖/

√
𝑚)-tf-complete translation of 𝐹, then

the protocol in Figure 8 with the parameters in Corollary 1
satisfies the following two guarantees:

1. If out ∉ 𝐹𝛿 (in), then the verifier accepts with probability
at most 2−40.

2. If out ∈ 𝐹𝛿′ (in), then the prover can always make an
honest verifier accept.

The proof of this corollary follows mechanically from
Corollaries 1 and 2.

G Artifact Appendix

Abstract
The purpose of this artifact is to disseminate our implementa-
tion of Spain, let others prove execution of numerical compu-
tations using Spain, and enable reproduction of the paper’s
experimental results.

Scope
The artifact comprises the implementation of Spain described
in Section 6 as well as the experimental results and figures in
Section 7.

Contents
The artifact includes implementations of Spain’s front-ends
and back-end (§6), implementations of the ZKLP-FE and
Otti-FE baselines, scripts for reproducing experimental results,
and ONNX files used for arithmetization.

The artifact is documented with a README that includes
further detail and instructions for running numerical compu-
tations through Spain.

Hosting
The artifact is publicly available at https://doi.org/
10.5281/zenodo.20090527.

Requirements
Docker is required to run this artifact. Memory requirements to
reproduce results for benchmarks on the prover are as follows:

• For GPT-2, seq=2: at least 10 GB RAM
• For GPT-2, seq=32: at least 40 GB RAM
• For GPT-2, the largest passes with which we experiment,

namely passes= 16: at least 270 GB RAM
• For ZKLP-FE: at least 92 GB RAM
• For all other benchmarks: experimental results can be

reproduced with under 5 GB of RAM for the prover.

https://doi.org/10.5281/zenodo.20090527
https://doi.org/10.5281/zenodo.20090527
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