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Upstart Puzzles

Fighting for Lava

THE VAST UNDERGROUND lava fields in
the western U.S. feature a photogenic
geyser called Old Faithful. Eruptions
send approximately 15,000 liters of
steaming water 50 meters into the
air approximately every hour. Unfor-
tunately, what is underground is not
nearly as appealing. If the lava fields
erupted in a major way, they could
cause ferocious firestorms that would
destroy a large portion of the western
U.S. and Canada and substantially
cool the planet.

Now imagine a pair of tunnel-
boring energy-extraction companies
are competing to cool the lava, make
some money, and provide carbon-free
energy besides. The idea is to tunnel
from a power plant outside the lava
fields to near the lava, but not too
close, to avoid accidental eruptions. A
pipeline could in theory then take cool
water from the power plant to the end
of the tunnel where the water would
be heated into steam and the steam
would power the turbines of the power
plant. The whole system could be de-
signed to recycle the steam back into
water in a closed loop.

In this scenario, the federal gov-
ernment, which owns the land, steps
in to lease the energy rights, identi-
fying cross-sections underground
to which tunnels can be drilled. The
government identifies those un-
derground cross-sections based on
their more-or-less linear segments
aboveground, so leasing a segment
would confer the right to tap the lava
in the vertical cross-section below
that segment.

To encourage participation in
the project while achieving equity
for both companies, government
mathematicians design a game-style

“First player gets to claim up to

one kilometer, the second up to two, the

protocol, whereby each company
(player) takes turns to acquire non-
overlapping sections of a full seg-
ment. The first player may take up
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first up to three, and so on. Should I try to go
first or second in order to maximize
my access to the lava fields.”

to one kilometer in the first turn, the
second player then takes up to two
kilometers, the first player then gets
up to three kilometers, the second
then gets up to four kilometers, and
so on.

Warm-up. Suppose the line seg-
ment is five kilometers long from a
stake at kilometer 0 to a stake at ki-
lometer 5. Suppose the first player
takes between 0 and 1 kilometer.
Which player would get more of the
line segment, assuming each plays
optimally?

Answer to warm-up. Player 2. Player
1 takes kilometer 0 to 1. Player 2 then
takes kilometers 2 to 4. The first play-
er then takes one of the two remain-
ing kilometers—1 to 2 or 4 to 5—and
the second player then takes the oth-
er remaining kilometer. The second
player ends up with lease rights to
three of the [CONTINUED ON P. 143]
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[CONTINUED FROM P. 144] five kilome-
ters, thus one more kilometer than
the first player.

Question 1. By playing differently,
beginning with the first move, could
the first player acquire the rights to
more of the line segment than the
second player?

Solution to question 1. Yes. If the
first player takes kilometers 2 to 3,
then the second player could take
kilometers 0 to 2, but then the first
player would take kilometers 3 to 5.
The first player would thus get three
of the five kilometers.

Question 2. Is there a minimal
amount by which one player can win
regardless of the length L of the seg-
ment?

Answer. Yes. The first player can
win by at least one kilometer every
time by going in the middle, meaning
the halfway point of the first player’s
kilometer is at position L/2. After
that, the first player would mirror the
second player’s moves. So if the sec-
ond player takes x to x+2 to the left of

the middle kilometer, then the first
player takes (x + L/2) to (x + 2 + L/2) on
the right of the middle. The net effect
is the first player can always guaran-
tee to capture at least as much terri-
tory as the second player on the two
sides of that middle kilometer. The
first player wins by at least the kilo-
meter of the first move.

Upstart 1. Characterize situations
in which the first player can guaran-
tee to win by more than one kilome-
ter or prove it cannot be done.

Upstart 2. Suppose the line seg-
ment is of length L, but there are now
k players instead of two. The rules are
a direct generalization of the original
game; the first player may take one
kilometer, the second player two, the
third player three, ... the k" player &,
the first player then takes k+1 ... and
so on, all without overlap. Is there
some length L and some number of
players k whereby a player other than
the first player can guarantee to cap-
ture more of the line segment than
anyone else?
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Upstart 3. Suppose the government
leased out vertical cross-sectional
squares belowground. Each player
would thus take squares, with the side
length of each square increasing by
one kilometer with each move. The
first player takes one kilometer
squared. The second player then gets
two kilometers squared. The first play-
er then gets three kilometers squared,
and so on, again without overlap. Does
either player have a winning strategy if
the area available to lease could be an
arbitrary rectangular cross-section be-
lowground? How would this general-
ize to more players?

All are invited to submit their solutions to
upstartpuzzles@cacm.acm.org; solutions to upstarts
and discussion will be posted at http://cs.nyu.edu/cs/
faculty/shasha/papers/cacmpuzzles.html
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ARL Distinguished Postdoctoral Fellowships

The Army Research Laboratory (ARL) Distinguished Postdoctoral Fellowships
provide opportunities to pursue independent research that supports the mission
of ARL. The Fellow benefits by having the opportunity to work alongside some of
the nation’s best scientists and engineers. ARL benefits by the expected transfer
of new science and technology that enhances the capabilities of the U.S. Army
and the warfighter in times of both peace and war.

ARL invites exceptional young researchers to participate in this excitement asARL
Distinguished Postdoctoral Fellows. These Fellows must display extraordinary
abilities in scientific research and show clear promise of becoming outstanding
future leaders. Candidates are expected to have already successfully tackled
a major scientific or engineering problem during their thesis work or to have
provided a new approach or insight, evidenced by a recognized impact in their
field. ARL offers five named Fellowships honoring distinguished researchers
and work that has been performed at ARL. Three of these positions are open for
the 2019 competition.

The ARL Distinguished Postdoctoral Fellowships are one-year appointments,
renewable for up to three years based on performance. The annual stipend is
$100,000, and the award includes benefits and potential additional funding for
the chosen proposal. Applicants must have completed all requirements for a
Ph.D. or Sc.D. degree by the application deadline and may not be more than
five years beyond their doctoral degree as of the application deadline. For more
information and to apply, visit www.nas.edu/arl.

Online applications must be submitted by May 31,2019 at 5 PM EST.
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