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handling the many different styles of presentations found
in the literature (rules, fixpoint, equations, constraints,
.) in a uniform way
— A simple generalization of inductive definitions from
sets to posets seems adequate.
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On the importance of defining both finite and infinite
behaviors

— Example of the choice operator Ey | Eo where:
Ei = a Ey = b termination
or Fi = 1 By — | non-termination
— The finite behavior of E; | Es is:
alb=a alb=1"
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2. Semantics of the Eager A-calculus

[1] P. Cousot & R. Cousot. Bi-inductive Structural Semantics. SOS 2007, July 9, 2007, Wroclaw, Poland.

« S
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— But for the case L | L = 1, the infinite behaviors of
E1 | By depend on the choice method:

Non-deter-| Parallel BEager Mixed left-| Mixed right-
ministic to-right to-left
L|lb=b |L|b=b L|lb=1d
Llb= 1 lljb=1  L]jb=1| L|b= 1L
all=ala|Ll=a all=a

a|ll= 1 all=1la|l=1 a|ll=1

— Nondeterministic: an internal choice is made initially to evaluate F; or to evaluate Ey;

— Parallel: evaluate E; and E» concurrently, with an unspecified scheduling, and return the first available result
a or b;

— Mixed left-to-right: evaluate £; and then either return its result a or evaluate Fy and return its result b;

— Mixed right-to-left: evaluate F and then either return its result b or evaluate E; and return its result a;

— Eager: evaluate both E; and E; and return either results if both terminate.
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Syntax
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Syntax of the Eager A-calculus

Example I: Finite Computation

xY,z... € X variables function argument
c e C constants (XN C = @) ((Ax=xx) (Ay-y)) (Az-2) 0)
cu=0]1| — evaluate function
vev values ((Ay-y) (Ay-y)) (Az-2) 0)
vi=c| Ax-a — evaluate function, cont’d
eHE_IE €ITors (Ay-y) (Az-2) 0)
/ ei=calea — evaluate argument
a,a,ai,...,b,,... € T terms
a:::x|v\aa' ()\y'y)O .
— apply function to
0 a value! argument
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Example II: Infinite Computation
function argument
(Ax=xx) (Ax=xx)
— apply function to argument
. (Ax=xx) (Axxx)
T‘race Semantlcs — apply function to argument
(Ax=xx) (Ax*xx)
— apply function to argument
non termination!
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Example III: Erroneous Computation

function argument

((Ax=xx) ((Az-2) 0)) (Ay-y)0)

evaluate argument
((Ax+xx) ((Az+2)0))0

evaluate function

((Ax+xx)0)0

Traces

— T* (resp. TH, T% T and T°) be the set of finite
(resp. nonempty finite, infinite, finite or infinite, and
nonempty finite or infinite) sequences of terms

— € 1s the empty sequence ee 0 = 0e€ = 0.
- o] € NU{w} is the length of o € T*. |¢| = 0.
~IfocT" then 0| >0and 0 = gpgeoye...e0|g_1.

— evaluate function, cont’d w
(00) 0 —If o € T then |0| =w and 0 = 0ge...e0ne....
a runtime error!
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Finite, Infinite and Erroneous Trace Semantics Operations on Traces
s — For a € T and o € T, we define a@o to be ¢’ € T®
such that Vi < || : 0] = a 0} -
>
— 00 01 02 03 0;
g = ° ° ° ° P °
a o ao a o a o a oy
aQo = Jo 4/1 2 3. i
L
L
Error
0o 1 2 3 4 5 6 7 8 9 10 t =
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Example

—a=(Ayy)
- 0= ((Az-2)0)e0
- aQo =

(Ay-y)@((Az-2) 0)«0 =
((Ay+y) ((Az-2) 0))e((Ay-y) 0)

]
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Example

— o= ((Ax-xx) (Ay-y)) e ((Ay-y) (Ay-y))e(Ay-y)
-b=((Az-2)0)
- (o@b)

(((Ax=xx) (Ay-y)) e ((Ay-y) (Ay+y)) e (Ay-y)Q((Az-2) 0))

(((Ax=xx) (Ay-y)) (Az-2) 0))o((Ay-y) (Ay-y)) (Az-2) 0))e
((Ay-y) (Az-2) 0))

]
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Operations on Traces (Cont’d)

— Similarly for a € T and o € T®, 0cQa is o’ where

Vi<lo|:ol=0;0a -
— 00 o1 o2 03 g
o = e — @& —— @& — ""-* — e
gpa 01 0924 03a g; a
0Qa = 9 L 2 3 . A e
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Finite and Infinite Trace Semantics
s(t)

£l
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

a[x<—v].a€§

vesS, vev _C,vevV
(Ax-a) vealx«—v]jeo €S

oecS¥ geveST, (av)ed' €S

——C,aeV ——C,v,aeV

aQo €S (a@o)e(av)eo’ €S

oeS¥ geveST, (vb)ed' €S

— —C,vevV

c@beS (0c@b)e(vb)eo' €8

1 Note: alx - b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2 {acT|FV(a) = o}
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

a[x<—v]-a€g

V€§,V€V —C,veV
(Ax-a) vealx < v]eo €S

oces¥ ceveST, (av)ed €S

— _C,a€V ——C,v,acV

aQo €S (a@o)e(av)eo’ €S

oceSv ceveST, (vb).a’Eg

- —_C,veV

c@beS (c@b)e(vb)eod' €S

1 Note: a[x «— b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2{acT|FV(a) = o}
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Bifinitary Trace Semantics S of the Eager M-calculus® [CC92]

a[x<—v].0€§

veS, vev _C,veV
(Ax=a) vealx < v]jeo €S

UES"” O'OVE§+, (av).aleg

——=C,aeV P C, v,aeV

a@o €S (a@o)e(av)eo €8S

U'ng O'OVE§+, (vb).aleg

—  C —_C,vevV

oc@beS (c@b)e(vb)eo' €S

1 Note: alx - b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2 {acT|FV(a) = o}
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92)]

ax «—v]eo €S

vesS, vev _C,veV
(Ax+a) vealx<—v]jeo €S

oes¥ cgeveST, (av)ea' €S

— L, a€eV ——— L, v,aeV

aQo €S (a@o)e(av)eo €8S

O'ng UOVE§+, (vb)-aleg

—  C —_C,vevV

oc@beS (c@b)e(vb)eo' €S

1 Note: alx « b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2£{acT|FV(a) =2}
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Non-Standard Meaning of the Rules

Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

The rules P
R =12-|1e A . alx < v]jeog €S
C; S VES, vev —LC,veV
define - (Ax+a)vealx < vjec €S
Ifp- F'|R . . _
[?] oes? - cevEST, (av)ed' €S v
; —=L,ac L, v;agVvVe
e, = y Yy
where the consequence operator is 200 € S (a@0)«(av)eo’ €8
P
FRT:LI{C’PIZT/\—EET\’,} , ; B}
[RI(T) = C- oeSY ceveST, (vb)eo' €S
and ... —_cC ———L,veEV
oc@beS (c@b)e(vb)eo €8S
1 Note: alx < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2£{acT|FV(a) =g}
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The Computational Lattice Example

Given S, T € p(T*), we define

-8t2snT* finite traces
-SYaSsnNTv infinite traces
-SCTA2S8TCTHASYDTY computational order
— (p(T>), C, T¢ T+, L, M) is a complete lattice
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ceveSt, (av)ed' €S
(a@0)e(av)ec’ €S

L, v,aeV.

~cev=((Az-2)0)s0€ St
- (@av)ed'=(Ay-y)0.0€§
- (a@o)e(av)ec’

((Ay-y)@((Az-2) 0)« 0)«0

(Ay+y) (Az:2) 0) « (Ay+y) 0.0 €8

]
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

. ax —v]eog €S
veES, vevV —L,vevV
(Ax-a) vealx+v]jeo €S

UESW O'OVES+, (aV).O’IGS

— — r,a€eV —C,v,aeV
aQo €S (a@o)e(av)eo’ €S

oesY ceveST, (vb)eo' €S

— & —L,veV =
oc@b e S (c@b)e(vb)eod' €S

1 Note: alx - b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2£{acT|FV(a) =g}
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Relational Semantics
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Example

ceveST, (vb)-alegE cv
(c@b)e(vb)ec' €S '
—gev=((Axxx) Ay-y)) e ((Ay-y) Ay-y))e(Ay-y) € §F
—(vb)ed' =(Ay-y) (Az-2) 0)e (Ay-y) 0.0€S

— (c@b) e (vb)ec’

(Ax-xx) Ay-y)) « (Ay-y) (Ay-y))@((Az-2) 0)) «
(hy+y) (Az+2) 0)) « (Ay-y) 020

((Axexx) (Ay-y)) (Az-2) 0) « ((Ay:y) (Ay-y)) ((Az-2)0)
e (Ayry) (Az-2) 0) e (Ay-y) 0.0€S
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Trace Semantics

>
%)

=

=
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Relational Semantics = o(Trace Semantics)

Abstraction to the Bifinitary Relational Semantics of
the Eager A-calculus

remember the input/output behaviors,

= e ST — e forget about the intermediate computation steps
[Nt S e —
def
1 a(T) = {afo) |c €T}
D, e def
1 T a(ogedie...e0n) = (00, On)
B |
> def
a(O'Oo...oO'no...) = <UO, J_>
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Relational Semantics Bifinitary Relational Semantics of the Eager A-calculus
t
=0 v=v, VEV
""""""""""""""""""" >e n a= L b= 1
................................................................ rd S —— [, acV
a b — 1 a b — 1
"""""""""""""""""""""""""""""""""""""" > ax v =r
c, veV, reVu{l}
~ (Ax-a) v=r
------------------ ->e a=v, vb=r
c, veV,reVu{l}
- ab=r
b=v, av=r
C, aeV,veV,reVu{l}.
ab=r
Departmental Seminar, Imperial College, July 4'*, 2007 A<LEI- 34 -7 W > © P. Cousot ‘;" Departmental Seminar, Imperial College, July 4%, 2007 4w 36 -7 1W->=>p © P. Cousot ‘;"




Natural Semantics
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Abstraction to the Natural Big-Step Semantics of the
Eager A-calculus

remember the finite input/output behaviors,
forget about non-termination

oT) = | Halo) | o €T}

({00, on)) & {(00, on)}

a((og, L)) ¥ o
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Natural Semantics = a(Relational Semantics)

s(t)
f-~>--f--f-->--*:-i;'-_ -------- >0
™
----------------------------------- >e
""""""" —
>
>
Departmental Seminar, Imperial College, July 4'*, 2007 «CED- 33 VM- € Coneet ‘;I‘

Natural Big-Step Semantics of the Eager A-calculus [Kah88|

v=v, veV

ax v =r

S, veV,rev
(Ax-a) v=r

a=v, vb=r

S, veV,rev
ab=nr

b=v, av=r

C, aeV,veV, rev.
ab=r
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Transition Semantics
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Abstraction to the Transition Semantics of the Eager
A-calculus

remember execution steps,
forget about their sequencing

) = J{a(o) |0 €T}

def . .
a(gge0ye...e0p) = (0, ai+1>|0<z/\z<n}

) def

a(oge...e0pe...) = {(0;, 0j41) | 2 > 0}
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Transition Semantics = a(Trace Semantics)
3 °
VV.
’\‘o c\:—.’&' e >e
. P L I e KT o>® o->
.\"‘ﬂo.:—:o o oo 0—»‘.\:0 ero o™’

oo
\o.‘\bo e 22 8% 1oe po oo o o0 e

Y.;/‘””” o

o> o,
%> O5>o ../'. *—2e% eckror
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Transition Semantics of the Eager A-calculus [Plo81]

((Ax+a) v) — a[x < V|

ag —> 4di

agb—a1 b

bo — b

N

v bg — v by
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Approximation

/;' ~
.\ i
\.\"/. \‘Mm e poError

((Ax=xx) ((Az-2) 0)) (Ay-y) = ((Ax-xx) 0) (Ay-y)
— (00) (Ay-y) an error!
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3. Bi-inductive Structural Defini-
tions

[2] P. Cousot & R. Cousot. Bi-inductive Structural Semantics. SOS 2007, July 9, 2007, Wroclaw, Poland.

« S
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The Abstract Semantics are Correct by Calculational Design
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Syntax
- 4,01,...,¢, € L language
-4 == {y,...,4, derivation relation
— The “syntactic subcomponent” relation < on L:

<020 2= 0q,...,0,.. .ty
is
- irreflexive
- finite left images (VL c L: |[{¢' €L | ¢ < £} € N)
- well-founded
— Example: a, b, ... i=x|Ax-a|abdefinesa < Ax-a,
a<abandb<ab.
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Semantic domains

For each “syntactic component” ¢ € I, we consider a
semantic domain

(Dy, Ty, Ly, Lp)

which is assumed to be a directed complete partial order
(dcpo).
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Transformers
— For derivations £ = {1,...,¢, we consider trans-
formers

FZ'EDKXDKI...XD%IHD@

When n = 0, we have FZ’ € Dyp— Dy
— The transformers are assumed to be Cy-monotone in
their first parameter °

2Vi € Ay by by < & X,Y € DXy € Dy, Xn € Dyt X 5, Y = Fi(X,X1,...,Xn) Co
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Variables

— To write definitions we use variables Xy, Yy, ... rang-
ing over the semantic domains D, of syntactic compo-
nents £ € L.
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Alternatives

— For each “syntactic component” ¢ € L, we let A, be
indexed sequences (totally ordered sets) of alterna-
tives/definition cases.

— Given a set S,

(s, 1€ Ay) € Ap— S indexed sequence

~ H T, € H S cartesian product
ich,  icdy
Departmental Seminar, Imperial College, July 4*, 2007 q4<L®E<I- 52 -7 (W >=D> P ©) P. Cousot gy



Join
— For each “syntactic component” £ € L, the join
YZE(AZI—>D5)MDZ

is used to gather alternatives in formal definitions

— The join operator is assumed to be componentwise [ -
monotone®

- % X; 2 H X;), for short
1€4y 1€4y

— If the order of presentation of the alternatives is irrelevant
Ay is a set and the join is associative, commutative, and Cj-
monotone

S V(X i€ Ay VY, i€ A (Vie A X T Y = Y([ ] X S Y] -
€4 i€l
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Fixpoint definitions, particular cases

— without fixpoint:

\Q Fi(Syleal, ..., S¢len]) =10 ‘X W Fi(Sylel, -, Sslen])
iEAg iEAg

— and without join:

FiSsIe), -, S5lenl) =t C XX - Y, Fi(Ssleal,-- -, Slenl).
v'ef{i}

Departmental Seminar, Imperial College, July 4%, 2007 «<LE®ED- 55 -7 [W-D> &> D ©) P. Cousot oy

Fixpoint definitions

A fixpoint definition for all £ € L such that £ :=
l1,...,4n has the form

_ e L i
Sell] = * XX - Y, Fy(X,S¢lea], ..., S¢len]) -
iEAg

where pr; is the partially defined C-least fixpoint oper-
ator on a poset (P, C).

Lemma 1 V£ € L : S¢[£] 15 well defined. 0
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Example 1: fixpoint big-step maximal trace semantics

The bifinitary trace semantics S € gJ(TOO) is
- C -
S&ifp F
where F € p(T%) — p(T") is
F(8) 2 {veT  |veV}u (a
{(Ax+a)vealx ¢ v]eo |[vEVAax<V]eo € SIU (b
{c@b | o€ S¥}U (c
{(c@b).(vb)ed'|c#£eNTvESTAVEVA(vD).d' € SIU (d
{a@o |a € VAT € SY}U (e
{(a@c).(av).c'|a,vEVAT#eATvESTA(av)ecd' €S} (f

We have L. = {o} (no structural induction), A, £ {a,b,c,d, e, f} where F*(S),
1 € A, is defined by equation (). The join operator is chosen in binary form
as vy, L.
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Example 2: fixpoint small-step maximal trace semantics

. . o0
— The small-step maximal trace semantics = of a tran-
sition relation — 1is

n_ A . .
> 2{0eT |lo]=n>0AVi:0<i<n—1:
. . artial traces
0 —> 0341} P

n A n

— = {0’ € — | Onp—1 € V} maximal execution traces of length n

A n . . .

—> = —> maximal finite execution traces

n>0

w A w ; . . ; :

—> = {O' eT | Vi€ N : g; — Ui+1} infinite execution traces

o0 A+ w . . . . .

- = — U — maximal finite and diverging execution traces.
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Constraint-based definitions
A constraint-based definition has the form:
(Se[f], £ € L) 1s the componentwise Cy-least
(Xy, £ € L) satisfying the system of con-
straints (tnequations)

Y, Fi(Xe TTpe Xe) Eo Xo
1€Ay
Lell
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— Junction ; of set of traces:
SgT £ SwU{Uoo...oU‘U‘_2oUI | o€ S+/\
Olg|—1 = 0'6 = T}

~ Small-step transformer f € p(T"") — p(T™):

M2 veT veviu s (1)

— Small-step maximal trace semantics 2> in fixpoint
form:

—

C
2 =1fp f.
— The big-step and small-step trace semantics are the
same

S=>.
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Rule-based definitions

— A rule-based definition is a sequence of rules of the
form

Xe .
: . Lel,ie
Fy( X, | [ Sr[€T)
<L
where the premise and conclusion are elements of the
(Do, Eg) cpo.
- If FeZ does not depend upon the premise Xp, it is an

axiom
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Rule-based definitions in logical form

Xé EZ Sy [[Z]]

F}(Xe, | [ Sr[€T) S Srl4]
<1

To make thejoin Y, explicit, we can write

Xy T Srle]
: / Cy Lel, X,€Dy.
Y, Fi(Xe, [ | €D Ce Sl
1€4, 2<e
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Cy tel, XyeDyrely

4. Abstraction

« S
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Proofs

— A D € Dy is provable if and only if it has a proof that
is a transfinite sequence * Dy,..., D) of elements of
Dy such that

- Dg= 1y, D) =D and
- forall0 <6 < A\, D5 Ty Y, FY(| |, Dg, [ [ Sr[€T)

1€y B<é <L
— The meaning of a rule-based definition is

Srle] = |_|Z{D € Dy | D is provable} .

4 In the classical case [Acz77], the fixpoint operator is continuous whence proofs are finite.
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Kleenian abstraction
(D, C, L, ), (Dt 1# LM depos
- FeDw— D, Fi e D s DY monotone
— o € D — Dl strict and continuous on chains of D

—aoF = Flo a, commutation condition

f
— oz(lfpE F) = prE Fl
OK for abstracting finite behaviors, not infinite ones
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Tarskian abstraction
— (D, C, L, ), (D, CH 18y depos
- FeD— D, Ft e DI s DI monotone
—a €D Dl preserves meets
— Flog Eﬁ a o F', semi-commutation condition
~vyeDl: (Fiy)Cly) = (Fz € D : a(z) = y A
F(z)Cz

C ch
— a(ifp F)=1fp F!

OK for abstracting infinite behaviors, not finite ones
= abstract by parts.
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Requirements

— Both convergence/termination and divergence/nonter-
minating behaviors are needed in static strictness anal-
ysis [Myc80], safety & security analysis, typing [Cou97,
Ler06], etc;

— Such static analyzes must be proved correct with re-
spect to a semantics chosen at an appropriate level of
abstraction (small-step/big-step trace/relational /natural
semantics);
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5. Conclusion

« S
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Requirements satisfaction

— The bifinite extension of OS should satisfy the need for
formal finite and infinite semantics, at various levels of
abstraction and using various equivalent presentations
(fixpoints, equational, constraints and inference rules)
needed in static program analysis.
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THE END

© C
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THE END, THANK YOU

« S
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