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Transition systems

› hS; ti where:
-- S is a set of states/vertices/. . .
-- t 2 }(S ˆ S) is a transition relation/set of arcs/. . .
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Example of transition system

τ
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Reflexive transitive closure

› Composition:
-- t ‹ t0 def= fhs; s00i j 9s0 : hs; s"i 2 t ^ hs0; s00i 2 t0g

› Powers:
-- t0 def= fhs; si j s 2 Sg
-- tn+1 def= tn ‹ t n – 0

› Reflexive transitive closure:
-- t˜ = [

n–0
tn
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Example of transitive reflexive closure

τ *
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Reflexive transitive closure in fixpoint form

t˜ = lfp
„
–X ´ t0 [X ‹ t

Proof

X0 = ;
X1 = t0 [X0 ‹ t = t0

X2 = t0 [X1 ‹ t = 0 [ t0 ‹ t = t0 [ t1

: : : : : :

Xn = [

0»i<n
ti (induction hypothesis)
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Xn+1 = t0 [Xn ‹ t

= t0 [
 

[

0»i<n
ti

!
‹ t

= t0 [ [

0»i<n
 

ti ‹ t
!

= t0 [ [

1»i+1<n+1

 

ti+1!

= t0 [
 [

1»j<n+1
tj

!
‹ t

= [

0»i<n+1
ti

: : : : : :
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X! = [

n–0
Xn

= [

n–0
[

0»i<n
ti

= [

n–0
tn

= t˜
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X!+1 = t0 [X! ‹ t

= t0 [
 

[

n–0
tn

!
‹ t

= t0 [ [

n–0
 

tn ‹ t
!

= t0 [ [

n–0
tn+1

= t0 [ [

k–1
tk

= [

n–0
tn

= t˜

˜
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Iterates

X0 X1 X2

X3 X4 X5 = t˜
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Post-image

post[t]I = fs0 j 9s 2 I : hs; s0i 2 tg

post[  ]P
P

¿

¿

We have post[ [

i2´
ti]I = [

i2´
post[ti]I so ¸ = –t ´ post[t]I is the

lower adjoint of a Galois connection.
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Postimage Galois connection

Given I 2 }(S),

h}(S ˆ S);„i `̀ `̀ `̀ `̀ ! ̀ `̀ `̀ `̀ `
–t´post[t]I

‚
h}(S);„i

post[t]I „ R
, fs0 j 9s 2 I : hs; s0i 2 tg „ R
, 8s0 2 S : (9s 2 I : hs; s0i 2 t)) (s0 2 R)
, 8s0; s 2 S : (s 2 I ^ hs; s0i 2 t)) (s0 2 R)
, 8s0; s 2 S : hs; s0i 2 t) ((s 2 I)) (s0 2 R))
, t „ fhs; s0i j (s 2 I)) (s0 2 R)g def= ‚(R)
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Reachable states

I

τ

post[t˜]I
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Fixpoint abstraction, once again

Let F 2 L m7 !̀ L and F 2 L m7 !̀ L be respective monotone maps
on the cpos hL;?;vi and hL;?;vi and hL; vi `̀ !̀ ̀`̧̀

‚
hL; vi such

that ¸ ‹ F ‹ ‚ v̇ F . Then 1:

› 8‹ 2 O: ¸(F ‹) v F ‹ (iterates from the infimum);

› The iteration order of F is » to that of F ;

› ¸(lfpvF ) v lfp
v
F ;

Soundness: lfp
v
F v P ) lfp

v
F v ‚(P ).

1 P. Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269–282, 1979. Numerous variants!
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Fixpoint abstraction (continued)

Moreover, the commutation condition F ‹ ¸ = ¸ ‹ F implies 2:

› F = ¸ ‹ F ‹ ‚, and

› ¸(lfpvF ) = lfp
v
F ;

Completeness: lfp
v
F v ‚(P ) ) lfp

v
F v P .

2 P. Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269–282, 1979. Numerous variants!
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Reachable states in fixpoint form

post[t˜]I; I given

= ¸(t˜) where ¸(t) = post[t]I = fs0 j 9s 2 I : hs; s0i 2 tg
= ¸(lfp

„
–X ´ t0 [X ‹ t)

= lfp
„
F ???
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Discovering F by calculus

¸ ‹ (–X ´ t0 [X ‹ t)
= –X ´ ¸(t0 [X ‹ t)
= –X ´ ¸(t0) [ ¸(X ‹ t)
= –X ´ post[t0]I [ post[X ‹ t]I
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post[t0]I

= fs0 j 9s 2 I : hs; s0i 2 t0g
= fs0 j 9s 2 I : hs; s0i 2 fhs; si j s 2 Sgg
= fs0 j 9s 2 Ig
= I
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post[X ‹ t]I

= fs0 j 9s 2 I : hs; s0i 2 (X ‹ t)g
= fs0 j 9s 2 I : hs; s0i 2 fhs; s00i j 9s0 : hs; s"i 2 X ^ hs0; s00i 2 tgg
= fs0 j 9s 2 I : 9s00 2 S : hs; s"i 2 X ^ hs0; s00i 2 tg
= fs0 j 9s00 2 S : (9s 2 I : hs; s"i 2 X) ^ hs0; s00i 2 tg
= fs0 j 9s00 2 S : s00 2 fs00 j 9s 2 I : hs; s"i 2 Xg ^ hs0; s00i 2 tg
= fs0 j 9s00 2 S : s00 2 post[X]I ^ hs0; s00i 2 tg
= post[t](post[X]I)

= post[t](¸(X))
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¸ ‹ (–X ´ t0 [X ‹ t)
= : : :

= –X ´ post[t0]I [ post[X ‹ t]I

= –X ´ I [ post[t](¸(X))

= –X ´ F (¸(X))

by defining:

F = –X ´ I [ post[t](X)

proving:

post[t˜](I) = lfp
„
–X ´ I [ post[t](X)
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Example of iteration

I

τ

F (∅) F (∅) F (∅) F (∅) , n≥4
1 2 3 n
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	lesson 3: LESSON 3 (2/3-REACHABILITY)


