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1. Motivation and Objective
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Motivation

— Static analysis requires the definition of the seman-
tics of programming languages (i.e. models of runtime
computations of programs) at various levels of abstrac-

tion:
- finite — erroneous — infinite computations
- traces — sets of states — input/output relations

- small-step — big-step
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Objective

— We look for a formalism to specify abstract semantics

— Handling uniformly the many different styles of pre-
sentations found in the literature (rules, fixpoints, equa-
tions, constraints, ...)

— A non-monotone generalization of inductive definitions
from sets to posets seems adequate

— Illustrated on the eager A-calculus
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2. Abstraction

___ Reference

[1] P. Cousot. Méthodes itératives de construction et d’approximation de points fixes d’opérateurs monotones sur un treillis, analyse
sémantique de programmes. Thése és sciences mathématiques, University of Grenoble, March 1978.
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Bifinitary Trace Semantics

s(t)

£l g
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Traces

— T of states (e.g. terms)

— T, set of nonempty finite sequences of states

— T, set of infinite sequences of states

— T £ T+ U T, nonempty finite or infinite sequences
— € 1s the empty sequence ee 0 = 0eec =0

— |o| € NU{w} is the length of o with |[¢| =0

—If o € T then |o] >0 and 0 =0ge01e...00|5_1

—If 0 € T then |0| =w and 0 = 0ge...e0p ...
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Trace to Bifinitary Relational
Semantics Abstraction

Bifinitary Relational Semantics = a(Trace Semantics)

1
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Abstraction to the Bifinitary Relational Semantics Bifinitary Relational Semantics
remember the input/output behaviors, s(t)
forget about the intermediate computation steps | ¢ e
________________________________________________________________ s
a(T) = {afo)|occTy || b .
A
a(ogeoie...e0n) = oo=o0pn | L.~ s
AT e
Ol(U'Oo...oO'no...) = 0'0:>J_ =
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Finitary Relational Semantics = a(Relational Semantics)

s(t)
g L
Bifinitary to Finitary Relational | || 1777 -
Semantics Abstraction | | .. S
---------------------- >0
Abstraction to the Finitary Relational Semantics
remember the finite input/output behaviors,
forget about non-termination
oT) 2 | Ka(o) | o e T} Trace to Small-Step Operational
N Semantics Abstraction
a(og = on) = {00 = on}
al(op= 1) =




Transition Semantics = a(Trace Semantics)
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Abstraction to the Transition Semantics

remember execution steps,
forget about their sequencing

(JHa(o) | o €T}
a(ogeoye...e0n) = {0; —> 0,01 0< i< n}
2

0}

[1>

a(T)

a(oge...e0pe...) ={0; — 0511 |1
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nitions

3. Bi-inductive Structural Defi-

Over-simplified for the presentation!
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Inductive definitions

Set-theoretic [Acz77]

(pU), C) universe
2672 (Pepl),celd) rules
F(X)2 { ‘ 3—eR:PCX } transformer
fp F e pU) fixpoint def.
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Inductive definitions

Set-theoretic [Acz77] Order-theoretic [CC92]

(), C) (D, ) universe
P P

—€eR (PepU),celd) EGR (P,C eD) rules

c

F(X) 2 {c ‘ ag ER:PC x} F(X)2 |_|{C ) ag ER:PLC X} transformer

Inductive definitions

Set-theoretic [Acz77] Order-theoretic [CC92]

(), C) (D, ) universe
P P

—€eR (PepU),celd) EGR (P,C eD) rules

c

F(X) 2 {c ‘ ag ER:PC x} F(X)2 |_|{C ) ag ER:PLC X} transformer

fp~ F € p(Ud) fp FeD fixpoint def. fp~ F € p(Ud) fp FeD fixpoint def.
Existence of F' (| |) and Ifp~ 7
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4. Semantics of the Eager/Call
by value A-calculus Syntax
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Syntax of the Eager A-calculus

X Y,Zy... € X variables

c e C constants (X N C = )
cu=0]|1|
feF function values
f o= Ax-a
v € V values
vi=c]|f
e € E errors
erx=calealae

a,a’,aj,...,b,,... € T terms
au=x|vl]aa
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Small-Step Operational Semantics
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Transition Semantics of the Eager A-calculus [Plo81]

((Ax-=a)v) —alx+v]!, veV

ap — a1
C
agb—a1 b
bg — by
¢, felF.
fbg —f by

1 Note: alx « b| is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2£{aeT|FV(a) = o}
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Example I: Finite Computation

function argument

(Ax=xx) (Ay-y)) (Az-2) 0)

—> evaluate function
((Ay-y) (Ay-y)) (Az-2) 0)

— evaluate function, cont’d
(Ay-y) ((Az-2) 0)

— evaluate argument
(Ay-y)0

— apply function to
0 a value! argument
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Example II: Infinite Computation

function argument
(Ax=xx) (Ax*xx)

apply function to argument

(Ax+xx) (Ax*xx)

apply function to argument

—>

—>

(Ax=x x) (Ax*xx)
— apply function to argument

non-termination!

— 29 — P. Cousot,

—>

—>

Example III: Erroneous Computation

function argument
((Ax=xx) (Az-2) 0))

evaluate argument

((Ax+=xx) 0)

apply function to argument
(0 0)

a runtime error!

— 30 — P. Cousot,

Fixpoint Transition Semantics of the Eager A-calculus

(X)) =2 {((Ax-a)v) —alx<v]|veEV}
U{agb—>a;b|ag—a; € X}
U{fb0—>fb1’f€]F/\bo—>b1€X}.

— & is C-monotonic on the complete lattice (p(T x T),

<)

— So the transition semantics prg & 1s well-defined.

— 31 — P. Cousot,

Finitary Relational Semantics
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Finitary Relational Semantics

— Finite behaviors

— No infinite behavior

— No erroneous behavior

— Relation: term — result

— Can be presented in small-step [Plo81] or big-step [Kah88]
style
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Small-Step Finitary Semantics of the Eager A-calculus

v=v, veV

b—v

C, a—b

a—yV

- fX)E2{v=v|veViu{fa=v|b=vE XAa—
b} is C-monotonic on the complete lattice (p(T x V),

C .
— so Ifp f does exist
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Big-Step Finitary Semantics of the Eager A-calculus

v=v, veVY

ax «—v] =r

S, v,reV
(Ax-a)v=r
b=v, fv=r
c, f,v,reV
fb=r
a=f, fb=r
c, f,reVv.
ab=r
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Big-Step Finitary Semantics of the Eager A-calculus

v=v, veV

ax —v]=r

c, vwwrev
(Ax-a)v=r

b=v, fv=r

c, f,v,reV
fb=r

a=f, fb=r

c, f,reVv.
ab=r
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Big-Step Finitary Semantics of the Eager A-calculus

v=v, veV

ax «—v] =r

S, v,reV
(Axra)v=r

b=v, fv=r

¢, f,v,rev
fb=r
a=f, fb=r
c, f,reVv.
ab=r
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Big-Step Finitary Semantics of the Eager A-calculus

v=v, veV

ax «—v] =r

S, v,reV
(Axra)v=r

b=v, fv=r

c, f,v,reV
fb=r
a=f, fb=r~r
¢, f,reVv.
ab=r
Letf-to-right: the function is evaluated before the value parameter
WG 2.3, Cambridge, 7/25/2008 — 35 — P. Cousot

Big-Step Finitary Semantics of the Eager A-calculus

FX)2 {v=v]|veV}
U{(Axa)v=r|alx+vVv]=rAv,r eV}
U{ffb=r|b=vAfv=rAfrveV}
Uf{fab=r|la=fAfb=rAf,rcV}

— F'is C-monotonic on the complete lattice (p(T x V),
<)

C
— so Ifp F' does exist.

WG 2.3, Cambridge, 7/25/2008 — 36 — P. Cousot

Adding divergence: Bifinitary
relational semantics
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Bifinitary Relational Semantics

— Finite behaviors

— Infinite behaviors

— No erroneous behavior

— Relation: term — result or term — |

— Can be presented in small-step or big-step style
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The Computational Ordering [CC92]

— The semantic domain p(T x (VU{_L})) is partitionned
into finite p(T x V) and infinite p(T x {_L}) behaviors

- XT2XN(TxV)
- XY 2 XN (Tx{L}) infinite behaviors in X
- XCYE2(XTCYNHA(XYDYY)

computational ordering?

— (p(T x (VU{L})), E) is a complete lattice®

2

finite behaviors in X

more finite behaviors and less infinite behaviors, so induction for finite behaviors and co-induction for
infinite behaviors

3 with lub [lieaX: £ Uiea X;r UNiea X7
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Small-Step Bifinitary Relational Semantics of the Eager A-Calculus

v=v, vevV

b= r

a—b, reVu{l}

C
=

a=r
—fX)2{v=v|veViu{fa=v|b=vc
X Na — b} is C-monotonic on the complete lattice
(6(T x (VU{L})), ©)
— so Ifp~ f does exist

__ Reference

[2] P. Cousot. Constructive Design of a Hierarchy of Semantics of a Transition System by Abstract Interpretation. Theoretical
Computer Science 277(1-2):47-103, 2002.
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Big-Step Bifinitary Relational Semantics of the Eager A-calculus

v=v, veEV

a= | b= L

_ C — ¢, feyVv
ab= 1 fb= L

ax—v]=r

c, veV, reVu{l}
(Axra)v=r

b=v, fv=r7r

c, f,veV, reVu{l}
fb=r

a=f, fb=r

c, feV,reVu{l}.
ab=r
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Fixpoint Big-Step Bifinitary Semantics of the Eager A-calculus

FX)2 {v=v]|veV}
Ufab=1l|a= LlLVvb= 1}

U{(Ax+a)v=r]ax«v]=r1rA
veVAre Vu{l}}

U{fb=r|b=vAfv=1"fA
veVAre Vu{l}}

U{fab=r|la=fAfb=r1rA
feVAre Vu{l}}

Cambridge, 7/25/2008 — 42 — P. Cousot,

Which Order for Which Fixpoint?
— F'is C-monotonic on (p(T x (VU {L})), C).
— However the definition is problematic, because:

- prg F' exists, but induction yields only finite behav-
iors!

- gfpg F' exists, but co-induction yields spurious finite
behaviors!

- F' is not monotonic for the computational ordering
C
C, so the existence of Ifp~ F' is questionable!

Cambridge, 7/25/2008 — 43 — P. Cousot,

Induction Yields Only Finite Behaviors!

— F9 = & contains only finite behaviors
— by induction hypothesis FO hence FO*! £ F(F‘S) con-
tain only finite behaviors

— by induction hypothesis F°, § < X hence FA £ Us<a F
contain only finite behaviors

C
— 8o Ifp” F' = F® contains only finite behaviors!

Cambridge, 7/25/2008 — 44 — P. Cousot,

Co-Induction Yields Spurious Finite Behaviors!

— For 8 & Ax- (xx), (xx)[x < 8] = 68 850 (6 8) — (6 6)

— FO =T x (VU {L}) contains the behavior (8 §) = 0

— if, by co-induction hypothesis, (6 ) = 0 € FY then
o1 2 p(p) contains (66) = 0by 2T

(Ax=a)v=r

— if, by co-induction hypothesis, (8 ) = 0 € FO 6 <A
then F* £ Ns<x F9 contains (6 6) = 0

— 50 gfpg F = F*¢ contains (6 ) = 0!

This is a spurious finite behavior since (6 ) always di-

verges: (0 6) = L.

Cambridge 008 — 45 — P. Cousot,




Non-monotonicity for the Computational Ordering C

F' is not C-monotonic on the complete lattice (p(T x
(Vu{l}), E)
— Let 6 = Ax- (x x) such that (§ ) = L
XE2{66)= 1}
—YE2{(Ax-x0) =6, (66)= L}
-XLY
- (Ax-x8)8)= L e F(Y) by
— (Ax-x8) 8) = L ¢ F(X)
- so F(X)Z F(Y)

(Axx0) =906, 06= L
c
(Ax-x8)8= L

Classical fixpoint theorems are inapplicable.

Cambridge, 7/25/2008 — 46 — P. Cousot,

. C
Existence of Ifp~ F'?

— T AX - (F(X ™))" is the set of finite computations

— gfpg AY - (F(XTUYY)) is the set of infinite compu-
tations built out of given finite computations in X+
— The set of finite and infinite computations is

- AX - (F(XT))FU
gfp- AY - (F(ifp- AX - (F(X )T Uuy¥)w
= prEF

C .
— so Ifp F' does exist

Cambridge, 7/25/2008 — 47 — P. Cousot,

Adequacy of the Small-Step prE f and Big-Step prE F
Bifinitary Relational Semantics

— The small-step prE f and big-step prE F' bifinitary re-
lational semantics are the abstraction of corresponding
small-step prE f and big-step prE F bifinitary trace se-
mantics

— Both small-step prE f and big-step pr; F trace seman-
tics coincide with the traces generated by the transi-
tional semantics

Cambridge, 7/25/2008 — 48 — P. Cousot,

Bifinitary Trace Semantics
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The Computational Ordering for Traces

Given X,Y € p(T%°), we define

- XTEXNT" finite traces
- XYEXNTY infinite traces
- XCY&2XTCYTAXYDYY computational order
(p(T*), C, T, T, LJ, M) is a complete lattice [3]

___ Reference

[3] P. Cousot and R. Cousot. Inductive Definitions, Semantics and Abstract Interpretation. In Conference Record of the 19" ACM
SIGACT-SIGMOD-SIGART Symposium on Principles of Programming Languages, pages 83-94, Albuquerque, New Mexico,
1992. ACM Press, New York, U.S.A.

Small-Step
Bifinitary Trace Semantics
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Small-Step Bifinitary Trace Semantics
v, vevVv
beo
C, a—b .
asbeo Big-Step

) Bifinitary Trace Semantics
- f(X)&{v|veV}Iu{asbeo|a—>bAbeoc X}
~ f is C-monotonic on the complete lattice (p(T*), C)

C > .

— Ifp~ f does exist
___ Reference
[4] P. Cousot. Constructive Design of a Hierarchy of Semantics of a Transition System by Abstract Interpretation. Theoretical

Computer Science 277(1-2):47-103, 2002.
WG 2.3, Cambridge, 7/25/2008 — 52 — P. Cousot, WG 2.3, Cambridge, 7/25/2008 — 53 — P. Cousot,




Operations on Traces

— For a € T and o € T®, we define a@o to be o’ € T®

such that Vi < |o] : 0] = a 0}

— The application a@o of term a to trace o is

— 00 01 02 03 03
o = - o e e — -+ — e —
4@y — @00 a0l aogy aog3 a0

WG 2.3, Cambridge, 7/25/2008 — 54 —
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Operations on Traces (Cont’d)

— Similarly for a € T and 0 € T®, ¢cQa is o' where
Vi<lo|:ol=0;a

— The application c@a trace o to term a is

— 0o 01 02 03 0
g = - o o e — - — e —
;0 — 00Q 01a oza oza  0;a
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

_ ax —v]ec €S

VES, vevV —C,veV

(Ax-a) vealx < v]eo €S

oecs¥ cgeveST, (fv)ed' €S

—  C fevV —C, fveV
f@Qo €S (fQo)e (fv)eo' €S

oS ocef ST, (fb)eo' €S
. - E,fEV
oc@b €S (c@b)e(fb)ec’ €S
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

- ax —v]ec €S

vVES, veV —C,veV
(Ax-a) vealx < v]eog €S

Uegw U-V€§+, (fV)oO’leg

— L, fev —¢C, f,veVv

f@o €S (fQo)e (fv)eo' €S

oS ocef ST, (fb)eo' €S

- o= = E,fEV

oc@b €S (c@b)e(fb)ec’ €S
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

VGS,VGV

ocesv

— L, feV
fQo €S

ceS¥
C

c@beS

WG 2.3, Cambridge, 7/25/2008

ax —v]ec €S

—C,veV
(Ax-a)vealx+v]eo €S

UOV€§+, (fV)oO'/eg

—GC fveV
(fQo)e (fv)eo' €S
cefeSt, (Fb)eo' €S
" fev
(U@b)-(f b)oUIES
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

VGS,VGV

ocesv

— L, feV
fQo €S

ceS¥
— —C
c@b eSS

WG 2.3, Cambridge, 7/25/2008

ax —v]eo €S

C,veV

— =)

(Ax-a) vealx < v]jeog €S

UOV€§+, (fV)oO'/eg

—5 fveV
(fQo)e (fv)eo' €S

cefeSt, (Fb)eo' €S

" fev
(U@b)-(f b)oUIES
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

VGS,VGV

ocesv

— L, feV
fQo €S

ceS¥
— —C
c@b eSS
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ax —v]ec €S

—C,veV
(Ax-a)vealx+v]eo €S

UOVE§+, (fv)-aleg

—

c, f,vevVv
(fQo)e(fv)eo' €S

cefeSt, (Fb)ecd' €S

" fev
(U@b)-(f b)oUIES
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

VGS,VGV

ocesv

— L, feV
fQo €S

ceS¥
— —C
c@b eSS

WG 2.3, Cambridge, 7/25/2008

ax —v]ec €S

—C,veV
(Ax-a)vealx+v]eo €S

UOV€§+, (fV)oO'/Eg

—FC, fveV
(fQo)e (fv)eo' €S
Uof€§+, (fb)oO’leg
—LC, feV
(U@b)o(fb)o(]’leg
— 56 — P. Cousot,




Fixpoint Big-Step Bifinitary Trace Semantics

F(X) 2 {veT |veV}u
{(Ax-a) vealx<v]eo |vEVAax«vVv|eoc e X} U
{c@b | 0o e X“}U

{(c@b)e(fb)ecd’ |c#eNnTefE XTAFfEVA
(fb)eo' € X}U

{fQo |fe VAT EXY}U
{(f@o) e (fv)ed' |fvEVAT#eNTovE XT A
(]cV)oOJGX} .
F' is C-monotonic on @(T ).
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Existence of the Fixpoint prE F

— I F (finite traces) and gfpg F (spurious finite traces)
are inadequate

— Fis not C-monotonic

— Nevertheless prE F does exist

— So the big-step bifinitary trace semantics can be well-
defined as

—

cC
Ifp F

WG 2.3, Cambridge, 7/25/2008 — 58 — P. Cousot

Characterization of the Small-Step &
Big-Step Bifinitary Trace Semantics

WG 2.3, Cambridge, 7/25/2008 — 59 — P. Cousot

Characterization of the Fixpoint Small-Step and
Big-Step Bifinitary Trace Semantics

- prE f collects the finite and infinite traces generated
by the transitional semantics [5]

C > T
ifp~ f = {ope01e...00, €T |Vee[0,n—1]:0; — 041
Nop €V}
U{0'0.0'10...00'1'0...ETw|Vi>OiUi—>Ui+1}

—

C C -~
—Ifp f=Ifp F

__ Reference

[5] P. Cousot. Constructive Design of a Hierarchy of Semantics of a Transition System by Abstract Interpretation. Theoretical
Computer Science 277(1-2):47-103, 2002.
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5. Conclusion
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The Hierarchy of Semantics for the Eager A-Calculus

Finite small-step <+ Finite big-step
relational relational

I Finite big-step «—sFinite small-step

traces traces
Finite & infinite =+ Finite & infinite
small-step big-step
relational relational \

Finite & infinite <—» Finite & infinite Small-step
big-step traces small-step traces transitional
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Conclusion

— In proofs [CC85, CC87] and static analysis (e.g. strict-
ness, [Myc80], typing [Cou97, Ler06]), both finite and
infinite behaviors have to be taken into account

— Such proof methods and static analyzes must be proved
correct with respect to a semantics chosen at various
levels of abstraction (small-step/big-step — finitary/bi-
finitary — relational/trace)

— Static analyzes use various equivalent presentations
(fixpoints, equational, constraints and inference rules)

— The SOS bifinitary extension should satisfy these needs.
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The End
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