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Aperitif:
Relational semantics of loops
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Relational semantics of loops
while B do C od
-z € R/Q/Z: values of the loop variables before a loop
iteration

— z' € R/Q/Z: values of the loop variables after a loop
iteration
— [B;c](z,z’): relational semantics of one Ioop iteration
N
— [B;c](z,z’) = /\ o;(z,z') > 0 (where > is >, > or =)
1=1

— not a restriction for numerical programs
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Example of quadratic form program (factorial) Invariance proof

/ nT /
zz]Alz 2] +2zz]g+r>0 Given a loop precondition P, find an unkown loop in-

n :=0; -1.f +1.N >=0 variant I such that:
f=1 *ln>=0 — The invariant is initial:
while (f <= N) do +1.f -1 >=0
n:=n+1; -1.n +1.n> -1 =0 V:I::P(:I:):>I(:I:)
f :=n=xf +1.N -1.N’ =0
od “1.f.n’ +1.f = 0 , o _
- 1. . — The invariant is inductive:
0 00 0O0O n 0
000-500]|f 0 Vz,z':I(z)A[B;c](z,z') = I(z)
1o 10 0 0 0 00 N Vo | O -
[nfNn'f'N'| 0_%0000 ! +2[nfNn' f'N'| 0 +0=0
00000O0O0[]|f 3
0000O0O0O0||N 0 - =
— Invariance proof for numerical programs
Given a loop precondition P(z) > 0, find an unkown
loop invariant I(z) > 0 such that:
Appetiser: — The invariant is initial:
Floyd /Hoare/Naur correctness Vz:P(z)>0= I(z)>0
proof method S '
— The invariant is inductive:
N
V' | I(z) > O/\/\oz-(a:,a:’) >0 | = I(z') >0
1=1
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Termination proof

Given a loop invariant 7, find an R/Q/Z-valued unkown
rank function r such that:

— The rank is nonnegative:

Vz:I(z)=r(z)>0

— The rank is strictly decreasing:
Vz,z' : I(z) A[B;c](z,2) = r(z') <r(z) —n

n=1for Z, n > 0 for R/Q to avoid Zeno %, %, %. ..
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Wine service:
Iterated forward/backward

static analysis for
conditional termination
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Conditional termination

— In general a loop does not terminate for all initial val-
ues of the variables

— In that case we can find no rank function!

— We must automatically determine a necessary loop
precondition

— We use a iterated forward /backward static analysis . . .
with an auxiliary counter counting the number of re-
maining iterations down to zero
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Arithmetic mean example, polyhedral
abstraction without auxiliary counter)

{x>=y}
while (x <> y) do
{x>=y+2}
X =x - 1;
{x>=y+1}
y =y +1
{x>=y}
od
{x=y7}
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Arithmetic mean example, polyhedral

abstraction with auxiliary counter

{x=y+2kx>=y}
while (x <> y) do
{x=y+2k,x>=y+2}

k =k - 1;
{x=y+2k+2,x>=y+2}
X =x - 1;
{x=y+2k+1,x>=y+1}
y =y +1
{x=y+2k,x>=y}
od
{x=y,k=0}
assume (k = 0)
{x=y,k=03}
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Entrée:
Abstraction to

parametric constraints
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Parametric constraints

— Fix the form of the unkown (I(z) > 0/r(z) > 0) using
parameters a in the form Q(a,z) >0

— This 1s an abstraction
— Examples:
-r(z,y) =azx+by+c
- I(z,z") =az’+bzxa' +cz?+dztex’ + f
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Solving the constraints

— The invariance [termination| problems have the form:

Ja:Vaz:

[Q(a,z) > 0] /\Ck(m,:z:/) >0
k=1

=
Q'(a,z,2') > 0

— Find an algorithm to effectively compute a!
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Problems

In order to compute a:
— How to handle A 7

— How to get rid of the implication = 7

— Lagrangian relaxation

— How to get rid of the universal quantification V ?

— How to handle » ?

— quantifier elimination (does not scale up)

— mathematical programming
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Algorithmically interesting cases

— linear inequalities

— linear programming'

— linear matrix inequalities (LMI)/quadratic forms

— bilinear matrix inequalities (BMI)

— semidefinite programming

— semialgebraic sets

— polynomial quantifier elimination, or

— relaxation with semidefinite programming

1 Already explored for invariants by Sankaranarayanan, Spima, Manna (CAV’03, SAS'04, heuristic solver)
and for termination by Podelski & Rybalchenko (VMCAI’03, Lagrange coefficients eliminated by hand to
reduce to linear programming so no disjunctions, no tests, etc).
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First main course:
Lagrangian relaxation

for implication elimination
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BExample of linear Lagrangian relaxation
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Lagrangian relaxation, formally

Let V be a finite dimensional linear vector space, N >0
and Vk € [1,N] : 0, € V— R.

N

)\ or(z) > 0| = (a0(2) > 0)
k=1

< soundness (Lagrange)

= completeness (lossless)

#  ncompleteness (lossy)

Ve €V :

N
IXE[1,N] = Ry Ve € Viog(z) — Y Apog(z) >0
k=1

relaxation = approximation, A\; = Lagrange coefficients
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Lagrangian relaxation, completeness cases

— Linear case
(affine Farkas’ lemma)

— Linear case with at most 2 quadratic constraints
(Yakubovich’s S-procedure)
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Lagrangian relaxation of the constraints

n

Ja:Vaz,z': [Qa,z) > 0A] /\ Ci(z,z') >0
k=1

= Q(a,2,2") >0

< (is relaxed into)
Ja:[3A>0]:3A, >0:Vz,2:

n
Q/(CL, T, ml)[ - )"Q(aﬂ m)] o Z )\ka;(fE, ml) >0
k=1
T linear in a T linear in the A\
T bilinear in a & A
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Second main course:
Mathematical programming

for quantifier elimination
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Mathematical programming

N
Jz € R™ /\ gi(z) >0
1=1
[Minimizing f(z)]

feasibility problem : find a solution to the constraints
: find a solution, minimizing f(z)
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Semidefinite programming, once again

Feasibility is:

n
Jz e RMVX eRN X | Mo+ 2y | X >0
k=1

of the form of the (linear) formule we are interested in
for programs with linear matricial semantics.
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Semidefinite programming
Jz € R™ M(z) =0
[Minimizing cz]
Where the linear matrix inequality is
n
M(z) = My + Z T M,
k=1

with symetric matrices (M, = MkT and the positive
semidefiniteness is

M(z)=0=VYXeRY : X" M(z)X >0
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Interior point method for semidefinite programming

— Nesterov & Nemirovskii 1988, polynomial in worst case
and good in practice (thousands of variables)

4 ‘ -

N

— Various path strategies e.g. “stay in the middle”
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Semidefinite programming solvers

Numerous solvers available under MATHLAB®, a.o.:

— Imilab: P. Gahinet, A. Nemirovskii, A.J. Laub, M. Chilali

— Sdplr: S. Burer, R. Monteiro, C. Choi

— Sdpt3: R. Tiitiincii, K. Toh, M. Todd

— SeDuMi: J. Sturm

— bnb: J. Lofberg (integer semidefinite programming)
Common interfaces to these solvers, a.o.:

— Yalmip: J. Lofberg

Sometime need some help (feasibility radius, shift,...)
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Recent generalization to bilinear matrix
inequalities

— penbmi: M. Koc¢vara, M. Stingl
Feasibility is:
Jz e R": VX e RV :
n n

n
x' Mo—i—Z:Bij-l—ZZ:kaBngld X >0
=1 k=14=1

of the form of the (bilinear) formule we are interested
in!
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Skipping the cheese ...
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Not enough time for ...

— Disjunctions in the loop test?

— Conditionals in the loop body?

— Nested loops?

— Concurrency?

— Fair parallelism?

— Semi-algebraic/polynomial programs?
— Data structures?
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Desert
Invariance and Termination

Examples
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Termination of a linear program

{y >= 1} +— termination precondition de-
while (x >= 1) do termined by iterated for-
X =X -y ward /backward polyhedral
od analysis
1milab:

r(x,y) = +2.178955e+12.x +1.453116e+12.y -1.451513e+12
Imilab (with feasibility radius of 1.0e4):

r(x,y) = +4.074723e+03.x +2.786715e+03.y +1.549410e+03
sedumi:

r(x,y) = +2.271450e+03.x +1.810903e+03.y -3.623997e+03

bnb (integer semidefinite programming)?: r(x,y) = +2.x+2.y-3

2 §till in infancy!
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Termination of the arithmetic mean

{x=y+2k,x>=y}
while (x <> y) do

+— termination precondition
determined by iterated

k =k - 1; forward /backward poly-
X =x - 1; hedral analysis
y =y +1
od
{assert (k = 0)}
Imilab:

r(x,y,k) = +1.382113e+03.x -1.382113e+03.y +4.978695e+03.k
+2.711732e+03
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Termination of the Euclidean division

1. {y>=1} +— termination precondition determined
q := 0; by iterated forward/backward polyhe-
2: {g=0,y>=1} dral analysis
r = X;

3: Ax=r,q=0,y>=1}

while (y <= r) do

4. {y<=r,q>=0}

r = -y+r,

5: {r>=0,g>=0}
q:=q-+1

6: {r>=0,9>=1}  Floyd’s proposal 7(z,v,q,7) =  — q is

od more intuitive but requires to discover

Ti wlg2=0,y>=r+1} the nomnlinear loop invariant z =x.+ FN

bnb:

r(y,q,r) = -2.y +2.q +4.r



Termination of a quadratic program: factorial

{true} +— termination precondition
n = 0; determined by iterated for-
f =1 ward/backward polyhedral
while (f <= N) do analysis

n :=n+ 1;

f :=nxf
od

sedumi (with feasibility radius of 1.0e+3):

r(n,f,N) = -9.993462e-01.n +1.617226e-04.f +2.688476e+02.N
+8.745232e+02
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Loop body with tests

while (x < y) do
if (1 >= 0) then

x = xt+i+l
else
y = y+1
fi
od
Imilab:

r(i,x,y) = -2.252791e-09.1 -4.355697e+07.x +4.355697e+07.y
+5.502903e+08
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Quadratic termination of linear loop

{n>=0} {— termination
1 :=n; J = n,
while (i <> 0) do analysis
if (j > 0) then
j =3 -1
else
j :=n; 1:=1-1
fi
od
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precondition
determined by iterated for-
ward/backward polyhedral

sdplr (with feasibility radius of 1.0e+3):

r(n,i,j) = +7.024176e-04.n"2 +4.394909e-05.n.1 ...

-2.809222e-03.n.j +1.533829¢-02.n ...

+1.569773e-03.172 +7.077127e-05.1.]

+3.093629e+01.1 -7.021870e-04.372 ...

+9.940151e-01.j +4.237694e+00

Ranking function

= M
Successive values of N
. . 250 M
r(n,i,j) for n = 10 on =
loop entry S. W
= M
w M
ERSENR
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Termination of a concurrent program
[ 1: while [x+2 < y] do while (x+2 < y) do

2: [x :=x + 1] if ?=0 then
od x =x +1
3: : else 1f 7=0 then
int .
I interleaving y =y -1
1: while [x+2 < y] do — else
2: ly :=y - 1] X 1=x+1;
od y =y -1
3: fi fi1

1] od
penbmi: r(x,y) = 2.537395e+00.x+-2.537395e+00.y+

-2.046610e-01
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Termination of a fair parallel program
[[ while [(x>0)|(y>0) do x := x - 1] od || ftsecrllli"g’digr
while [(x>0)|(y>0) do y :=y - 1] od 1] —

{m>=1} ¢ termination precondition determined by iterated if (s = 0) then

t = ?; forward /backward polyhedral analysis if (t — 1) then
assume (0 <=t & t <= 1); t =0
s =7, else
assume ((1 <=s) & (s <= m)); t =1
while ((x > 0) | (y > 0)) do fi;
if (t = 1) then s = 7;
x =x -1 assume ((1 <= s) & (s <= m))
else else
y =y -1 skip
fi; fi
s :=s - 1; od;;

penbmi: r(x,y,m,s,t) = +1.000468e+00.x +1.000611e+00.y

+2.855769e-02.m -3.929197e-07.s +6.588027e-06.t +9.998392e+03
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Semidefinite programming relaxation for
polynomial programs

Logistic map

eps = 1.0e-9;
while (0 <= a) & (a <= 1 - eps) R
& (eps <= x) & (x <= 1) do %=
x = axxx(1-x) ®
od

o4 o5
X o LTy

Write the verification conditions in polynomial form, use
SOStool to relax in semidefinite programming form.
SOStool+SeDuMi:

r(x) = 1.222356e-13.x + 1.406392e+00

— 43 —

When constraint resolution fails. ..

Infeasibility of the constraints does not mean “non ter-
mination” but simply failure:

— There can be a rank function of a different form
(e.g. quadratic while looking for a linear one),

— The solver may have failed (e.g. add a shift).
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Invariance for Buclidian division

assume (y > 0);
q = 0;

Coffee: Feon

while (y <= r) do

Conclusion roi= -yt
q:=q-+1
od
yalmip bmi:

1.337645e-04*x+2.484973e-04*q*y+1.588933e-03*r >= 0
which is not false!

— 47 —
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Numerical errors i .
Digestif:
— LMI solvers do numerical computations with rounding .
. Questions
errors, shifts, etc

— rank function is subject to numerical errors

— the hard point is to discover a candidate for the rank
function

— much less difficult, when it is known, to re-check for
satisfaction (e.g. by static analysis)
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Seminal work

— LMI case, Lyapunov 1890,
“an invariant set of a dif-
ferential equation is sta-
ble in the sense that it at-
tracts all solutions if one -
can find a function that is -
bounded from below and 1
decreases along all solu-
tions outside the invariant
set”.
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THE END

I hope you had a good and relaxed
semantics lunch

Semantics lunch, Cambridge, UK, Oct. 18th, 2004 — 50 — ©) P. Cousot i@\& Oct. 18th, 2004



	SEMANTICS OF LOOPS
	Relational semantics of loops
	Example of quadratic form program (factorial)
	CORRECTNESS PROOF METHOD
	Invariance proof
	Invariance proof for numerical programs
	Termination proof
	ITERATED FORWARD/BACKWARD STATIC ANALYSIS FOR CONDITIONAL TERMINATION
	Conditional termination
	Arithmetic mean example
	Arithmetic mean example (cont'd)
	ABSTRACTION TO PARAMETRIC CONSTRAINTS
	Parametric constraints
	Solving the constraints
	Problems
	Algorithmically interesting cases
	LAGRANGIAN RELAXATION FOR IMPLICATION ELIMINATION
	Example of linear Lagrangian relaxation
	Lagrangian relaxation, formally
	Lagrangian relaxation, completeness cases
	Lagrangian relaxation of the constraints
	MATHEMATICAL PROGRAMMING FOR QUANTIFIER ELIMINATION
	Mathematical programming
	Semidefinite programming
	Semidefinite programming, once again
	Interior point method for semidefinite programming
	Semidefinite programming solvers
	Recent generalization to bilinear matrix inequalities
	SKIPPED MATERIAL
	Not enough time for …
	EXAMPLES
	Termination of a linear program
	Termination of the arithmetic mean
	Termination of the Euclidean division
	Termination of a quadratic program: factorial
	Loop body with tests
	Quadratic termination of linear loop
	Termination of a concurrent program
	Termination of a fair parallel program
	Semidefinite programming relaxation for polynomial programs
	When constraint resolution fails…
	CONCLUSION
	Numerical errors
	Invariance for Euclidian division
	QUESTIONS
	Seminal work
	THE END


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


