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Abstract. Permutation and lookup arguments are at the core of most
deployed SNARK protocols today. Most modern techniques for perform-
ing them require a grand product check. This requires either committing
to large field elements (E.g. in Plonk) or using GKR (E.g. in Spartan)
which has worse verifier cost and proof size. Sadly, both have a soundness
error that grows linearly with the input size.

We present two permutation arguments that have polylog(n)/|F| sound-
ness error—for reasonable input size n = 2% and field |F| = 2'*%) the
soundness error improves significantly from 27% to 2712, Moreover, the
arguments achieve log(n) verification cost and proof size without ever
needing to commit to anything beyond the witness. BiPerm only requires
the prover to perform O(n) field operations on top of committing to the
witness, but at the cost of limiting the choices of PCS. We show a stronger
construction, MulPerm, which has no restriction on the PCS choice and
its prover performs essentially linear field operations, n - O(1/log(n)).
Our permutation arguments generalize to lookups. We demonstrate how
our arguments can be used to improve SNARK systems such as Hyper-
Plonk and Spartan, and build a GKR-based protocol for proving non-
uniform circuits.
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1 Introduction

Proof systems enable a prover to convince a verifier that it executed some com-
putation correctly. Modern proof systems formulate the computation as an arith-
metic circuit over some finite field F. These proof systems are constructed from an
underlying information-theoretic protocol, called a polynomial interactive oracle
proof or PIOP. In a PIOP, the prover sends oracles to polynomials (univariate or
multilinear ones), and the verifier sends random challenges and later accepts or
rejects based on queries to the prover-sent oracles. Additionally, an oracle that
only depends on the relation is preprocessed and available to the verifier. A PIOP
can be compiled to a succinct non-interactive argument of knowledge (SNARK),
given a suitable polynomial commitment scheme (PCS) and a hash-function
modeled as a random oracle. Key goals in designing PIOPs are to improve the
prover time, the number and length of oracles that are sent as well as the query
complexity, verifier time, and soundness error. An optimal PIOP would only re-
quire sending a single oracle to the witness, have linear prover time, logarithmic
(or constant) verifier time and proof size, and logarithmic soundness error.

To investigate how the PIOPs underlying SNARKSs fare, we need to study
two key components separately: gate check and wiring check. The gate check
proves that for any gate (addition or multiplication), the output is computed
correctly, e.g.inputief; - inputyighe = output. The gate constraint can be checked for
all gates using a single invocation of the sumcheck protocol, which requires a
single query to the witness oracle, has linear prover time, logarithmic proof size,
and verifier time, as well as logarithmic soundness error [Set20; CBBZ23].

This approach is highly efficient; however, SNARKS require a second com-
ponent: Proving the correctness of the wiring. That is, proving that the input
of a gate corresponds to the relevant output of another gate. Plonk [GWC19]
and HyperPlonk [CBBZ23] do this by showing that w(z) = w(o(z)) Vo € H
for some set H. Here w on H maps to the wire values and o is a permutation
on H, such that o(i) = j for 4,5 € H, if and only if the ith and jth wire are
identical. Other proof systems such as Spartan[Set20], STARK[BBHR18b], and
Quarks[SL20], handle wiring slightly differently but rely on a common primitive
at their core, which is the permutation check.

A permutation check enables a prover to convince a f(x) = g(o(x)) Va € H
for some functions f and g' that map from H to some finite field F and o is a
permutation on H. Permutation checks are also needed for memory checking in
proofs of machine computations to show that all read and write operations were
performed consistently with the memory. Beyond forming the core of SNARK
protocols, permutation checks have applications to lookup arguments, proofs of
shuffling, and commitment schemes for sparse polynomials.

Today, there are two key variants of permutation checks in use, both of which
can be viewed as PIOP that are suboptimal. The first one uses the fact that
[Len(f(x)=Y) =]l,cn(9(z) = Y) if and only if f and g interpolate the same

! In some applications f = g



set on H [Lip89; Nef01l; BG12]2. The prover uses a product check, to prove the
correct evaluation of these products at a random point € F. There are some
downsides to this approach: First, the prover needs to send an oracle to n = |H|
additional elements in order to show that the product was computed correctly.
These elements will span the entire field, even if f and g only interpolate small
elements and even zeros. When the permutation check PIOP is compiled, this
oracle corresponds to an additional commitment. Most polynomial commitments
[KZG10; BBBPWM18; KZHB25; DP25] are linear not just in the length of the
oracle but also in the bitwidth of the committed elements. In the extreme case,
if f and g evaluate to {0,1} on H and |F| > 2*, then the prover needs to commit
to A times the size of f and g. Furthermore, the protocol checks that two degree
n polynomials are equal; thus, it has soundness error n/|F|.

The second approach views the computation of this product as a depth log(n)
circuit and uses the GKR [GKRO8] protocol to compute it. This removes the
need to commit to additional elements and reduces the prover time to O(n)
field operations. Unfortunately, this comes at a cost of O(log2 n) rounds, proof
size, and verifier time. It also retains the poor soundness of the product check.
Further, using GKR significantly increases the prover latency and adds to the
implementation complexity. Additionally, a recent attack was launched against
the Fiat-Shamir security of super-constant round GKR [KRS25]. Although this
attack is not known to affect GKR for this particular circuit, removing the need
for GKR remains an important goal, nonetheless. Prior work [SL20] has proposed
combining the protocols and first running log A rounds of GKR and then using
the commitment method. This does improve the verifier time and proof size to
log A - logn but does not resolve the soundness issue.

1.1 Owur contribution

We propose two new permutation checks, BiPerm and MulPerm, that only run a
constant (one or two) number of sumcheck protocols and do not require commit-
ting to additional polynomials during the runtime of the protocol. The protocols
have logarithmic proof size, verifier time, as well as polylog(n) soundness error,
and both obviate the need to commit to additional ©(n) sized vectors. BiPerm
has strictly linear prover time but requires preprocessing and opening an oracle
of size O(n'®) but is sparse and only has O(n) non-zero entries. This can be
efficiently compiled with some polynomial commitments. MulPerm, on the other
hand, can be compiled with any PCS but requires n - O~(\/log n) field operations.

In Table 1 we give an overview of our permutation arguments and com-
pare them to prior work. Note that unlike product-check based solution, our
protocols only require committing to sublinear amount of data. Compared to
the GKR based solutions [Set20; PH23], our protocol has significantly better
soundness and verifier time. We also strictly improve on HyperPlonk’s lookup
argument in terms of prover time and soundness error. In Table 2, we evaluate

2 This check proves that there exists a permutation between g and f but can easily
be turned into a check that a specific permutation of f(H) yields g(H).



the PIOPs when instantiated with different PCS schemes, applied to a prepro-
cessed permutation. While BiPerm and Shout [ST25] have the best performance
in terms of prover time and verifier time, they can only be reasonably instan-
tiated with group-based PCS schemes that have sublinear opening proofs, such
as Hyrax [WTsTW18], Dory [Lee21], or KZH [KZHB25]. MulPerm, on the other
hand, has slightly superlinear prover time, but can be efficiently instantiated
with any PCS scheme, including hash-based schemes such as FRI [BBHR18a],
STIR [ACFY24],WHIR [ACFY25], or Ligero [AHIV17].

PIOP |Comm.|(F) Rounds |[i] wt(l) PCS  §,(/|F|)
ProdCheck n + logn logn n nlogn Any n
GKR-based log®n log® n n nlogn  Any n
GKR-k n/2" k-logn n nlogn  Any n
HyperPlonk (3.8) log®n 2logn  nlogn nlogn Any log’n
Naive Perm (§4.5) logn logn n? n None  logn
BiPerm (§6)/Shout logn logn n'® 2n  Sparse logn
MulPerm (§7) log'®n 2logn  nlogn nlogn Any log'®n

Table 1. Properties of various permcheck PIOPs. n is the number of permuted ele-
ments. Among the properties: |Comm.|(FF) is the number of field elements we commit
to, |1] is the length of oracles preprocessed in the index; wt(i) is the weight of index,
i.e. the nonzero number of bits in the index; |P msgs| refers to the total number of field
elements of prover messages; and Js is the soundness error. Among the PIOPs: GKR-k
is the permcheck PIOP that runs the first & rounds of GKR and then directly runs
ProdCheck for the remaining computation; Naive Perm is the most naive permcheck
PIOP discussed in Section 4.5. Sparse PCS refers to the ones with which committing
and opening zeroes are free.



KZG (MSM)  Dory (MSM)  FRI (#H) Ligero (#H)

PIOP Pre Prove | Pre Prove Pre Prove | Pre Prove #TF ops V time
ProdCheck | nW nF nW nlF n n n n n logn
GKR-based | nW nF nW nO°F n n n 0 n log® n
GKR-k nW nfF nW n/28 4+ n'F | n n n n/2k n klogn
HyperPlonk | nW nF nW n"°F n n n 0 n-. O(log n) 2logn
Naive Perm | nB n’F nB nF n? n? n? 0 n logn
BiPerm nB  n'°F | nB O R nt®  plt I pts 0 n logn
MulPerm nW nF nW n'F n n n 0 n-0(/Ilogn) 2logn

Table 2. Cryptographic operations in preprocessing (Pre) and proving (Prove), field
operations (#F ops), and the resulting verifier time (V time) of various permuta-
tion arguments constructed by combining permcheck PIOPs with KZG [KZG10],
Dory [Lee21], FRI [BBHR18a], and Ligero [AHIV17]. n is the number of permuted
elements. GKR-k is the permcheck PIOP that runs the first £ rounds of GKR and
then directly runs prodcheck for the remaining computation; Naive Perm is the most
naive permcheck PIOP discussed in Section 4.5. MSM means the size of multi-scalar
multiplications, and #H means the number of hashes. W C F is a subfield containing
small elements. Only the dominating factor is listed. The non-optimal costs are red.

Ezxtension to lookup gates and non-preprocessed maps Our idea extends to a
family of protocols. We can also work with non-injective mapping p that maps
from H to some set H’, possibly different from H. This can be used to build
lookup gates. A witness satisfies lookup gates if all its elements can be looked
up in some table ¢. In that application, we prove that w(p(z)) = t(x) Vz € H.
Another set of protocols and related applications arise when the mapping is not
preprocessed but rather prover-provided. In that case, our ideas still apply but
we need to additionally prove that the permutation or map is well-formed. In
Table 3 we present all variations of permutation and lookup arguments and their
respective applications.

Protocol Application Relation Vx € H

Fixed Perm (§7,§6) HyperPlonk (§3) Fixed m € PERM(H)  f(n(z)) = g(z)
Fixed Lookup (§9) SPARK (§3) Fixed 0 € FUN(H, H') f(z) =T(o(z))
Provided Perm (§8) Memory-Checking 37 € PERM(H) f(m(z)) = g(x)
Provided Lookup (§9.2) | Lookups/Range Checks | 30 € FUN(H, H") flz) =T(o(zx))

Table 3. Permutation and lookup arguments and their applications. Fixed means that
the map is preprocessed as part of the index. Provided means that the prover sends it
as an oracle.



1.2 Applications

Our arguments can serve as drop-in replacements for the currently used permu-
tation and lookup arguments. We outline a few specific applications where the
efficiency properties of our schemes are beneficial.

Single commitment SNARK Using either BiPerm or MulPerm in combina-
tion with HyperPlonk, one can build a PIOP for NP that has linear or nearly
linear prover time, logarithmic verifier time and polylogarithmic soundness er-
ror, all of which combined are better than prior known constructions. Replacing
the permutation argument in HyperPlonk with BiPerm or MulPerm would reduce
the number of oracles that are sent to a single oracle to the witness. Further, we
can batch sum check arguments from the permutation check with the sumchecks
of the gate constraint check, which means that this witness oracle is only queried
at a single point. This transformation is particularly valuable if the witness is
sparse or has low weight and the PIOP is compiled with a polynomial commit-
ment that can take advantage of these properties. We detail these improvements
in Section 3.

Better SPARK compiler A similar transformation can be applied to the
SPARK compiler which is a key component of the Spartan [Set20] family of
protocols. The SPARK compiler enables committing to large but sparse poly-
nomials using their dense representations. In Spartan this is used to commit
to the R1CS matrices. SPARK internally uses a permutation argument, either
based on GKR [GKRO08] or a variation of the Nef product check [SL20]. We can
replace this permutation check with our permutation check (or more precisely
with the extension to lookup arguments). This improved version of SPARK in-
herits the properties from BiPerm and MulPerm, i.e. has improved soundness,
and lower prover time (vs. Quarks [SL20]) or lower verifier time/proof size (vs.
the GKR variant). Combining it with the Spartan protocol or SuperSpartan for
CCS [STW23], yields a new SNARK for R1ICS and CCS that requires only a
single oracle to the witness and only one or two sumcheck protocols. We show
the details in Section 3.

Lookup gates Lookup gates show that a witness value is inside a table of
values. Lookup arguments are useful for range proofs and for non-arithmetic
operations [BCGJM18]. In a range proof, the table consists of the values in the
range. They can be used to implement non-arithmetic operations using a table
that contains pairs of inputs and outputs [AST24]. We build MulLookup the first
lookup argument with poly-logarithmic soundness error. MulLookup has similar
prover performance as Lasso [STW24] but better soundness error, verifier time,
proof size, and less requirements on the structure of the table. Compared to
other lookups, such as LogUp [Hab22] we commit to less additional information,
and the prover’s only dependence on T is the time to evaluate a mulilinear eval-
uation of the table. MulLookup argument generalizes our permutation argument.
Instead of the prover sending a permutation, the prover sends a map from the



witness to the table. We then prove that this map is well-formed, i.e. that the
output of the map is binary and that when applied to the witness we only get
values in the table. Notably, the argument preserves the efficiency and soundness
properties of the permutation argument. The prover only needs to commit to
the map, and after that no additional commitment operations are needed. The
prover’s field operations are n - O(y/log(n)) for tables that are smaller than n
and O(n(logT — logn)) for tables of size T that are larger than n. The prover
needs to open the witness and the table polynomials at a single point. While
generically, this will require ©(T) field operations, for many tables of interest
the table polynomial can be efficiently evaluated. For example for range proofs
the multilinear polynomial describing the table is simply ¢(X) = Zio:gOT_l X,2¢,
and can be evaluated in time O(logT). Compared to other lookup arguments,
ours is the first with only a poly-logarithmic soundness error.

The efficiency properties of our protocol only hold for tables up to 7' < nlo8(™)
Additionally, the opening proof might become a bottleneck for tables that are
too large. However, in the case that these large tables are structured one can
use the techniques from Lasso [STW24]. Lasso at it’s core relies on the Spark
compiler. Our permutation argument provides an efficient alternative to Spark,
as described above. This replacement reduces the verification time, proof size
and soundness error of Lasso.

PIOP P time V time wt(Comm.) Table Restriction
Lasso O(n) log?n  nlogT bits Decomposable
Generalized-Lasso O(c-n) log®n c-nA bits MLE-structured
LogUp O(n+1T) logn n bits Any
HyperPlonk O(n+T) logn nA bits Any.
Plookup O(n+T)logn+T) logn nA bits Any
MulLookup n-O(v1logT) O(logn) mnlogT bits T<n
MulLookup O(n-(logT —logn)) O(logn) nlogT bits n<T <n°s"

Table 4. Properties of various lookup PIOPs. Prover time in terms of field operations,
Verifier time, size of additional commitments, and table restrictions. T is the size of
the table and n is the size of the witness. All PIOPs evaluate the table polynomial
once and the witness polynomial once. The properties of Lasso listed assume Lasso
uses GKR-based permutation check for memory-checking; the values will change if it
were to use other permutation checks. The last column gives restrictions on the table
for the efficiency properties to hold.



1.3 BiPerm and Shout

Shout [ST25] introduces a lookup argument that has the same structure and
efficiencies as BiPerm, when parameterized with d = 2. Shout can be used as
a permutation argument for an indexed/preprocessed table, as the preprocess-
ing guarantees that the commitment mapping is indeed a permutation. Shout,
however, does not give a prover-provided permutation argument. Shout employs
a specific argument of one-hotness, which suffices for the lookup case; however,
this does not prove that a prover-provided map is a permutation. We, instead,
provide a generic argument for transforming a lookup into a permutation by
checking that the map is invertible. Most importantly, BiPerm and Shout both
require a PCS where the preprocessing and opening cost only depend on the
sparseness of the committed polynomial. Our main contribution is MulPerm; a
lookup and permutation argument that can be used with any PCS.

1.4 R1CS-style GKR

We also present an improvement of the famous GKR scheme [GKRO08] for cir-
cuits, detailed in Section 3.3. GKR enables proving deterministic circuits without
requiring committing to intermediate values. It has recently garnered renewed
attention by practitioners [Sou23; LZ25; HLQXYZZ25; Sou25] especially in it’s
commit-and-prove version [WTsTW18], that enables combining proofs for the
non-deterministic portion of a circuit with GKR for the deterministic portion.
Downsides of standard GKR include constant fan-in, logarithmic depth, and
strong uniformity requirements on the circuit. [LZ19] showed a way to perform
GKR for non-standard circuits. However, there is a tradeoff between the fan-in
and the prover cost in their protocol. Specifically, the cost and degree of the
sumcheck increase as the gate degree of the circuit increases.

We build a Spartan-style GKR proof system for layered circuits, where each
layer is defined by preprocessed R1CS-style matrices. This proof system allows
for much more flexibility in the circuit structure and handles additions for free.
The key difficulty is that we have to outsource the verifier work of evaluating
the multilinear evaluations (MLEs) of these matrices at a random point. We can
use a variant of our lookup argument to achieve this efficiently. Prior lookup
arguments would have either required committing to ©(n) data (e.g. [SL20]),
which removes the benefit of using GKR in the first place, or used a uniform
variant of GKR to prove correctness of the evaluation (e.g. [Set20]) which adds
log(n) sumchecks to the evaluation, even for constant depth circuits.

1.5 Additional related work

A recent line of work [ZBKMNS22; ZGKMR22; GK22; EFG22] built lookup
arguments for preprocessed tables, where the prover is entirely independent of
the table size. All these works require a trusted setup and rely on pairings for
security. In contrast, our lookup argument requires the prover to evaluate the
table, represented as an MLE, at a random point, thus, it is generically linear in



the table size. However, we formulate our lookup argument as a PIOP that can
be compiled with various polynomial commitments from different assumptions.

2 Technical overview

The core idea of both protocols is to formulate the permutation claim f(o(z)) =
g(z) as a sumcheck, i.e., showing that

> f@)o(x,y) = gly) Vy € H

r€H

Here
1 oX)=Y

1,(Xe HY e H) = .
( ) {O otherwise

In order to prove this statement efficiently, we need to arithmetize 1,. A natural
choice would be to arithmetize it as a multilinear extension, and set H to be the
boolean hypercube over p = log,(n) variables. Unfortunately, the multilinear
extension of 1,(z,y), ﬂ[g] has 24 variables, thus takes up 2?# = n? points to
represent. Even though, it is sparse with only n non-zero entries, there exists
no polynomial commitment today which can open polynomials with n? points
in sublinear time®. HyperPlonk [CBBZ23]* first proposed arithmetizing 1, as a
product of y multilinear extensions of 1,,,Vi € [u], such that

0 otherwise

Here X,Y € {0,1}* and o; : {0,1}* — {0,1} maps to the ith bit of . Using
this arithmetization, we can write a permutation check as

> S@ - T Te (@0 = gy) vy € (0,13

z€{0,1}+ i=1

Assuming that f and g are multilinear, this can be proven using degree p + 2
sumchecks in time O(n - u?) and with soundness error O(\%I)' We show that we
can improve on both the soundness and the prover time of the protocol.

In Section 6, we describe the details of BiPerm, a permcheck PIOP using
¢ = 2 that yields a linear-time permutation argument if compiled using certain
PCSs. In Section 7, we introduce MulPerm, a permcheck PIOP using larger ¢
that can be compiled using any PCS into an almost linear-time permutation
argument.

3 The best polynomial commitments have opening algorithms that take time \/m ,
where | f]| is the size of the committed polynomial.

4 HyperPlonk presents two permutation checks. One is a multilinear version of the
product check, that is similar to Quarks[SL20]. The other one is described above.
For distinction we will refer to the first one as the Quarks permutation check and
the second one as the HyperPlonk one.
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BiPerm n x /n x 2 (n = 64)
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MulPerm n X logn (n = 64)

Full permutation matrix

Decomposition of one
intermediate polynomial

Fig. 1. High-level visual illustrations of polynomials various permutation arguments
in this paper. Left: Illustration of the preprocessed eq polynomials in naive Perm
(Section 5), BiPerm (Section 6), and MulPerm (Section 7). Each large rectangle is
a 0/1 matrix representing evaluations of a committed polynomial where black cell
represents the value 1 at that point (all other points are 0). Within each rectangle,
each row represents a X € B, and each column represents a Y € B, (potentially
encoded across multiple polynomials). In Perm and BiPerm, each preprocessed matrix
is n-sparse. In MulPerm, the number of 0 and 1 entries are roughly equal. For this
small case, logn and /n do not differ significantly; however for larger n, the difference
is far larger. Right: Illustration of polynomials in the two sumchecks in MulPerm
(n = 64). The full permutation matrix is decomposed into [y/logn]| matrices each of
which is interpreted as a multilinear polynomial. Each intermediate matrix is further
decomposed into |v/logn]| matrices. The first sum-check verifies consistency between
the columns in the full permutation and the intermediate polynomials. The second sum-
check batch-verifies consistency between the columns in the intermediate polynomials
and their decompositions. This keeps the degree in each variable low while avoiding

commitments to large polynomials.
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BiPerm, a fully linear permutation check for some PCS BiPerm has fully
linear prover time and only runs one degree 3 sumcheck protocol, with O(u)
verifier time and O(‘%‘) soundness error. The core insight is that we can write
1, as the product of two functions:

1 O’L(X) :YL

0 otherwise

1,,(X,Y1) = {

and
1 JR(X) = YR

1,.(X,Yg) =
n( %) {O otherwise

Here Y1, Yg are the first /2 and second p/2 half of Y € {0,1}* and o1, (X), or(X)
map to the first and second half of the bits of o(X) respectively. Using at the
multilinear extensions of 1,, and 1,,, we can write the claim as a degree 3
sumcheck:

Yo f@) Loy (,yn) - Tog(e,yr) = gly) Yy € {0,1}#
z€{0,1}+

This almost directly gives us our first protocol BiPerm. As a limitation BiPerm,
uses 1,, (z,y) and 1,, (2,1 ), which are multilinear polynomials with 1.5y vari-
ables and of size n'*® with at most n non-zero entries. Importantly, these poly-
nomials can also be evaluated efficiently using O(n) field operations. ]~l[a Ll ]~l[(7 2]
after PIOP compilation are committed to during preprocessing and opened at
a random point during the evaluation protocol. This can be done in linear
time for some polynomial commitment schemes, such as Hyrax, KZH, and Dory
[WTsTW18; KZHB25; Lee21]. These PCS schemes have commitment time that
scales linear in the sparsity and opening time that (beyond evaluation) is only
square root in the size of the polynomial. For some other polynomial commitment
schemes, such as Ligero [AHIV17], the preprocessing time would be superlinear,
but the proving time would be linear. For yet another family, including KZG,
PST, FRI, STIR, and WHIR [KZG10; PST13; BBHR18a; ACFY24; ACFY25],
the preprocessing and proving times would both be superlinear. We compare the
PCS schemes and their compatibility with BiPerm in Table 2.

MulPerm, an almost-linear permutation check for any PCS Given the
limitations of BiPerm, we design MulPerm. MulPerm works with any PCS, i.e.
only requires committing to and opening linear sized polynomials, but it has
slightly worse prover time n - O(y/logn). The idea is to arithmetize 1, into ¢
parts, p1,...,ps. The prover can then use a sumcheck to prove that the degree
¢ sumcheck statement

> f(w)ﬁpi(:my[i-lz:(i+1)-/ﬂ)=g(y) vy € {0,1)"

ze{0,1}# i=1

Proving this using a sumcheck argument reduces to evaluating p;...,p¢ at a
random point a € F* r € F*/*. We then use a second sumcheck to prove the

12



evaluation of each p; using precommitted ﬂ[gi] :=eq(o;(x),y;), which map from
F#t+l to I, i.e., are linear in size. Each p; can, thus, be written as

n/l
pi(z, yi) = HeQ(Ui~€+j(x)vyi~£+j)
j=1

Our key insight is that eq(o;(z),y;) maps to {0,1} for any (z,y;) € {0, 1}++L.
In the sumcheck the prover needs to compute r;(X1) = eq(o;(X1,2’),y;) for a
formal variable X7 and (2/,y;) € {0, 1}*. Importantly, 7;(X1) can only take up
one of 4 possible functions X1, (1 —X3),1, or 0. Thus, r(X;) = p;(X;,2',y;) can
only be one of 4%/ possible functions. For £ > 2, 4*/¢ = n'=¢ = o(n). It turns out
that in the kth sumcheck round, the number of functions the round polynomial
can take up is 22k'“/£, i.e., doubly exponential in k. On the other hand, the size
of the boolean hypercube over which we sum is cut in half in each sumcheck
round. We find that by setting £ = O(,/n), the complexity of the two parts
of the protocols is balanced out and the overall prover time is n - O(\/f) field
operations (no additional commitments). The verifier time of MulPerm is O(u),
and the soundness error is O(u?/F). We give an illustration of our Protocols in
Figure 1.

bucketing algorithm

nlogn+

3
(@)
%
o
<)
}

Prover Cost

direct computation

' '

1 k' =log+/logn logn
Round in second sumcheck of MulPerm

Fig. 2. For each round of the second sumcheck (Algorithm 7) in MulPerm: the black
line shows the prover cost if directly computing the prover message, and the blue line
shows the prover cost if using the bucketing algorithm (Algorithm 6). The idea is to
use the bucketing trick up to round k&’ and then switch over to direct computation in
order to minimize the overall prover cost.
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Lookup arguments We also apply our techniques to lookup arguments. In
lookup arguments, the permutation is replaced with some arbitrary map o be-
tween g, defined over B,, and a table ¢, of size T' defined over B,, such that

g(x) = > ty)ls(z,y)vVx € B,. (1)

YyEB,

Here 1,(z,y) is 1 if o(x) = y, i.e. g(x) = t(y) for ¢ € B, and y € B,,. While
this has a very similar structure to the permutation check, there are a number of
challenges. Firstly, (1) is neither multilinear in @ nor in y. This means we first
need to run a sumcheck over z and y to show that

> eq(x,s)g(@) = Y eq(z,s) Y ty)l.(z,y)

xEB, xzEB, yEB,

for a random vector s.

Secondly, for large tables, i.e. for k > p, a naive implementation of the
sumcheck takes 2% = T time. However, we note that 1, (y, z) is incredibly sparse
and has at most n non-zero entries. We use this to reduce the prover time of
the outer sumcheck to n - (k — p). Finally, 1,(y,x) can now be arithmetized as
a product of k egs. We reparameterize our protocol to achieve a prover time of
nO(y/r) for the inner sumcheck. Our protocol also requires one evaluation of t.
For some tables, e.g. range proofs and all the RISC-V instructions described in
Jolt [AST24], this can be highly efficient.

Prover provided-permutation and lookup checks Up till now, we assumed
that the permutation or lookup maps are fixed and preprocessed. In many ap-
plication, this is not the case but rather the prover computes and commits to
the map during runtime. This presents a new challenge: What if the map is not
well-formed, e.g. in the lookup case what if it maps from B,, to some arbitrary
image in F*. To prevent this, we have the prover prove that ¢ is well-formed. For
this, the prover proves that each output of o is either 0 or 1. For a lookup that
maps from B,, to By, this can be done in O(nloglogn) time, which is less than
the cost in the rest of the argument. In the permutation case, this check is insuf-
ficient. We need to prove that ¢ is indeed a valid permutation. To do this we have
the prover commit to the inverse of o, 7 and prove that o(7(z)) =« Vo € B,,.
This shows that o has an inverse on B, i.e. is bijective.

3 Applications to SNARKSs

The main application of our permutation and lookup arguments is reducing the
prover and verifier costs in popular SNARK systems. In particular, we show
two instances of SNARK systems that, when using our compiler, only require
the prover to commit to the witness and no additional ©(n)-sized messages.
This can significantly improve the prover’s efficiency if the witness is sparse or
of low weight (compared to the size of the field). Additionally, our solutions
do not require the use of GKR and can be instantiated with any polynomial
commitment scheme.
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3.1 Improving HyperPlonk

By replacing the permutation check and the lookup check in HyperPlonk with
our algorithms, we achieve a SNARK where the prover cost is dominated by a
single commitment to the witness and runs two sumcheck arguments. The proof
consists of two sumcheck arguments that can be run in linear or nearly-linear
time, depending on whether BiPerm or MulPerm is used. Previously, Hyper-
Plonk’s permutation argument required committing to a polynomial of size n
with full field elements (of A-bit width), even if the witness is sparse or small.
Similarly, our lookup argument can be used to replace the lookup argument in
HyperPlonk+. Instead of having to commit to n+ 7 full field elements, for look-
ing up n values in a table of size T', our protocol requires committing to only n
elements of with log T bit width.

‘Commitment ops Field Ops  Verifier time PCS

Quarks-style (HP 3.5) 2n T elements n log(n) Any
HyperPlonk sumcheck (HP 3.6) |w n - O(log(n)) log(n) Any
With MulPerm |w] n-0(y/log(n))  log(n) Any

With BiPerm |wl n 2log(n)  Sparse

Table 5. HyperPlonk with different permutation arguments. |w| refers to the total
weight of the witness and n to its length.

3.2 Improving Spartan

In Spartan [Set20], A, B,C are the MLEs of matrices A, B,C € F™ ™ in an
RICS instance x = (F, A, B,C,io,m,n). Let s = logm,u = logn and Z =
(i0,1,w). Note that n is the number of nonzero entries in a matrix.> The verifier
needs evaluations of A, B,C at random points r,, ry. However, evaluating these
polynomials is too expensive due to its quadratic input size. To get around
this, Spartan uses SPARK which uses memory-checking and GKR to delegate
the evaluations to the prover, who only needs to commit to the witness and
performs linear number of field operations. Here, we describe a solution that
improves SPARK, obviating the need for memory-checking, which induces a
large soundness error and larger verifier cost.

We adopt the way of encoding sparse polynomial M € {4, B,C} in SPARK.
M is represented by three preprocessed polynomials val(), row(),col() : B, +
B, such that when given input j € B, outputs the value, row index, and
column index of the jth nonzero element in the matrix, respectively. Then, for

® Note that the matrices don’t necessarily need to be square. For simplicity, we
will only deal with square R1CS languages, which can always be achieved through
padding.
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every x,y € By,

M(:Z, y) = Z ’Uzll(]) : j—row(jv 513) : j—col(jv y)
JE€Bu

When the verifier asks for the evaluation of M (rz,7y), the prover simply
proves the following via a sumcheck

M("’m»"'y) = Z UZLl(J) . j—row(jvrrc) ' ﬂcol(jary)
JjEB,

We observe that this sumcheck has the structure of a preprocessed lookup
argument, as row,col are mappings between two boolean hypercubes of size
n and m respectively. Thus, MulPerm for preprocessed lookup can be used to
prove this statement. The prover only needs to commit to the witness, and run
two sumcheck arugments which requires n - O(y/logm) field operation. There
is no need to use GKR-based memory checking, which significantly reduces the
soundness error, proof size, and verifier time to only O(log(n)).

In the final step of this sumcheck, verifier needs evaluate val,rdw, col at a
random point, which will be provided by the prover as PCS openings.

3.3 RI1CS-style GKR

Definition 1. A L-layered R1CS GKR circuit is a deterministic circuit with L
layers. Layer 1 holds the inputs to the circuit and Layer L holds the outputs of
the circuit. In Layer i for every i € [L — 1], z; are the inputs to Layer i and
zi+1 are the outputs of Layer i, such that AWz 0 Bz, = zZi+1 where matrices
A BO) ¢ FlzivilxIzil | Let y; = log|z;|.

The indexed relation Rricsckr is the set of tuples

(53 w) = (A®, B, LAV, [[BYT]; 120 2 |6 € [L])

where AW BW % are the MLEs of the polynomials A®W B B, x By, —
{0,1} and z; : By, — {0,1} that interpret the matrices and vectors in every
layer i € [L], and

( 3 A(i>(az,y)~2i(y))< > E(i)(w,y)%(y)) = Ziv1(z) Vo € By,
YEB, yEBy,

The task of proving the equation above for every x € B can be reduced

to a single sumcheck using random challenge r € F#:

> e@n) (Y A%y 5m)( Y B @) a) = s ()

xTEB, yEB,,; yEB,,

Mit1

i+1
(2

Again, we adopt the way of encoding sparse polynomial M € {A®) B |; ¢
[L]} in SPARK. Let the number of nonzero entries in M be ¢ = 25. M is rep-
resented by three preprocessed polynomials val(), row(), col() that maps from By
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to their corresponding boolean hypercube; when given input j € By, val(), row(), col()
output the value, row index, and column index of the jth nonzero element in
the matrix, respectively. Then, for every « € B, ,,,y € B,

M(:B,y) = Z ’UZI,I(_]) ! j—row(j7w) : j—col(jay)
JEB;s

Given preprocessed A®, B® and polynomials Z; for every i € [L], we now
describe a Spartan-like GKR algorithm that uses our permutation argument to
prove (AW, BO [[AD]], [[BD]); [[Z:]]; % |i € [L]) € Rricsckr- Run sumcheck for
Equation 2 for every layer. After each sumcheck of Layer ¢ € [L—1], verifier is left
with prover claimed evaluations A® (r,,r,), B (r,,7,), where v, € B,,,,, 7, €
B,,, are challenges. The verifier can check these evaluations via the following
sumcheck,

M(ra:aTy) = Z U&l(J) : ﬂrow(jarx) ) icol(jvry)
JE€Bs

for every i € [L — 1], M € {A® B®} and its corresponding val(), row(), col()
Similar to our observation in Spartan, we observe that this sumcheck has the
structure of a preprocessed lookup argument, since val, row, col all map between
boolean hypercubes. Let n = max(2H:, 2Hi+1),

Using our algorithm for preprocessed lookup achieves almost linear prover
cost of ¢ - O~(\/log n) field operations. It eliminates the need to use GKR or to
commit to anything besides the witness. When the verifier needs to evaluate
val, 76w, col at a random point in the end of the sumcheck, these evaluations
will be provided by the prover as PCS openings. We note that all 2L claims of
MO (r,, r,) can be batched into one sumcheck using random linear combination
instead of being proved individually.

FEzxample: Inner product of w with constants c. Suppose w € H™ are the inputs,
and ¢ € H" is a vector of constants. We want to prove their inner product
(w,e) =" | c;w; is computed correctly. Let p := logn.

If we were to use the standard GKR, the circuit will have depth logn since
each addition gate only has two incoming-wires. However, if we use the R1CS-
style GKR, then this computation can be modeled using a single layer, where
Zin = [L,w], A =[0,¢]T and B = [1,0"]T The prover does not need to commit
to anything other than the inputs w.

4 Preliminaries

Notation: We use A to denote the security parameter.

When dealing with permutations, we use n to denote the number of elements in
the permutation and define p1 := log n. We use B,, := {0, 1}* C F* to denote the
p-dimensional boolean hypercube.

We use ]-',(Fd) to mean the set of pu-variate, at most degree d polynomial. We use
PERM(H) to denote the set of permutation functions that map between H, and
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FUN(H, H') to denote the set of functions that map from H to H'.

All indices in this paper start from 1. For s € N, [s] denotes the set {1,2,...,s}.

For a,b € N,a < band vector € F(=¥), x[q:p) denotes the vector slice [T, a1, - .-, To);
Tlq] = T[1:a]s AN T[ar) = Tlas|a]]-

We use O notation to hide polylogarithmic factors in asympototic complexity.

a(n) = O(b(n)) is equivalent to a(n) = O(b(n)log" b(n)) for any constant k.

In our protocols, we assume the mapping o is preprocessed and included in the

index. See Section 8 for discussion on the case when o is not preprocessed.

The following facts are used throughout the paper.

Definition 2 (Equality polynomial). We define equality polynomial eq : F* x
Ft— T for arbitrary p € N as

eq(X,Y) = H (X:Yi+(1-X,)(1-Y))

=1

Note that for any x,y € By, eq(z,y) € {0,1}. Specifically, eq(xz,y) = 1 if
x; =y, for every i € [u], and eq(x,y) = 0 otherwise.

Lemma 1 (Multilinear extensi0~ns). For every function f : B, — F, there
is a unique multilinear polynomial f € F[X1,..., X, such that f(b) = f(b) for
allbe B,,. We call f the multilinear extension of f, and f can be expressed as

F(X) =3 f(b)-eqlb, X)

beB,

Lemma 2 (Schwartz-Zippel Lemma). Let f : F¥* — T be a non-zero poly-
nomial of total degree d. Let S be any finite subset of IF, and let r1,...,7, be p
field elements selected independently and uniformly from set S. Then

d

Prif(ri,...,ry) =0] < E

4.1 Interactive proofs and arguments of knowledge

We adapt the definitions for interactive proofs of knowledge from HyperPlonk
[CBBZ23].

Definition 3 (Interactive Proof and Argument of Knowledge). An in-

teractive protocol II = (Setup,Z,P,V) between a prover P and verifier V is an

argument of knowledge for an indezed relation R with knowledge error § : N —

[0,1] if the following properties hold, where given an index i, common input x

and prover witness w, the deterministic indexer outputs (vp, pp) < Z(1) and the

output of the verifier is denoted by the random variable (P(pp,x,w),V(vp,x)):
— Perfect Completeness: for all (1;x;w) € R

. gp Setup(lk) _
Pr | (Plep,x, ), Vive, x)) =1 (vp, pp) < Z(gp,1) | '
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— §-Soundness (adaptive): Let L(R) be the language corresponding to the in-
dezed relation R such that (1,x) € L(R) if and only if there exists w such
that (1;x;w) € R. IT is §-sound if for every pair of probabilistic polynomial
time adversarial prover algorithm (Ai, As) the following holds:

gp + Setup(1?)
Pr [(Aa(1,x,st), V(vp,x)) = 1A (1,x) ¢ L(R)| (1, x,st) < Ai(gp) | < d(Ji|+]x]).
(vp, pp) + Z(gp, 1)

We say a protocol is computationally sound if § is negligible. If A1, Ay are
unbounded and & is negligible, then the protocol is statistically sound. If A =
(A1, Az) is unbounded, the soundness definition becomes for all (1,x) & L(R)

gp + Setup(1?)

Pr) (Aa (i, gp), VP, x)) = 1) (000" T(ap. 1)

< O(Jaf + [x])

— d-Knowledge Soundness: There exists a polynomial poly(-) and a probabilis-
tic polynomial-time oracle machine £ called the extractor such that given

oracle access to any pair of probabilistic polynomial time adversarial prover
algorithm (A1, A2) the following holds:

_ B gp « Setup(1*)
Pr <A2(n,x,st),/\\/(vp,x)> =1 (LX’ St) — Al (gp)

' (vp,pp) < Z(gp,1)
(H,X, W) g R W <— EXt‘Al’J42 (gP7 ﬁa X)

< S(Ja] + |x])

An interactive protocol is “knowledge sound”, or simply an “argument of
knowledge”, if the knowledge error § is negligible in \. If the adversary is
unbounded, then the argument is called an interactive proof of knowledge.

— Public coin An interactive protocol is considered to be public coin if all of
the verifier messages (including the final output) can be computed as a de-
terministic function given a random public input.

Non-interactive arguments. Interactive public-coin arguments can be made non-
interactive using the Fiat-Shamir transform. The Fiat-Shamir transform replaces
the verifier challenges with hashes of the transcript up to that point. The works
by [AFK21; Wik21] show that this is secure for multi-round special-sound pro-
tocols and multi-round oracle proofs. We adapt the definitions for PIOP from
HyperPlonk [CBBZ23]. See the definition for interactive proofs of knowledge in
Definition 3.

Definition 4. A polynomial interactive oracle proof (PIOP) is a public-coin
interactive proof for a polynomial oracle relation R = {(i;x;w)}. The relation
is an oracle relation in that the index i and the instance x can contain oracles
to multi-variate polynomials over some field F. The oracles specify p and the
degree in each variable. These oracles can be queried at arbitrary points in F* to
evaluate the polynomial at these points. The actual polynomials corresponding to
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the oracles are contained in the pp and the w, respectively. We denote an oracle
to a polynomial f by [[f]]. In every protocol message, the P sends multi-variate
polynomial oracles. The verifier in every round sends a random challenge.

We measure the following parameters for the complexity of a PIOP:

— The size of the proof oracles is the length of the transmitted polynomials.

— The round complexity measures the number of rounds. In our protocols, it is
always equivalent to the number of oracles sent.

— The size of the witness is the length of the witness polynomial.

— The prover time measures the runtime of the prover. In this work, we only
care about the number of field operations performed by the prover, specifically
the number of field additions and multiplications.

— The verifier time measures the runtime of the verifier.

— The query complexity is the number of queries the verifier performs to the
oracles.

— The sparsity of the oracles is the number of non-zero entries in the evaluation
tables of the committed polynomials.

Proof of Knowledge. As a proof system, the PIOP satisfies perfect completeness
and unbounded knowledge-soundness with knowledge-error §. Note that the ex-
tractor can query the oracle at arbitrary points to efficiently recover the entire
polynomial.

Soundness and knowledge soundness. HyperPlonk proved that soundness di-
rectly implies knowledge soundness for certain oracle relations and oracle argu-
ments [CBBZ23].

Lemma 3 (Lemma 2.3 of [CBBZ23]). : Sound PIOPs are knowledge sound]
Consider a §-sound PIOP for oracle relations R such that for all (i,x,w) € R,
w consists only of polynomials such that the instance contains oracles to these
polynomials. The PIOP has § knowledge-soundness, and the extractor runs in
time O(|w|).

4.2 PIOP compilation

PIOP compilation transforms PIOP into an interactive argument of knowledge
II by replacing the oracles with polynomial commitments. Every query by the
verifier is replaced with an invocation of the Eval protocol at the query point.
The compiled verifier accepts if the PIOP verifier accepts and if the output of
all Eval invocations is 1. If IT is public-coin, then it can be further compiled
to a Non-interactive ARgument of Knowledge (NARK) through Fiat-Shamir
transform.

Theorem 1 (PIOP Compilation). /[BFS20; CHMMVW20] If the polynomial
commitment scheme I' has witness-extended emulation, and if the t-round Poly-
nomial IOP for R has negligible knowledge error, then II, the output of the PIOP
compilation, is a secure (non-oracle) argument of knowledge for R. The compi-
lation also preserves zero knowledge. If I' is hiding and Eval is honest-verifier
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zero-knowledge, then II is honest-verifier zero-knowledge. The efficiency of the
resulting argument of knowledge I depends on the efficiency of both the PIOP
and I':

— Prover time The prover time is equal to the sum of (i) prover time of the
PIOP, (ii) the oracle length times the commitment time, and (iii) the query
complexity times the prover time of I.

— Verifier time The verifier time is equal to the sum of (i) the verifier time of
the PIOP and (ii) the verifier time for I' times the query complexity of the
PIOP.

— Proof size The proof size is equal to sum of (i) the message complexity of
the PIOP times the commitment size and (i) the query complexity times the
proof size of I'. If the proof size is O(log®(|w|)), then we say the proof is
succinct.

Batching. The prover time, verifier time, and proof size can be significantly
reduced using batch openings of the polynomial commitments. After batching,
the proof size only depends on the number of oracles plus a single polynomial
commitment opening.

4.3 Sumcheck protocol

Definition 5 (SumCheck relation). The relation Rsum s the set of all tuples
(x;w) = ((v, [[f]]); f) where f € }',(;d) and Y pe o1y £(B) = v.

’I:iheorem 2. The PIOP for Rsym is perfectly complete and has knowledge error
dsiim = dp/|F|.

The classic SumCheck protocol [LFKN90] is a PIOP for Rsym. Given a tuple
(x;w) = (v, [[f]]; f) for p-variate degree d polynomial f such that Zme{(u}u fb) =
S.

—Fork=1,...

e The prover computes ug(X) = >, ci01yu-r [(a, X, @), Where a :=
[o;]"=} are challenges. Prover sends the oracle [[u]] to the verifier. uy, is
univariate and of degree at most d.

o The verifier checks that S = ux(0) + ux(1), samples o < F, sends ay,
to the prover, and sets S + ug(ag).

— Finally, the verifier accepts if f(a) = S.
We refer to [Tha20] for the proof of Theorem 2.

Prover messages sent as oracles. Like in HyperPlonk [CBBZ23], our prover
will send an oracle of u in each round, instead of the actual polynomial. This
reduces the communication and verifier complexity without changing the sound-
ness analysis. This is useful especially if the degree of u is large, as in our PIOPs.
Moreover, the verifier has to evaluate every uy at three points: 0, 1, and «ay. Sec-
tion 3.1 of [CBBZ23] introduces a useful optimization where the prover instead
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sends an oracle for a degree d—2 polynomial v} and an extra field element uy,(0);
the verifier can then obtain the three evaluations through only one query to the
oracle of uj,.

In the complexity analyses throughout this paper, we assume the above algo-
rithms are applied explicitly.

4.4 Multilinear polynomial commitments.

Definition 6 (Commitment scheme). A commitment scheme I" is a tuple
I' = (Setup, Commit, Open) of PPT algorithms where:

— Setup(1*) — gp generates public parameters gp;

— Commit(gp; x) — (C;r) takes a secret message x and outputs a public com-
mitment C and (optionally) a secret opening hint r (which might or might
not be the randomness used in the computation).

— Open(gp,C,z,7) — b € {0,1} verifies the opening of commitment C' to the
message x provided with the opening hint r.

A commitment scheme I is binding if for all PPT adversaries A:

gp + Setup(1*)

(C, o, T1,T0, 7"1) — A(gp)
bo < Open(gp, C, xo,70)
b1 < Open(gp,C,z1,71)

Pr b():bl;é()/\xo;élj : Sneg|()\)

A commitment scheme I is hiding if for any polynomial-time adversary A:

gp + Setup(1?)
(zo, 21, st) < A(gp)
Pr|b="b": b+s{0,1} —1/2| = negl(N).
(Cp;rp) < Commit(gp; zp)
b« A(gp, st, Cp)

If the adversary is unbounded, then we say the commitment is statistically hid-
ing. We additionally define polynomial commitment schemes for multi-variate
polynomials.

Definition 7. (Polynomial commitment) A polynomial commitment scheme is
a tuple of protocols I' = (Setup, Commit, Open, Eval) where (Setup, Commit, Open)
is a binding commitment scheme for a message space R[X] of polynomials over
some ring R, and
— Eval((vp,pp), C, z,y,d, pi; f) — b € {0,1} is an interactive public-coin proto-
col between a PPT prover P and verifier V. Both P and V have as input a
commitment C, points z € F* and y € F, and a degree d. The prover has
prover parameters pp, and the verifier has verifier parameters vp. The prover
additionally knows the opening of C to a secret polynomial f € ]-'I(LSd). The
protocol convinces the verifier that f(z) = y.
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A polynomial commitment scheme is correct if an honest committer can suc-
cessfully convince the verifier of any evaluation. Specifically, if the prover is

)

honest, then for all polynomials f € fﬁgd and all points z € F#,

gp < Setup(1*)

(C;7) + Commit(gp, f)

y <+ f(2)

b« Eval(gp, ¢, z,y,d, u; f,7)

We require that Eval is an interactive argument of knowledge and has knowledge
soundness, which ensures that we can extract the committed polynomial from any
evaluation.

Batch evaluation of polynomial commitments While our PIOPs can be compiled
with arbitrary PCS schemes, in the concrete efficiency analysis, we assume that
the PCS has efficient batch evaluation. That is we can efficiently evaluate ¢ poly-
nomials that are committed together at the same point z* € F*. Let y1,...,y;
be the claimed evaluation.For homomorphic commitments, we show that the
random linear combination 3'_, o/ fi(X), at z* is equal to >.'_, a’ - y;, for a
challenge o € F. The prover’s cryptographic operations for size n polynomials
are proportional to n+t, not n-t. For hash-based proof systems, we can commit
to all ¢ polynomials using an interleaved code and give an evaluation protocol
for the interleaved code, such that the cryptographic operations are independent
of t.

4.5 Permutation and its inverse

Definition 8 (Multilinear versions of permutation and its inverse).
Given a permutation o : B, — B,,, we can write it as a multilinear map [CBBZ23]:

5(X) = (61(X), ..., 5,(X)) : T > F*.

For alli € [p], 6:() is the multilinear extension of the ith bit of o(-). Note that,
by definition, 6;(y) € {0,1} for ally € B, and i € [u]. Stmilarly, the multilinear
map representing the inverse permutation o' : B, — B, is defined as

cHX) = (671(X),....5, (X)) : F* s T

such that for all i € [u], &;'(-) is the multilinear evtension of the ith bit of
o~ Y(+). These multilinear maps can be interpolated, treating the subscripts as
explicit binary inputs, producing multilinear functions ) : Butiog, — B and
&[:L]l : Butiogu — B, such that

G (I, X) : Frr18r s B where  &p,(3, X) == 64(X) Vi € [u].

&@]1(1, X)) : Frtloer s B where 6[;]1(7:, X) =6, Y(X) Vie [y

Note that here, © is a log u length binary string corresponding to the value i.
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It is convenient to consider the permutation and inverse permutations as
relations

Re={(z,y):0(x)=y} and R, ={(z,y):z=0"(y)}.

Specifically, we consider their indicator functions, B,, x B, — B, of these rela-
tions.
1 (X,Y)eR,

1,(X,Y)=1,.(Y,X) = {o XY R

This can trivially be extended into multilinear extension using Lemma 1 as

Y L(X.Y)-eq(ally, X|[Y) = ) eq(z[lo(=), X||Y)
x,ycB, xeB,

however, this degree 1 formulation has 2u variables and thus a sum-check pro-
tocol will involve a sum over 22# = n? evaluation points.

The multilinearity of o and 0! allows for a more succinct arithmetization.
Because o is a multilinear map, that is it is linear separately in each element of
X, R, can be expressed as the intersection of u relations. If we define

o
Ro, = {(x,y) : 0;(x) =y;} then R, = ﬂ Ro,-

i=1

This implies that
]]-U(X7 Y) = ]]-ﬁai (X7 Y)

Given the identity 1 4np = 14 - 15, we have
“w
1,(X,Y) =[] 1..(X,Y).

With this decomposition, the indicator function for R, can be arithmetized
as a degree p multivariate polynomial as

1,(X,Y) = H 1,,(X,Y) = Heq(@-(X),Yi) =eq(5(X),Y).

The degree 1 arithmetization and this degree p arithmetization constitute
two extremes. Our results follow from considering various arithmetizations with
respective degrees between 1 and pu.

4.6 Permutation check reduced to sumcheck

We adapt the definition for permutation relation from [CBBZ23].
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Definition 9 (Permutation relation, indexed). The indezed relation Rpgrm
is the set of tuples

(i;x;w) = (&, [[8]); (A1), [[9]D);: (f+ 9)) ,

where & € fﬁgl) is the multilinear extension of permutation o € PERM(B,,),

f.g¢€ ]—',(;1), and f(x) = g(o(x)) for all x € B,,.
Note that instead of &, the index may contain polynomials that make up G or
different forms of this permutation.

Reduction to Sumcheck Previously, in the pursuit of a permutation PIOP
with soundness error smaller than n/|F| to enable usage with polynomial-sized
fields, HyperPlonk introduced a sumcheck formulation for permutation check
[CBBZ23]. However, their formulation includes unnecessary terms and their pro-
tocol requires O(nlog®n) field operations. We derive a very similar but more
concise sumcheck formulation for permutation check; because our sumcheck for-
mulation is derived in a similar way as in Hyperplonk, both the statement and
proof of Lemma 4 are very similar to those of Theorem 3.7 in [CBBZ23]. The
details and proof of the sumcheck reduction is in Appendix A.

Lemma 4. Let n = 2¥. Given f,g € ]-',(LSI), and preprocessed & € PERM(B,,),
sumcheck PIOP for
S f(@) Lo(z,0) = g() 3)

xzEB,

proves (&, [[5]]; ([[f1], [l9]]); (f, 9)) € Reerm with perfectly completeness.

5 Motivating different arithmetization of 1,

We explore a naive arithmetization of 1, and motivate different arithmetizations
described in later sections.

5.1 Degree-u arithmetization of 1, (HyperPlonk)

Theorem 3. Letn = 2*. Given f,g € ]-";(LSI), and preprocessed & = (61, ...,6,)
where o; : B, + {0,1} for every i € [u], using an arithmetization of 1,(X,Y)
that is degree p in X; for every i € [u], the sumcheck PIOP for Equation 3 de-
scribed by the prover and verifier in Algorithm 1 for proving (&, [[]]; [[f1], [[9]]; f,9) €
Rperm has the following properties:

— Oracles: 1 oracles [[G1]],...,[[6,4]] in the instance, each of which is size n,
maps to {0,1} over B, and half-sparse. Two oracles [[f]],[[g]] in the index,
each of size n. O(logn) oracles of prover messages sent during runtime, each
of constant size.

— Knowledge soundness error O(log® n/|F|).

— Prover Complexity O(nlogn) field operations.

— Verifier Complexity O(logn).
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— Verifier queries [[f]], [[g]], and batch-queries [[61]],...,[[G,]]-

Here, we define a different naive arithmetization of 1, by viewing R, as
! | Ro,. The polynomial we obtain is degree p in X,

I
I,(X,Y) = eq(5(X),Y) = [ [ ea(6:(X), ¥)
i=1
Substituting this arithmetization into Equation 3, we get

> f@)-]]ea@i(@), ) = g(a) (4)

zEB, i=1
We now prove Lemma 3.
Proof.
Knowledge Soundness If there 3y € B, such that

> f@) 1Lo(z.y) # 9(y)

xzEB,

then the left-hand side and right-hand side are not equal as formal polyno-
mials, so by the Schwartz-Zippel Lemma, it is the case that

7 _ N
| 2 S Belee) Zale) ) < g

Since any reasonable arithmetizaton of 1, is at most degree p in @, the
sumcheck will be over a virtual polynomial that has u variables and indi-
vidual degree at most u + 1, and its soundness error is upper bounded by
w(p+1)/|F| = O(log® n/|F|). Thus, the total soundness error is O(log?® n/|F|).
Prover Complexity The total cost of collapsing evaluation tables is n(p+1) =
n - O(logn) field operations.
The prover message in each round of the sumcheck PIOP is a univariate
degree-i1+ 1 polynomial computed as p+ 2 evaluation points. Specifically, in
the kth round of the sumcheck PIOP for k € [u], computing the polynomial
ug (YY) requires summing up the polynomial f(8, X, z)-eq(a,5(8, X, x)) over
x € B,_i. The polynomial inside the sum is a product of y + 1 univariate
polynomials, namely f(3,X,x) and eq(c,5;(8, X, x)) for i € [u]. There-
fore, computing uy(Y") requires multiplying p + 1 lists of p + 2 evaluation
points for 2#~* times. Summing together, the total number of field additions
is Zf::l 2#=F — 21 _ 1 < n, and the total number of field multiplications is
S 27F (p ) (p+2) = (n=1)(p+1)(n+2) = n- O(log” n). By using
FFT, the total number of field multiplications can be reduced to n-O(logn).

Query Complexity The verifier needs to query the oracle of g once, the oracle
of f once, and batch-query the oracle of & once.
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Algorithm 1 Naive Sumcheck PIOP for Equation 3

1: procedure SUMCHECK VERIFIER(([[61]], ..., [[64]]), [[f]]; [lg]])
2: Randomly select v <3 F*. Send « to P
3: Query [[g]] to get S + g(a)
4: for k< 1...udo
5: Receive [[ug]] from P
6: if S # uk(0) + uk(1l) then
T reject
8: end if
9: Randomly select S «+$ F. Send B to P
10: S <— Uk (,Bk)
11: end for
12: Query [[f]] to get Vi « f(B)
13: Batch-query the oracle of ([[G1]],...,[[6,]]) to get Vi < 6:(B) for i € [u].
14: if S # Vi eq(e, [Vi]lL,) then
15: reject
16: end if
17: accept
18: end procedure
19:
20: procedure SUMCHECK PROVER((61,...,5u), f)
21: Preprocessed tables containing evaluations of f and every &; over B,
22: Receive a € F* from V
23: B+
24: for k< 1...udo
25: up(X) <0
26: for x € B,,_; do
27: uz(X) « f(B,X,z) - eq(a,5(B, X, x)) > Using FFT
28: uk(X) — up(X) + ue (X)
29: end for
30: Send [[ux]] to V
31: Receive By from V.
32: Collapse the tables of &; and f
33: end for

34: end procedure
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5.2 Low-degree arithmetization for improved prover complexity

We observe that in the prover algorithm for sumcheck PIOP described in Algo-
rithm 1, the bottleneck in prover complexity is computing the univariate degree-p
eq polynomial in every prover message. In fact, among the total (n—1)(p+1)(n+
2) = O(nlog®n) field operations the prover needs to perform, (n — 1)u(u + 2)
of them are solely for computing the equality polynomials, which implies the
prover complexity for the rest of the computation is only O(nlogn).

Let us examine the details of this eq polynomial. in the kth round of sum-
check for k € [u], prover needs to compute the following univariate degree-u eq
polynomial for every x € B, _j:

eq(a, 5(B, X, x))

= ﬁeq (ai, LNTi(ﬂ,va))

(1= @) (1-5:(8. X,2)) + i - 5:(8, X, @))

I
<E1

Il
_

K3

where B € FF~! are challenges from the previous rounds. This polynomial is
degree p in X. It is expensive to compute because it is a product of y univariate
polynomials, which means computing it requires multiplying together u lists of
evaluation points, each of which containing p + 2 points.

This problem can be resolved by reducing the degree of X in the arithmetiza-
tion of ﬂU(X, Y). However, as pointed out previously in Section 4.5, the trivial
multilinear extension of 1,

Y L(X.Y)-eq(ally, X|[Y) = ) eq(z[lo(z), X||Y)
z,yEB, zEB,

is quadratic, leading to over linear opening cost (> n) during compilation of the
PIOP even with the best known PCS available.

Idea We seek to find alternative arithmetization of 1,(X,Y") that is degree < p
in every X; variate.

Our main idea is the following. Let ¢ < u be a fixed “group parameter.”
Instead of viewing R,, as the intersection of  bit-wise relation (R, = (2, Ro.»
we view it as the intersection of ¢ group relations (R, = ﬂ§=1 R;), where R; is
the intersection of the p/¢ bit-wise relations in the jth group for every j € [/]

(R; = mgi{ffl)u/@rl Rs,;). The p-bit permutation relation is now broken into ¢
groups of p /¢ bits.
Let v denote the jth g /¢-bit group of the any p-sized vector v. Let

1,(X,Y ) be the indicator function of R; for every j € [(]

1 (X, Y0)eR,

L(X, YY) = {0 (X,YO) ¢ R,
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and let ]~1j be its multilinear extension. Then according to this perspective, 1,
is arithmetized as

ﬁ (X, Y(J)

which is degree £ in every X; and multilinear in Y.
A natural arithmetization of 1;(X,Y ) is

n/t
P(X, YV, j) = eq(67)(X) = [Teate(t = n/0 3. ), Y)

and the arithmetization of €; is p.
Substituting this arithmetization into Equation 3, we get the following sum-

check formulation

¢

> fl H (x,a), j) = g(@)
xzEB, j=1

The prover can either include p in the index (i.e. commit to it during prepro-
cessing), or additionally prove the correctness of p.

6 BiPerm: Linear-time permutation check for sparse PCS

Theorem 4 (BiPerm). Let n = 2*. Given f,g € ]-",Sgl), and preprocessed
(15,10, [Lox]] : Bi.syu = {0,1}, using an arithmetization of 1,(X,Y’) that is de-
gree 2 in X, the sumcheck PIOP for Equation 3 described by the prover and veri-

fier in Algomthm 2 for proving (1, , Lo, [1o, 1], [Lex]l; [, [[9]); f> 9) € Reerm
has the following properties:
— Oracles: two oracles [[1,,]], [1o,]] in the index, which are size n'->. Two

oracles [[f]],[lg]] in the instance, each of size n. logn oracles of prover mes-
sages sent during runtime, each of size logn.

— Knowledge soundness error O(logn/|F|).

— Prover Complexity O(n) field operations.

— Verifier Complexity O(logn).

— Verifier queries [[f1], [[9]]; [1o,]], [Tox]]-

In the previous section we arithmetized 1, as the product of y multilinear
functions, resulting in a polynomial that is degree u in every X; and multilinear
inY.

Here instead, we arithmetize 1,(X,Y) as the product of just 2 multilinear
polynomials, each of which depends on half of Y.

Let L and R be the intervals [1, /2] and [u/2 + 1, u). Consider the pair of

relations
L= ﬂ Ro,, and Ry, = ﬂ Ro,.
i€L i€ER
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Let 1,, and 1,, be the indicator functions for R,, and R, , respectively; let
1,, and 1,, be their multilinear extensions. By definition, R, = R, N Ro,,
and by arithmetizing 1, as 1,, - 1,,, Equation 3 can be written as

S (@) o, (@ ar) - Loy (@, an) = gla). (5)

xzeb,

The sumcheck PIOP for the evaluation of the left-hand-side of Equation 5 is
described in Algorithm 2. The claims in Theorem 4 that the verifier to per-
forms O(logn) work and the protocol has soundness error O(logn/|F|) follow
immediately from the description of the PIOP. A full proof follows.

Proof.

Knowledge Soundness The soundness error of Schwartz-Zippel Lemma is
1/|F|. The sumcheck is over a virtual polynomial that has u variables and
degree at must 3 in each variable, so its soundness error is at most 3u/|F|.
Thus, the total soundness error for BiPerm is O(logn/|F|).

Prover Complexity Provided the evaluations of 1,, (X, az) and 1,,(X, ar)
over By, the sum-check protocol in Figure 2 can be executed with O(n)
prover, O(p) verifier work, and has soundness error O(/|F|). The only thing
left to establish is that the prover can compute the evaluation tables of
1,,(X,ar) and 1,, (X, ar) with O(n) work.

WLOG, we will consider the definition of 1, .

]NIUL(vaL) = Z eq(wHyLvXHYL)]lOL(xvyL)

mEBu,yLEBM/Q

= > eq(zlop(x), X||Y2)
xzEB,

Z eq(m, X) ’ eq(UL(m)7 YL)
xeB,

When X € B,,, the only non-zero term in the sum is the case where x = X,
so the expression simplifies as eq(or(X), Yz).

It is well known that eq(yr, ar) can be evaluated at all points yr, € B, /o in
time O(2*/?). As o1,(X) exclusively takes on values in B, /5, each evaluation
of 1o, (z,ar) Y& € B/, is merely a lookup into a table of eq(yr,ar)’s
evaluations.

Computing eq(yr,, ) Vyr € By,/2 requires O(2#/2) = O(y/n) work.

The remainder of the protocol is a constant-degree sum-check over p vari-
ables. The standard linear time sumcheck algorithm can be applied for an
overall O(n) prover work.
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Algorithm 2 Sumcheck PIOP in BiPerm
1: procedure BIPERM VERIFIER([[1,,]], [Lo]])s [[£]]: [[9]])

2: Randomly select v <3 F*. Send « to P

3: Query [[g]] to get S « g(cx)

A |

5: for k< 1...pdo

6: Receive [[ug]] from P

T if S # uk(0) + uk(1l) then

8: reject

9: end if

10: Randomly select 8 <s$ F. Append to 8. Send S to P
11: S <« Uk (,Bk)

12: end for

13: Query [[f]] to get Vy « f(B)

14: Query [[Lo,]] to get Vo, <= Loy (B, afpu/2))
15: Query [[1o]] to get Vop < Log (B, apuy2+1,)
16: if S#£Vy-V,, - Vs, then

17: reject

18: end if

19: accept

20: end procedure

21:

22: procedure BIPERM PROVER(I,, ,1op, f)

23: Preprocessed tables with evaluations of f, 1, (-, @r) and 1o, (-, ar) over B,
24: Receive a € F* from V

25: B+

26: for k< 1...pdo

27: Uk (X) +~0

28: for x € B, do

29: ux(X) + f(B,X,2) - 1o, (8, X,@),ar) - Loy (B, X,®),ar) > FFT
30: ug(X)  up(X) + ugp(X)

31: end for

32: Send [[ur(X)]] to V

33: Receive i from V. Append to 8

34: Collapse the evaluation tables

35: end for
36: end procedure
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6.1 Compiling BiPerm using PCS

To keep the prover work linear in the compiled permutation argument, the open-
ing cost of the committed polynomials must be O(n) field operations. This is
not immediately obvious, as 1,, and 1, are polynomials in 1.54 variables and
thus of size n!'*5. However, we are saved by the n-sparsity of these polynomi-
als, namely that they merely have n non-zero entries. By using PCS that has
cost only dependent on the sparsity of the polynomial, such as Dory [Lee21] or
KZH [KZHB25], we can achieve linear prover and preprocessing cost in the re-
sulting permutation argument. For any hash and code-based PCS, e.g. [AHIV17;
BBHR18a] , unfortunately, the preprocessing cost will be n!->. The reason is that
even for sparse polynomials, the error-corrected encoding must be non-sparse.
Thus, committing to the polynomial, which is done in preprocessing, is linear in
the size of the polynomial.

7 MulPerm: Almost linear-time permutation check for
any PCS

Notation In this section, we frequently work with field elements j € [¢], where
¢ is a fixed parameter. For any such j, we use (j) to denote the log ¢-bit repre-
sentation of j — 1 and j’ to denote (§ — 1)u/¥.

The BiPerm PIOP can only be compiled using sparse PCS because the total
weight the oracles in the index is larger than n. Without such PCS, committing
to and opening the two 1.5u-variate sub-indicator functions (1,,,1,,) is too
costly.

MulPerm aims to avoid preprocessing the multilinear extensions of indicator
functions so that the PIOP can be compiled with any PCS. The correctness
of the multilinear extensions will instead be batch-proved using an additional

sumcheck protocol, as described in Section 8 of HyperPlonk [CBBZ23].

Theorem 5 (MulPerm). Let n = 2*. Given f,g € f,&él), and preprocessed
Oy Flogntr s F, using an arithmetization of 1,(X,Y) that is degree v/logn
in X, the double-sumcheck PIOP for Equation 8 described by the prover and
verifier in Algorithm 3 proves (61, [[61,]); [[f]], [[9]]; f,9) € Reerm with the fol-
lowing properties:
— Oracles: one oracle [[5,]] in the index, which is size nlogn and maps to
{0,1} over Biogtu. Two oracles [[f]],[[g]] in the instance, each of size
n. O(logn) oracles of prover messages sent during runtime, each of size
O(V/Togn).
— Soundness error p‘DlyllTolg(”),
— Proof size O(logn),
Prover performs n - O(y/logn) field operations
Verifier queries [[f]], [[g]], batch-queries [[67,]] at \/logn positions, and each
of the oracles of the prover messages.
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Suppose we arithmetize 1,(X,Y) as the product of £ sub-indicator functions,
each of which depend on p/¢ bits of Y, where ¢ < p is some fixed parameter.
Looking ahead, we eventually set £ = |/ for MulPerm to minimize the prover
cost.

Let interval Z; be [j’ + 1,5’ + p/{] for every j € []. Consider the relations:

Ri=[)Ro Vi€ll
iEIj

Let 1; be the indicator function for R;, and let 1, be its multilinear extension.
By definition, R, = | 1 R and by arithmetizing 1, as Hje[é] 1;, Equation 3
can be written as

S f@)- ] Liea) = ga) ¥je [l
]

xzEB, JEK

JEC

Notice that since we are no longer preprocessing flj, we can hardcode the
slice of av into the arithemetization. Let the arithmetization of 1;(X, Y ) be
p(X, (5)) for every j € [{].

Particularly, interpret the random challenge o € F* as a polynomial a :
Flee# s F, such that a((i)) = a; for i € [u]. The partial product polynomial
P : Butloge — F is defined as

w/t

p(z, (j) = _Heq (ae((5" + 1)), 31 (G + i), 2)) (6)

where (j'+1) denotes the log p-bit representation of j'+i—1. The arithmetization
of 1; is simply:

pla"i") = D el (), (@"5%) -pz, () (7)

x€B,,jEf]

As [[p]] is not included in the indexer, the prover will need to prove that p is
indeed the multilinear extension of p, which can be accomplished by another
sumcheck. MulPerm therefore is a double-sumcheck PIOP.

Substituting p into Equation 3, we obtain the following sumcheck formula-
tion, the left-hand side of which is degree £ 4+ 1 in «x:

> f@) ][] b=, (4) = g(@)
JE[€]

xzEB,

Remark 1. This double-sumcheck protocol can be thought of as a non-generic
2-layered GKR circuit, in which the top layer computes the left-hand side of
Equation 8 and the lower layer computes p(z’) for every &’ € B, 4105 ¢. The two
ideas are equivalent.
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Algorithm 3 MulPerm PIOP. p is defined as in Equation 6 and 7.
1: procedure MULPERM VERIFIER([[G1,4]], [[f]], [[9]])

2: Randomly select v s F*. Send « to P
3: Query [[g]] to get S + g()
4: SuMcHECK1 VERIFIER([[f]], S). If procedure rejects, output reject. Otherwise,

gets returned values [Pj]‘g:l and B € F~.
5 Randomly select t € F'°8*. Send ¢ to P
6 Compute Ss <= ., ed(t, (7)) - P
T SUMCHECK2 VERIFIER(([[7,]], B]|t, S5))
8: end procedure

9:

10: procedure MULPERM PROVER(G7y,, f)

11: Preprocessed tables containing evaluations of f over By, and &) over Bjt1og
12: Receive o € F* from V

13: Evaluation table of p over B, 11og¢ < COMPUTEPARTIALPRODUCTS(G7(,), )
14: B € F* + SUMCHECK1 PROVER(p, f)

15: Receive t € F'°8¢ from V

16: SUMCHECK2 PROVER(G1,, B|t)

17: end procedure

Our double-sumcheck PIOP algorithm is composed of three parts.

1. Prover computes p(x’) for every @’ € B, 110g¢. Section 7.1 shows an efficient
algorithm for doing so.

2. Verifier sends random challenges o € F* to prover and queries the oracle of
g to get S < g(a). Prover and verifier then engage in a sumcheck PIOP to

reduce
> f) [ b= (8)

xeB, JE)

to £ claims p(B, (j)) = P; for every j € [¢]. The details of this first sumcheck
is described in Section 7 2.

3. Verifier sends random challenges ¢ € F'°8¢ to prover and computes Sp
> jergea(t. (j)) - Pj. Let B’ := B|[t. Prover and verifier engage in another
sumcheck to prove p(B’) = S;, or equivalently,

n/t

> B (i Heq i), 0 (' +1),2)) =S5 (9)

wEBH,jEV]

p(x,{(j5))
This second sumcheck is described in Section 7.3.
In the following subsections, we will describe the details of each component,

and discuss how to set the parameter £ in the end, which intuitively represents
the number of partial products.

34



7.1 Evaluating p over the boolean hypercube

The prover needs to compute p(x’) for every @’ € B, 1105¢ before engaging in
the sumcheck protocols. Notice that because p(x’) = p(x’) over the Boolean
hypercube, the prover can simply compute the partial product polynomials p.

Naively, the prover needs to evaluate the formulation at all n¢ boolean vec-
tors, and each evaluation requires /¢ field multiplications, which sums to nu
total field multiplications. This is obviously too inefficient for our goal of achiev-
ing an almost linear permcheck protocol.

We make an important observation that every bit-wise eq polynomial only
has image space of size 2. Thus, the image space of p, which is defined as a
product of x/¢ bit-wise eq polynomials, has size at most 2#/¢. Algorithm 6 is a
“bucketing” algorithm that takes advantage of this observation when computing
the evaluations of p.

Lemma 5. Algorithm 4 computes p(x') for all ®' € Btioge using o(n) field
operations.

Proof. For any fixed j € [¢], there are at most 2#/* possible evaluations across all
different € B, /. We can compute these distinct ¢ .21/ evaluations, each taking
/¢ field multiplications, and then look up the evaluation for the corresponding
p. The total number of field multiplications is therefore (uu/f)-£-24/¢ = - 21/t =
p-nt't = o(n) for any £ > 1.

Algorithm 4 Algorithm for efficiently computing p(x’) for every @’ € B 1050

1: procedure COMPUTEPARTIALPRODUCTS(G(,,, o € F*)
2: Preprocessed evaluation tables of 6y, over B t1og¢

3: Let {s1, 82, -+, Syuse} be the set of all j1/¢-bit strings

4: Initialize empty evaluation table of p

5: Initialize table S of size 2//* x ¢

6: for i< 1...2/% do

7: Compute S;; <+ eq(alj’ +1: 5" + un/f),s:)

8: end for

9: for x € By, j € [{] do

10: Look up i such that s; = [, ((j' + 1), @),..., 67, ((J" + p/0), x)]
11: Look up S;j, and use it to fill in the evaluation of p(x, (5))

12: end for
13: Return the evaluation table of p
14: end procedure

7.2 First sumcheck
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Lemma 6. The sumcheck PIOP described by the corresponding prover in Algo-
rithm 5 reduces Equation 8 to £ claims p(B, (j)) = P; for every j € [{], where
B € Frtlogl gre challenges sent by the verifier.

— Prover sends p prover messages as oracles, each of size ¢ + 2.

— Soundness error w

Prover performs n - O(f) field operations.
— Proof size (u) - (£+2) + L.
Verifier queries the oracle of f once

Proof. The number and size of prover messages, the proof size, and the number
of verifier queries can be found trivially in the algorithm.

Soundness The formulation for this sumcheck has p + log ¢ variates and at
most degree £ + 1 in each variable. The sumcheck therefore has soundness

error W.

Prover Complexity In the kth round for 1 < k < p, there are 2#7% . (£ 4 1)2
field multiplications and 2#~* additions. In the (1 + k)th round for 1 < k <
log ¢, there are (¢/2% 4-1)2 field multiplications. Summing together, the total
number of field multiplications is

1 log ¢
SR+ 12+ (/28 +1)°
k=1 k=1

o log ¢
<y 2R 1)7 4> (20/29)?
k=1 k=1

nw log ¢
=n(l+1)%- ) 27F 4402y 272k
k=1 k=1

=n(l+1)*(1 —1/n) + 421 —£72)/3
=n-0O(f?)
and the total number of field additions is > _, 2% =n — 1.
The algorithm can be further optimized by employing FFT for polynomial

multiplication [CBBZ23], which brings the number of field multiplications
down to n - O(f).
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Algorithm 5 First Sumcheck PIOP in MulPerm
1: procedure SUMCHECK1 VERIFIER([[f]], S)

2: B+

3: for k< 1...pdo

4: Receive [[ug]] from P

5: if S # ur(0) + uk(1l) then
6: reject

T end if

8: Randomly select 8r <3$ F. Append to 8. Send Sk to P
9: S <« uk (Bk)

10: end for

11 Query [[f]] to get Vs  /(B)
12: Receive [P;]_; from P

13: if S 7& Vf . Hje[é] Pj then

14: reject

15: end if

16: return [Pj]?zl,ﬂ
17: end procedure

18:

19: procedure SUMCHECK1 PROVER(p, f)

20: Preprocessed tables containing evaluations of f over B, and p over Bytioge
21: B+

22: for k< 1...udo

23: Uk (X) ~—0

24: for x € B, do

25: ue(X) + f(B, X, 2)  [Leg p((8, X, ), () > Using FFT
26: up(X) — up(X) + uz(X)

27: end for

28: Send [[ux]] to V

29: Receive By from V and append it to 8

30: Collapse the evaluation tables

31: end for

32: Send P; := p(B, (j)) for every j € [{] to V
33: return
34: end procedure
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7.3 Second sumcheck

u/t

> B z(7) Heq (" +14)), 60 (' + 1), ®)) = Sp 9)

mGBu,jG[f]

p(z:(5))

The second sumcheck has degree p/¢ + 1, which implies direct computation
is expensive (n - O(logn/f)). We describe a bucketing algorithm below to reduce
the number of field operations.

Observe that, as noted previously in Section 7.1, every bit-wise eq(a(7), o (i, -))
polynomial only has image space of size 2, which implies the total number of
possible polynomial identities for bit-wise eq is limited and that the total number
of polynomial identities for partial product is also limited. If we can efficiently
compute all the possible identities/buckets for the univariate p polynomial, then
instead of computing them individually for every x’ in every round of sumcheck,
we can permute the buckets and then sum up the product of each identity with
the polynomials eq((’y, X,2'),B') for ' € B 110g¢—k such that the correspond-
ing partial product falls in the current bucket.

Lemma 7. The sumcheck PIOP for proving Equation 9 described in Algorithm
7 has the following properties:
— Prover sends p + log £ prover messages as oracles, each of size p/l + 2.

— Soundness error M
- )

— Prover performs n - O(u/t) + €2¢ field operations.
— Proof size (pu+log?) - (/0 +2).
— Verifier queries [[G(,]] once.

Bucketing Start by considering the first round of sumcheck, where the prover
needs to compute Y eq((X, '), B')p(X,a’) or equivalently

m/EBu{»log £—1

> ea((X =, (5), 8)B((X, ), (7))

x€B,_1,j€[{]

Recall that p is the multilinear extension of the product of u/¢ bit-wise eq
between a and &y,). Observe that since each univariate &y, maps to 0,1, its
polynomial identity must be among 0, 1, X, 1—X. This implies that, for every j €
[¢], there are at most 22#/¢ < 2# possible polynomial identities for p((X, z), (j)),
regardless of the value of @. Let these identities be {idy,...,idy2u/c,}. We can
transform the equation to the following:

221/t p
> id; > eq((X,z, (5)), B)
i=1 xr€EB,_1,j€[{]

s:6.5((X.2), (7)) =id;
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In the kth round of sumcheck, the prover needs to compute the univariate
polynomial

> ea((n Xz, (5),B)p((v. X, @), (7))

xeEB, _k,jE{]

where v € FF~! are the challenges from the previous rounds. The number of
polynomial identities of each univariate &y, now grows to 22k, which implies

the number of distinct identities for p grows to 92"/ . ¢, Let these identities be

{id1, ... idyok, e, }- Now we transform the equation to:
22ku/l.[
> idi > eq((v, X, z, (5)), B)
i=1 @EB,_1,jEl]

s.t.5((v. X 2),(7)) =id;

Using the bucketing algorithm (Algorithm 6), the cost of computing the prover
message in the kth round is (u/€ + 1)(u/l + 2)2279““ 0= O(u?/e) - 22"/t
multiplications and ¢ - 2#H1°8¢=k additions.

Only bucketing for the first k < log £ rounds. The exponential growth
of the number of possible polynomial identities motivates switching from the
bucketing algorithm back to direct computation in round k' = log ¢, at which
point the number of field multiplications using the bucketing algorithm exceeds
the one using direct computation.

Cost of switching algorithm At the start of round log ¢, the prover needs
to compute the evaluation tables of G ((i), (v,)) for every i € [u] in order to
continue the protocol. Using a similar bucketing algorithm, this can be accom-

plished using 22k/ Zglzl 2k < ¢.2¢ field operations. The details of this algorithm
can be found in Appendix B, Algorithm 11.

Proof. The number and size of prover messages, the proof size, and the number
of verifier queries can be found trivially in the algorithm.

Soundness The formulation for this sumcheck has p + log¢ variates and at
most degree p/¢+1 in each variable. The sumcheck therefore has soundness
error (u/Hl)I(FuHng).

Prover Complexity Field additions Whether we apply the bucketing algo-
rithm or not, the number of field additions required in the kth round of the
second sumcheck is always ¢ - 24198 ¢=k Therefore the total number of field
additions for computing the prover messages is

p+log € p+log €

1
; 020k =y ; 27k:n€(17Q):n£fl<n€
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Algorithm 6 Bucketing Algorithm for Efficiently Computing the Univariate
Prover Message in the kth round of the Second Sumcheck in MulPerm

1: procedure BUCKET(5,), 8’ € F*1188 4 e F*~1 k)

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

Let S be the set of all 2% /¢-bit strings.

Initialize ¢ tables t1,...,ts, each of two columns and 92" 1/t 1ows. Note that S

naturally corresponds to the row indices of the tables.

for j €[], s€ S do
for i € [u/¢ — 1] do
b= (bo,bi,...,bor) + 8[2°(1 — 1) +1: 2%3].
View b as the evaluation table of a k-variate polynomial. Fold b such that

the first k — 1 variates are replaced by ~. id, is the final univariate polynomial.

Univariate polynomial id < id - eq(a({(j’ +)),ids)
end for
Fill the cell t;[s, 1] with id
end for
for x € B,,_1,j € [{] do
Initialize s as an empty string
for i € [u/f),xzr € By do
Lookup &1, ((j" + i), xL||x) and append to s
end for
Add z to the cell ¢;[s, 2]
end for
Uk (X) ~—0
for s € S,j € [¢] do
id < Tj[s, 1]
Uid (X) ~—0
for x € t;[s,2] do
uid(X) A uid(X) +eq ((77 Xz, <]>)7 ﬂ/)
end for
uk(X) — uk(X) +id - uid(X)
end for
return ug(X)

29: end procedure
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Algorithm 7 Second Sumcheck PIOP in MulPerm

1: procedure SUMCHECK2 VERIFIER([[5(,]], 8', S)

Y

31:
32:
33:
34:
35:
36:
37:

vl
for k< 1...p+logl do
Receive [[ug]] from P
if S # uk(0) + uk(1) then
reject
end if
Randomly select v, <$F. Append to «. Send % to P
S < uk (k)
end for
" [, JTevpt 1]
Batch-query [[67,]] to get Vi := &(j* /) + (i),:c*) for every i € [pu/4]
if S 7 [Ticpuq€a(a@® - (u/0) + (i), Vi) then
reject
end if
accept

: end procedure

: procedure SUMCHECK2 PROVER(G(,), 8')

Preprocessed evaluation tables of &1,;((i), z) over B, for every i € [u]
v«
for k< 1...logf{—1 do
uk(X) « BUCKET(6y,, 8,7, k) > Using Bucketing Algorithm
Send [[ux]] to V
Receive v, from V and append it to ~
end for
Evaluation tables of &y, ((z), (v, :L')) Vi € [u] < COLLAPSE(G(,),~,logl — 1)
for k < logl+1,...,u+logl do
U (X) —0
for ' € Btiogt—1 do
Ug (X)) + eq((’y7 X, w')”@')p('y, X,z') > Using FFT
ug(X)  up(X) + ug(X)
end for
Send [[ux]] to V
Receive v, from V and append it to ~
Fold the evaluation tables
end for

38: end procedure
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Computing the evaluation tables after round log £ — 1 takes at most ¢-2¢ field
additions. Thus, the total number of field additions is fewer than n¢ 4 £2¢.
Field multiplications The number of field multiplications for the first log £ —1

rounds is
log¢—1

(w/C+0)(u/0+2) > 220t =n- O2/0)
k=1

Computing the evaluation tables after round log ¢ — 1 takes fewer than £ - 2¢
field operations.
The number of field operations for all rounds k& > log ¥ is

p+log €

Z ()l + 2)2;—5 assume 1 > 5/
k=k/+1
p+log €
< 2(u/0)? -nt Z 27k
k=k'+1
mu? 1
== .9k (1- ﬁ)
2n >
=m0/

The number of field multiplications can be reduced to n - O(u/f) if prover
employs FFT for polynomial computation. ~
Thus, the total number of field operations is n - O(u/f) + £2°.

Query Complexity Verifier queries the oracle of &y, once.

7.4 Setting the group parameter £
The total number of field operations for MulPerm is
n-00) +n-O(u/t)+ 2" =n-O0+ p/l) + £2°
—— —_———
First Sumcheck Second Sumcheck

Setting £ = ,/;z achieves the balance between the two terms inside O and 2¢ =
VI2VE = o(n). Then MulPerm has an overall n - O(y/Togn) number of field

operations and soundness error of

( Jo et 1)(p +log v/i) + (1/ /i + 1) (i + log /1) ) /[F|

Schwartz-Zippel First Sumcheck Second Sumcheck
_ O(u"®) _ polylog(n)
|F| |F|

7.5 Compiling MulPerm using PCS

MulPerm can be compiled using any PCS to yield an almost linear-time permu-
tation argument, since all the oracles are O(n)-sized.
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8 Prover-provided permutation

BiPerm and MulPerm assume the MLE of permutation o (or oy, in MulPerm)
is preprocessed. This is consistent with some applications such as proving the
wiring identity of circuits. However, in other applications such as memory-
checking, the two permuted tables are dynamic and cannot be determined until
the program finishes running; the mapping o therefore cannot be preprocessed
and is provided by the prover during runtime. In this section, we present the
details of how to extend MulPerm to such scenarios, and briefly discuss how to
extend BiPerm in the last subsection (Section 8.3).

Theorem 6. Let n = 2*. Given f,g € ]-',(;1), the triple-sumcheck PIOPs for
Equation 3, Equation 10 and Equation 11 described by the prover and verifier in
Algorithm 8 proves ([[f]],[[9]]; f»9) € Reermz with the following properties:

— Perfectly complete.

— Oracles: no oracle in the index. Two oracles in the instance, each of size n
and not sparse. O(logn) oracles sent during runtime, which are [[G7,]], [71,4]]
and oracles to prover messages; and [[Tj,]]] are size nlogn and maps to
{0,1}, and the oracles to prover messages of size O(y/logn).

— Soundness error O(polylog n/|F|)

— Proof size O(logn)

— Prover Complezity is n - O~(\/log n).

— Verifier queries [[f]], [[g]], queries [[o7,]] once and later at \/logn positions
in a batched fashion, and each of the oracles of the prover messages.

We define the unindexed permutation relation with prover-provided o in
Definition 10.

Definition 10 (Permutation relation, unindexed). The relation Rpgrma is
the set of tuples

(x; w) = ([[£1], [lg]]; £, 9) ,

where f,g € }",(Fl), such that there exists a permutation o : B, — B, and
fly) =g(o(y)) forally € B,,.

Previously, the preprocessing of 7, waives the need to prove that o is a
permutation. Now, using BiPerm or MulPerm for this scenario, the prover needs
to first compute the permutation o between f, g, and additionally prove that o is
indeed a permutation, i.e. there exists 0=' : B, +— B,, such that o0~ (c(y)) =y
over B,,.

8.1 Proving o is a permutation
Lemma 8. Given a function o with pre-image space B,,, T(c(y)) =y for every

Yy € B, and the image space of o is B, if and only if o : B, — B, is a

permutation and T = o L.
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Algorithm 8 PIOP for Rpgrmz.
1: procedure PERM2 VERIFIER([[f]], [[9]])

2: Receive [[G1,]], [[7(,y]] from P
3: Ramdomly select r < F and send r to P
4: Define [[f']],[[¢]] such that f'(y) =y + 7 f(y) and ¢'(y) = 7(y) + 7 - g(y) for

every y € B,

5. MuLPERM VERIFIER([[G (]}, [[f]], [l9']])-

6: BINMAP VERIFIER([[G1,]])

7: end procedure

8:

9: procedure PERM2 PROVER(f, g)

10: Compute o such that f(y) = g(o(y)) for every y € B,. Define 7 := o~ *

11: Interpolate o, 7 into (u+-log ) variate polynomials o7, 71, respectively. Com-
pute the MLE &y, 7{,,) and send oracle [[&,]], [[71,]] to V

12: Receive random challenge r € F from V

13: Define f’ such that f'(y) =y +7- f(y)

14:  MULPERM PROVER(G |, f')

15: BINMAP PROVER(G7,))

16: end procedure

Proof. The forward direction is trivial. We prove the backward direction below.
Since 7(o(y)) = y for every y € B,,, it must bethat o : B, = Hand 7 : H— B,
for some space H. Since the image space of o is B,, HH = B, and 0 : B, — B,,.
Since the pre-image space and the image space of ¢ is the same, it must be a
permutation, and 7 = o~ 1.

In order to prove this, the prover provides an oracle to 7, which is supposed
to be Er[:dl, and proves that 1. 7(o(y)) = y for every y € B, and 2. ¢ maps to
binaries over B,,.

The first task can be reduced to the following sumcheck through similar
process as described in Section 4.6,

Yzl (x,a) =7(a) (10)

xzeEB,

The second task is the same as proving 67,(i, ) € {0,1} for every x € By,i €
[1], which can be trivially reduced to the following sumcheck using random
challenges s € B, 1106 11,

Z eq((m7 <7’>)7 S) ' 6—[#] (va)(]- - &[/L] (l,$)) =0 (11)

zEB,i€u]

h(a,i)
Now we prove the completeness and soundness parts of Theorem 6.

Proof.
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Completeness Completeness follows from the fact that there is a bidirectional
implication between each step in the reductions to sumcheck formulations.

Knowledge Soundness We know from Lemma 4 that using sumcheck PIOP
for Equation 3 incurs soundness error O(log® n/|F|). By similar reasoning, the
sumcheck PIOP for Equation 10 also incurs soundness error O(log® n/|F|).
The sumcheck for Equation 11 is over a virtual polynomial that has p+log i
variables and individual degree at most 3, so its soundness error is upper
bounded by 3(u +log u)/|F| = O(logn/|F|). Thus, the total soundness error
is O(log® n/|F|).

Remark 2. Using a random linear permutation, proving 7(o(y)) = vy for every
y € B, can be batched using with the usual permutation check which proves
that f(y) = g(o(y)) for every y € B,,. We refer to [CBBZ23] for the proof of
this technique. Specifically, define

ffy)=y+R-fly), dy)=7@y)+R-gly) VyecB,

and prove f'(y) = ¢'(o(y)) for every y € B,,. In Algorithm 8, we describe this
optimized algorithm.

8.2 Improving the prover cost when proving o maps to binaries

If the sumcheck for Equation 11 is computed naively, the prover cost is > 1 _; 21—k
ZL‘E{L 2logn=Fk — 91y — i+ p—1 = nu—1 multiplications, which is too expensive.
We discuss ways to improve this sumcheck.

The prover wants to prove

Z eq((mv <Z>)v S) ’ &[M] (ivm)(l - &[M] (va)) =0

xEB, i€ 1]

h(x,i)

Let ' := p + log pu. For convenience of notation, we rewrite the above as,

> eq@',s) (@) =0 (12)

:ZZ/EBM/

In the k-th round of this sumcheck, where o € FF~! are challenges from the
previous rounds, the prover needs to compute the univariate prover message

Z eq((a, X, z'), s)h(a, X, x")

:I:/EB“/fk
Computing the k-th round directly takes 2#'~* field additions and 8- 2+ ~* field
multiplications.®

5 The factor 8 comes from the fact that the prover message is degree 3 in each entry of
x and is the product of three smaller polynomials. It therefore needs to be computed
by multiplying together three sets of evaluation points, each containing four points.
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Prover buckets in their head Consider what happens if we fold b variants into h,
then for ’ € B,/_1 we have

hD(@',5,) = h('][0)eq(0, s,.) + h(a'[[1)eq(1, s,,)
for ' € By _y, 8" = s._p) we have
WO (@', s") = KD (@[]0, s{;)eq(0, s y)) + R~V (2 |]1, sfp)eq(L, s y;)
Replace Equation 12 with h(®):

Z Eq(mlvs[:u’—b]>h(b) (wlas[:—b])
II:'EBM/_b

The k-th round then becomes

Z eq((aa Xv iB/), 8[:u’—b])h(b) ((aa Xa CC/), 5[:—1)])

!
z'€B,_y_

As discussed in Section 7.3, the univariate |,) polynomial has 22" possible iden-
tities in the kth round, therefore so does h, and the number of possible identities
for h(® is 22" Using a bucketing algorithm similar to Algorithm 6, the prover
compute the round polynomial by computing the eq partial sum corresponding
to each one of the 22" possible polynomial taken on by A(®), and then sum up
across all those buckets. The number of additions is 2#' ~*~? and the number of
multiplications is § - 22",

Lemma 9. Let n = 2*. The sumcheck PIOP for Equation 11 can be computed
using n - o(loglogn) field additions and o(n) field multiplications. The proof size
is O(loglogn), and the verifier queries [[7y,]] once.

Proof. Set b := logu' — k — 2 and use the above algorithm in every round
k <logu'. Then in each of these rounds, prover performs on' —k—(log ' ~k=2) —
o' 108 k' +2 field additions and 8 - 22" TP = g . glutlogm /4 = 8(nu)t/*
field multiplications. Thus, the cost of the first k& < log p’ rounds is op' —log 42,
log ' = %‘?g“/ = O(nlog i') = O(nloglogn) additions, and 8(nu)'/*-log u' =
8(nu)*/* - log(uu + log 1) = o(n) multiplications.

. . . . . 4 /_
The number of field operations in the remaining rounds is Eﬁzlog w1 2 kE _

o' —logp’ _ 1 — o(n). Putting together the cost of this protocol, the total number
of field operations is O(nloglogn).

Remark 3. For sufficiently large n, the prover cost of running MulPerm domi-
nates in proving prover-provided permutation.
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Algorithm 9 PIOP for proving a multilinear polynomial &, maps to binaries
in Rpgrmz with MulPerm. p/ = p + log pu, and h(zx, i) = &7, (4, 2)(1 — 77, (4, )).
The algorithm of BinMapBucket is described in Section 8.2

1: procedure BINMAP VERIFIER([[G,]])
2 Randomly select s < F*'. Send s to P
3 S+ 0

4: a |
5: fork=1...4' do
6.
7
8

Receive [[ug]] from P
if S 7& uk(()) + uk(l) then
: reject
9: end if
10: Randomly select ax +3$ F. Append to a. Send ay, to P
11: end for
12: Query [[7,1]] to get V :=&(y[: p], ¥[n +1:])
13: if S#eq(vy,s)-V(1—-V) then
14: reject
15: end if
16: accept
17: end procedure
18:
19: procedure BINMAP PROVER(Gy,,))

20: Receive s € F* from V

21: a <+

22: for k< 1...logy’ do

23: b+ logp' —k—2

24: uk(X) < BINMAPBUCKET(G1,,, b, 5, @)

25: Send [[u]] to V

26: Receive ay from V and append it to «

27: end for

28: Evaluation tables of &, ((i), (o, z)) Vi € [u] <~ COLLAPSE(G1,), o, log p')

29: end procedure

30: for k <+ logy'...u' do
31: Uk (X) +~—0

32: for x € B,/_, do

33: Ug (X)) <—eq((a,X,w),s) -h(a, X, x)
34: uk(X) + up(X) + ue(X)

35: end for

36: Send [[ug]] to V

37: Receive ay from V and append it to «
38: Fold the evaluation tables

39: end for
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8.3 Extending BiPerm to prover-provided permutation

If BiPerm is used, then we can use the algorithm descirbed in Section 4.1.2 of
Twist and Shout [ST25] to check the booleanity of 11, 1, for which the prover
needs to perform O(n) + 44/n = O(n) field operations. This algorithm is only
compatible with BiPerm and not MulPerm because it requires sparse PCS for
compilation and that the arithmetization of the indicator function number must
be the product of only a constant number of functions. The resulting PIOP for
prover-provided permutation has O(n) prover complexity.

9 Generalization to Lookups

Definition 11 (Lookup relation, indexed). The indexed relation Rikup is
the set of tuples

(x5 w) = (p, [[]]; [[£1], [lg]); /. 9)

where p € }',SSU is the multilinear extension of map p € FUN(B,, B,), f €
FEY, ge FEY, and
flp(x)) = g(x) V& € B, (13)

We note that instead of p, the index may contain polynomials that make up p of
different forms of this map.

Intuitively, f is the multilinear polynomial representing the k-sized lookup
table, and g is the multilinear polynomial representing the u-sized witness vector.
Lookup can be viewed in a similar light as permutation check. In fact, one can
think of permutation check as a special case of lookup, where the lookup function
p maps between hypercubes of the same dimension.

Similar to before, we define multilinear version of p as

p= (ﬁl(X)aaﬁn(X)) (FH e BT

with p;(x) € {0,1} V& € B, Vi € [k]. Note here F” is the range, but the actual
image space of p can be much smaller. Similar to &1, in Section 7, we can also
interpolate p as a (log x + u)-variate multilinear polynomial py,; : Flogrti s .
such that pp((i), X) = pi(X) for every i € [x].

Reducing Lookup to Sumcheck Similar to what we do in permutation check,
we consider the lookup mapping as a relation, and its indicator function 1, :
B, x B, — B,

1 (X,)Y)eR,

Rp=A{(@y):px) =yt L(X,Y)= {o (X,Y)€R

Following the same steps we took when reducing the permutation check to
sumcheck formulation, we can obtain a similar sumcheck formulation for lookup,
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where 1 p is some arithmetization of the indicator function that is multilinear in
y: ~
S ) Ly(@.y) = g(a) Yz € B,

YEBy

Unfortunately, we cannot apply Schwartz-Zippel this time. As we previously
noted, arithmetizations of 1 p that is multilinear in x are expensive to deal with;
moreover, the lookup function p is not injective and therefore does not have an
inverse to work with. To get around this, we need to add an outer sum to the
formulation, where s € F* are random challenges:

> edxs) Y f@)(xy) = ) ed(x,s)g(x)

xz€B, yEB, x€B,

We flip the sums to make it more compatible with our techniques.

D fly) Y ea(@,s)l(zy) = Y eq(x,s)g(x)

YyEB, xzEB, x€B,

The prover and the verifier will engage in two sumcheck protocols for some
S € F. One for proving

S i) Y el s)L,(@y) = 5 (14)

yEB, xeB,

and another one for proving ZmeBu eq(x, s)g(x) = S. The second sumcheck is
easy to perform and will hence be omitted in the following discussion. We will
focus on the sumcheck for Equation 14.

9.1 Sumcheck PIOP for lookups

In this section, we describe how to extend MulPerm to lookups.

Theorem 7. Let n = 2#,T = 2% such that T < 20" Given fe F,ggl),g €
.E(Lgl) and preprocessed pyy) : Flogrtu s T the triple-sumcheck PIOP described
in Algorithm 10 that uses MulPerm for proving (pi., [[61+]); [LF1], [[9]); f.9) €
Rikup has the following properties:
— Oracles: One oracle [[p}]] in the index, which has size nk and maps to
{0, 1} over Biog xt,- Two oracles f, g in the instance, of size T, n respectively.
O(log T +logn) oracles of prover messages sent during runtime, each of size

at most O(y/logT).

lyl T
Soundness error %W,

Proof size O(log T + logn),

— Prover performs n- O(y/IogT) if T < n and O(n(logT —logn)) field opera-
tions if T > n, as well as computing an evaluation of f.

Verifier queries [[f]], [[g]], queries [[p}.]]] once and later at \/logT positions
in a batched fashion, and each of the oracles of the prover messages.
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The outer sum In the k-th round of the outer sumcheck, with challenges
a € F*=1 prover needs to compute the following univariate degree-2 polynomial,

Y flaYiy) Y eq(ms)iy(x, (a,Y.y) = S

YyEB, EGBM

Observe that we do not actually need to compute the terms for every y and
x, but only those y that is in the image space of p and those x that map to
these corresponding y. Let the image space of p be I,, and it is trivial that
|1I,] < min(T,n),log|l,| < min(u, ). The prover message is equivalent to

Yo fleYiy) Y eq@ )i (@, (a,Y,y))

ye{Ip}[k:] wEBMP(m)[k:]:y

Moreover, note that the evaluation table of 1 o(x,Y) is of size T}; it is sparse and
only non-zero at no more than n different points. As its evaluation table gets
folded after each round, its number of non-zero entries may be folded together,
decreasing its non-sparsity. The number of field operations required to compute
the prover message is directly related to the non-sparsity of 1 -

If T < n, then in the worst case, all entries in the table are non-zero, and
the total number of field operations required for the outer sumcheck is at most
5+4+--+1=0(n).

If T > n, then the worst case is that the table has n non-zero entries and
they always get folded with zero entries in the earlier rounds. This implies that
the prover needs to perform O(n) field operations in each of these early rounds.
Fortunately, the non-sparsity of the table is guaranteed to start decreasing once
the table size shrinks to n, which happens after log(%) = k—p rounds. Therefore,
the total number of field operations required for the outer sumcheck is at most
O(n(k — p) +n) = O(n(k — p)).

Remark 4. If the table is highly-structured, we can apply the algorithm in Ap-
pendix G.5.1 from Lasso [STW24] to reduce the prover cost of the outer sumcheck
to O(n).

After the outer sumcheck, the claim is reduced to

fla) Z eq(z,s) 1,(z, ) = S

xEB,

for some S’ € F and random challenges o € F*. The prover and the verifier can
then use either BiPerm or MulPerm to prove

> eq(z,s) - Ly(w,a) = 5/ f(c) (15)

xzEB,

Corollary 1. Let n = 2*,T = 2" such that T < 2(1=e)u’ for a constant € > 0.
Given f,g € ]-',(Fl), and preprocessed pi) © Blog iy — {0,1}, MulPerm can be
used for proving Equation 15 with the following properties:
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O(logn) oracles of prover messages sent during runtime, each of size O(y/logT).

Iyl T
Soundness error %W,

Proof size O(logn),

— Prover performs n - O(\/log T) field operations and one evaluation of f.
Verifier batch-queries [[py.q]] at \/logT positions, and each of the oracles of
the prover messages.

Proof. Let p be any multilinear polynomial, p € FUN(B,,, B,) is some arbitrary
map, and ﬂp(X ,Y) is the arithmetization of indicator function for p that is
multilinear in Y. Since no where in the MulPerm algorithm do we take advantage
of the fact that the preprocessed mapping is a permutation, it can be applied to
proving any sumcheck of the form

3 p@)-L(@,a) =S

rz€B,

Thus, it cam be directly used to prove Equation 15.

Using MulPerm, we arithmetize ]~lp(X7 Y') as the product of ¢ sub-indicator
functions, each of which depend on /¢ bits of Y. The total number of field
operations is

n-00) +n- O/ +02°=n-OU+r/l)+12°
| S G ——
First Sumcheck Second Sumcheck
Setting ¢ = y/k then achieves the balance between the two terms inside O and
since T < 20798 — k< (1—¢)u?) we have that £2¢ = \/k2VF < . 20=n =

o(n). Then MulPerm has an overall n-O(y/Tog T') number of field operations. With
this parameterization the soundness error is

((VE+ 1) (n+log V&) + (k/vVE+ 1) (1 +log V) ) /|F|

First Sumcheck Second Sumcheck
_ O(py/k) _ polylog(n +T)
|F| ||

9.2 Prover-provided lookup reduced to sumcheck

Definition 12 (Lookup relation, unindexed). The unindezed relation Rikup2
is the set of tuples

(x;w) = ([[/1), llg]]; £, 9)

where f € ]-‘,F”, g€ ]—‘,ﬁf”, such that there exists a mapping p € FUN(B,,, By)
and

flp()) = g(x) Vo € B, (16)
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Algorithm 10 PIOP for R kup.

1: procedure LOoOKUP VERIFIER([[f]], [[g]])

2: Receive [[p[,]] from P

Randomly select s < F* and send it to P

Receive claimed sum S from P

SUMCHECK VERIFIER to check ZweBM eq(xz, s)g(x) = S

SUMCHECK VERIFIER through the outer sum for proving Equation 14

Zf(y) Z eq(z, s)1,(x,y) =S

yel, xE€B,|p(x)=y

Let the challenges be a € F*, and the claim at the end be

fla) > ea(a, s)iy(x,a) = '

zeB),

n

Query [[f]] at o to get evaluation Sy. Compute S + S’/Sy
Adapt MulPerm to check

Z eq(z,8)1,(z, ) = S

zEDB,

®

9: end procedure

10:

11: procedure LOOKUP PROVER(f, g)

12: Compute p such that f(p(y)) = g(y) for every y € B,,.
13: Interpolate the MLE jj,; and send oracle [[f}.)]] to V
14: Receive random challenges s € F* from V

15: Compute S + Y eq(x, s)g(x). Send S to V

z€B,
16: SUMCHECK PROVER for proving ) . eq(z,s)g(z) = S
"
17: SUMCHECK PROVER through the outer sum for proving Equation 14
St Y. e o)l (@y) =S
yel, z€B,|p(z)=y

Let the challenges be a € F*, and the claim at the end be

fl@) Y ea(@ s)L,(@,a) =5

zeB,,

18: Adapt MulPerm to prove

3 ealw. )iy (@ 0) = 5'/ (@)

zEB,,

19: end procedure
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Let n := 24T = 2% and p' = logk + p. To prove ([[f]],[lg]]; f.g) for f €

f,ggl), g€ ]-'l(LSI) using MulPerm, the prover will need to first compute pj,; and
send an oracle of it to the verifier. Moreover, since R kyp2 is unindexed, we need
to prove pj,,) maps to {0, 1} over B, which can be reduced to another sumcheck
as described in Section 8. Following that analysis, if 7" < n, then the prover cost
is n - o(loglogn) field operations, which does not dominate in the total cost of
lookup PIOP. If T' > n, the prover cost is o(nx/u) = o(nlogn) field operations.
In either case, the cost for other parts of the lookup argument dominates.

10 Summary and Future Directions

To summarize, both of our permutation checks achieve logarithmic verifier com-
plexity, soundness error that only grows polylogarithmically with the number
of permuted elements, and their prover only needs to commit to the witness
without invoking GKR. Beyond committing to the witness, BiPerm only incurs
linear prover cost but requires using sparse PCS due to the large size of 11, 1g;
MulPerm incurs a slightly larger but close to linear prover cost and can be com-
piled using any PCS.

Our arguments can be generalized to lookups and support prover-provided
mappings, and result in similar prover cost. Particularly, MulLookup, which is
the generalization of MulPerm to lookups, has prover cost n - O~(\/log T), where
T is the size of the lookup table and n is the size of the witness.

One open problem is to construct fully linear permutation argument and
lookup argument with no PCS dependency that preserve the prover cost, ver-
ifier cost, and soundness error. Another open problem is to further reduce the
soundness error of permutation and lookup arguments to constant over the size

of the field.
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A  Proof of Lemma 4

Lemma 4. Let n = 2*. Given f,g € F,Sgl), and preprocessed & € PERM(B,,),
sumcheck PIOP for

Y @) Io(z @) = g(@) ®3)

xzEB,,
proves (5, (18] (L1, [91); (f, 9)) € Roerw with perfectly completeness.
Proof. (&, 1161); (I1f1),[lg))); (£ 9)) € Reeru if and only if

J(@) = glo(x)) Vac B,
Because o is an automorphism of B,,, this is equivalent to

fle ™ y)) =g(y) Vy e B,.

The composition on the left hand side can be decomposed as

Z f(m)]lofl(y7w) = g(y) vy € B;l"

xzEB,

And the identity 1,-1(y,x) = 1,(x,y) allows for writing this equivalently as

> f@) 1.(x,y) =g(y) Vy€ B,

xzeB,

The right-hand side is multilinear in y. Substituting 1, with 1,, an arbitrary
arithmetization of 1, that is multilinear in y, results in the following multilinear
polynomial equality condition

Y f@)-Io(x,y) = g(y) Vy€ B, (17)

xzEB,

A multilinear polynomial in u variables is uniquely determined by its evaluation
over B, so this check can be written as the formal equality of the polynomials
on the left and right-hand sides

Y f@) - L(2Y) = g(Y).

xzEB,

Polynomial equality can be tested probabilistically by checking that both sides
are equal when evaluated at a random o € F*

Y fl@) To(e,a) = g(e) 3)

xeEB,

Finally, for efficiency the evaluation of the left-hand side can be outsourced to
an untrusted prover via the sum-check protocol.

Perfect Completeness follows from the fact that there is a bidirectional im-
plication between each step described above.
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B Computing the collapsed evaluation table before
switching algorithms in the second sumcheck

Before switching from the bucketing algorithm back to direct computation in
round log ¢, the prover needs to compute the evaluation tables of &((i), (v, w))
for every i € [u] in order to continue the protocol. Algorithm 11 achieves this
using fewer than ¢ - 2¢ field operations.

Algorithm 11 Algorithm for Efficiently Computing the Evaluation Table of
() before switching algorithms in the Second Sumcheck in MulPerm

1: procedure COLLAPSE(G1,],vy € F*, k)
2: Let S be the set of all 2% bit strings
3: Initialize empty table T of length 92" Note that S naturally corresponds to the
set of row indices.
for s € S do
Field element v < FoLD(s,~, k)
Fill cell s in T with v
end for
Initialize an empty evaluation table of &7, ((2), (v, w)) for every i € [u]. Each
of these i tables have length n/2".

9: for i € [u],j € [n/2"] do

10: s < the (j—1)n/2"+1 to jn/2" entries in the evaluation table of 5[, ((z), m)
11: v 4 value in cell s in T

12: Fill the jth cell in the evaluation table of &y, ((z), (v, w)) with v

13: end for

14: return evaluation tables of Gy, ((z), (v, ac)) for every i € [p]

15: end procedure
16: procedure FoLD(s,~, k)
17: for i € [k] do

18: Initialize empty string s’

19: for j € [|s|/2] do

20: Append s; + (8|s|/245 — 85) - Vi to s’
21: end for

22: s+ g

23: end for

24: return s[1]

25: end procedure
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