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ABSTRACT
The perfect phylogen y problem is a classical problem
in evolutionary tree construction. In this paper, w e
propose a new model called phylogenetic netw ork with
recombination that tak es recombination events into
account. We show that the problem of �nding a per-

fect phylogenetic netw ork with the minimum number
of recombination events is NP-hard; we also present an
eÆcient polynomial time algorithm for an interesting
restricted v ersion of the problem.

1. INTRODUCTION
Let S be a set of n species. A phylo geny is a rooted

tree with n leaves, each of which is uniquely labeled
with a species in S. The perfect phylo geny problem is
a classical problem in evolutionary tree construction.
Here each species is described with a set of charac-
ters and each character has r states that partition

S into r equiv alenceclasses. The perfect ph ylogen y
problem asks if there exists a phylogeny T (called per-

fect phylo geny) such that the subgraph of T induced
by eac h equivalence class is connected and if so, con-
struct the phylogen y.For simplicity, we only consider
binary characters in this paper. That is, r = 2 and

each character has states 0 and 1.

In a perfect ph ylogen y,the transformation of states
from 0 to 1 occurs at most once for each character.
For binary characters, a perfect phylogeny is the most
parsimonious tree. If w e de�ne the distance betw een

species as the Hamming distance of their character
vectors, a perfect phylogen y is just an optimal Steiner
tree. Furthermore, such a tree is also additive, i.e., the

�(Produces the permission bloc k, cop yrigh t infor-
mation and page numbering). For use with
ACM PROC ARTICLE-SP.CLS V2.0. Supported by
A CM.

distance betw een any tw o species is exactly the same

as the length of the path connecting the tw o species in
the tree. (Those are not true for characters with more
than tw o states.) See [8] for more about additive
trees. If such a perfect ph ylogen yexists, the set of
characters describing the set of species is compatible.

Algorithms for testing whether a perfect phylogeny
exists are given in [3, 8]. However, a perfect phylogeny
rarely exists for real data. When a perfect phylogeny
does not exist, Day and Sanko� [1] proposed to �nd
the largest set of c haracters that can �t a phylogen y.
Unfortunately, the problem is NP-hard. Goldberg et.

al proposed a method that use phylogenetic number
to �nd good phylogenies. Their method restricts the
number of times that any given character state arises
in the phylogen y [2].

In this paper, we propose a new approach that takes

recombination events into account.

Recombinations. The recombination operation orig-
inates from modeling mutations in DNA sequences [4,
5]. Suppose that each species is assigned a sequence.
When recombination happens, the ancestral material

on the present sequence is located on tw o sequences,
one ha ving all the material to the left of a point (called
the recombination point) and another having all the
material to the right of the recombination point. See
Figure 1 (a). The recombination point cuts the se-
quence into tw o segments.

When recombination occurs, the evolutionary history
among a set of species can not be modeled by a rooted
tree. Instead, it can be represented by a rooted recom-

bination topology in which some nodes, called recombi-

nation nodes, have two parents [4, 5, 6, 7]. (See Fig-
ure 1 (b).) When using a set of characters to describe
species, the linear order among the set of characters
may or may not exist. However, the recombination
topology remains the same.

Here, we will propose a new model that takes recom-
bination events into account. Similar to the perfect
ph ylogen y problem, we would like to have a recombi-
nation topology T such that its restriction on every
equivalence class for a character state is connected.
Such a recombination topology is called a perfect phy-
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Figure 1: (a) Recombination operation. (b)

The topology. The dark edges are reco mbina-
tion edges. The circled node is a recombination
node.
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Figure 2: (a) a topology having two highest
nodes that have state 1 for a character. (b) the
alternative topology having a unique highest
node that have state 1 for every character.

logenetic network with recombination. Without loss
of generality, we may assume that some given species
has state 0 for every character. For each character,
the change from 0 to 1 in a recombination topology
appears at most once. Thus, we impose that

� The recombination topologies have layouts (The
layouts are obtained by organizing the nodes in

T level by level.) such that, for each character,
there is a unique node having state 1 that is the
highest and any other nodes having state 1 for
this character are its descendants.

Figure 2 gives an example. For a recombination node
v, the two edges connecting v to its two parents in
the topology are recombination edges of v. An edge
is a normal edge if it is not a recombination edge.

A recombination edge inherits the character c if both
ends of the recombination edge have state 1 for the
character c.

Obviously, given a set of species S and a set of charac-
ters describing the species in S, a perfect phylogenetic

network with recombination always exists. Again, us-
ing parsimony criteria, we would like to compute a

perfect phylogenetic network with recombination that

has the smallest number of recombination nodes. The
problem de�ned here is di�erent from the Steiner trees
problem for vector space, where the distance between
species is Hamming distance. The reason is that each
recombination node can reduce the cost by more than
1.

In this paper, we study the problem perfect phyloge-

netic network with recombination. Let M be a n by m
0-1 matrix representing n species in terms of m char-
acters that describe the species. M(i; j) has a value 1
if and only if species i has character j. The problem

is to �nd a perfect phylogenetic network with recom-
bination that realizes M and has the smallest number
of recombination nodes.

2. NP-COMPLETENESS
In this section, we will show that the perfect phylo-
genetic network with recombination problem is NP-
hard. We �rst introduce some notation. Let S0

� S

be a subset of species and T a tree on the set of species
S. T jS0 denotes the tree induced from T by deleting
the species not in S0. Let S0

� S be a subset of species
that are represented by vectors of m elements, one for
each character. lca(S0), the lowest common ancestor

of S0, is a vector of m elements such that the j-th ele-
ment of lcs(S0) for character cj is minfM(i; j)j i 2 S0

g.

Theorem 1. Perfect phylogenetic network with re-

combination is NP-hard.

Theorem 2. Perfect phylogenetic network with re-

combination is MAX SNP-hard.

Theorems 1 and 2 are disappointing. However, in
practice, recombinations rarely occur. Thus, it is in-
teresting to consider some restricted versions. The two
merged paths for a recombination node v are the two

paths from the two parents of v to the lowest com-
mon ancestor of v's parents in the topology. We will
consider the case where

� (C1) in a merged path of a recombination node,
there is no node that is in the merged path of a

di�erent recombination node.

The condition is also used in [7]. If a topology satis-
�es (C1), the recombination events are \independent".
Figure 3 gives an example.

3. THE RESTRICTED VERSION
In this section, we consider the special case, where
(C1) holds. Let ci be a character and Oi be the set
of species in S with ci = 1. If no two columns are
identical, then no two Oi's are identical. IfOi\Oj 6= ;,
Oi \ Oj 6= Oi and Oi \ Oj 6= Oj , then Oi and Oj are
con
ict and (Oi; Oj) is called a con
ict pair. Recall

that we assume that the species with all states to be
0's are always in S. Thus, it is easy to see that
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Figure 3: A topology satisfying (C1). The

dark lines are recombination edges. The
dashed lines are merged paths for recombina-
tion nodes.

Lemma 3. Let ci and cj be characters and Oi and

Oj be the set of species with ci = 1 and cj = 1, re-
spectively. Oi and Oj are con
ict if and only if there

exist four species such that the states for ci and cj are

(0; 0), (0; 1), (1; 0) and (1; 1), respectively.

Let Oi and Oj be two con
ict pairs. A character
cmi;j

2 C is a top character for Oi and Oj if the fol-
lowing conditions are satis�ed: (1) cmi;j

is not con
ict
with any character, (2) Oi � Omi;j

and Oj � Omi;j

and (3) Omi;j
is the smallest set satisfying (1) and

(2). It is known [3] that if two characters cp and cq
are not con
ict, then either Op and Oq are disjoint or
one of Op and Oq contains the other. Thus, cmi;j

is
well-de�ned and cmi;j

is unique for any pair (Oi; Oj).

Theorem 4. For a given matrix M , a perfect phy-

logenetic network with recombination satisfying condi-

tion (C1) exists if and only if either

(a) every Oi and Oj are not con
ict (in this case,

a perfect phylogeny exists); or

(b) if Oi and Oj are con
ict,

(b1) for any k 62 fi; jg, if Ok and Oi are con-


ict then Ok\Oi = Oi\Oj and if Ok and

Oj are con
ict then Ok \ Oj = Oi \Oj .

(b2) if two con
ict pairs (Oi; Oj) and (Ok0 ; Ok00)

have identical intersections, i.e., Oi\Oj =
Ok00 \ Ok00 , then either

(1) (Oi; O
0

k) and (Oj ; Ok00) are con
ict

pairs and (Oi; O
00

k ) and (Oj ; Ok0) are

not con
ict pairs; or

(2) (Oi; O
00

k ) and (Oj ; Ok0) are con
ict

pairs and (Oi; O
0

k) and (Oj ; Ok00) are
not con
ict pairs.

(b3) for any con
ict pair (Ok; Ol), if Ok\Ol 6=

Oi \Oj , then either Ok \Ol and Oi \Oj

are disjoint or one contains the other.

(b3.1) Ok\Ol and Oi\Oj are disjoint: then

there exist distinct Omi;j
and Omk;l

,

i.e., Omi;j
6= Omk;l

.

(b3.2) Ok \ Ol � Oi \ Oj : then there exist

a character cm satisfying (1) cm is

not con
ict with any character and

(2) Oi � Om and Oj � Om and (3)

Om � Ok \Ol.

Proof. (if) We prove the lemma by induction on
the number of given species. Obviously, the lemma is
true for two species. Assume that the lemma is true
for l species. Consider the case where there are l + 1
species. Suppose that Oi and Oj are con
ict. From

(b3), we can assume that there is no other con
ict
pair Ok and Ol such that (Oi \ Oj) \ (Ok \ Ol) �
Oi \ Oj . That is, Oi and Oj is a lowest con
ict pair.
It is not hard to see that the sets of species Oi \ Oj

and S � (Oi \ Oj) also satisfy the conditions in the

lemma. By assumption, we can construct perfect phy-
logenetic networks with recombination satisfying con-
dition (C1), say, T1 and T2, for Oi\Oj and S�Oi\Oj ,
respectively. Note that every node of T1 for Oi \ Oj

has ci = 1 and cj = 1. Moreover, the vector v(T1)
for the root of T1 is as follows: for any character c,

c = 1 for v(T1) if every species in Oi \ Oj has c = 1;
otherwise, c = 0 for v(T1).

Now, we want to show that one can connect the root
of T1 to T2 by using two edges.

From (b2), if (Oi1 ; Oj1 ), (Oi2 ; Oj2), : : :, (Oik ; Ojk ) are
con
ict pairs with identical intersections, i.e., Oil \

Ojl = Oip \Ojp for any 1 � l; p � k, then fi1; i2; : : : ;
ik; j1; j2; : : : ; jkg can be divided into two disjoint sets
A1 and A2 such that any pair of characters in Ai is not
con
ict with each other for i = 1; 2. Thus, there exists

s1 2 S�Oi1 \Oj1 and s2 2 S�Oi1 \Oj1 such that s1
has state 1 for every character in A1 and s2 has state
1 for every character in A2. (Otherwise, there are a
pair of characters c1 and c2 in a Ai (i = 1; 2) such
that there exist species ss1 and ss2 with (0; 1) and
(1; 0) as the states for characters c1 and c2. Moreover,

any species in Oil \Ojl has states (1; 1) for characters
c1 and c2. Finally, the root of the topology has state
(0; 0) for characters c1 and c2. From Lemma 3, the
pair of characters c1 and c2 in Ai is con
ict. This
contradicts the construction of Ai.) That is, one can

�nd two edges to connect the root of T1 with T2 that
inherit 1's from T2 for those characters in A1 and A2.

Now, consider those characters not in A1 [ A2. Let
ck be a character not in A1 [ A2. (b1) ensures that
(D1) if ck = 0 for v(T1), then either ck = 0 for s1 or

ck = 0 for s2. Otherwise, there exist species s1 and s2
such that s1 has ci = 0, cj = 1 and ck = 1 for some
ci 2 A1 and cj 2 A2, whereas s2 has ci = 1, cj = 0
and ck = 1. Note that the root of any topology has
state 0 for any character and in T1 there is a species
has ci = 1, cj = 1 and ck = 0. Thus, from Lemma 3

Ok and Oi are con
ict and Ok\Oi 6= Oi\Oj , i.e., (b1)
is violated. For any character ck not in A1 [A2, (D2)

48



if ck = 1 for v(T1), then either (1) si for i = 1; 2 has

ck = 1 or (2) both s1 and s2 have ck = 0. Otherwise,
ck is con
ict with some character in A1 [A2 and thus
according to (b1) ck should be in A1 [ A2. This is a
contradiction. In (1), v(T1) inherits ck = 1 for some si
for i = 1; 2. In (2), v(T1) is the �rst node that changes
the state of ck from 0 to 1. In other words, any species

with ck = 1 is in Oi1 \Oj1 .

Therefore, one can directly connect the root of T1 to
the two species s1 and s2 in T2. Now, we show that
(b3) ensures (C1), i.e., in a merged path of a recom-
bination node there is no node that is in the merged

path of another recombination node.

Let Oi and Oj be con
ict. It is easy to see that the
highest node in the two merged paths of the recom-
bination node corresponding to Oi \ Oj is below the
edge where the state of cmi;j

changes.

First, we show that the edge, where character cmi;j

(the top character for Oi and Oj) changes states, is
not on any merged path of any recombination node.

Let Oi and Oj be con
ict and cmi;j
be the top char-

acter for Oi and Oj . Let Ok and Ol be con
ict and
Ok \Ol 6= Oi\Oj . We will show that the edge, where
character cmi;j

changes states, is not on the merged
paths for Ok\Ol. Suppose that the edge, where char-
acter cmi;j

changes states, is in the merged path from

Ok to the common ancestor. Two cases arise:

Case 1: The edge where character ck changes states is
below the edge where character cmi;j

changes states.
(See Figure 4 (a).) Consider the states of the three
characters cmi;j

, ck and cl. In the path from Ok to

the common ancestor, there are two nodes with vec-
tors (1; 0; 0) and (1; 1; 0), where the �rst component
is for cmi;j

, the second component is for ck and the
third is for cl, respectively. In the path from Ol to the
common ancestor, there is a node with vector (0; 0; 1).
The common ancestor has the vector (0; 0; 0). Now,

consider the vector for the recombination node, the
vector could be either (1; 1; 1) or (0; 1; 1). In the for-
mer case, cmi;j

is con
ict with Ol and in the later
case, cmi;j

is con
ict with Ok. Since cmi;j
is not con-


ict with any character, we know that the assumption
is not true. That is, the edge, where character cmi;j

changes states, is not on the merged paths for Ok\Ol.

Case 2: The edge where character cmi;j
changes

states is below the edge where character ck changes
states. (See Figure 4 (b).) In this case, the vector for

the recombination node must be (0; 1; 1). (Otherwise,
cmi;j

is con
ict with cl.) Thus, we can reconstruct
the topology such that the edge where character cmi;j

changes states is not in the merged path. (See Figure
4 (c).)

Now, we have to consider the two cases, where either
Oi \ Oj and Ok \ Ol are disjoint or one contains the
other.

(0,0,0)

(0,0,1)

(1,1,1)
     or 

(1,1,0)

(1,0,0)

(a)

(0,1,1)

(0,0,0)

(0,1,0)

(1,1,0)

(0,1,1)

(b)

(0,0,0)

(0,1,1)

(c)

(0,0,1)
(0,1,0)

(1,1,0)

(0,0,1)

Figure 4: The edge, where character cmi;j

changes states, is not on the merged paths for
Ok \ Ol. The �rst component is for cmi;j

, the
second component is for ck and the third is for
cl, respectively.

From (b3.1), the merged paths of Oi and Oj do not
share any node with the merged paths of Ok and Ol.

From (b3.2) (3), Omi;j
� Ok \ Ol, we know that the

edge where the state of cmi;j
changes is is below the

recombination node corresponding to Ok \ Ol. Thus,
we can conclude that (C1) holds.

(only if) If there exists a perfect phylogenetic network
satisfying (C1), then it is easy to verify that the con-
ditions in Lemma 4 hold.

Theorem 5. If a perfect phylogenetic network with

recombination satisfying (C1) exists, then such a topol-

ogy has the minimum number of recombination nodes.

The algorithm

We give an algorithm to test if a perfect phylogenetic
network with recombination satisfying (C1) exists and

construct the phylogenetic network if such a perfect
phylogenetic network exists.

First, we preprocess the matrix M . Considering each
column of M as a binary number with the most sig-
ni�cant bit in row 1, we sort these numbers into de-

creasing order and place the largest number in column
1. Delete any column that is identical to the column
on its right. The new matrix is denoted as M 0. The
preprocess needs O(nm) time, where n is the number
of species and m is the number of columns in M .

Lemma 6. If there is a perfect phylogenetic network

with recombination satisfying (C1) for a matrix M and

M does not contain identical columns, then there are

O(n) columns in M .

By Lemma 6, the size of M 0 is at most O(n2). Obvi-

ously, there is a perfect phylogenetic network with re-
combination satisfying (C1) for M if and only if there
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Algorithm testCondition
1. use Gus�eld's algorithm [3] to test if a perfect

phylogeny exists.
2. for each columns i in M 0 do

�nd all columns that are con
ict with col-
umn i

let J be the set of indexes of columns that
are con
ict with column i

test if Oi \Oj0 = Oi \Ol for every l 2 J ,

where column j0 is the rightmost column
in M 0 such that j0

2 J .
if not, output "(C1) does not hold".
�nd all columns that are con
ict with col-
umn j for every j 2 J .
let K be the set of indexes of columns

that are con
ict with column j for every
j 2 J .
if Ok \ Ol 6= Oi \ Oj for some l 2 J and
k 2 K then
output "(C1) does not hold".

if some pair of columns in J or K is con-

ict then
output "(C1) does not hold".

3. test condition (b3)
4. if Steps 1, and 2 are all successful then

output "yes"
else output "no"

Figure 5: The algorithm to test if a perfect
phylogenetic network with recombination sat-

isfying (C1) exists.

is a perfect phylogenetic network with recombination

satisfying (C1) for M 0.

Now, we can use algorithm testCondition to test if a
perfect phylogenetic network with recombination sat-
isfying (C1) exists for a given preprocessed matrixM 0.

The algorithm is given in Figure5.

Theorem 7. testCondition needs O(n4) time.

If there does not exist a perfect phylogeny and test-
Condition outputs "yes", one can construct a topology
as follows:

1. construct perfect phylogenies for those Oi \ Oj 's
not contained in any other Ok \Oj 's.

2. ignore those species used in Step 1 and repeat Step
1 for other Oi \Oj 's until no con
ict pair exists.

3. connect those perfect phylogenies using recombina-
tion edges.

From the proof of Theorem 4, we know that we can al-
ways successfully connect two topologies if all the con-
ditions in Theorem 4 hold. A vector v covers a vector

u if for any elements v(i) of v and u(i) of u, v(i) = 1
implies u(i) = 1. To connect topologies, we can sim-

ply look for two nodes that are as low as possible in

the constructed topology such that their vectors cover
the vector of the root for the other topology. Then
we use two edges to connect the two topologies. This
needs O(n2) time. Since we can have at most O(n)
perfect phylogenies in total, the total time required to
connect all those topologies is O(n3).

Constructing a perfect phylogeny needs O(n2i ) time
if one use Gus�eld's algorithm [3], where ni is the
number of species contained in the perfect phylogeny.
Thus, the total time required to construct all small
perfect phylogenies is

Pk

i=1
O(n2i ), where

Pk

i=1
ni =

n. Obviously,
Pk

i=1
O(n2i ) is O(n2). Therefore, we

need at most O(n3) time to construct the phylogenetic
network.

Remarks

It is interesting to give an approximation algorithm
with some guaranteed performance ratio for the gen-
eral case. It is not known whether the problem has a

constant ratio. It seems that the ideas for the approx-
imation algorithm of subtree transfer distance [6] do
not work here.
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