Oded Regev & Amnon Ta-Shma
Fall 2005 Homework 1 Dept. of Computer Science
Quantum Computation Due 2005/11/24 Tel Aviv University

1. (a) Show that for any vectofs,), |us), [v1), |vs),

((ua] @ (uz])(|v1) @ va)) = (us|v1) - (ua|va).

Conclude thati|u;) ® |ua)|| = |||u1)|| - |||u2)|| @nd so if|uq), |us) are unit vectors, so is
|ui)uz) = |ur) ® |ug).

(b) CalculateX ® Z,Z ® X,H ® H. Is the tensor product commutative?

(c) Show that ifU;, U, are unitary matrices thelil; ® U, is also unitary. Find its inverse.

(d) Show tha(U1 ® UQ)(|U> ® |U>) = (U1|U>) & (U2|U>) and thatUl ®Usy = (Ul ® ])(I@
Uy) =T ®Us)(Uy ®1).

2. (a) Assume we measure the first qubit of an EPR pair inthéasis. For each outcome,
what is the state of the second qubit? Generalize this to suneaent in an arbitrary
basis on the first qubit.

(b) LetU be an arbitrary 1-qubit unitary and let) = % (this is known as theinglet
state). What state is obtained by applyiftigto each of the qubits ofi))? In other

words, computélU @ U)|v).

3. (a) Alice has the 2-qubit staté00) + 5|11). Show how she can teleport it to Bob using 2
classical bits of communication and one shared EPR pair.

(b) Alice has an arbitrary 2-qubit statgy|00) + a;]|01) + a1/10) + a;;|11). Show how
she can teleport it to Bob using 4 classical bits of commuitnand two shared EPR
pairs. What is the generalizationtoqubits?

4. (a) Show that/? = I for U € {X,Y,Z,H,CNOT}. Give a characterization of all 2-
dimensional unitaries satisfyirig®> = I in terms of their eigenvalues.

(b) ComputeHXH.

(c) Let CZ be the 2-qubit gate defined B§Z|00) = |00),CZ|01) = |01),CZ|10) =
|10), CZ|11) = —|11) (controlledZ gate). Show how to implemeiZ usingCNOT
andH.

(d) LetU be a 2-dimensional unitary for whidii> = I. Try to generalize your solution
to (4c) by showing how to implement the controllédgate usingCNOT and arbitrary
1-qubit gates. The controlled-gate is given by the matrix

0 O 0
10 0
0 Up Un
0 Uw Un

oS O O

5. LetU be an arbitrary 1-qubit unitary. Show that there exists such that’? = U. Show
that for such d/, the circuit equivalence in Figure 1 holds. On the left haide sve have
the double controlled, i.e.,U is applied whenyjyj,) = [11).
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Figure 1: Doubly-controlled’
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Figure 2: Toffoli

6. (a) Show that the circuit equivalence in Figure 2 holdstl@nleft hand side, we have the
Toffoli gate, i.e., the doubly-controlled gate. On the right hand sidg (known as the
phase gate) andT (known as ther/8-gate) are given by

10 1 0
S‘(o z) T‘(o e”/‘l)

(b) Show how to implement am-controlledX using2n — 3 Toffoli gates. You can assume
you have ancilla qubits initialized §0). Note that you must return the ancilla to their
original state (why?).



