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Elements of
Abstract Interpretation

e P. Cousot. Méthodes itératives de construction et d'approximation de points fixes d'opérateurs mo-
notones sur un treillis, analyse sémantique de programmes. Thése d'Etat és sciences mathématiques.

Grenoble, 21 Mar. 1978.
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Galois Connections®

(P, <) == (Q,5)

def

— (P, <) is a poset
— (Q,C) is a poset
—VeeP: Vye@ ax)Cy < z < v(y)

12 The original Galois correspondence is semi-dual (d instead of C).
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Composing Galois Connections

o If (P <) Z (Q,C) and (Q,C) 22 (R, =) then
1 2
. 1e72 »
(<) ———= (R.=)

13 This would not be true with the original definition of Galois correspondences.
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Function Abstraction (1)

(P.<) == (@.C)
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Function Abstraction (1)

(P.<) == (@.C)
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Function Abstraction (1)

Ag Az -y(g(z))

S'—>P,§ < 5 (S = ,E
| ey O
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Function Abstraction (2)
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Function Abstraction (2)
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Function Abstraction (2)
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Function Abstraction (2)
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Fixpoint Approximation

let Fe L% Land F € L% T be respective rpyonotone maps

on the cpos (L, L,C) and (L, L,C) and (L,C) = (L,C) such
that a0 [ o~ C F. Then™
e V50 a(F)E 70 (iterates from the infimum);

e [ he iteration order of F is < to that of F"

-7

L
e oflfp” F) C lip

14 P Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL'79, pp. 269-282, 1979.
Numerous variants!
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Fixpoint Approximation

let Fe L% L and F € L% T be respective monotone maps

on the cpos (L, L,C) and (L, L,E) and (L,C) % (L,C) such

| o
that oo F o~ T F. Then:
o V5O a(F%)E 70 (iterates from the infimum);
e [ he iteration order of F'is < to that of F"

C o _ .. C_
o olfp  F)C lip™ F;

Il

Soundness: lip FC P = lprF C v(P).

14 p Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL'79, pp. 269-282, 1979.
Numerous variants!

22
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Fixpoint Abstraction

Moreover, the commutation condition F o o = ae o F implies®:

o ' =aoFo~ and

N a(lprF) = lfp  F;

15 p Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL'79, pp. 269-282, 1979.
Numerous variants!
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Fixpoint Abstraction

Moreover, the commutation condition F o o = v © F implies®:

C _ C___
Completeness: lfp FC~(P) = lfp FC P.

15 p Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL'79, pp. 269-282, 1979.
Numerous variants!
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Systematic Design of an Abstract

Semantics

By structural induction on the language syntax, for each language

construct:
. _ C
o Define the concrete semantics lfp™ F;

e Choose the abstraction o = k(ay,...,an)
and check (L,C) ——= L (L,C):;

Oé

o Calculate F€ oo F o~ and check that Foa =ao F:

C
o It follows, by construction, that o(lfp™ F) = lip™ F"

(and similarly in case of approximation).
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Abstract Domains

An abstraction « is a specification of an abstract domain, includ-
ng:
e the representation of the abstract properties;

e the approximation ordering lattice structure (<, 0,1, V, A, .. .);

e the computational ordering cpo structure (C, L, U, ... );

e the abstract operators, e.g. non-relational abstract multiplica-

tion:
- P®Q el a{zxxy|lrzevy(P)ANy e~Q)}) postcondition
- ®_1(R> d:ef Oé({<$,y> | T XY c ’y<R)}> precondition
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Combinations of Abstract Domains®

Operation k(aq,...,an) Intuition
Composition an ©...%aq Successive ab-
stractions
Duality —k(—aq, ..., ap) Contraposition
Reduced product a1 M...Map Conjunction
Reduced power | — ... an Case analysis

16 p Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL'79, pp. 269-282, 1979.

17 P Cousot. Semantic Foundations of Program Analysis. In Program Flow Analysis: Theory and Applications, Prentice-
Hall, pp. 303-342, 1981.
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A Potpourri of Applications of
Abstract Interpretation

=» &
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Content of the Potpourri of Applications
of Abstract Interpretation

LoSyntax . .. 47
2.5emantics. ... b1
3. TYPINg 02
4. Model Checking . ... ... L 76
5. Program Transformations ... ... ... ... .. ... . ... ... ... 89
6. Static Program Analysis. ... . ... .. 93
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Application to Syntax

e P. Cousot & R. Cousot. Parsing as Abstract Interpretation of Grammar Semantics, TCS, 2002, in
press.
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The Semantics of Syntax

e [hesemantics of a grammar G = (N, T, P, A) is the set of items
A\, X :==a/ve 3] suchthat In:3IX =af € P:
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The Fixpoint Semantics of Syntax

C
S =1p F

F()Y {[e,A=¢/ce3]| A:=8€ P}
U{N, X =aY /70 e B] | [\ X =a/yeYF]eTA
Y =0 € P}
U{N X =aY /7 e G| [N X =a/yeY 3] TN
A, Y =6/ ed € 1)
U{N, X ==aa/vyae B | [N, X :=a/yeaf| eI} .
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Syntactic Abstractions

def

o ap(l) ={yeT™|[c,A=a/yec]el}

Language of the grammar G = (N, T, P, A)
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Syntactic Abstractions

L Ozg([) d:ef

{(yeT* | A=a/yeclel}
Language of the grammar G = (N, T, P, A)
® W=W. . W] Wi...Wn iInput string
D) E{(X =aefij)|0<i<j<nA
[wl...wi,X::oz/wl-_i_l...wjoﬁ] E[}
Earley's algorithm
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Syntactic Abstractions

def
e ) ={yeT™|[c,A=ayec]el}
Language of the grammar G = (N, T, P, A)

® W=W] . Wiy .. Wy W Input string
o) E X =aef,i,i)|[0<i<j<nA
[wl...wi,X::Oz/wi_i_l...wjo }E[}

Earley's algorithm
e ap()E{aeT|[\X =ajaye | €}
U{e| M X =af/cec] eI}

FIRST algorithm
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