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TRANSITION SYSTEMS

e (S,t) where:
- S is a set of states/vertices/. ..
-t € p(S x S) is a transition relation/set of arcs/...
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BEXAMPLE OF TRANSITION SYSTEM
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REFLEXIVE TRANSITIVE CLOSURE

e Composition: )

—tot' ¥ {(s,s") |3’ : (5,5") et n(s,s") et}
e Powers:

-tV (s, s) | se S8

gl oy >0
e Reflexive transitive closure:

~tf= u t"
n>0
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EXAMPLE OF TRANSITIVE REFLEXIVE CLOSURE
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REFLEXIVE TRANSITIVE CLOSURE IN FIXPOINT FORM

= 1fp AX -t°U X ot
Proof
xV =0
X1 =t0uXx%o0¢ =1
X2 =tVuxtot=0utlort =t0ut

Xn

U £ induction hypothesis
0<ien ( yP )
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XY= uy X"
n>0

Jg U t
n>00<i<n

U t"
n>0

= t*
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xWt = PuXx¥oy
=t°U( U t") ot
0
=t°U U (t"ot
n>0
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ITERATES

P ?.7"%2\.@

o> o /

Y

Y
|

S
vy o8y

S RO B

X3

©P. Cousot, ISCL 2002, Sapri, Italy 9 August 28, 2002



POST-IMAGE

post[t]] = {s'|Isc I:(s,s') €t}
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We have post| UA I = 'UA post[t']] so o = At - post[¢]] is the
1€ 1€
lower adjoint of a Galois connection.
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PosTiMAGE GALOIS CONNECTION

Given I € p(S5),

y
S x S),C) ¢ s (p(9), C
(p(S % 5),C) At.]post[tuwp( ), €)

post[t]] C R
o {s'|IscI:(s,8)ct}CR
& VseS:(3scl:(ss)ct)= (s €R)
& Vs'seS:(scIn(ss)ct)= (s €cR)
e Vs'secS:(s,sYct=((scI)= (s €R)
©tC{(s,s)[(sel)=(s € R)}=(R)
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REACHABLE STATES

‘o—>e
T
i @ —>0
S
post[t*|Z
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FIXPOINT ABSTRACTION, ONCE AGAIN

Let F ¢ L2 [ and F € L -2 L be respective monotone maps

o v
on the cpos (L, 1,C) and (L, L,C) and (L, C) &= (L, C) such

that ¢ o F oy C F. Then": .
o V6 € 0: a(FO) L £ (iterates from the infimum);
e The iteration order of F' is < to that of F
o oz(lprF) C lprF;

Soundness: lfp F C P = lfp-F C y(P).

1 P Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269-282, 1979. Numerous variants!
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FIXPOINT ABSTRACTION (CONTINUED)

Moreover, the commutation condition F o o = a o F' implies?*:

e '=qao F o+, and
C C_
o a(lfp F') = lfp F;

c

Completeness: lprF Cy(P)=1lp FLCP.

2 P. Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269-282, 1979. Numerous variants!
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REACHABLE STATES IN FIXPOINT FORM

post[t*]], I given
= at) where o(t) = post[t]l = {s'|Is € I: (s,s') €t}
= a(lfpg)\X U X ot)
— lfp F 777
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DISCOVERING F' BY CALCULUS

oo (AX-tPUX ot)
= AX - a(t®UX o)
= AX - a(t®) Ua(X ot)
= AX - post[t°]] U post[X o t]]
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post[X o t|]
= {s'|3secT:(s,6)e(Xot)}
= {s'|IsecI:(s,s)e{(s,s")]3Ts:(s,8") € X A5, 5" €t}}
={s'|3secT:3s"cS:(s,5s") e X N (s, s") et}
={s'|3s"€S:(FscI:(s,8") € X)N (s ") et}
={s'|3s"e8:s"c{s"|FscI:(s,s") e X}N(s ") et}
= {s'|3s" € §: 5" € post[X]I A (s',s") € t}
= post[t](post[X]I)
= post[t](a(X))
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by defining:

proving:

post[t*](I) = 1fp AX - I U post[t](X)
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ao(AX-tPUX ot)
AX - post[t’]I U post[X o ¢]I
AX - I Upost|t](a(X))

AX - Fa(X))

F =X -1TUpost[t](X)

19

August 28, 2002



BEXAMPLE OF ITERATION
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