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1. Motivation
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Motivation

– We look for a formalism to specify abstract program
semantics

from definitional semantics . . .

to static program analysis algorithms

handling the many different styles of presentations found
in the literature (rules, fixpoint, equations, constraints,
. . . ) in a uniform way

– A simple generalization of inductive definitions from
sets to posets seems adequate.
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On the importance of defining both finite and infinite
behaviors

– Example of the choice operator E1 j E2 where:
E1 =) a E2 =) b termination

or E1 =) ? E2 =) ? non-termination

– The finite behavior of E1 j E2 is:
a j b =) a a j b =) b :
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– But for the case ? j ? =) ?, the infinite behaviors of
E1 j E2 depend on the choice method:

Non-deter- Parallel Eager Mixed left- Mixed right-
ministic to-right to-left

? j b =) b ? j b =) b ? j b =) b

? j b =) ? ? j b =) ? ? j b =) ? ? j b =) ?
a j ? =) a a j ? =) a a j ? =) a
a j ? =) ? a j ? =) ? a j ? =) ? a j ? =) ?

– Nondeterministic: an internal choice is made initially to evaluate E1 or to evaluate E2;

– Parallel: evaluate E1 and E2 concurrently, with an unspecified scheduling, and return the first available result
a or b;

– Mixed left-to-right: evaluate E1 and then either return its result a or evaluate E2 and return its result b;

– Mixed right-to-left: evaluate E2 and then either return its result b or evaluate E1 and return its result a;

– Eager: evaluate both E1 and E2 and return either results if both terminate.
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2. Semantics of the Eager –-calculus

[1] P. Cousot & R. Cousot. Bi-inductive Structural Semantics. SOS 2007, July 9, 2007, Wroclaw, Poland.
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Syntax
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Syntax of the Eager –-calculus

x; y; z; : : : 2 X variables
c 2 C constants (X \ C = ?)
c ::= 0 j 1 j : : :
v 2 V values
v ::= c j λ x . a
e 2 E errors
e ::= c a j e a

a; a0; a1; : : : ; b; ; : : : 2 T terms
a ::= x j v j a a0
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Trace Semantics
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Example I: Finite Computation

function argument
((λ x . x x) (λ y . y)) ((λ z . z) 0)

! evaluate function
((λ y . y) (λ y . y)) ((λ z . z) 0)

! evaluate function, cont’d
(λ y . y) ((λ z . z) 0)

! evaluate argument
(λ y . y) 0

! apply function to
argument0 a value!
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Example II: Infinite Computation

function argument
(λ x . x x) (λ x . x x)

! apply function to argument
(λ x . x x) (λ x . x x)

! apply function to argument
(λ x . x x) (λ x . x x)

! apply function to argument

: : : non termination!
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Example III: Erroneous Computation

function argument
((λ x . x x) ((λ z . z) 0)) ((λ y . y) 0)

! evaluate argument
((λ x . x x) ((λ z . z) 0)) 0

! evaluate function
((λ x . x x) 0) 0

! evaluate function, cont’d
(0 0) 0

a runtime error!
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Finite, Infinite and Erroneous Trace Semantics

s(t)

t0 1 2 3 4 5 6 7 8 9 10

Error
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Traces

– T? (resp. T+, T!, T/ and T1) be the set of finite
(resp. nonempty finite, infinite, finite or infinite, and
nonempty finite or infinite) sequences of terms

– › is the empty sequence › › ff = ff › › = ff.

– jffj 2 N [ f!g is the length of ff 2 T/. j›j = 0.

– If ff 2 T+ then jffj > 0 and ff = ff0 › ff1 › : : : › ffjffj`1.

– If ff 2 T! then jffj = ! and ff = ff0 › : : : › ffn › : : :.
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Operations on Traces (Cont’d)

– For a 2 T and ff 2 T1, we define a@ff to be ff0 2 T1

such that 8i < jffj : ff0i = a ffi

a@ff = y

a ff0
y

a ff1
y

a ff2
y

a ff3 . . . y

a ffi . . .

ff = y

ff0
y

ff1
y

ff2
y

ff3 . . . y

ffi . . .
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Example

– a = (λ y . y)

– ff = ((λ z . z) 0) › 0

– a@ff =

(λ y . y)@((λ z . z) 0) › 0 =

((λ y . y) ((λ z . z) 0)) › ((λ y . y) 0)
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Operations on Traces (Cont’d)

– Similarly for a 2 T and ff 2 T1, ff@a is ff0 where
8i < jffj : ff0i = ffi a

ff@a = y

ff0 a
y

ff1 a
y

ff2 a
y

ff3 a . . . y

ffi a . . .

ff = y

ff0
y

ff1
y

ff2
y

ff3 . . . y

ffi . . .
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Example

– ff = ((λ x . x x) (λ y . y)) › ((λ y . y) (λ y . y)) › (λ y . y)

– b = ((λ z . z) 0)

– (ff@b)

=

(((λ x . x x) (λ y . y)) › ((λ y . y) (λ y . y)) › (λ y . y)@((λ z . z) 0))

=

(((λ x . x x) (λ y . y)) ((λ z . z) 0))›(((λ y . y) (λ y . y)) ((λ z . z) 0))›
((λ y . y) ((λ z . z) 0))
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Finite and Infinite Trace Semantics
s(t)

t0 1 2 3 4 5 6 7 8 9 10
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Bifinitary Trace Semantics ~S of the Eager –-calculus 1 [CC92]

v 2 ~S; v 2 V
a[x v] › ff 2 ~S

(λ x . a) v › a[x v] › ff 2 ~S
v; v 2 V

ff 2 ~S!

a@ff 2 ~S
v; a 2 V

ff › v 2 ~S+; (a v) › ff0 2 ~S

(a@ff) › (a v) › ff0 2 ~S
v; v; a 2 V

ff 2 ~S!

ff@b 2 ~S
v

ff › v 2 ~S+; (v b) › ff0 2 ~S

(ff@b) › (v b) › ff0 2 ~S
v; v 2 V

1 Note: a[x b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T , fa 2 T j FV(a) = ?g.
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Bifinitary Trace Semantics ~S of the Eager –-calculus 1 [CC92]
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Bifinitary Trace Semantics ~S of the Eager –-calculus 1 [CC92]
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Non-Standard Meaning of the Rules

The rules
R =

nPi
Ci
v

˛

˛

˛
i 2 ´

o

define
lfp
v
F JRK

where the consequence operator is

F JRK(T ) =
G

n

C
˛

˛

˛
P v T ^

P

C
v 2 R

o

and . . .
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The Computational Lattice

Given S; T 2 }(T1), we define

– S+ , S \ T+ finite traces

– S! , S \ T! infinite traces

– S v T , S+ „ T+ ^ S! « T! computational order

– h}(T1); v; T!; T+; t; ui is a complete lattice
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Bifinitary Trace Semantics ~S of the Eager –-calculus 1 [CC92]

v 2 ~S; v 2 V
a[x v] › ff 2 ~S

(λ x . a) v › a[x v] › ff 2 ~S
v; v 2 V

ff 2 ~S!

a@ff 2 ~S
v; a 2 V

ff › v 2 ~S+; (a v) › ff0 2 ~S

(a@ff) › (a v) › ff0 2 ~S
v; v; a 2 V

ff 2 ~S!

ff@b 2 ~S
v

ff › v 2 ~S+; (v b) › ff0 2 ~S

(ff@b) › (v b) › ff0 2 ~S
v; v 2 V

1 Note: a[x b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T , fa 2 T j FV(a) = ?g.
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Example

ff › v 2 ~S+; (a v) › ff0 2 ~S

(a@ff) › (a v) › ff0 2 ~S
v; v; a 2 V :

– ff › v = ((λ z . z) 0) › 0 2 2 ~S+

– (a v) › ff0 = (λ y . y) 0 › 0 2 ~S

– (a@ff) › (a v) › ff0

=
((λ y . y)@((λ z . z) 0) › 0) › 0
=
(λ y . y) ((λ z . z) 0) › (λ y . y) 0 › 0 2 ~S
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Bifinitary Trace Semantics ~S of the Eager –-calculus 1 [CC92]
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ff@b 2 ~S
v

ff › v 2 ~S+; (v b) › ff0 2 ~S

(ff@b) › (v b) › ff0 2 ~S
v; v 2 V
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Example

ff › v 2 ~S+; (v b) › ff0 2 ~S

(ff@b) › (v b) › ff0 2 ~S
v; v 2 V

– ff › v = ((λ x . x x) (λ y . y)) › ((λ y . y) (λ y . y)) › (λ y . y) 2 ~S+

– (v b) › ff0 = (λ y . y) ((λ z . z) 0) › (λ y . y) 0 › 0 2 ~S

– (ff@b) › (v b) › ff0

=
(((λ x . x x) (λ y . y)) › ((λ y . y) (λ y . y))@((λ z . z) 0)) ›
((λ y . y) ((λ z . z) 0)) › (λ y . y) 0 › 0
=
((λ x . x x) (λ y . y)) ((λ z . z) 0) › ((λ y . y) (λ y . y)) ((λ z . z) 0)
› (λ y . y) ((λ z . z) 0) › (λ y . y) 0 › 0 2 ~S
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Relational Semantics
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Trace Semantics

s(t)

t0 1 2 3 4 5 6 7 8 9 10
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Relational Semantics = ¸(Trace Semantics)

s(t)

t0 1 2 3 4 5 6 7 8 9 10
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Relational Semantics

s(t)

t0 1 2 3 4 5 6 7 8 9 10
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Abstraction to the Bifinitary Relational Semantics of
the Eager –-calculus

remember the input/output behaviors,
forget about the intermediate computation steps

¸(T )
def
= f¸(ff) j ff 2 Tg

¸(ff0 › ff1 › : : : › ffn)
def
= hff0; ffni

¸(ff0 › : : : › ffn › : : :)
def
= hff0; ?i
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Bifinitary Relational Semantics of the Eager –-calculus

v =) v; v 2 V

a =) ?

a b =) ?
v

b =) ?

a b =) ?
v; a 2 V

a[x v] =) r

(λ x . a) v =) r
v; v 2 V; r 2 V [ f?g

a =) v; v b =) r

a b =) r
v; v 2 V; r 2 V [ f?g

b =) v; a v =) r

a b =) r
v; a 2 V; v 2 V; r 2 V [ f?g :
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Natural Semantics
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Natural Semantics = ¸(Relational Semantics)

s(t)

t0 1 2 3 4 5 6 7 8 9 10
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Abstraction to the Natural Big-Step Semantics of the
Eager –-calculus

remember the finite input/output behaviors,
forget about non-termination

¸(T )
def
=
[

f¸(ff) j ff 2 Tg

¸(hff0; ffni)
def
= fhff0; ffnig

¸(hff0; ?i)
def
= ?
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Natural Big-Step Semantics of the Eager –-calculus [Kah88]

v =) v; v 2 V

a[x v] =) r

(λ x . a) v =) r
„; v 2 V; r 2 V

a =) v; v b =) r

a b =) r
„; v 2 V; r 2 V

b =) v; a v =) r

a b =) r
„; a 2 V; v 2 V; r 2 V :

Departmental Seminar, Imperial College, July 4th, 2007 J�� � – 40 –? []¨ –� ��I ľ P. Cousot



Transition Semantics
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Transition Semantics = ¸(Trace Semantics)

Error

s(t)

t0 1 2 3 4 5 6 7 8 9 10
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Abstraction to the Transition Semantics of the Eager
–-calculus

remember execution steps,
forget about their sequencing

¸(T )
def
=
[

f¸(ff) j ff 2 Tg

¸(ff0 › ff1 › : : : › ffn)
def
= fhffi; ffi+1i j 0 6 i ^ i < ng

¸(ff0 › : : : › ffn › : : :)
def
= fhffi; ffi+1i j i > 0g
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Transition Semantics of the Eager –-calculus [Plo81]

((λ x . a) v) À a[x v]

a0 À a1

a0 b À a1 b

„

b0 À b1

v b0 À v b1

„ :
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Approximation

Error

t0 1 2 3 4 5 6 7 8 9 10

((λ x . x x) ((λ z . z) 0)) (λ y . y) ! ((λ x . x x) 0) (λ y . y)

! (0 0) (λ y . y) an error!
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The Abstract Semantics are Correct by Calculational Design
the above bi-inductioon definition avoids the duplication of common rules.
Defining a Z=⇒ σ , σ ∈ þSJaK, we can also write

v Z=⇒ v, v ∈ V
a[x← v] Z=⇒ σ

(λ x . a) v Z=⇒ (λ x . a) v • σ

⊑, v ∈ V

a Z=⇒ σ

a b Z=⇒ σ@b

⊑, σ ∈ T ω
a Z=⇒ σ • v, v b Z=⇒ σ′

a b Z=⇒ (σ@b) • σ′
⊑, v ∈ V, σ ∈ T+

b Z=⇒ σ

a b Z=⇒ a@σ
⊑, a ∈ V, σ ∈ T ω

b Z=⇒ σ • v, a v Z=⇒ σ′

a b Z=⇒ (a@σ) • σ′
⊑, a, v ∈ V, σ ∈ T+ .

5.4 Abstraction into the big-step relational semantics of the call-by-value λ-

calculus

5.4.1 Relational abstraction of traces

The relational abstraction of sets of traces is

α ∈ ℘(T∞) Ô→ ℘(T× (T ∪ {⊥})) (4)

α(S) , {〈σ0, σn−1〉 | σ ∈ S ∧ |σ| = n} ∪ {〈σ0, ⊥〉 | σ ∈ S ∧ |σ| = ω}

γ ∈ ℘(T× (T ∪ {⊥})) Ô→ ℘(T∞)

γ(T ) , {σ ∈ T∞ | (|σ| = n ∧ 〈σ0, σn−1〉 ∈ T ) ∨ (|σ| = ω ∧ 〈σ0, ⊥〉 ∈ T )}

so that

〈℘(T∞), ⊆〉 −−→−→←−−−−
α

γ
〈℘(T× (T ∪ {⊥})), ⊆〉 . (5)

Proof

α(S) ⊆ T

⇐⇒ {〈σ0, σn−1〉 | σ ∈ S ∧ |σ| = n} ∪ {〈σ0, ⊥〉 | σ ∈ S ∧ |σ| = ω} ⊆ T

Hdef. αI
⇐⇒ ∀σ ∈ S+ : 〈σ0, σ|σ|−1〉 ∈ T

+ ∧ ∀σ ∈ Sω : 〈σ0, ⊥〉 ∈ T
ω

Hdef. ⊆, S+ , S ∩ T+, and Sω , S ∩ TωI
⇐⇒ S+ ⊆ {σ | |σ| = n∧〈σ0, σn−1〉 ∈ T}∧S

ω ⊆ {σ | |σ| = ω∧〈σ0, ⊥〉 ∈ T}

18

α({σ@b | σ ∈ Sω})

= {〈(σ0 b), ⊥〉 | σ ∈ Sω} Hdef. α and @I
= {〈(σ0 b), ⊥〉 | 〈σ0, ⊥〉 ∈ α(S)} Hdef. αI
= {〈(a b), ⊥〉 | 〈a, ⊥〉 ∈ α(S)} HS ⊆ T∞ so σ0 ∈ TI

α({(σ@b) • (v b) • σ′ | σ • v ∈ S+ ∧ v ∈ V ∧ (v b) • σ′ ∈ S})

= α({(σ@b)•(v b)•σ′ | σ•v ∈ S+∧v ∈ V∧(v b)•σ′ ∈ S+})∪α({(σ@b)•(v b)•σ′ |
σ • v ∈ S+ ∧ v ∈ V ∧ (v b) • σ′ ∈ Sω})

HS = S+ ∪ Sω and α preserves lubsI
= {〈(σ0 b), r〉 | σ •v ∈ S+∧ v ∈ V∧〈(v b), r〉 ∈ α(S)+}∪{〈(σ b), ⊥〉 | σ • v ∈
S+ ∧ v ∈ V ∧ 〈(v b), ⊥〉 ∈ α(S)ω})

Hdef. α and @I
= {〈(σ0 b), r〉 | 〈σ0, v〉 ∈ α(S)+ ∧ v ∈ V ∧ 〈(v b), r〉 ∈ α(S)}

Hdef. T+ , T ∩ (T× T), T ω , T ∩ (T× {⊥}), and αI
= {〈(a b), r〉 | 〈a, v〉 ∈ α(S)+ ∧ v ∈ V ∧ 〈(v b), r〉 ∈ α(S)}

HS ⊆ T∞ so σ0 ∈ TI

α({a@σ | a ∈ V ∧ σ ∈ Sω})

= {〈(a σ0), ⊥〉 | a ∈ V ∧ σ ∈ S
ω} Hdef. α and @I

= {〈(a σ0), ⊥〉 | a ∈ V ∧ 〈σ0, ⊥〉 ∈ α(S)} Hdef. α and T ω , T ∩ (T ∪ {⊥})I
= {〈(a b), ⊥〉 | a ∈ V ∧ 〈b, ⊥〉 ∈ α(S)} HS ⊆ T∞ so σ0 ∈ TI

α({(a@σ) • (a v) • σ′ | a, v ∈ V ∧ σ • v ∈ S+ ∧ (a v) • σ′ ∈ S})

= α({(a@σ) • (a v) • σ′ | a, v ∈ V∧ σ • v ∈ S+ ∧ (a v) • σ′ ∈ S+})∪ α({(a@σ) •
(a v) • σ′ | a, v ∈ V ∧ σ • v ∈ S+ ∧ (a v) • σ′ ∈ Sω})

HS = S+ ∪ Sω and α preserves lubsI
= {〈(a σ0), r〉 | a, v ∈ V ∧ 〈σ0, v〉 ∈ α(S)+ ∧ 〈(a v), r〉 ∈ α(S)+} ∪ {〈(a σ0),
⊥〉 | a, v ∈ V ∧ 〈σ0, v〉 ∈ α(S)+ ∧ 〈(a v), ⊥〉 ∈ α(S)ω}

Hdef. αI
= {〈(a b), r〉 | a, v ∈ V ∧ 〈b, v〉 ∈ α(S) ∧ 〈(a v), r〉 ∈ α(S)}

HT ω , T ∩ (T ∪ {⊥}) and S ⊆ T∞ so σ0 ∈ TI .

Hence, we have the commutation property α(þF (S)) =
ñ

F (α(S)) when defining
ñ

F by (6).  

Theorem 11
ñ

S , α(þS) = α(lfp
⊑ þF ) = lfp

⊑ ñ

F .

e

Proof By the fixpoint fusion theorem [7, Th. 9] and the asynchronous fix-

point iteration theorem [5, Th. 3.3.10] for
ñ

S
ω
, the fixpoint definition of

ñ

S can
be written in the form (S+ , S∩(T×T), Sω , S∩(T×{⊥}) so S+∩Sω = ∅)
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then ∃σ′ ∈ þF (S) : σ′0 = a where S =
⋂
β<δX

β .

If a ∈ V then 〈a, ⊥〉 Ó∈ gfp
⊆ ñ

F
ω
.

If a = (λ x . a
′) v, v ∈ V then 〈a, ⊥〉 ∈ gfp

⊆ ñ

F
ω

=
ñ

F
ω
(gfp

⊆ ñ

F
ω
) so by (6),

〈a′[x ← v], ⊥〉 ∈ gfp
⊆ ñ

F
ω
. By induction on δ, we have ∃σ′ ∈ Tω : σ′0 = a

′[x ←

v]∧σ′ ∈
⋂
β<δX

β so that, by (b), (λ x . a
′) v•a

′[x ← v]•σ′ ∈ þF (
⋂
β<δX

β) = Xδ.

If a = (a′ b) then there are four subcases.

If 〈a′, ⊥〉 ∈ gfp
⊆ ñ

F
ω
⊆
⋂
β<δX

β then, by induction hypothesis on δ, we

have ∃σ′ ∈ Tω : σ′
0

= a
′ ∧ σ′ ∈

⋂
β<δX

β so that, by (c), σ′@b ∈ þF (
⋂
β<δX

β) =
Xδ is such that σ′

0
= (a′ b) = a by definition of @.

If 〈a′, v〉 ∈
ñ

S
+

= α(þS+), v ∈ V, and 〈(v b),⊥〉 ∈ gfp
⊆ ñ

F
ω

then, by induction
hypothesis on δ, we have ∃σ′ ∈ Tω : σ′

0
= (v b) ∧ σ′ ∈

⋂
β<δX

β . By definition

(4) of α, there exists ς ∈ T+ : ς ∈ þS+ ∧ |ς | = n ∧ 〈ς0, ςn−1〉 = 〈a′, v〉 proving

by definition (d) of
ñ

F that ∃σ′′ = (ς@b) ; σ′ ∈
ñ

F (
⋂
β<δ X

β) = Xδ where, by

definition, ς • c ; c • ς ′ , ς • c • ς ′. We have σ′′0 = (ς@b)0 = (ς0@b) = (a′@b) = a.

If a
′ ∈ V and 〈b, ⊥〉 ∈ gfp

⊆ ñ

F
ω

then by induction hypothesis on δ, ∃σ′ ∈

Tω : σ0 = b ∧ σ′ ∈
⋂
β<δX

β proving by definition (e) of
ñ

F that σ = a
′@σ′ ∈

ñ

F (
⋂
β<δX

β) = Xδ with σ0 = (a′@σ′)0 = (a′ σ′
0
) = (a′ b) = a.

If a
′, v ∈ V, 〈b, v〉 ∈

ñ

S
+

= α(þS+), and 〈(a′ v), ⊥〉 ∈ gfp
⊆ ñ

F
ω

then, by
induction hypothesis on δ, we have ∃σ′ ∈ Tω : σ′0 = (a′ v) ∧ σ′ ∈

⋂
β<δ X

β . By

definition (4) of α, there exists ς ∈ T+ : ς ∈ þS+ ∧ |ς | = n ∧ 〈ς0, ςn−1〉 = 〈b,

v〉 proving by definition (f) of
ñ

F that (a′@ς) ; σ′ ∈
ñ

F (
⋂
β<δX

β) = Xδ with
σ0 = (a′@ς)0 = (a′ ς0) = (a′ b) = a.  

5.4.4 Rule-based big-step bifinitary relational semantics

The big-step bifinitary relational semantics =⇒ is defined as a =⇒ r , 〈a,

r〉 ∈ α(þSJaK) where a ∈ T and r ∈ T ∪ {⊥}. It is

v =⇒ v, v ∈ V
a[x ← v] =⇒ r

(λ x . a) v =⇒ r
⊑, v ∈ V, r ∈ V ∪ {⊥}

a =⇒⊥

a b =⇒ ⊥
⊑

a =⇒ v, v b =⇒ r

a b =⇒ r
⊑, v ∈ V, r ∈ V ∪ {⊥}
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Hdef. ⊆, T+ , T ∩ (T× T), and T ω , T ∩ (σT× {⊥})I
⇐⇒ S ⊆ γ(T ) HS = S+ ∪ Sω and def. γ(T )I  

5.4.2 Bifinitary relational semantics

The bifinitary relational semantics
ñ

S , α(þS) ∈ ℘(T × (T ∪ {⊥})) is the
relational abstraction of the trace semantics mapping an expression to its
final value or ⊥ in case of divergence.

5.4.3 Fixpoint big-step bifinitary relational semantics

The bifinitary relational semantics
ñ

S , α(þS) = α(lfp
⊑ þF ) can be defined in

fixpoint form as lfp
⊑ ñ

F where the big-step transformer
ñ

F ∈ ℘(T×(T∪{⊥})) Ô→
℘(T× (T ∪ {⊥})) is

ñ

F (T ) , {〈v, v〉 | v ∈ V} ∪ (6)

{〈(λ x . a) v, r〉 | v ∈ V ∧ 〈a[x ← v], r〉 ∈ T} ∪

{〈(a b), ⊥〉 | 〈a, ⊥〉 ∈ T} ∪

{〈(a b), r〉 | 〈a, v〉 ∈ T+ ∧ v ∈ V ∧ 〈(v b), r〉 ∈ T} ∪

{〈(a b), ⊥〉 | a ∈ V ∧ 〈b, ⊥〉 ∈ T} ∪

{〈(a b), r〉 | a, v ∈ V ∧ 〈b, v〉 ∈ T+ ∧ 〈(a v), r〉 ∈ T} .

Lemma 10 α(þF (S)) =
ñ

F (α(S)) e

Proof α is a complete ∪-morphism, so we calculate α(þF (S)) by cases.

α({v ∈ T
∞

| v ∈ V})

= {〈v, v〉 | v ∈ V} Hdef. α and |v| = 1I

α({(λ x . a) v • a[x ← v] • σ | v ∈ V ∧ a[x← v] • σ ∈ S})

= α({(λ x . a) v•a[x← v]•σ | v ∈ V∧a[x← v]•σ ∈ S+})∪α({(λ x . a) v•a[x ←
v] • σ | v ∈ V ∧ a[x ← v] • σ ∈ Sω})

HS = S+ ∪ Sω and α preserves lubsI
= {〈(λ x . a) v, r〉 | v ∈ V ∧ 〈a[x ← v], r〉 ∈ α(S)+} ∪ {〈(λ x . a) v, ⊥〉 | v ∈
V ∧ 〈a[x ← v], ⊥〉 ∈ α(S)ω}

Hdef. αI
= {〈(λ x . a) v, r〉 | v ∈ V ∧ 〈a[x ← v], r〉 ∈ α(S)}

Hdef. T+ , T ∩ (T× T) and T ω , T ∩ (T× {⊥})I
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




ñ

S =
ñ

S
+

∪
ñ

S
ω

ñ

S
+

=
ñ

F (
ñ

S
+

) = lfp
⊆ ñ

F
+

where
ñ

F
+

(S) ,
ñ

F (S+)
ñ

S
ω

=
ñ

F (
ñ

S
+

∪
ñ

S
ω
) = gfp

⊆ ñ

F
ω

where
ñ

F
ω
(S) ,

ñ

F (
ñ

S
+

∪ Sω) .

We have α(þS) = α(þS+∪þSω) = α(þS+)∪α(þSω) and prove that α(þS+) =
ñ

S
+

and

α(þSω) =
ñ

S
ω

so α(þS) =
ñ

S
+

∪
ñ

S
ω

=
ñ

S.

To prove that α(þS+) = α(lfp
⊆ þF+) is equal to lfp

⊆ ñ

F
+

=
ñ

S
+

, we observe that

α preserves ∪ and α ◦ þF+ =
ñ

F
+

◦ α by Lem. 10 so α(lfp
⊆ þF+) = lfp

⊆ ñ

F
+

by
[7, Th. 3].

We must prove that α(þSω) = α(gfp
⊆ þF ω) is equal to gfp

⊆ ñ

F
ω

=
ñ

S
ω
.

To prove that α(gfp
⊆ þF ω) ⊆ gfp

⊆ ñ

F
ω
, we let Xδ, δ ∈ O and X

δ
, δ ∈ O

be the respective transfinite iterates of þF ω and
ñ

F
ω

from X0 = Tω and X
0

=

T×{⊥} so that α(X0) ⊆ X
0

whenceX0 ⊆ γ(X
0
) by (5). Assume, by induction

hypothesis, that ∀β < δ : Xβ ⊆ γ(X
β
). We have ∀β < δ : (

⋂
β′<δX

β′) ⊆ γ(X
β
)

whence (
⋂
β<δX

β) ⊆ (
⋂
β<δ γ(X

β
)) by definition of the greatest lower bound

(glb) ∩ whence (
⋂
β<δX

β) ⊆ γ(
⋂
β<δX

β
) by (5) so Xδ = þF ω(

⋂
β<δX

β) ⊆
þF ω(γ(

⋂
β<δX

β
)) by monotony. It follows that Xδ ⊆ γ(

ñ

F
ω
(
⋂
β<δX

β
)) = γ(X

δ
)

since α ◦ þF ω =
ñ

F
ω
◦ α by Lem. 10 implies α ◦ þF ω ◦ γ =

ñ

F
ω
◦ α ◦ γ whence

α ◦ þF ω ◦ γ ⊆̇
ñ

F
ω

by (5) and monotony that is þF ω ◦ γ ⊆̇ γ ◦
ñ

F
ω

by (5). Hence

∃λ ∈ O : gfp
⊆ þF ω = Xλ ⊆ γ(X

λ
) = γ(gfp

⊆ ñ

F
ω
) and we conclude by (5).

To prove that gfp
⊆ ñ

F
ω
⊆ α(gfp

⊆ þF ω), we show that ∀〈a, ⊥〉 ∈ gfp
⊆ ñ

F
ω

:

∃σ ∈ gfp
⊆ þF ω : σ0 = a. To do so for any 〈a, ⊥〉 ∈ gfp

⊆ ñ

F
ω
, we prove by

transfinite induction on δ that

∀δ ∈ O > 0 : ∀〈a, ⊥〉 ∈ gfp
⊆ ñ

F
ω

: ∃σ ∈ Tω : σ0 = a ∧ σ ∈
⋂

β<δ

Xβ .

For δ = 1,
⋂
β<δX

β = X0 = Tω and a ∈ T.

Assume by induction hypothesis, that ∃σ ∈ Tω : σ0 = a∧∀η ∈ O : 0 < η < δ :
σ ∈

⋂
β<ηX

β . We have σ ∈
⋂
η<δ

⋂
β<ηX

β =
⋂
β<δX

β et we must show that

∃σ ∈ Tω : σ0 = a ∧ σ ∈ Xδ = þF ω(
⋂
β<δX

β). Because the iterates Xδ , δ ∈ O

are decreasing, this implies ∃σ ∈ Tω : σ0 = a ∧ σ ∈
⋂
β<δX

β .

It remains to show, by structural case analysis on a, that if σ ∈ S : σ0 = a,
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b =⇒⊥

a b =⇒ ⊥
⊑, a ∈ V

b =⇒ v, a v =⇒ r

a b =⇒ r
⊑, a ∈ V, v ∈ V, r ∈ V ∪ {⊥} .

Again this should neither be understood as a structural induction (since a[x ←
v] Ó≺ (λ x . a) v) nor as action induction (because of infinite behaviors). The
abstraction α(T ) , T ∩ (T × T) yields the classical natural semantics [17]
(where all rules with ⊥ are eliminated and ⊑ becomes ⊆ in the remaining
ones). The abstraction α(T ) , T ∩ (T×{⊥}) yields the divergence semantics
(keeping only the rules with ⊥, ⊑ is ⊇, and a =⇒ ⊥ is written a

∞

=⇒ in [18]).

Observe that both the maximal trace semantics of Sec. 5.3.1 and the above
bifinitary relational semantics of Sec. 5.4 define the semantics of a term that
“goes wrong” as empty.

5.5 Abstraction into the small-step operational semantics of the call-by-value

λ-calculus

5.5.1 Small-step abstraction of traces

The abstraction is

αs ∈ ℘(T
∞) Ô→ ℘(T× T)

αs(S) , {〈σi, σi+1〉 | σ ∈ S ∧ 0 6 i ∧ i+ 1 < |σ|} .

Since the bifinitary trace semantics is suffix-closed, we can also use

α ∈ ℘(T∞) Ô→ ℘(T× T)

α(S) , {〈σ0, σ1〉 | σ ∈ S ∧ |σ| > 1}

so that we have αs(S) = α(S) whenever S is suffix-closed. By defining ℘(T
∞)

to be the set of suffix-closed and blocking subsets of T∞ and γ(τ ) to be the
set of maximal traces generated by the transition relation τ ∈ ℘(T × T) that
is

γ+(τ ) , {σ ∈ T+ | ∀i < |σ| : 〈σi, σi+1〉 ∈ τ ∧ ∀a ∈ T : 〈σ<|σ|−1, a〉 Ó∈ τ}

γω(τ ) , {σ ∈ Tω | ∀i ∈ N : 〈σi, σi+1〉 ∈ τ}

γ(τ ) , γ+(τ ) ∪ γω(τ ) ,

we have
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3. Bi-inductive Structural Defini-
tions

[2] P. Cousot & R. Cousot. Bi-inductive Structural Semantics. SOS 2007, July 9, 2007, Wroclaw, Poland.
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Syntax

– ‘; ‘1; : : : ; ‘n 2 L language

– ‘ ::= ‘1; : : : ; ‘n derivation relation

– The “syntactic subcomponent” relation ffi on L:

‘0 ffi ‘ , ‘ ::= ‘1; : : : ; ‘
0; : : : ‘n

is
- irreflexive
- finite left images (8‘ 2 L : jf‘0 2 L j ‘0 ffi ‘gj 2 N)
- well-founded

– Example: a, b, . . . ::= x j λ x . a j a b defines a ffi λ x . a,
a ffi a b and b ffi a b.
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http://www.cse.unsw.edu.au/~rvg/SOS2007/4/main.pdf
http://www.cse.unsw.edu.au/~rvg/SOS2007/


Semantic domains

For each “syntactic component” ‘ 2 L, we consider a
semantic domain

hD‘; v‘; ?‘; t‘i

which is assumed to be a directed complete partial order
(dcpo).
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Variables

– To write definitions we use variables X‘, Y‘, . . . rang-
ing over the semantic domains D‘ of syntactic compo-
nents ‘ 2 L.
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Transformers

– For derivations ‘ ::= ‘1; : : : ; ‘n we consider trans-
formers

F i‘ 2 D‘ ˆD‘1 : : :ˆD‘n 7 !̀ D‘

When n = 0, we have F i‘ 2 D‘ 7 !̀ D‘
– The transformers are assumed to be v‘-monotone in
their first parameter 2

2 8i 2 ´‘, ‘1; : : : ; ‘n ffi ‘, X;Y 2 D‘; X1 2 D‘1; : : : ; Xn 2 D‘n: X v‘ Y =) F i‘ (X;X1; : : : ; Xn) v‘
F i‘ (Y;X1; : : : ; Xn).
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Alternatives

– For each “syntactic component” ‘ 2 L, we let ´‘ be
indexed sequences (totally ordered sets) of alterna-
tives/definition cases.

– Given a set S,

hxi; i 2 ´‘i 2 ´‘ 7! S indexed sequence

u
Y

i2´‘

xi 2
Y

i2´‘

S cartesian product

Departmental Seminar, Imperial College, July 4th, 2007 J�� � – 52 –? []¨ –� ��I ľ P. Cousot



Join

– For each “syntactic component” ‘ 2 L, the join

g‘ 2 (´‘ 7 !̀ D‘) 7 !̀ D‘

is used to gather alternatives in formal definitions
– The join operator is assumed to be componentwise v‘-
monotone 3

–
j
‘

i2´‘

Xi , g‘(
Y

i2´‘

Xi), for short

– If the order of presentation of the alternatives is irrelevant
´‘ is a set and the join is associative, commutative, and v‘-
monotone
3 8hXi; i 2 ´‘i : 8hYi; i 2 ´‘i : (8i 2 ´‘ : Xi v‘ Yi) =)

j
‘
(
Y

i2´‘

Xi) v‘
j
‘
(
Y

i2´‘

Yi).
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Fixpoint definitions

A fixpoint definition for all ‘ 2 L such that ‘ ::=

‘1; : : : ; ‘n has the form

SfJ‘K = lfp
v‘

λX .
j
‘

i2´‘

F i‘(X;SfJ‘1K; : : : ;SfJ‘nK) :

where lfp
v
is the partially defined v-least fixpoint oper-

ator on a poset hP; vi.

Lemma 1 8‘ 2 L : SfJ‘K is well defined. e
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Fixpoint definitions, particular cases

– without fixpoint:

j
‘

i2´‘

F i‘(SfJ‘1K; : : : ;SfJ‘nK)= lfp
v‘

λX .
j
‘

i2´‘

F i‘(SfJ‘1K; : : : ;SfJ‘nK)

– and without join:

F i‘(SfJ‘1K; : : : ;SfJ‘nK)= lfp
v‘

λX .
j
‘

i02fig

F i
0

‘ (SfJ‘1K; : : : ;SfJ‘nK).
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Example 1: fixpoint big-step maximal trace semantics

The bifinitary trace semantics ~S 2 }(T
1

) is
~S , lfp

v
~F

where ~F 2 }(T
1

) 7! }(T
1

) is

~F (S) , fv 2 T
1
j v 2 Vg [ (a)

f(λ x . a) v › a[x v] › ff j v 2 V ^ a[x v] › ff 2 Sg [ (b)
fff@b j ff 2 S!g [ (c)
f(ff@b) › (v b) › ff0 j ff 6= › ^ ff › v 2 S+ ^ v 2 V ^ (v b) › ff0 2 Sg [ (d)
fa@ff j a 2 V ^ ff 2 S!g [ (e)
f(a@ff) › (a v) › ff0 j a; v 2 V ^ ff 6= › ^ ff › v 2 S+ ^ (a v) › ff0 2 Sg : (f)

We have L = f›g (no structural induction), ´› , fa; b; c; d; e; fg where ~F i›(S),

i 2 ´› is defined by equation (i). The join operator is chosen in binary form

as g› , [.
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Example 2: fixpoint small-step maximal trace semantics

– The small-step maximal trace semantics 1À of a tran-
sition relation À is

nX̀ A , fff 2 T+ j jffj = n > 0 ^ 8i : 0 6 i < n` 1 :

ffi À ffi+1g partial traces

n
À , fff 2 nX̀ A j ffn`1 2 Vg maximal execution traces of length n

+
À ,

[

n>0

n
À maximal finite execution traces

!
À , fff 2 T! j 8i 2 N : ffi À ffi+1g infinite execution traces

1
À , +

À [ !À maximal finite and diverging execution traces.
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– Junction ; of set of traces:
S ; T , S! [ fff0 › : : : › ffjffj`2 › ff

0 j ff 2 S+ ^

ffjffj`1 = ff00 ^ ff
0 2 Tg

– Small-step transformer ~f 2 }(T
1

) 7! }(T
1

):
~f(T ) , fv 2 T

1
j v 2 Vg [ 2X̀ A ; T (1)

– Small-step maximal trace semantics 1À in fixpoint
form: 1

À = lfp
v
~f :

– The big-step and small-step trace semantics are the
same

~S = 1
À :
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Constraint-based definitions

A constraint-based definition has the form:

hSeJ‘K; ‘ 2 Li is the componentwise v‘-least
hX‘; ‘ 2 Li satisfying the system of con-
straints (inequations)

8

>

<

>

:

j
‘

i2´‘

F i‘(X‘;
Q

‘0ffi‘X‘0) v‘ X‘

‘ 2 L :
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Rule-based definitions

– A rule-based definition is a sequence of rules of the
form

X‘

F i‘(X‘;
Y

‘0ffi‘

SrJ‘0K)
v‘ ‘ 2 L; i 2 ´‘

where the premise and conclusion are elements of the
hD‘; v‘i cpo.

– If F i‘ does not depend upon the premise X‘, it is an
axiom
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Rule-based definitions in logical form

X‘ v‘ SrJ‘K

F i‘(X‘;
Y

‘0ffi‘

SrJ‘0K) v‘ SrJ‘K
v‘ ‘ 2 L; X‘ 2 D‘; i 2 ´‘

To make thejoin g‘ explicit, we can write

X‘ v‘ SrJ‘K
j
‘

i2´‘

F i‘(X‘;
Y

‘0ffi‘

SrJ‘0K) v‘ SrJ‘K
v‘ ‘ 2 L; X‘ 2 D‘ :
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Proofs

– A D 2 D‘ is provable if and only if it has a proof that
is a transfinite sequence 4 D0; : : : ;D– of elements of
D‘ such that

- D0 = ?‘, D– = D and

- for all 0 < ‹ 6 –, D‹ v‘
j
‘

i2´‘

F i‘(
G

‘
˛<‹

D˛;
Y

‘0ffi‘

SrJ‘0K).

– The meaning of a rule-based definition is

SrJ‘K ,
G

‘
fD 2 D‘ j D is provableg :

4 In the classical case [Acz77], the fixpoint operator is continuous whence proofs are finite.
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4. Abstraction
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Kleenian abstraction

– hD; v; ?; ti, hD]; v]; ?]; t]i dcpos

– F 2 D 7! D, F ] 2 D] 7! D] monotone

– ¸ 2 D 7! D] strict and continuous on chains of D

– ¸ ‹ F = F ] ‹ ¸, commutation condition

=) ¸(lfp
v
F ) = lfp

v]

F ]

OK for abstracting finite behaviors, not infinite ones
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Tarskian abstraction

– hD; v; ?; ti, hD]; v]; ?]; t]i dcpos

– F 2 D 7! D, F ] 2 D] 7! D] monotone

– ¸ 2 D 7! D] preserves meets

– F ] ‹ ¸ v] ¸ ‹ F , semi-commutation condition

– 8y 2 D] : (F ](y) v] y) =) (9x 2 D : ¸(x) = y ^
F (x) v x

=) ¸(lfp
v
F ) = lfp

v]

F ]

OK for abstracting infinite behaviors, not finite ones
) abstract by parts.
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5. Conclusion
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Requirements

– Both convergence/termination and divergence/nonter-
minating behaviors are needed in static strictness anal-
ysis [Myc80], safety & security analysis, typing [Cou97,
Ler06], etc;

– Such static analyzes must be proved correct with re-
spect to a semantics chosen at an appropriate level of
abstraction (small-step/big-step trace/relational/natural
semantics);
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Requirements satisfaction

– The bifinite extension of OS should satisfy the need for
formal finite and infinite semantics, at various levels of
abstraction and using various equivalent presentations
(fixpoints, equational, constraints and inference rules)
needed in static program analysis.
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