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Abstract

Motivated by the mismatch between floating-point arithmetic, which is intrinsically approximate,
and verifiable computing protocols for exact computations, we develop a generalization of the sum-check
protocol. Our generalization proves claims of the form

∑
x∈{0,1}v g(x) ≈ H, where g is a low-degree v-

variate polynomial over an integral domain U. The verifier performs its check in each round of the protocol
using a tunable error parameter δ. If ∆ is the error in the prover’s initial claim, then the soundness error
of our protocols degrades gracefully with δ/∆. In other words, if the initial error ∆ is large relative to δ,
then the soundness error is small, meaning the verifier is very likely to reject.

Unlike the classical sum-check protocol, which is fundamentally algebraic, our generalization exploits
the metric structure of low-degree polynomials. The protocol can be instantiated over various domains,
but is most natural over the complex numbers, where the analysis draws on the behavior of polynomials
over the unit circle. We also analyze the protocol under the Fiat-Shamir transform, revealing a new
“intermediate security” phenomenon that appears intrinsic to approximation.

Prior work on verifiable computing for numerical tasks typically verifies that a prover exactly executed
a computation that only approximates the desired function. In contrast, our protocols treat approxima-
tion as a first-class citizen: the verifier’s checks are relaxed to accept prover messages that are only
approximately consistent with the claimed result. This establishes the first black-box feasibility result for
approximate arithmetic proof systems: the protocol compiler is independent of how arithmetic operations
are implemented, requiring only that they satisfy error bounds. This opens a path to verifying approxi-
mate computations while sidestepping much of the prover overhead imposed by existing techniques that
require encoding real-valued data into finite field arithmetic.
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1 Introduction
The problem of verifying the correctness of computation (VC) is one of the most fundamental problems
in theoretical computer science and lies at the heart of celebrated results and open problems, including
IP=PSPACE [LFKN92, Sha92], the PCP Theorem [AS92,ALM+92], and the P versus NP problem. There
is a vast literature on the topic,1 most of which focuses on computations over finite fields or other finite
domains. These protocols ensure that an untrusted prover correctly executed a computation step-by-step,
where each step consists of an exact operation over the finite domain used internally by the protocol.

This focus on exact computation creates a fundamental mismatch with numerical workloads. Scientific
computation, data analysis, and machine learning perform computations on real-valued data, where exact
arithmetic is neither feasible nor desired. Because representing exact intermediate results over the reals
requires precision that grows with computational depth, practical systems universally rely on approximate
arithmetic, typically floating-point operations, that trade exactness for speed. The resulting computations
are inherently approximate: rounding errors accumulate across operations, leading to controlled deviations
from the exact result. Numerical analysis provides formal guarantees about the results of these computations,
without any assumptions or guarantees on exact execution order or bit-perfect reproduction of intermediate
values.

Beyond the fundamental approximation inherent in floating-point arithmetic, approximate computation
introduces behavior absent from exact computation. Reordering a sequence of additions can yield different
results due to the non-associativity of floating-point arithmetic. Modern hardware amplifies this issue: GPU
programmers typically cannot control the exact order in which parallelized floating-point operations execute,
making computations non-deterministic even when running the same program twice on identical hardware.2

Despite this mismatch, many works have begun to adapt verifiable computing to numerical tasks. The
prevailing approach encodes approximate real-number computations as exact arithmetic over finite fields
using quantized representations. While this enables the use of established proof frameworks, it introduces
substantial overhead: either the proved computation differs significantly from the originally intended com-
putation due to quantization or significant restrictions must be placed on the types of computations that
can be verified. These systems verify that a prover exactly executed a computation that only approximates
the desired function, an awkward indirection that inherits neither the flexibility of approximate computing
nor the certainty of exact verification.

The sum-check protocol and its limitations. At the heart of many verification protocols lies the sum-
check protocol [LFKN92], an interactive proof for verifying the correctness of a computation of the form∑

x∈{0,1}v g(x) = H where g is a low-degree multivariate polynomial over any integral domain.3 Although
claims of this form may initially appear to have limited applicability, sum-check has proven remarkably
powerful: it can verify any computation expressible as a low-depth arithmetic circuit [GKR08], and when
combined with cryptographic commitments, it forms the foundation of protocols that verify arbitrary com-
putations under standard cryptographic assumptions.

However, sum-check—like the broader VC ecosystem it enables—assumes exact arithmetic. The veri-
fier’s checks demand precise polynomial equality. This assumption permeates the soundness analysis, which
relies fundamentally on algebraic properties—specifically, the zero-sets of polynomials and error-correcting
codes—rather than on any notion of approximation.

In this work, we take a fundamentally different approach. Rather than forcing approximate computations
into exact algebraic structures, we generalize the sum-check protocol itself to operate natively with approx-
imation. Our protocol proves claims of the form

∑
x∈{0,1}v g(x) ≈ H, where both the prover’s messages and

the verifier’s checks tolerate bounded approximation error. The soundness guarantee degrades gracefully: the
verifier is convinced with high probability that the claimed sum is accurate up to a tunable error bound ∆.
Critically, both prover and verifier can execute their algorithms using purely approximate arithmetic (e.g.,
floating-point operations) at a precision determined by the desired accuracy ∆ and security parameter.

This eliminates the need for arithmetization. We avoid encoding the computation into finite field opera-
1For recent surveys, see [Tha22,CY24,Tha25].
2See [HL25] for a recent overview of errors and non-associativity in floating point operations, and other sources of non-

determinism in machine learning workloads.
3An integral domain (Definition 1) is an algebraic structure between fields and rings. Modern VC results are often stated

over fields, even when they apply more generally.
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tions and instead work directly with the original approximate computation. Our soundness analysis departs
entirely from algebraic techniques: rather than relying on error-correcting codes and polynomial zero-sets, we
instead control the sublevel sets of low-degree polynomials–a metric notion rooted in approximation theory
and complex analysis. This perspective yields what we believe is the first “black-box feasibility” result for
verifying approximate arithmetic: the protocol compiler is completely independent of how the prover and the
verifier implement approximate arithmetic. The protocol itself simply has the prover and verifier compute
certain expressions to accuracy within a specified error bound (see Section 1.1 for elaboration).

1.1 Our contributions: an approximate sum-check protocol
First, we construct and analyze a generalized sum-check protocol for approximate computations (Figure 2)
which applies to approximate arithmetic over any integral domain equipped with a suitable metric. We prove
the completeness, soundness, and round-by-round soundness of this protocol (Theorem 3.1). This protocol
is carried out exclusively using approximate arithmetic. The verifier’s checks are performed approximately,
and likewise the prover is able to compute messages that satisfy these checks using approximate arithmetic.
See Section 3.

Second, we describe and analyze how this protocol can be instantiated for the common settings of ap-
proximate arithmetic over R (Theorem 4.4) and C (Theorem 4.7). To do this, we construct approximate
analogs of the Factor Theorem (commonly known as the univariate case of the Schwartz–Zippel lemma)
over R (Theorem 4.2) and C (Theorem 4.3). This result applies classical and modern results from complex
analysis and approximation theory. See Section 4.

Third, we analyze the Fiat–Shamir transform of our protocol and uncover a new form of round-by-
round (RBR) soundness that is intermediate between the classical sum-check and constant-round protocols
(Theorems 4.5 and 4.8). This intermediate behavior reflects the ability of a cheating prover to make gradual
progress, round by round, toward making an initially large error appear smaller over successive rounds. This
is the first non-trivial protocol which we are aware of with this intermediate RBR soundness. See Section 4.

Additionally, we show a practical application of our approximate sum-check protocol in a fully linear
interactive oracle proof for the inner product of vectors over R that are distributed or secret-shared. We
use this as an example to make our results explicit and discuss concrete parameters. See Section 5. More
generally, we intend this paper as a showcase of tools from other areas of mathematics (e.g. approximation
theory, complex analysis), which previously have not seen significant use in cryptography.

Our approach. We generalize the sum–check protocol so that it reasons about approximation directly.
In each round the verifier replaces exact equalities from the classical sum-check protocol with comparisons
up to a prescribed tolerance, so messages need only be consistent within that margin. This eliminates
arithmetization: rather than encoding the computation over a finite field, the prover and verifier work directly
with the original approximate computation using ordinary approximate arithmetic at an application–chosen
precision.

This approach yields a black–box feasibility result: the protocol compiler is independent of how arithmetic
is implemented; the protocol merely requires the parties to evaluate specified expressions to within stated
error bounds. Section 3 formalizes the protocol and its guarantees over a general metric domain; Section 4
instantiates the framework over the reals and the complex numbers and derives the resulting soundness
bounds.

Analytic methods vs. algebraic techniques. Our soundness analysis departs fundamentally from the
classical sum-check protocol, which relies on algebraic properties via the Factor Theorem which bounds the
size of polynomial zero-sets. Instead, we control the sublevel sets of low-degree polynomials (sets of the form
{x : |p(x)| ≤ δ}), using tools from approximation theory and complex analysis.

The key challenge is understanding how errors can propagate across rounds. In the classical setting, a
cheating prover either succeeds immediately (if two distinct polynomials happen to agree at the random
challenge) or fails—there’s no middle ground. In our approximate setting, however, a more subtle attack
becomes possible: the prover can make gradual progress round-by-round, slowly reducing an initially large
error ∆ down to the acceptance threshold δ.

Our soundness analysis addresses this by considering all rounds holistically rather than applying a union
bound over individual rounds. The key idea is that Remez-style inequalities let us conclude that substantial
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error contraction is unlikely across the protocol. For the error to contract significantly in any given round,
there must be a polynomial—specifically, the difference between the honest polynomial qk that the prover
should have sent and the dishonest polynomial pk that was actually sent—that has a large magnitude at one
or more points in the challenge space S but a small magnitude at the specific random challenge rk chosen
by the verifier. Our Remez-style lemmas (Theorems 4.2 and 4.3) bound the probability that such “unlucky”
challenges occur, establishing that the probability this happens repeatedly in a way that reduces the initial
error ∆ down to δ (whether gradually over many rounds or suddenly in one or two rounds) is vanishingly
small.

This yields a soundness error of roughly

vd

|S|
+ 2v

cd

√
(v + 1)δ

∆
,

where v and d are the number of variables and the degree (respectively) of the polynomial g to which the
approximate sum-check applies, cd ≈ 2d for C and cd ≈ 3d for R. The first term, vd

|S| , is inherited from the
classical sum-check protocol, while the second captures the probability of sufficient error contraction through
our approximation-theoretic analysis. A simpler round-by-round analysis (Appendix C) gives weaker bounds
by treating each round in isolation, but our tighter analysis in Section 3 uses a novel inductive argument
that tracks the cumulative distribution of error reductions across all rounds.

We extend this soundness analysis to round-by-round (RBR) soundness via another novel inductive
proof. This leads to two surprising results. First, to our knowledge, all prior non-contrived r-round interactive
protocols with soundness ϵ either have RBR soundness roughly ϵ or ϵ1/r; however, our approximate sum-check
protocol, when instantiated over R and C has RBR soundness roughly ϵ3/r and ϵ2/r respectively. Second, this
unusual RBR soundness is tight. We show this by demonstrating a prover strategy which closely matches
this bound (Appendix B). This malicious prover makes gradual progress, round by round, toward making an
initially large error appear smaller over successive rounds. As expected, this attack differs significantly from
the optimal malicious strategy for the classical sum-check protocol.

To the best of our knowledge, this is the first use of such approximation-theoretic tools in the analysis of
interactive proofs. Beyond serving our immediate purposes, it highlights that the robustness of sum-check
does not fundamentally rely on algebraic vanishing (that is, on the geometry of the zero-set of polynomials)
or error-correcting codes, but can also emerge from purely analytic control over low-degree polynomials.

To illustrate our soundness results, consider the following simplified theorem describing the soundness of
an approximate sum-check protocol over R.

Theorem 1.1 (Informal version of Theorem 4.4). Consider the classical sum-check protocol, depicted in
Figure 1, instantiated over R. Suppose that B = {0, 1} and S is a set of at least 4vd equispaced points over
the interval [0, 1]. Additionally, suppose that all operations by the verifier are performed using approximate
arithmetic with absolute error ε. In this model, the prover and verifier exchange approximate real numbers
and the verifier checks approximate rather than exact equality (described in detail for each round in Figure 2).
Then, in the resulting protocol the verifier is convinced that the prover’s claim about the sum has error at
most ∆ with probability at least 1/2, where ∆ ∈ O

(
2O(vd)vd · ε

)
. In other words, if the error in the prover’s

claim ∆ is larger than this bound, then the verifier rejects with probability at least 1/2.

A simpler soundness analysis, which directly adapts the proof of soundness for the classical sum-check
protocol by using an approximate variant of the Schwartz–Zippel lemma over R (Theorem 4.2), only allows for
proving the claim with ∆ ∈ O((4v)O(vd)d · ε) and has a concretely larger constants hidden by the asymptotic
notation. The tighter bound is based on a careful inductive argument that employs different results from
approximation theory. The tight soundness analysis follows from our results in Section 4.2. The simpler proof
of the above weaker soundness bound is presented in Appendix C.

Applications. As discussed above, the sum-check protocol is a crucial building block in protocols for verifi-
able computation, including the GKR protocol [GKR08] and many follow-up works. We expect our approx-
imate sum-check protocol and its analysis to lead to asymptotic and concrete improvements in this space,
and leave a detailed exploration of this direction to future work. In Section 5, we present a different and
more direct application of the approximate sum-check protocol that implies low-communication proofs of
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simple arithmetic statements on distributed or secret-shared data, captured by the notion of a fully linear
IOP [BBC+19].

A black-box compiler perspective. Beyond enabling more efficient verification of approximate compu-
tations, our results establish a qualitatively new type of feasibility result: the possibility of representation-
independent verification of approximate computation.

Traditional approaches to verifying approximate computations require non-black-box access to the com-
putation’s representation. For instance, quantization-based methods must know the bit-representation of
inputs to embed the computation in a finite field whose size depends on the required precision. The choice
of field, the (approximate) encoding of real values, and the arithmetization strategy all depend intimately
on the precision requirements and the structure of the computation being verified.

In contrast, our protocol can be viewed as a black-box compiler with the following signature:

Input: A statement of the form
∑

x∈{0,1}v g(x) ≈ H, represented by an arithmetic circuit for g

Output: A tuple of arithmetic circuits implementing:

• Prover’s next-message functions (size poly(S, 2v) each)

• Verifier’s next-message functions (size poly(S) each)

Crucially, the compiler is representation-oblivious: it does not depend on the precision level ε, the desired
accuracy ∆, or even the underlying integral domain U. The compiler outputs abstract arithmetic circuits
using operations {+,−,×} without specifying how these operations are implemented or represented.

Our completeness and soundness analysis (Theorems 3.1, 4.4, and 4.7) guarantees that these circuits
achieve the claimed security properties whenever the approximation error of the prover’s and verifier’s arith-
metic operations is sufficiently small. The required precision follows from the parameters (d, v,∆, ε), but the
circuits themselves are independent of these choices. An implementer can select any representation (floating-
point, fixed-point, interval arithmetic, symbolic computation) and any precision level, and the protocol’s
correctness follows from our analysis.

This is fundamentally different from quantization-based approaches, which produce different finite-field
computations for different precision requirements. Our compiler is black-box in the same sense that clas-
sical upper and lower bounds for arithmetic circuits are black-box: the analysis does not “look inside” the
representation of field elements, only at the circuit structure.

This black-box property has practical implications. A single implementation of the prover and verifier
circuits can be instantiated at different precision levels for different applications without modifying the pro-
tocol structure. Most importantly, reasoning about security and correctness cleanly separates from reasoning
about numerical precision—the former is handled by our protocol analysis, the latter by standard numerical
analysis of approximate arithmetic.

1.2 Related work
There is a growing body of work which explores verifiable computation protocols for approximate numerical
computations [CCKP22,GJJZ22,EZC+25,ABIW22,DBD22], particularly in the context of machine learn-
ing (an area which is broadly termed zkML) [KDZ24,Lab24,GGPZ17,WYX+21, JLC+21, SDP22, SBLZ24,
BFV+23, SLZ24, LKKO24, Zko24]. Most existing approaches operate by encoding approximate real-valued
operations as exact arithmetic over finite fields, using fixed-point or quantized representations. While this
enables the use of established proof frameworks, it introduces major overheads and the proved computation
often differs significantly from the originally intended computation.

While existing systems pay heavily for quantization to operate over finite fields, our work generalizes
the sum-check protocol itself to support approximation natively, without encoding real-valued computations
into exact algebraic structures. Note that in both prior work and in our work, numerical analysis on the
underlying computation being encoded is required to ensure the semantics of the statement being proven
correspond to what one intends. In the setting of proving approximate execution of a program, if the prover
can control the direction of the errors in each operation, forward error bounds are required to determine
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limits on an “honest” prover’s undetectable malfeasance. For well behaved computations, this is not a burden;
however, this is an inherent challenge in the zkML space [BFZP25,Zam26].

Recent work has begun to explore other strategies for handling approximation in proof systems. These
include protocols over characteristic-zero domains such as Z or Q [CHA24, GWHD25], as well as exact
arithmetic over R or C [V+22]. Our work departs from all of these directions. Rather than verifying exact
statements about approximate computations, we propose an interactive proof protocol that directly incorpo-
rates approximation into its soundness condition. A detailed comparison with these alternative approaches
is deferred to Section 6.

While our focus is on interactive proofs for approximate computation, there is also a loosely related body
of work on property testing of real-valued functions. This line of research [Rub91,REK96,KMS03,KMS99,
ABCG93,KMS02,Mag00,GLR+91,ABF+23] studies how to efficiently test whether a real-valued function
approximately satisfies a desired algebraic or analytic property. In particular, Chebyshev polynomials, which
arise in our soundness analysis, also appear in the soundness analysis of the low-degree test for real-valued
functions [ABF+23]. Whereas these works share our focus on reasoning about both numerical precision and
approximate correctness, they do not address our setting of proof systems with possibly dishonest provers.
Several of them also involve analytic techniques, such as bounding norms and analyzing the stability of
low-degree polynomials.

2 Preliminaries
Our work draws on tools from complex analysis, complexity theory, and cryptography. Here we introduce uni-
fied notation and provide the minimal background from each area necessary to understand and contextualize
our results.

2.1 Notation
We use U to denote an arbitrary integral domain. The real numbers are R, the complex numbers are C, and,
for a prime q, Fq is the finite field of size q.

When working with the complex numbers, T = {x ∈ C : |x| = 1} denotes the complex unit circle,
D = {x ∈ C : |x| ≤ 1} denotes the complex unit disk, ωn = exp(2πi/n) denotes a primitive n’th root of
unity, and Ωn = {ωj

n : 0 ≤ j < n} denotes the full set of n’th roots of unity.
We use the following different notions for the size of a set S. For finite S, we write #(S) for the cardinality,

the number of elements, of S. If S ⊂ R is a measurable subset of a measurable set J , we use λJ(S) to denote
the normalized Lebesgue measure of S over J . That is λJ(S) = Lebesgue measure of S

Lebesgue measure of J where the Lebesgue
measure captures the intuitive notion of the sum of the length of the intervals that comprise a set. If S ⊆ T
and Lebesgue measurable, we use µ(S) to denote its normalized arc-length measure over T. Informally, if S
is a set of arcs on the unit circle, µ(S) is the sum of the lengths of these arcs, divided by 2π. Note that we
will exclusively apply #, λ, and µ for sets which satisfy the required properties for them to be well-defined.
Additionally, for a function f and a set S, we define the uniform norm as ∥f∥S := supx∈S |f(x)|. That is
maximum magnitude of f when evaluated over all points in S.

To denote sampling r uniformly from a set S, we write r ∼ U(S) and use U(0, 1) as a shorthand for the
uniform distribution over the interval [0, 1] ∈ R.

To denote expressions with omitted constant factors and lower order terms, we use the standard big-O,
big-Ω, and big-Θ notation.

2.2 Integral domains and metrics
Definition 1 (Integral domain). An integral domain is a set U equipped with two binary operations + and
× such that (U,+,×) forms a commutative ring with unity and has no zero divisors. It is common to call U
itself an integral domain and leave the operations implicit.

Common examples of integral domains include the integers Z, the rationals Q, the reals R, the complex
numbers C, and finite fields (e.g., Fq for a prime q).

Definition 2 (Metric). A metric on a set S is a function D : S × S → R≥0 such that for every x, y, z ∈ S,

5



• D(x, y) = 0 if and only if x = y,
• D(x, y) = D(y, x), and
• D(x, z) ≤ D(x, y) +D(y, z) (The triangle inequality).

There are two common metrics, discrete and absolute value. The discrete metric is explicitly defined as

D(x, y) =

{
0, x = y

1, x ̸= y
.

The absolute value metric over R and C is defined as D(x, y) = |x − y|. Both of these trivially satisfy the
properties of a metric.

Distances between polynomials. To analyze the soundness of our protocol, we need to define a notion of
distance not only between points, but also between polynomials p, q. In our main applications, namely over the
integral domains R or C, we use the distance function D(p, q) = supx∈I |p(x)−q(x)| for a specified subdomain
I. That is, for our work, the most relevant notion of distance between polynomials is their maximum pointwise
difference over an evaluation domain I. This choice of distance function appears formally in Equation (13)
in Section 4.

2.3 Interactive proofs and the classical sum-check protocol

Public-coin interactive proofs. A public-coin interactive proof is a protocol between a prover and a
verifier in which the verifier’s messages consist of uniformly random strings. The prover responds to each
such message, and after some number of rounds (which may grow with the size of the verifier’s input), the
verifier decides whether to accept or reject.

A protocol has perfect completeness if the verifier always accepts when interacting with an honest prover
on a true statement. It has soundness error ϵ if, for any false statement and any (possibly cheating) prover,
the verifier accepts with probability at most ϵ.

The sum-check protocol. We now briefly recall the classical sum-check protocol of Lund, Fortnow, Karloff,
and Nisan [LFKN92] in Figure 1, which serves as the starting point for our work. The classical sum-check
protocol is an interactive proof that allows a prover to convince a verifier that

H =
∑

(b1,...,bv)∈Bv

g(b1, . . . , bv)

for a v-variate polynomial g over Fq and a finite set B ⊂ Fq (in most applications of the sum-check protocol
B = {0, 1}).

Throughout, we refer to this original protocol as the classical sum-check protocol. We refer to our approxi-
mate version, which relaxes the verifier’s checks to tolerate bounded approximation errors, as the approximate
sum-check protocol.

Theorem 2.1 (Completeness and soundness of the classical sum-check protocol [LFKN92]). Let g : Uv → U
be a v-variate polynomial such that the degree of g in each variable is at most d and let B,S ⊆ U be finite
sets. Then the classical sum-check protocol (Figure 1), when applied to g, satisfies perfect completeness and
has soundness error at most vd/|S|.

The standard proof of this theorem relies crucially on the Factor Theorem: if p ̸= q are distinct degree-d
univariate polynomials, they can agree on at most d points. This algebraic fact underlies the d/|S| per-round
error probability that leads to the vd/|S| overall soundness error via a union bound across rounds.

2.4 Round-by-round soundness and the Fiat-Shamir transformation
The Fiat-Shamir transform [FS87] is a technique for transforming public-coin interactive proofs into non-
interactive protocols. Roughly speaking, each random verifier challenge in the interactive protocol is replaced
with a cryptographic hash of the prover’s messages up to that point in the protocol. The security of the
transformed proof is deeply linked to a notion referred to as the round-by-round soundness error of the
interactive protocol, defined below.
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Setup. The prover and verifier agree on g, a v-variate polynomial over U of degree at most d in each
variable and B,S ⊆ U, finite sets (in most applications of the sum-check protocol B = {0, 1} and U is
finite so S = U). If any of the verifier’s checks fail during the protocol, it immediately rejects.

Round 1. The prover sends the verifier H claimed to equal∑
(b1,...,bv)∈Bv

g(b1, . . . , bv)

and a polynomial p1 claimed to equal ∑
(b2,...,bv)∈Bv−1

g(x, b2, . . . , bv).

The verifier checks that p1 is a univariate polynomial of degree ≤ d and that

H =
∑
b1∈B

p1(b1),

and subsequently sends a random challenge r1 ∼ U(S) to the prover.

Round k ∈ {2, . . . , v − 1}. The prover sends the verifier a polynomial pk claimed to equal∑
(bk+1,...,bv)∈Bv−k

g(r1, . . . , rk−1, x, bk+1, . . . , bv).

The verifier checks that pk is a univariate polynomial of degree ≤ d and that

pk−1(rk−1) =
∑
bk∈B

pk(bk),

and subsequently sends a random challenge rk ∼ U(S) to the prover.

Round v. The prover sends the verifier a polynomial pv claimed to equal

g(r1, . . . , rv−1, x).

The verifier checks that pv is a univariate polynomial of degree ≤ d and that

pv−1(rv−1) =
∑
bv∈B

pv(bv),

and draws a random challenge rv ∼ U(S) to check that

pv(rv) = g(r1, . . . , rv).

If this final check passes, the verifier accepts the prover’s claim.

Figure 1: A modern presentation of the classical sum-check protocol of Lund, Fortnow, Karloff, and
Nisan [LFKN92].
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Definition 3 (Round-by-round soundness [CCH+19,Hol19]). A public-coin interactive proof Π = (P, V ) for
a language L has round-by-round soundness error ϵRBR if there exists a “doomed set” of partial transcripts
D such that:

1. If x /∈ L, then (x, ∅) ∈ D.

2. For every partial transcript τ , prover message α, and subsequent verifier message β, if (x, τ) ∈ D, then
Prβ [(x, τ |α|β) /∈ D] ≤ ϵRBR.

3. For every complete transcript τ , if (x, τ) ∈ D, then V (x, τ) = reject.

Theorem 2.2 (Follows from [BSCS16,CCH+19,BGTZ25]). Let Π be a v-round public coin interactive proof
and FS[Π] be the non-interactive protocol obtained by applying the Fiat-Shamir transformation to Π in the
Random Oracle (RO) Model. If Π has round-by-round soundness ϵRBR, Q is an upper bound on the number
of queries a malicious prover can make to the random oracle, and κ is the number of bits output by the
random oracle whenever it is evaluated, then FS[Π] has soundness error at most O(Q · ϵRBR +Q2 · 2−κ).

The Q2 · 2−κ term is the probability of finding a collision in the random oracle (i.e., two inputs to the
random oracle that produce the same output). Meanwhile, the term Q · ϵRBR is the success probability of
a standard “grinding attack” on Fiat-Shamir’ed protocols. This attack performs a linear search over prover
messages, attempting to find one that is “lucky for the attacker” in the sense that it hashes to a verifier
challenge that the attacker is prepared to answer.

In the context of proof systems, the term “bits of security” refers to the logarithm of the number of
random oracle queries that an attacker needs to perform to achieve a constant success probability. According
to Theorem 2.2, if κ > 2λ (e.g., if λ = 128 and one uses a cryptographic hash function with at least 256 bits
of output), then the number of bits of security achieved in the RO model after applying the Fiat-Shamir
transformation is roughly min(log(1/ϵRBR), λ).

For the classical sum-check protocol, the standard soundness and the round-by-round soundness (RBR)
essentially coincide: its RBR soundness is d/q [CCH+19], and its standard soundness error is vd/q, which
can be derived by combining the RBR soundness with a union bound over the v rounds of interaction.

2.5 Remez theory and complex analysis
Let Tn be the n’th Chebyshev polynomial of the first kind restricted to the domain [1,∞) and range [1,∞).
Recall that Tn is a degree n polynomial which is strictly increasing on the domain [1,∞). This can be written
explicitly as Tn(x) = cosh(n · arccosh(x)) where cosh(x) := cos(ix) is the hyperbolic cosine and arccosh is
its inverse. Note that under this definition, T−1

n (x) is well-defined for all x in its range [1,∞), as for any
such x there is a unique y ∈ [1,∞) such that Tn(y) = x. It may be helpful to observe that, for y ∈ [1,∞),
Tn(y) ∈ O(yn). Indeed, Tn(y) equals 2n−1 · yn + [lower degree terms].

The starting point for our analysis concerns a pair of Remez inequalities, one in R and one in C. The
first is a traditional theorem [Rem36,BE95,Gan01]:

Theorem 2.3 (Remez inequality, [Rem36]). Let p(x) :=
∑d

k=0 akx
k be a polynomial of degree d with real

coefficients. Let J be a finite interval in R. Then, for any measurable E ⊆ J ,

∥p∥J ≤ Td

(
2

λJ(E)
− 1

)
∥p∥E . (1)

Note that this is stronger than the usual presentation of the inequality as

∥p∥J ≤
(

4

λJ(E)

)d

∥p∥E .

The second is a more modern result that says:

Theorem 2.4 (Theorem 1.2, [TY20]). Let p(x) :=
∑d

k=0 akx
k be a polynomial of degree d with complex

coefficients. Then, for any measurable E ⊆ T,

∥p∥T ≤ Td

(
csc
(π
2
µ(E)

))
∥p∥E . (2)
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Note that since µ(E) ∈ [0, 1], csc(π/2 · µ(E)) is in [1,∞] and therefore in the domain of Td, the right
hand side of the inequality above is well-defined.

Informally, these theorems state that if p is large in magnitude over a particular domain and small on a
subset, then the size of the subset is bounded above by the degree of p and the ratio between “small” and
“large.” To illustrate, in the case of C, Theorem 2.4 states that if p is large in magnitude over the unit circle
(denoted by ∥p∥T) and small on a subset E ⊆ T (smallness denoted by ∥p∥E), then the size of this subset
(size denoted by µ(E)) is directly related to the degree of p and the ratio between ∥p∥T and ∥p∥E .

Although Td

(
csc
(
π
2x
))

and Td

(
2
x − 1

)
are particularly thorny expressions, it may be helpful to think

of them as ≈ 1/xd terms. The intuition behind this coarse asymptotic approximation is that Td(x) ∈ O(xd)
and csc(πx/2) and 2/x− 1 behave like 1/x. When relevant, we make this very rough intuition precise in the
form of upper and lower bounds. For example, if the ratio between ∥p∥T and ∥p∥E is large, then Theorem
2.4 states that Td

(
csc
(
π
2µ(E)

))
must be large. Since this expression is roughly characterized by 1/µ(E)d,

we conclude that 1/µ(E)d is large and therefore (assuming d is a small constant) that µ(E) must be small.

Remark 1. For any measure m ∈ [0, 1], there exists an E with normalized measure µ(E) and a family of
polynomials for which expression (2) is tight (i.e. holds with equality). We discuss this in more detail and
formally describe the polynomials that fit this criterion in Appendix B.

3 Approximate arithmetic computations and the approximate sum-
check protocol over integral domains

To reason formally about protocols that tolerate approximation, we introduce a model of approximate arith-
metic circuits where each operation has bounded error ε. Then we present the approximate sum-check
protocol.

Definition 4. Given an integral domain U, associated with a metric D : U×U → R, we define approximate
computations, with respect to an approximation parameter ε > 0, as “approximate arithmetic circuits”, which
are circuits consisting of “approximate gates”, denoted by ⃝+ , ⃝− , ⃝× and ⃝= , where for every u, v ∈ U

D(u⃝+ v, u+ v), D(u⃝− v, u− v), D(u⃝× v, u× v) ≤ ε

and
u⃝= δ v := 1D(u,v)≤δ

for any δ which is a positive multiple of ε. Here, 1D(u,v)≤δ denotes the function that maps (u, v) to 1 if
D(u, v) ≤ δ, and otherwise maps (u, v) to zero. 4

In the approximate sum-check protocol, it is possible to formally model the prover and verifier as approx-
imate circuits, where the verifier also has the ability to sample random elements from a finite subset of U.
Note that all values sent by the prover and verifier can have some error, induced by the approximate gates.

Practical considerations. Over R and C with the absolute value metric, the definition of approximate
circuits captures a model of fixed-point arithmetic. If an upper bound on the magnitude of values in the
circuit is known apriori, then its semantics can be implemented using floating-point arithmetic. Moreover,
it is possible to extend the precision of native floating-point hardware to support nearly arbitrary precision
using work from computational geometry [RS97, HLB01]. For arithmetic operations, this extension incurs
polylogarithmic costs in the ratio of the desired precision to that of machine precision. In principle, this allows
for an implementation of our approximate sum-check protocol that makes significant usage of a floating-point
processor.

When the approximate sum-check protocol is instantiated in the non-interactive setting via the Fiat-
Shamir [FS87] transform, the prover and verifier need to agree on a particular representation of elements of
U that can be hashed to derive the verifier’s random challenges. Per above, for R and C, this can be performed
using fixed- or floating-point representations with the hash function applied to the bitstring representation
of these values.

4For clarity, we write D(u, v) ≤ δ rather than u⃝=δ v, particularly when δ is itself an expression that does not lend itself to
fitting nicely in a subscript.
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3.1 The approximate sum-check protocol
We now state our main soundness result for the approximate sum-check protocol. The theorem applies
to any approximate implementation of an integral domain equipped with a distance function satisfying
natural properties. The soundness analysis requires a “distance amplification function” κ that controls how
polynomial distance behaves under evaluation—roughly, κ(ρ) represents the minimum possible ratio between
the distance of two polynomials and the distance of their values at a typical evaluation point.

The key insight is that soundness depends not just on the classical probability that polynomials disagree
at a random point (as in the exact sum-check), but also on how polynomial distance concentrates under the
metric structure. This leads to a graceful degradation: a prover making a claim with error ∆ can convince
the verifier of a claim with smaller error δ only with probability related to the ratio δ/∆, modulated by the
function κ.

In the theorem statement below, the soundness analysis requires a function κ that controls how polynomial
distance can contract under evaluation—roughly, κ(ρ) bounds the factor by which the distance between two
polynomials can be reduced when evaluating at a random point ρ. Smaller values of κ correspond to greater
potential distance reduction, which benefits a cheating prover.

Theorem 3.1. Consider an approximate implementation of an integral domain U with a metric over degree
d polynomials D : Ud[x] × Ud[x] → R and with approximation parameter ε as defined in Definition 4. Let
B,S ⊂ U be finite subsets called the evaluation and sampling domains, respectively.

If the metric, D, satisfies the property that for every p, q ∈ Ud[x] and r ∈ S ∪B

D(p(r), q(r)) ≤ D(p, q), (4)

then the protocol described in Figure 2 satisfies the following completeness and soundness guarantees.
Completeness: If δ ∈ Ω(d#(B)vε), that is, if δ is sufficiently large relative to ε, then the protocol has
perfect completeness.
Soundness: For any monotonically increasing κ : [0, 1] → [0, 1] that satisfies:

Pr
r∼U(S)

[D(p(r), q(r)) ≤ δ] ≤ d

|S|
+ Pr

ρ∼U(0,1)
[D(p, q) · κ(ρ) ≤ δ], (5)

the protocol has soundness error at most

vd

|S|
+ Pr

ρ1,··· ,ρv

 v∏
j=1

κ(ρj) ≤
(v + 1)δ

∆


and round-by-round soundness error at most

d

|S|
+ Pr

ρ

[
κ(ρ) ≤ 2

v

√
δ

∆

]
.

This κ can be thought of as controlling how the distance between two polynomials contracts under evaluation.
Given two κ functions, κ1 and κ2, satisfying the condition above, if κ1(t) ≥ κ2(t) for all t ∈ [0, 1] then it is
convenient to think of κ1 as providing a tighter (and consequently lower) soundness error bound.

Note that ∆ is purely a soundness parameter which does not impact the behavior of an honest prover or
verifier in the protocol.

Interpreting the soundness bound. Soundness decomposes into two terms:

1. A classical term vd/|S| from the exact sum-check protocol, representing the probability that distinct
polynomials agree at a random challenge point.

2. A new term measuring the probability that random “distance contraction factors” κ(ρj) conspire to
make a large initial error ∆ appear smaller than the threshold δ.

The function κ depends on the choice of domain and distance function. For instance, we show later that:
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Setup. The prover and verifier agree on g, a v-variate polynomial over U of degree at most d in each variable, finite sets
B and S (in most applications of the sum-check protocol B = {0, 1}), and δ, an error tolerance. The verifier also selects an
approximate correctness parameter ∆ which only affects soundness. If any of the verifier’s checks fail during the protocol, it
immediately rejects.

Round 1. The prover computes the sum-check value H ∈ U with error at most δ.a It sends the verifier H with the claim:

D

H,
∑

(b1,...,bv)∈Bv

g(b1, . . . , bv)

 ≤ ∆ (3)

and a polynomial p1(x) ∈ Ud[x] claimed to approximately equal∑
(b2,...,bv)∈Bv−1

g(x, b2, . . . , bv).

The verifier checks that p1(x) is a univariate polynomial of degree ≤ d and that

D

H,
∑
b1∈B

p1(b1)

 ≤ δ,

and subsequently sends a random challenge r1 ∼ U(S) to the prover. This choice of r1 can be communicated with log |S|
bits by sending r ∈ {1, 2, . . . , |S|}.

Round k ∈ {2, . . . , v − 1}. The prover sends the verifier a polynomial pk(x) ∈ Ud[x] claimed to approximately equal∑
(bk+1,...,bv)∈Bv−k

g(r1, . . . , rk−1, x, bk+1, . . . , bv).

The verifier checks that pk(x) is a univariate polynomial of degree ≤ d and that

D

pk−1(rk−1),
∑

bk∈B

pk(bk)

 ≤
δ

#(B)k−1
,

and subsequently sends a random challenge rk ∼ U(S) to the prover.

Round v. The prover sends the verifier a polynomial pv(x) ∈ Ud[x] claimed to approximately equal

g(r1, . . . , rv−1, x).

The verifier checks that pv(x) is a univariate polynomial of degree ≤ d and that

D

pv−1(rv−1),
∑

bv∈B

pv(bv)

 ≤
δ

#(B)v−1
,

and draws a random challenge rv ∼ U(S) to check that

D (pv(rv), g(r1, . . . , rv)) ≤
δ

#(B)v
.

If this final check passes, the verifier accepts the prover’s claim.

aCompleteness only holds if Equation 3 is bounded by δ rather than ∆.

Figure 2: The approximate sum-check protocol. It closely mirrors the classical sum-check protocol (Figure 1),
with the key modifications that all verifier checks test approximate equality (a notion that only makes sense
for domains U with metric structure).
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• Over R with equispaced sampling points and absolute value distance, κ(x) = 1/Td(2/x− 1) where Td
is the d-th Chebyshev polynomial (Theorem 4.2).

• Over C with roots of unity and absolute value distance, κ(x) = 1/Td(csc(πx/2)) (Theorem 4.3). For
intuition, this κ is depicted in Figure 3.1.
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Figure 3: Examples of specific functions κ for d = 1, 2, 3, and 4 from the analysis in Section 4. Higher values
of d tend closer to the x-axis for longer. Observe how κ over C is higher than over R for identical d, indicating
that, all else equal, the protocol has better (lower) soundness error when instantiated over C.

κ is an increasing function on the domain [0, 1], so in both cases, smaller values of the ratio δ/∆ make
the soundness error smaller, as expected.

For ease of notation in the proofs, for k = 1, . . . , v − 1, let

qk(x) :=
∑

(bk+1,...,bv)∈Bv−k

g(r1, . . . , rk−1, x, bk+1, . . . , bv),

and qv(x) := g(r1, . . . , rv−1, x).

3.1.1 Completeness

If the verifier was capable of exact operations over U then completeness would be trivial; however, the
introduction of approximate operations slightly complicates the analysis.

Moreover, it is not necessarily the case that completeness holds for all H which satisfy

D

H,
∑

(b1,...,bv)∈Bv

g(b1, . . . , bv)

 ≤ ∆.

To see why, consider two protocols, one with ∆1 and the other with ∆2 with the property that ∆1 > ∆2

and all other parameters held equal. If the second protocol has any soundness, then the verifier should, in
some executions, reject an initial claim H s.t. ∆1 ≥ H > ∆2. However, for the first protocol to have perfect
completeness, it must never reject that claim.

Thus when we describe perfect completeness, we restrict ourselves to a “well-behaving“ prover who makes
an honestly computed initial claim for the sum H (which differs by at most O(δ) from the true sum). As the
prover can compute H in O(#(B)v) operations, this is not prohibitive. Completeness should then be thought
of as, for any g, an honest prover and verifier, implemented using approximate operations, can reliably engage
in the approximate sum-check protocol and the verifier can always be made to accept by the prover.

Proof. For completeness, it must be the case that in every round k, an honest prover can ensure that

D

(
pk−1(rk−1),

∑
bk∈B

pk(bk)

)
≤ δ

#(B)k
(6)
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However, there are two immediate issues. First, by the nature of the prover being approximate, it is con-
strained to sending a pk that might not exactly equal qk. Second, the verifier can only compute pk−1(rk−1)
and

∑
bk∈B pk(bk) using approximate operations.

To be sure that Expression (6) holds, the verifier cannot simply compute this expression as written. After
all, it could be the case that the LHS is greater than the RHS, but that the computed approximate LHS is
smaller. To avoid this and to preserve soundness, the verifier needs to check that the computed LHS, when
added to the worst case error possible in computing the LHS, does not exceed the RHS. As every operation
introduces a chance for the introduction of at most ε additive error, this is a simple accounting. Note that
this does not change the semantics of the check the verifier is specified to perform in Figure 2. This only
concerns the implementation of a verifier with approximate arithmetic that conforms to these semantics.

Supposing that pk−1 and pk were transmitted as d + 1 coefficients (where each at worst can be ε away
from the true coefficient), via Horner’s method, the verifier requires 2d operations to evaluate one of these
polynomials at a single point. Thus the LHS can be computed in O(d#(B)) operations. The verifier is thus
assured that its computed LHS has error at most O(d#(B)ε).

To avoid accepting a pk which violates Expression (6), the implemented verifier check must take the form

computed LHS +O(d#(B)ε) ≤ RHS.

Note that, because the prover’s computation has some error, there must be a “good enough” pk the prover
can compute can send. This introduces a bound from the other direction and an additional O(d#(B)ε) term
and is only relevant when computing δ exactly (rather than asymptotically).

For completeness to hold, it suffices that

D

(
qk−1(rk−1),

∑
bk∈B

qk(bk)

)
+O(d#(B)ε) =

δ

#(B)k
.

By definition,

D

(
qk−1(rk−1),

∑
bk∈B

qk(bk)

)
= 0,

so it is the case that
O(d#(B)ε) ≤ δ

#(B)k
.

By rewriting terms, and considering the max over all k, we have that the protocol is complete if δ ∈
Ω(d#(B)vε) which is precisely what is assumed.

Note that in certain approximate integral domains, the bound on δ required to ensure completeness
can be tightened as a result of the cancellation of errors in the computation and alternative methods of
transmitting/evaluating polynomials.

As an example of such an alternative, when working over C, the prover can send pk as d+ 1 evaluations
over the roots of unity, and the verifier can evaluate pk(rk) using the Discrete Fourier transform.

Additionally, in a practical implementation of a prover that only performs approximate operations, the
gradual shift from tolerance δ to δ/#(B)v is helpful in lowering the precision required by the prover. In each
round, the denominator is inversely proportional to the number of values being summed by a typical prover
in that round (and thus the accumulated additive error in pk).

3.1.2 Soundness

Proof. We will show that

Pr
r1,...,rv

[
D(pv(rv), qv(rv)) ≤

δ

#(B)v

]
≤ vd

|S|
+ Pr

ρ1...ρv

 v∏
j=1

κ(ρj) ≤
(v + 1)δ

∆

 .
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To establish this, we proceed by induction showing that

Pr
r1,...,rv

[
D(pv(rv), qv(rv)) ≤

δ

#(B)v

]
is bounded above (for all k > 1) by

(v − k + 2)d

|S|
+ Pr

r1,...,rk−1
ρk,...,ρv

D(pk−1(rk−1), qk−1(rk−1))

v∏
j=k

κ(ρj) ≤
(v − k + 2)δ

#(B)k−1

 .

Suppose this inductive hypothesis holds from v to k + 1.
In round k, the prover was forced to send a pk such that

D

(
pk−1(rk−1),

∑
bk∈B

pk(bk)

)
≤ δ

#(B)k−1
.

By the triangle inequality

D

(
qk−1(rk−1),

∑
bk∈B

pk(bk)

)
≥ D (pk−1(rk−1), qk−1(rk−1))−

δ

#(B)k−1
.

Since qk−1(rk−1) =
∑

bk∈B qk(bk), we conclude that

D

(∑
bk∈B

qk(bk),
∑
bk∈B

pk(bk)

)
≥ D (pk−1(rk−1), qk−1(rk−1))−

δ

#(B)k−1
.

Thus, again by the triangle inequality,∑
bk∈B

D (pk(bk), qk(bk)) ≥ D (pk−1(rk−1), qk−1(rk−1))−
δ

#(B)k−1
.

In a nonempty set of values there must exist a value greater than or equal to the average, thus there exists
a bk ∈ B such that

D(pk(bk), qk(bk)) ≥
D(pk−1(rk−1), qk−1(rk−1))

#(B)
− δ

#(B)k
.

By Expression (4), we have

D(pk, qk) ≥
D(pk−1(rk−1), qk−1(rk−1))

#(B)
− δ

#(B)k
. (7)

By our inductive hypothesis we have that

Pr
r1,...,rv

[
D(pv(rv), qv(rv)) ≤

δ

#(B)v

]
is bounded above by

(v − k)d

|S|
+ Pr

r1,...,rk,
ρk+1,...,ρv

D(pk(rk), qk(rk))

v∏
j=k+1

κ(ρj) ≤
(v − k + 1)δ

#(B)k

 .

By Expression (5), this is bounded above by

(v − k + 1)d

|S|
+ Pr

r1,...,rk−1,
ρk,...,ρv

D(pk, qk) ·
v∏

j=k

κ(ρj) ≤
(v − k + 1)δ

#(B)k

 . (8)
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By Expression (7), this is bounded above by

(v − k + 1)d

|S|
+ Pr

r1,...,rk−1,
ρk,...,ρv

(D(pk−1(rk−1), qk−1(rk−1))

#(B)
− δ

#(B)k

)
·

v∏
j=k

κ(ρj) ≤
(v − k + 1)δ

#(B)k

 .

Given that 0 ≤ κ(ρk) ≤ 1, this is bounded by

(v − k + 1)d

|S|
+ Pr

r1,...,rk−1,
ρk,...,ρv

D(pk−1(rk−1), qk−1(rk−1))

#(B)
·

v∏
j=k

κ(ρj) ≤
(
(v − k + 1)δ

#(B)k
+

δ

#(B)k

) .

This simplifies as

(v − k + 1)d

|S|
+ Pr

r1,...,rk−1,
ρk,...,ρv

D(pk−1(rk−1), qk−1(rk−1)) ·
v∏

j=k

κ(ρj) ≤
(v − k + 2)δ

#(B)k−1

 .

The case of k = 1 follows nearly identically, except D(pk−1(rk−1), qk−1(rk−1)) is replaced by ∆. This gives
the result

Pr
r1,...,rv

[
D(pv(rv), qv(rv)) ≤

δ

#(B)v

]
≤ vd

|S|
+ Pr

ρ1,...,ρv

 v∏
j=1

κ(ρj) ≤
(v + 1)δ

∆

 .

3.1.3 Round-by-round soundness

The round-by-round soundness error is the sum of two terms, the first being the round-by-round soundness
error of the classical sum-check protocol and the second being “additional soundness error” introduced by
the notion of approximation we consider in this work.

Proof. Let a(0) = ∆ and a(v) = δ
#(B)v . We let a(1), . . . , a(v − 1) denote values to be defined later (the

precise definition of a(i) for i = 1, . . . , v − 1 will not turn out to matter in the analysis, so long as each a(i)
is “not too much less than” a(i− 1)).

Per Section 2.4, we define the doomed set D to be the set of all partial transcripts with last verifier
message rk where D(pk(rk), qk(rk)) > a(k). That is

D =

{
(H, τ |pk|rk) : D

(
H,
∑
b1∈B

q1(b1)

)
> ∆ and D(pk(rk), qk(rk)) > a(k)

}
.

Intuitively, a transcript enters the doomed set if the prover’s deviation from the true value becomes too
large. The definition that a(0) = ∆ ensures that Property 1 in the definition of doomed sets (Section 2.4) is
by D. The definition that a(v) = δ

#(B)v ensures that Property 3 in the definition of doomed sets is satisfied.
To show that this choice of D satisfies Property 2 in the definition of doomed sets, we need to show that

max
k

Pr
rk+1

[(x, τ |pk+1|rk+1) /∈ D | (x, τ) ∈ D] ≤ d

|S|
+ Pr

ρ

[
κ(ρ) ≤ 2

v

√
δ

∆

]
.

This quantity itself acts as an upper-bound on the true round-by-round soundness error ϵRBR. By the
definition of D we have

Pr
rk+1

[(x, τ |pk+1|rk+1) /∈ D | (x, τ) ∈ D]

= Pr
rk+1

[D(pk+1(rk+1), qk+1(rk+1)) ≤ a(k + 1) | (x, τ) ∈ D] .

15



Applying Expression (5) allows us to upper bound this quantity as

d

|S|
+ Pr

ρk+1

[D(pk+1, qk+1) · κ(ρk+1) ≤ a(k + 1) | (x, τ) ∈ D] . (9)

A generalized form of Expression (7) allows us to bound this as

d

|S|
+ Pr

ρk+1

[(
D(pk(rk), qk(rk))

#(B)
− δ

#(B)k+1

)
· κ(ρk+1) ≤ a(k + 1) | (x, τ) ∈ D

]
.

This can be rearranged as

d

|S|
+ Pr

ρk+1

[
D(pk(rk), qk(rk)) ≤ a(k + 1) · #(B)

κ(ρk+1)
+

δ

#(B)k
| (x, τ) ∈ D

]
.

From the definition of D this is bounded by

d

|S|
+ Pr

ρk+1

[
a(k) ≤ a(k + 1) · #(B)

κ(ρk+1)
+

δ

#(B)k

]
.

Which can rearranged as
d

|S|
+ Pr

ρk+1

[
ρk+1 ≤ κ−1

(
a(k + 1)#(B)

a(k)− δ
#(B)k

)]
.

This probability is explicitly d
|S| + κ−1

(
a(k+1)#(B)

a(k)− δ

#(B)k

)
. Given that this is an upper bound on ϵRBR we can

set the lhs to ϵRBR. Solving for an arbitrary a(k + 1) gives us(
a(k)

#(B)
− δ

#(B)k+1

)
· κ
(
ϵRBR − d

|S|

)
≤ a(k + 1).

Unrolling this recurrence gives us

a(0)
κ(ϵRBR − d

|S| )
v

#(B)v
− δ

v∑
j=1

κ(ϵRBR − d
|S| )

j

#(B)v
≤ a(v).

Simplifying and applying the boundary conditions on a(·), we get

∆κ

(
ϵRBR − d

|S|

)v

− δ

v∑
j=1

κ

(
ϵRBR − d

|S|

)j

≤ δ.

Rewriting this gives us

∆κ

(
ϵRBR − d

|S|

)v

≤ δ

v∑
j=0

κ

(
ϵRBR − d

|S|

)j

.

The range of κ is [0, 1] so the right side is bounded above by δ(v + 1). Thus we can isolate ϵRBR as

ϵRBR ≤ d

|S|
+ κ−1

(
v

√
(v + 1)δ

∆

)
. (10)

Given that v
√
v + 1 ≤ 2 for all v ≥ 1 and that κ is monotonically increasing, we can simplify this as

ϵRBR ≤ d

|S|
+ Pr

ρ

[
κ(ρ) ≤ 2

v

√
δ

∆

]
.
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3.2 Relation to the classical sum-check protocol
Note that when the protocol in Figure 2 is instantiated with an approximate implementation of an integral
domain U with the discrete metric D(x, y) = 1x ̸=y and ε, δ = 0, it corresponds exactly to the classical
sum-check protocol and its soundness, round-by-round soundness, and completeness are identical to that of
the classical sum-check protocol. This result follows trivially from δ = 0.

4 The approximate sum-check protocol implemented over R and C
The previous section provides a very general approximate sum-check protocol, the results of which depend on
a function κ which is determined by the choice of domain U, distance function D, and finite set S from which
the verifier draws its random challenges. Here we derive two specific instantiations of the general protocol
for U = R and C with D being the absolute value metric. Both of these results rely on an approximate
Schwartz–Zippel-like lemma.

4.1 Approximate Schwartz–Zippel lemmas over R and C
The soundness analysis of the classical sum-check protocol relies on the fact that a nonzero degree-d poly-
nomial can vanish on at most d points. This yields the following corollary, often referred to as the univariate
Schwartz–Zippel lemma.

Theorem 4.1 (Schwartz–Zippel lemma [Sch80,Zip79]). Let U be an arbitrary integral domain. Let p(x) :=∑d
k=0 akx

k be a polynomial of degree at most d over U. Let S ⊆ U be a finite set.

Pr
r∼U(S)

[p(r) = 0] ≤

{
d
|S| , p ̸= 0

1, p = 0
.

Theorem 4.1 underlies many exact verifiable computing protocols: if two degree-d polynomials are distinct,
then they can agree on at most d out of |S| evaluation points. In our setting, however, we must tolerate
approximation. Rather than asking whether two polynomials are exactly equal at many points, we ask how
often they can be approximately equal.

Theorems 4.2 and 4.3 provide approximate versions of Schwartz–Zippel over R and C respectively. Both
bound the probability that a degree-d complex polynomial takes value at most δ in magnitude when evaluated
at a random element of a set S ⊂ U. The bound depends not only on d and |S|, but also on how large the
polynomial is elsewhere on the unit circle. Put differently, these state that if two degree-d polynomials differ
substantially at even one point in a specific domain (i.e., their difference has large norm somewhere), then
their difference cannot remain small on more than a limited fraction of the domain.

The role these theorems play in our approximate setting is the same role that the classical Schwartz–Zippel
lemma plays in the exact sum-check protocol.

Theorem 4.2. Let p(x) :=
∑d

k=0 akx
k be a polynomial of degree d with real coefficients. Let n be a positive

integer. Let S be n equispaced points in R. Let J be the smallest interval which covers all points in S. Let
r ∼ U(S). Let ρ ∼ U(0, 1). For any non-negative constant c ≤ ∥p∥J ,

Pr
r
[|p(r)| ≤ c] ≤ d

n
+ Pr

ρ
[∥p∥J · κ(ρ) ≤ c]

where
κ(x) =

1

Td ((2/x)− 1)
.

Theorem 4.3. Let p(x) :=
∑d

k=0 akx
k be a polynomial of degree d with complex coefficients. Let S = Ωn.

Let r ∼ U(S). Let ρ ∼ U(0, 1). For any non-negative constant c ≤ ∥p∥T,

Pr
r
[|p(r)| ≤ c] ≤ d

n
+ Pr

ρ
[∥p∥T · κ(ρ) ≤ c]
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where
κ(x) =

1

Td

(
csc
(
π
2x
)) . (11)

The proofs of these theorems follow a nearly identical structure, so we opt to only directly present the
proof of Theorem 4.3, leaving the other as an exercise to the reader.

Proof of Theorem 4.3. Let Ec be defined as Ec = {x ∈ T : |p(x)| ≤ c}. By the fundamental theorem of
algebra, Ec must comprise the union of at most d continuous arcs on the complex unit circle. Moreover, if
any such arc I contains ℓ different n’th roots of unity, then µ(I) ≥ (ℓ− 1)/n. It follows that

Pr
r
[|p(r)| ≤ c] = Pr

r
[r ∈ Ec] =

#(Ωn ∩ Ec)

n
≤ d

n
+ µ(Ec).

From Theorem 2.4, we have that

∥p∥T ≤ Td

(
csc
(π
2
µ(Ec)

))
∥p∥Ec

.

Rewriting gives us

µ(Ec) ≤
2

π
csc−1

(
T−1
d

(
∥p∥T
∥p∥Ec

))
. (12)

Note that the right hand side of Expression (12) is well-defined, and exclusively takes on values in the range
[0, 1]. This holds by the following reasoning: ∥p∥T/∥p∥Ec ≥ 1, and hence T−1

d (∥p∥T/∥p∥Ec) ≥ 1.
This ensures that csc−1(T−1

d (∥p∥T/∥p∥Ec)) is well-defined. Moreover, csc−1 is a strictly decreasing function
over the interval [1,∞), with csc−1(1) = π/2. Hence,

csc−1(T−1
d (∥p∥T/∥p∥Ec)) ≤ π/2.

Accordingly, the right hand side of Expression (12) is in [0, 1].
So by substitution we have

Pr
r
[|p(r)| ≤ c] ≤ d

n
+

2

π
csc−1

(
T−1
d

(
∥p∥T
c

))
=

d

n
+ Pr

ρ

[
2

π
csc−1

(
T−1
d

(
∥p∥T
c

))
≥ ρ

]
.

Here, the final equality invokes the elementary fact that for any C ∈ [0, 1], Prρ∼[0,1][ρ ≤ C] = C.
The proof concludes by rewriting the inside of the probability

Pr
ρ

[
2

π
csc−1

(
T−1
d

(
∥p∥T
c

))
≥ ρ

]
= Pr

ρ

[
∥p∥T

Td

(
csc
(
π
2 ρ
)) ≤ c

]
= Pr

ρ
[∥p∥T · γ(ρ) ≤ c].

Additionally, let s := p− q and I = T when working over C, I = J when working over R, then it follows
that D(p(r), q(r)) = |p(r)− q(r)| = |s(r)| and

D(p, q) = ∥p− q∥I = ∥s∥I (13)

Thus these theorems are in the requisite form for the approximate sum-check soundness analysis.
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4.2 Application to R
Theorem 4.4. When the protocol in Figure 2 is instantiated over R with the absolute value metric, where
S is a set of equispaced points and B is in the convex hull of S, it has soundness error at most

vd

|S|
+ 2v

cd

√
(v + 1)δ

∆

for cd ≈ 3d. Note, this cd is defined precisely later; however, it is contained in the interval [2.5d, 3.4d] and is
strictly greater than 3d when d ≥ 3.

Proof. Beginning where Theorem 3.1 left off, we have that if the prover begins the protocol with a claim
that ∣∣∣∣∣H −

∑
b1∈B

q1(b1)

∣∣∣∣∣ > ∆,

then it is the case that

Pr
r1,...,rv

[
D(pv(rv), qv(rv)) ≤

δ

#(B)v

]
≤ vd

|S|
+ Pr

ρ1,...,ρv

 v∏
j=1

κ(ρj) ≤
(v + 1)δ

∆

 .

By Chernoff’s bound, for arbitrary t ≥ 0, the above expression equals:

vd

|S|
+ Pr

[
e−t·ln(

∏v
j=1 κ(ρj)) ≥ e−t·ln( (v+1)δ

∆ )
]
.

This in turn is bounded above by:

vd

|S|
+

E
[
e−t·ln(

∏v
j=1 κ(ρj))

]
e−t·ln( vδ

∆ )

=
vd

|S|
+ et·ln(

(v+1)δ
∆ ) · E

 v∏
j=1

e−t·ln(κ(ρj))


=

vd

|S|
+ et·ln(

(v+1)δ
∆ ) ·

v∏
j=1

E
[
e−t·ln(κ(ρj))

]
.

By the independence of each ρk the above expression equals

vd

|S|
+

(
(v + 1)δ

∆

)t

E
[
κ(ρ)−t

]v
.

By the definition of E, this is equal to

vd

|S|
+

(
(v + 1)δ

∆

)t(∫ 1

0

κ(ρ)−tdρ

)v

. (14)

By the definition of κ for R, this is equal to

vd

|S|
+

(
(v + 1)δ

∆

)t
(∫ 1

0

Td

(
2

ρ
− 1

)t

dρ

)v

.

Remark 2. The choice of t that yields the tightest bound on the soundness error can be optimized numerically
as a function of v, d, δ, and ∆. A short Sage script for performing this optimization and a visualization of
specific parameter choices is provided in Appendix A. For the remainder of the proof, we proceed with a
fixed, suboptimal choice of t to obtain a clean explicit bound.
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For x ≥ 0, Td(x) ≤ 2d−1xd so the expression above is bounded by

vd

|S|
+

(
(v + 1)δ

∆

)t
(
2t(d−1)

∫ 1

0

(
2

ρ
− 1

)td

dρ

)v

.

A straightforward substitution produces the integral

vd

|S|
+

(
(v + 1)δ

∆

)t(
21+t(d−1)

∫ ∞

1

utd

(1 + u)2
du

)v

. (15)

We will write
∫∞
1

utd

(1+u)2 du as ∫ ∞

0

utd

(1 + u)2
du−

∫ 1

0

utd

(1 + u)2
du.

By taking a = td+ 1 and b = 1− td, This is defined to be

β(a, b)− β1/2(a, b) = β(td+ 1, 1− td)− β1/2(td+ 1, 1− td)

where β and βx are the complete and incomplete beta functions respectively. A standard reflection identity
is

β(x+ 1, 1− x) =
tdπ

sin(πtd)

when −1 < x < 1, so if we define cd to satisfy the following identity:

2
1+ d−1

cd

(
dπ

cd sin(πd/cd)
− β1/2

(
d

cd
+ 1, 1− d

cd

))
= 2, (16)

and fix t = 1/cd (as mentioned earlier, this choice of t does not in general lead to the strongest possible error
bound), substituting this value of t in Expression (15) yields the final bound:

Pr[|pv(rv)− qv(rv)| ≤ δ] ≤ vd

|S|
+ 2v

cd

√
(v + 1)δ

∆
.

4.2.1 Bounding cd

We asserted that for small d, the value of cd satisfying Expression (16) is approximately 3d. Numerically, we
find

c1 ≈ 2.521025, c2 ≈ 5.855944, c3 ≈ 9.208955, c4 ≈ 12.565672, c5 ≈ 15.923761.

More generally, we claim that the ratio cd/d is strictly increasing and that 2.5d < cd < 3.4d for all d ≥ 1.
Combined with the computed values above, this justifies the loose approximation cd ≈ 3d, and in particular
shows that cd > 3d for d ≥ 3. The proof is straightforward and omitted here in favor of a proof in the
following subsection as working over C yields concretely stronger results and the two have the same general
flavor.

4.2.2 Round-by-round soundness

Theorem 4.5. When the protocol in Figure 2 is instantiated over R with the absolute value metric, where
S is a set of equispaced points and B is in the convex hull of S„ it has round-by-round soundness error at
most

d

|S|
+ 8

vd

√
δ

∆
.

Proof. This proof follows from Expression (10), where the generic proof of round-by-round soundness left
off. Given that for x ∈ [0, 1] κ(x) ≥ (x/4)d/d, and then that for d = 1 or d ≥ 2, d

√
2d ≤ 2 we have

ϵRBR ≤ d

|S|
+ κ−1

(
2

v

√
δ

∆

)
≤ d

|S|
+ 4

d

√
2d

v

√
δ

∆
≤ d

|S|
+ 8

vd

√
δ

∆
.

This completes the proof.
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4.2.3 A simple soundness corollary

Corollary 4.6 (Corollary of Theorem 4.4). If the protocol in Figure 2 is instantiated over R with the absolute
value metric, B = {0, 1}, and S is a set of at least 4vd equispaced values in the interval [0, 1], then it has
soundness error at most 1/2 when ∆ ∈ O

(
vd2O(vd)ε

)
.

Proof. This is a straightforward application of Theorem 4.4. The described protocol has soundness error at
most

vd

|S|
+ 2v

cd

√
(v + 1)δ

∆

for a cd < 3.4d. To determine the ∆ for which the protocol has soundness at least 1/2 we can plug in
|S| = 4vd and solve

1

4
+ 2v

3.4d

√
(v + 1)δ

∆
≤ 1

2
.

This gives us
∆ ∈ O

(
vδ2O(vd)

)
.

By assumption, δ ≈ d2vε (the completeness condition in Theorem 3.1),

∆ ∈ O
(
vd2O(vd)ε

)
.

4.3 Application to C
Theorem 4.7. When the protocol in Figure 2 is instantiated over C with the absolute value metric where S
is a set of roots of unity and B ⊂ D, it has soundness error at most

vd

|S|
+ 2v

cd

√
(v + 1)δ

∆

for a cd ≈ 2d. Note, as with Theorem 4.4 this cd is defined precisely later. Here it is contained in the interval
[1.6d, 2.4d] and strictly greater than 2d when d ≥ 3.

Proof. This proof flows similarly to the proof for R and picks up at Expression (14). By the definition of κ
for C, we have

vd

|S|
+

(
(v + 1)δ

∆

)t(∫ 1

0

κ(ρ)−tdρ

)v

=
vd

|S|
+

(
(v + 1)δ

∆

)t(∫ 1

0

Td

(
csc
(π
2
ρ
))t

dρ

)v

.

A Sage script for the explicit calculation of this formula is contained in Appendix A. Here, we will use the
fact that for x ≥ 0, Td(x) ≤ 2d−1xd to bound the expression above by

vd

|S|
+

(
(v + 1)δ

∆

)t
(
21+t(d−1)

π

∫ π
2

0

csc(ρ)tddρ

)v

.

For small 0 < t < 1
d (restricted to where the integral is defined) this is equal to

vd

|S|
+

(
(v + 1)δ

∆

)t(
2t(d−1)

π
β

(
1

2
,
1− td

2

))v

(17)

where β is the beta function. For simplicity, we define cd to satisfy the following identity:

2
d−1
cd

π
β

(
1

2
,
1− d

cd

2

)
= 2, (18)

21



and fix t = 1/cd (as mentioned earlier, this choice of t does not in general lead to the strongest possible error
bound). By the impromptu definition of cd in Expression (18), substituting this value of t yields the final
bound:

Pr[|pv(rv)− qv(rv)| ≤ δ] ≤ vd

|S|
+ 2v

cd

√
(v + 1)δ

∆
.

This completes the proof.

4.3.1 Bounding cd

We asserted that for small d, the value of cd satisfying Expression (18) is approximately 2d. Numerically, we
find

c1 ≈ 1.663516, c2 ≈ 3.969131, c3 ≈ 6.319634, c4 ≈ 8.679344, c5 ≈ 11.042419.

More generally, we claim that the ratio cd/d is strictly increasing and that cd < 2.4d for all d. Combined
with the computed values above, this justifies the loose approximation cd ≈ 2d, and in particular shows that
cd > 2d for d ≥ 3.

To prove the upper bound, consider the left-hand side of Expression (18) with the substitution cd = xd:

2
d−1
xd

π
β

(
1

2
,
1− 1

x

2

)
. (19)

We claim this expression is non-negative, strictly increasing in d for fixed x > 1, and strictly decreasing in
x for fixed d > 1. The monotonicity in d follows directly from the exponent d−1

xd increasing with d. The

monotonicity in x follows from the facts that both the exponent and the beta function β
(

1
2 ,

1− 1
x

2

)
decrease

with x.
It therefore suffices to show that the limiting value of Expression (19) as d → ∞ is less than 2 when

x = 2.4. Indeed,
2

d−1
2.4d

π
β

(
1

2
,
1− 1

2.4

2

)
≤ lim

d→∞

2
d−1
2.4d

π
β

(
1

2
,
1− 1

2.4

2

)
< 1.98.

Hence, cd < 2.4d for all d. Tighter upper bounds on cd can be obtained by solving Expression (18) numerically
for larger d, or by optimizing the limiting expression.

4.3.2 Round-by-round soundness

Theorem 4.8. When the protocol in Figure 2 is instantiated over C with the absolute value metric where S
is a set of roots of unity and B ⊂ D, it has round-by-round soundness error at most

d

|S|
+ 2

vd

√
δ

∆
.

Proof. This proof follows from Expression (10), where the generic proof of round-by-round soundness left
off. Given that for x ∈ [0, 1] κ(x) ≥ xd/d, and then that for d = 1 or d ≥ 2, d

√
2d ≤ 2 we have

ϵRBR ≤ d

|S|
+ κ−1

(
2

v

√
δ

∆

)
≤ d

|S|
+

d

√
2d

v

√
δ

∆
≤ d

|S|
+ 2

vd

√
δ

∆
.

This completes the proof.

Remark 3. We conjecture the following general amplification property: Let Π be an r-round interactive
protocol with round-by-round (RBR) soundness error ϵ. Then, (k · r)-fold parallel repetition of Π results in a
protocol with RBR soundness error at most ϵk. In particular, this conjecture implies that (k · r)-fold parallel
repetition boosts the Fiat-Shamir security level from log(1/ϵ) bits to k log(1/ϵ) bits (without requiring an
increase in the precision of individual instances). This conjecture is known to hold in the special case of
r-round protocols whose soundness error ϵ and RBR soundness error ϵRBR are maximally separated (i.e.,
ϵRBR ≈ ϵ1/r) [CCH+18, Corollary 5.7].
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5 Application: Approximate fully linear IOPs
The sum-check protocol is a crucial building block in protocols for verifiable computation, for example
the GKR protocol [GKR08] and Spartan’s [Set20] PIOP for R1CS among many other works. However, its
application to these protocols in the approximate setting requires an extension of our analysis that we leave for
future work. The core obstacle to this analysis is the existence of adaptive prover strategies applicable here but
not to the classical protocol. Proving soundness in both cases seems to require an approximate multivariate
Schwartz-Zippel style lemma (e.g. a multivariate generalization of Theorems 4.2 and 4.3). Unfortunately,
no useful approximate multivariate Schwartz-Zippel lemma exists: unlike the univariate case where Remez
inequalities tightly control sublevel sets, a multivariate polynomial can be small on a large-measure set while
large elsewhere [SVZ25, Section 1.2]. Despite this, here we present a “low-end” application of the sum-check
protocol, to verify simple arithmetic statements on distributed or secret-shared data. We use this as a proof
of concept, demonstrating that our approximate sum-check protocol and its analysis can yield meaningful
improvements for natural use cases with practically relevant parameters.

Consider the following motivating problem. A prover P owns two large data sets U, V ∈ RN that are stored
on two separate (trusted) servers, say two different hospitals. The data owner P , who may be malicious, wants
to convince a verifier that the two data sets are essentially uncorrelated in the sense that their inner product
satisfies ⟨U, V ⟩ ≈ 0. (Alternatively, one can similarly consider proving any approximate inner-product value.)
How can this be done with low communication complexity?

Note that even when the servers are fully honest, they cannot compute the inner product with low
communication. Indeed, this requires Ω(N) bits of communication even when U, V ∈ {0, 1}N . On the other
hand, the prover knows the correct inner product and can easily communicate it, but cannot be trusted.

Aaronson and Wigderson [AW08] considered an exact version of the problem over a finite field, and used
a variant of the sum-check protocol to obtain a low-communication solution. This idea was generalized and
abstracted by Boneh et al. [BBC+19] using the notion of a fully linear IOP (FLIOP). An FLIOP for a
language L ⊆ UN is defined similarly to a standard interactive oracle proof (IOP) [BCS16,RRR16], except
that the verifier does not have direct access to the input and instead can make few linear queries that apply
jointly to the input and proofs. Such FLIOPs with short proofs and few linear queries directly imply low-
communication protocols in the above distributed setting, since each linear query can be easily distributed
between the two servers by having each respond with the part that depends on its own view of the input.

More precisely, let L ⊆ Un be a language. An FLIOP for proving that x ∈ L proceeds in rounds. In each
round, there is a random public challenge rk to which the prover responds with a proof vector πk ∈ Uℓk .
At the end of the interaction, the verifier can make a small number of queries, where each query specifies a
joint linear combination of the input x and the proofs πi. Letting U = R and extending to the approximate
setting, we get the following theorem.

Theorem 5.1 (Approximate arithmetic FLIOP for inner product). Let LIP = {(U, V ) ∈ RN×RN : ⟨U, V ⟩ =
0} where N is a power of 2. Then, there is an approximate arithmetic FLIOP for LIP that has logN rounds
and total proof length and query description length (in field elements) O(logN). The completeness and
soundness guarantees are the same as those of the approximate sum-check (Theorem 4.4) with B = {0, 1},
v = logN , and d = 2.

Proof. Let gU , gV be the multilinear extensions of U, V , namely the unique multilinear polynomials such that
for any b = (b1, . . . , bv) ∈ Bv we have gU (b) = Ub and gV (b) = Vb. The prover needs to convince the verifier
that

∑
b∈Bv g(b) ≈ 0 for the polynomial g = gU · gV . Note that g has degree d = 2 in each of the v = logN

variables.
The approximate sum-check for g from Figure 2 can be converted into an FLIOP for LIP as follows.

The FLIOP prover lets each proof πk include the coefficients of the univariate polynomial pk sent by the
sum-check prover. Note that each intermediate check of consistency between pk and pk−1 can be performed
by the FLIOP verifier via a single linear query to the coefficients of the two polynomials. The final check
requires the evaluation of g on a random public point r ∈ Rv. This can be done by having the FLIOP verifier
separately query gU (r) and gV (r), where each such query can be implemented via a single linear query to
the input x = (U, V ) whose coefficients are determined by r.

Analogously to [BBC+19], the above can be extended to more general languages and can be made non-
interactive in the random oracle model using a distributed variant of the Fiat-Shamir transformation. We also
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expect a zero-knowledge variant of arithmetic FLIOPs to be useful for achieving security against malicious
parties in information-theoretic approximate secure computation. Such applications of FLIOPs over finite
fields were demonstrated in [BBC+19] and follow-up works. We leave these extensions to future work.

Concrete efficiency. Even though this FLIOP is defined over R, we will instantiate it over C as R is a
subfield of C. We do that here to achieve concretely better parameters and as an explicit demonstration of
the possibility of using one integral domain to seamlessly prove a statement about another. Suppose, for
simplicity, that N := 230 and |S| = 4vd = 240. The protocol achieves soundness at least 1/2 when δ/∆ is
at least 2111 (that is, the error bound ∆ in the prover’s claim differs from the error bounds in the verifier’s
checks by 111 bits). These extra 111 bits of precision can be represented using just two additional 64-bit
words. If the number of bits of precision slightly more than doubles, to 227, the soundness error drops below
2−30. These bounds are derived numerically by optimizing the choice of t in Expression (17) using the script
provided in Appendix A. A comparison to other approaches is provided in the next section.

6 Detailed comparison with alternative approaches
Here we compare our generalized sum-check protocol, which treats approximation as a first-class concept, to
alternative approaches that apply exact techniques to the verification of approximate computations. These
alternatives fall into two broad categories, which we refer to as the exact and localized approaches (we call
our new method the approximate approach). Each approach makes different trade-offs. Note that because
our protocol applies in a fundamentally different model than alternative approaches (see discussion in Section
1.1), there are aspects in which they are incomparable. We do our best to bridge the gap at a high-level here.

This comparison omits approaches that identify specific representations of approximate operations and
encode them in proof systems as a combination of gates, constraints, and lookups over a finite field as they
introduce additional overheads not present here (i.e. polynomial commitments). Generously, one can view
the localized approach as subsuming these techniques, with constraints/lookups offering a different set of
trade-offs within that general category.

The exact approach. Several recent works observe that the classical sum-check protocol can be instantiated
over fields of characteristic zero, allowing exact arithmetic over R or C [SV22,CCKP19,CCKP22,BCS21].
In these constructions, the verifier’s random challenges are sampled from a discrete subset of the ambient
ring (e.g., R or C), and the numerical precision required by the prover increases gradually round-by-round.
While conceptually clean, this approach imposes a substantial burden on the prover in terms of the bits of
precision needed for accurate computation.

The localized approach. Other recent works [CHA24,GWHD25] apply the classical sum-check protocol
to exact statements over Z or Q by localizing to a large finite field Fq of random order. This allows computa-
tions to be carried out using finite-field arithmetic, without precision blow-up from round-to-round growth.
However, the bit-lengths of the rational evaluations that must be represented before localization are often
a constant factor larger than the desired security parameter λ [GWHD25, Section 2], and this constant can
depend non-trivially on the structure of the computation (e.g., its multiplicative depth).

The approximate approach. Our generalized sum-check protocol takes a fundamentally different path:
rather than forcing approximate computations into exact algebraic structures, it embraces approximation at
the protocol level. The prover and verifier work directly with approximate arithmetic at a tunable precision,
and soundness is derived from the metric structure of low-degree complex polynomials. For a concrete
comparison, we consider here its instantiation over C as described in Section 4.3.

Comparison of numerical precision. Let d be the degree of the polynomial in each variable, v the number
of variables, and λ the desired number of bits of soundness error. The number of bits of precision required
in each approach is:

• Exact approach: O(vdλ + log(vd)) bits. Conceptually, the number of bits of precision increases by dλ
over each of the v rounds of the sum-check protocol.

• Localized approach: O(log(vd) + cλ) bits, where c depends on the application (e.g., reflecting multi-
plicative depth) and is larger than 1.

24



• Approximate approach: O(max(log(vd)+λ, v+vd+dλ)) bits, based on the need to control two sources
of soundness error per Theorem 4.7: the classical error term vd/n (inherited from the classical sum-check
protocol) and a new approximation-driven error term roughly cd

√
vδ/∆ (introduced by the relaxed checks

in our protocol).

Although the asymptotic precision requirement for the approximate approach does not strictly improve
over the localized approach, our prover performs a much smaller number of operations at the required
precision level. This efficiency stems from our avoidance of arithmetization: we work directly with the original
approximate computation, rather than encoding it into an exact algebraic form over a finite field, as discussed
further below. Moreover, on a practical level, the prover and verifier can be implemented using native floating-
point instructions, which are significantly faster and more efficiently parallelizable on modern hardware than
large finite field operations.

In interactive settings, it is typical to set λ = 40 [ZKP22] to achieve less than one in a trillion odds of a
successful attack. In this regime, our approximate protocol offers especially compelling performance, while
avoiding the substantial operational overheads of finite field encodings.

Departing from arithmetization. Traditionally, applications of the sum-check protocol rely on arith-
metization: the process of transforming discrete computations into exact algebraic claims over finite fields.
This technique underpins a wide range of results in complexity theory, from IP = PSPACE to the PCP
theorem [AW08]. More recently, it has been shown that the soundness of many interactive proof proto-
cols, including sum-check, can be derived from the error-correcting properties of algebraic codes [Mei13]
(specifically, multiplication codes [RR22,RR24], of which low-degree polynomials are a canonical example).

In contrast, our approximate sum-check protocol avoids both arithmetization of the target computation
and reliance on error-correcting codes for soundness. Instead, our proofs rely on purely analytical argu-
ments about metric structure and the sublevel set behavior of low-degree polynomials. This opens the door
to interactive proof techniques for inherently approximate or numerical computations, where traditional
arithmetization would obscure rather than clarify the underlying structure.

7 Discussion
We introduced a generalization of the sum-check protocol that supports approximate computation. The
protocol proves claims of the form

∑
x∈{0,1}v g(x) ≈ H with soundness that scales with the error in the

claim, and avoids the need for exact arithmetic or error-correcting codes. Our analysis replaces classical
code-based arguments with bounds on sublevel sets of complex polynomials, using tools from approximation
theory. The approach applies broadly across domains and metrics, but is most natural over the complex
numbers.

The protocol can be implemented with floating-point arithmetic, requiring only a constant-factor overhead
in precision relative to the target security parameter for many applications. This provides a potential path
around the large costs associated with existing verifiable computation protocols for numerical workloads. Our
soundness analysis also identifies a phenomenon that appears inherent to approximate computation: after
applying the Fiat-Shamir transform, a cheating prover can make an inaccurate answer appear slightly less
erroneous in each round. For example, our approximate sum-check protocol, instantiated over C, achieves
RBR soundness roughly ϵ2/r, an intermediate regime between these two extremes.

Several directions remain open. Most SNARKs combine a polynomial interactive oracle proof (PIOP) with
a polynomial commitment scheme. Our focus here is on the PIOP layer; realizing full SNARKs will require
identifying polynomial commitment schemes that maintain soundness under approximation. While the prover
is asymptotically efficient, implementation work is needed to understand concrete performance. On the theory
side, our analysis relies on a Remez-type inequality for complex polynomials, but similar inequalities exist
for broader function classes, such as algebraic functions, (s, p)-valent functions, and others [Bru03,Yom11,
Fri21]. It is natural to explore whether the use of these richer function classes within the approximate
sum-check protocol leads to any performance benefits. The mathematical tools from complex analysis and
approximation theory that we applied have not previously seen use in cryptography. Future work may find
broader applications of these tools in other information theoretic and cryptographic protocols.
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A Numerical soundness analysis
As noted in the proof of Theorems 4.4 and 4.7, the bound on soundness error stated is a loose upper bound
on the actual soundness error. Here we provide a Sage script that numerically calculates a more precise upper
bound on the soundness error for various choices of parameters.

# sage script for the number of interactive bits of security
# for an approx-sum-check (assuming sufficiently large sample set)

from scipy.optimize import minimize_scalar

def T(x, d):
return cosh(d * arccosh(x))

def R(x, d):
return T((2 / x) - 1, d)

def C(x, d):
return T(1 / sin(pi * x / 2), d)

def objective(t, d, v, k, F):
if t <= 0:

return float('inf')
try:

ival = numerical_integral(F(x, d)^t, 0, 1)[0]
except Exception:

return float('inf')
if ival <= 0:

return float('inf')
return float(t * (log(v + 1, 2) - k) + v * log(ival, 2))

# parameters
degree = 4
num_vars = 25
log_delta_ratio = 300 # log_2 of the ratio of Delta to delta
kappa = C # Use R for reals, C for complex, or your own distance function

# optimization
res = minimize_scalar(objective, bounds=(0, 1), method='bounded',

args=(degree, num_vars, log_delta_ratio, kappa))

# result
print(f"t = {res.x}")
print(f"Bits of security = {-res.fun}")

Using binary search applied to this script, we consider the minimum log(∆/δ) required to achieve a
soundness error of 1/2 for various numbers of variables v and polynomial degrees d with the assumption that
the sampling set S has size at least 4vd. These results are depicted in Figure A.

The required log(∆/δ) increases nearly linearly with v for fixed d, and the slope of this increase is
proportional to d. Due to numerical optimization, the slope is more gentle than cd; however, there is a clear
gap between the behavior over R and C, with the latter requiring a significantly smaller log(∆/δ), providing
stronger guarantees on the protocol’s claimed sum for the same soundness error.

Rather than fixing the soundness error at 1/2, one can also vary the soundness error and calculate the
minimum log(∆/δ) required to achieve it for various choices of v and d. Outside of small values of d and v,
this relationship is similarly nearly linear, as expected from the analysis in Theorems 4.4 and 4.7.
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Figure 4: Minimum log(∆/δ) required to achieve a soundness error of 1/2 for the approximate sum-check
protocol for various choices of v (number of variables) and d (degree of the polynomial in each variable). The
left graph depicts the results for R, while the right graph depicts the results for C. As degree increases, the
required log(∆/δ) increases, so the curves in both plots are ordered from bottom to top by degree.

B Explicit malicious prover strategy
Consider a malicious prover in the classical sum-check protocol, that is one who begins with an incorrect
claim for the sum. In round k, either the prover has fully convinced the verifier and can send honest messages
qk for the remainder of the protocol, or it must send a dishonest message pk and hope that the verifier picks
a point rk where pk(rk) = qk(rk). The notion of forward progress in fooling the verifier is binary, and there
is no pk the prover can pick which improves its chances of a future dishonest pk fooling the verifier.

In the approximate sum-check protocol, things are very different. It is possible for the prover to strate-
gically pick malicious messages which make steady progress, in expectation, towards fooling the verifier. We
discuss such a strategy here and show how it roughly matches the soundness bounds provided in Section 4.3.

To begin, in Remark 1, we alluded to a family of polynomials for which Theorem 2.4 is tight. Explicitly,
consider the arc in Es ∈ T from e(1−s)iπ to e(s−1)iπ (centered on −1) for a constant s ∈ [0, 1]. This arc has
size µ(Es). Given this arc, the degree d polynomial [TY20]

ps,d(x) = pd
(
eiz
)
= ei(dz/2)Td

(
csc
(π
2
µ(Es)

)
cos
(z
2

))
is bounded by 1 on Es, takes on its max value at x = 1, and makes the inequality in Theorem 2.4 an equality

∥ps,d∥T = Td

(
csc
(π
2
µ(Es)

))
∥ps,d∥Es

.

The family of polynomials emerges from considering all values of d and scaling and rotating pd.
Given this family of polynomials, we can formulate an inverse Theorem 4.3.

Theorem B.1. Let d and n be a positive integers, let c ≤ h be non-negative real numbers, let eiz be an
arbitrary point in T, let r ∼ U(Ωn), and let ρ ∼ U(0, 1). There exists a degree d polynomial of the form
p(x) :=

∑d
k=0 akx

k with complex coefficients such that |p(eiz)| = ∥p∥T = h and

Pr
r
[|p(r)| ≤ c] ≥ Pr

ρ
[∥p∥T · κ(ρ) ≤ c]− 1/n

where κ is defined as in Expression (11).

Proof. Consider the polynomial ps,d as defined above with the set Es with

s =
2

π
csc−1

(
T−1
d

(
h

c

))
.

Let p(x) = ps,d(e
izx)/h. By the properties of the family of polynomials above, Es is an arc, ∀x ∈

Es |p(x)| ≤ c, and it is that case that

∥p∥T = Td

(
csc
(π
2
µ(Es)

))
∥p∥Es

.
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Any arc I of size µ(I), it must contain at least nµ(I) − 1 roots of unity. It follows from the fact that Es is
an arc that

Pr
r
[|p(r)| ≤ c] = Pr

r
[r ∈ Es] =

#(Ωn ∩ Es)

n
≥ µ(Es)−

1

n
.

By the definition of Es we have

Pr
r
[|p(r)| ≤ c] ≥ 2

π
csc−1

(
T−1
d

(
∥p∥T
c

))
− 1

n
= Pr

ρ

[
2

π
csc−1

(
T−1
d

(
∥p∥T
c

))
≥ ρ

]
− 1

n
.

The proof concludes by rewriting the inside of the probability and is identical to the final step in proving
Theorem 4.3

Pr
ρ

[
2

π
csc−1

(
T−1
d

(
∥p∥T
c

))
≥ ρ

]
= Pr

ρ
[∥p∥T · κ(ρ) ≤ c].

With this inverse Theorem 4.3 in hand, it is possible run the soundness arguments from the opposite
direction, that is to provide a prover strategy which results in a lower bound on soundness. Here we walk
through a simplified form of the argument in the context of round-by-round soundness which can be refined
further with additional work, but suffices to illustrate the point.

Consider the protocol in Section 3 with #(B) ≤ d, and Suppose that the prover begins the protocol with
a claim H such that ∣∣∣∣∣H −

∑
b1∈B

q1(b1)

∣∣∣∣∣ = ∆.

That is the claimed sum differs from the true sum by ∆.
A classical grinding attack would have the prover pick p1 polynomials until p1(r1) and q1(r1) were

sufficiently close. Such an attack might involve picking p1 such that the difference p1− q1 is roughly equal to
a rescaled ps,d and then slightly perturbing it (to sample different r1 values). This implies ∥p1 − q1∥T ≤ ∆.
By Theorem B.1 we have

Pr
r

[
|p1(r)− q1(r)| ≤

δ

#(B)v

]
≥ Pr

ρ

[
∥p1 − q1∥T · κ(ρ) ≤ δ

#(B)v

]
− 1

n

≥ Pr
ρ

[
∆ · κ(ρ) ≤ δ

#(B)v

]
− 1

n

= Pr
ρ

[
κ(ρ) ≤ δ

∆#(B)v

]
− 1

n
.

and this probability can be explicitly evaluated.
However, the prover also has the option of doing a smaller amount of grinding in each round, making

progress step by step. Informally, instead of attempting to get a lucky ρ such that κ(ρ) ≤ δ
∆#(B)v , the prover

can attempt to get a sequence of ρi such that
∏

κ(ρi) ≤ δ
∆#(B)v . One way to do that is to ensure that for

each ρi

κ(ρi) ≤
(

δ

∆#(B)v

)1/v

.

Formally, suppose that in round k,

|pk−1(rk−1)− qk−1(rk−1)| ≤ ∆ ·
(

δ

∆#(B)v

)(k−1)/v

.

33



In that case, the prover can pick a pk such that we have that

Pr

[
|pk(rk)− qk(rk)| ≤ ∆ ·

(
δ

∆#(B)v

)k/v
]

≥ Pr

[
∆ ·
(

δ

∆#(B)v

)(k−1)/v

· κ(ρk) ≤ ∆ ·
(

δ

∆#(B)v

)k/v
]
− 1

n

= Pr

[
κ(ρk) ≤

(
δ

∆#(B)v

)1/v
]
− 1

n

= κ−1

(
#(B)

(
δ

∆

)1/v
)

− 1

n
.

Given that for x ∈ [0, 1] κ(x) ≤ π
2x

d, this is bounded below by

π

2
d

√
1

#(B)
vd

√
δ

∆
− 1

n
.

Now, since #(B) ≤ d, d

√
1

#(B) ≥
d

√
1
d ≥ 2

π , so this is in turn bounded below by

vd

√
δ

∆
− 1

n
.

This effectively provides a lower bound on the round-by-round soundness, giving us that.

vd

√
δ

∆
− 1

n
≤ ϵRBR ≤ d

n
+ 2

vd

√
δ

∆
.

This demonstrates that, up to small constant factors, ϵRBR is tight!

C Simple soundness analysis
The standard proof of soundness for the classical sum-check protocol considers, in each round, the probability
that the verifier selects a rk such that pk(rk) = qk(rk). This is d/|S| by Schwartz–Zippel (Theorem 4.1). By
taking the union bound over all v rounds, the resulting soundness error is at most vd/|S|.

It is natural to consider applying the same union bound proof technique to the approximate sum-check
protocol. Here we show that, while it can be applied, it results in a significantly larger precision requirement.

Here we present a more straightforward, but looser, analysis of the soundness of a simplification the
approximate sum-check protocol (Figure 2), following the proof of soundness for the classical sum-check
protocol. We also show that this looser bound cannot be improved within the confines of this style of
analysis. This serves to both act as a warmup and motivation for the more complex analysis provided in
Section 3.

Consider a hybrid of the protocols described in Figures 1 and 2 where all computations and checks are
exact up until the final check (to remove small additive factors which do not impact the higher order results
here). We have the following weaker form of Theorem 1.1:

Theorem C.1. Consider a hybrid of the protocols described in Figures 1 and 2 instantiated over R where
only the verifier’s final check is approximate (with tolerance δ/2v). Suppose that B = {0, 1} and S is a
set of at least 4vd equispaced points over the interval [0, 1]. Then, in the resulting protocol the verifier is
convinced that the prover’s claim about the sum has error at most ∆ with probability at least 1/2, where
∆ ∈ O

(
(4v)O(vd)δ

)
. In other words, if the error in the prover’s claim ∆ is larger than this bound, then the

verifier rejects with probability at least 1/2.
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Note that this is far weaker than the O
(
2O(vd)v

)
bound of Theorem 1.1.

Soundness proof.

Proof. To start, consider a Boolean version of the approximate version of the Schwartz–Zippel lemma. That
is, for any p, q ∈ Ud[x], suppose that

Pr
r∼U(S)

[
D(p(r), q(r)) ≤ 1

c
·
D(
∑

b∈B p(b),
∑

b∈B q(b))

#(B)

]
≤ 1

2v
(20)

for a constant c. This should be interpreted as: if p and q are sufficiently far apart on average over the points
in B, then the probability that a random evaluation brings them closer together by a factor of at least c is
at most 1/(2v). Note that this constant c captures the value of κ(ρ) at a single ρ.

Suppose that the prover lies about the initial sum by an additive factor of ∆ = cv/δ. We will show, via
a union bound, that the probability that the verifier accepts is at most 1/2.

For the verifier to accept, it must be the case that there is some round k where

D(pk(rk), qk(rk)) ≤
1

c
·
D(
∑

b∈B pk(b),
∑

b∈B qk(b))

#(B)
.

As if there is no such round, then it is the case that

D(pv(rv), qv(rv)) >
δ

#(B)v
.

This follows from the fact that

D(pk+1(rk+1), qk+1(rk+1)) =
D(
∑

b∈B pk(b),
∑

b∈B qk(b))

#(B)

for all rounds k and the initial lie, D(
∑

b∈B p1(b),
∑

b∈B q1(b))

#(B) , is ∆ = cv/δ.
By a union bound over all rounds, the probability of such an event occurring is at most v · 1

2v = 1
2 .

Thus, to complete the proof, it suffices to determine c such that Equation 20 holds. By Theorem 4.2, we
have that c is approximately Td(4v − 1). By somewhat tedious algebraic manipulation, we have that

∆ ∈ O((4v)O(vd)δ)

(concretely this is approximately 2v(2d+1)vvd). This completes the proof.

Tightness of the analysis. While this bound is clearly not tight with respect to what is possible to prove,
we show here that it is tight with respect to this style of analysis. Namely, if one is only provided with a
Boolean bound of the form of Equation 20, rather than a full distributional bound as in Theorem 4.2, then
this is the best possible soundness guarantee that can be achieved.

Proof. To see this, consider a prover which makes a lie of size ∆ = (c−η)v/δ for an arbitrarily small constant
η > 0 and c as defined in previous proof.

Consider the case that in all rounds, k,

D(pk(rk), qk(rk)) =

(
1

c− η

)
·
D(
∑

b∈B pk(b),
∑

b∈B qk(b))

#(B)
. (21)

In this case, the final check succeeds, as it is the case that

D(pv(rv), qv(rv)) =
δ

#(B)v
.

To bound the probability of this happening, one needs an upper bound on the probability that Equation 21
holds in each round.
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Equation 20 only guarantees that Equation 21 holds with probability at least 1− 1
2v in each round. Equa-

tion 20 provides no stronger guarantee on the distribution of D(pk(rk), qk(rk)) or bound on the probability
from above.

Thus, given only Equation 20, one cannot rule out the possibility that Equation 21 holds unconditionally
in each round. It follows that this analysis is tight with respect to this style of argument.

This helps to motivate the more complex analysis used to prove the theorems in Section 3, which leverages
distributional approximate Schwartz–Zippel bounds to achieve significantly better soundness guarantees.
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