
Responsibility Analysis by 
Abstract Interpretation

Chaoqiang Deng      Patrick Cousot


Computer Science, Courant Institute of Mathematics, New York University

                                      deng@cs.nyu.edu              pcousot@cs.nyu.edu

SAS 2019 
3rd World Congress on Formal Methods, Porto, Portugal


Friday, October 11th, 2019



What is Responsibility?
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Who is responsible?

• Forest Fire Example [Halpern & Pearl, 2001]


• Disjunctive Scenario: one lit match is sufficient to burnt down the forest.

• Homer throws a lit match to the forest, which guarantees to burn down the forest.


• Later, Lisa drops another lit match in the forest.


• The wind can influence the speed of fire.


• The forest is burnt down, and who is responsible?
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Who is responsible?

• Forest Fire Example [Halpern & Pearl, 2001]


• Dependency

• The value of forest at 7 depends on wind at 6,  m2 at 5, lisa at 4, m1 at 3, homer at 2.


• By dependency analysis, the forest’s status depends on not only Homer and Lisa’s decisions, but 
also the wind and two matches.


• Actual Cause

• Use a structural equations model (SEM) to represent the system (built by hand).


• An event C is an actual cause of another event E, iff E counterfactually depends on C under certain 
contingencies.


• In the context where input_1=T, input_2=T and input_3=1 (i.e. Homer and Lisa lit matches, and the 
wind is weak), the actual causes of “forest > 0” are “homer = T”, “m1=T”, “lisa = T” and “m2=T”.


• By actual causality analysis, both Homer and Lisa are causes of fire, as well as two matches, but 
not the wind.

5

1:  homer = input_1( ); // T or F (light a match or not)

2:  m1 = homer; // 1st match

3:  lisa = input_2( ); // T or F (light a match or not)

4:  m2 = lisa; // 2nd match

5:  wind = input_3( ); // 1 or 2 (weak or strong wind)

6:  forest = (m1 || m2) ? wind : 0;

7:  // Undesired behavior if forest > 0



Who is responsible?

• Forest Fire Example [Halpern & Pearl, 2001]


• Responsibility

• Lisa shall not be responsible.


• Keep the temporal ordering of events, and only the first event that guarantees the behavior of 
interest is responsible. 


• Matches shall not be responsible.

• Only entities that are free to make choices can possibly be responsible.


• Specify “to whose cognizance / knowledge”.

• All the reasoning above is implicitly based on the cognizance of an omniscient observer (i.e. 

everything occurred is known). How about the cognizance of a non-omniscient observer?

• If the observer observes only Lisa’s action and does not know that Homer already started a fire, the observer 

would determine Lisa to be responsible for the fire.


• E.g. in program security, the cognizance can represent attackers’ capabilities.

6

1:  homer = input_1( ); // T or F (light a match or not)

2:  m1 = homer; // 1st match

3:  lisa = input_2( ); // T or F (light a match or not)

4:  m2 = lisa; // 2nd match

5:  wind = input_3( ); // 1 or 2 (weak or strong wind)

6:  forest = (m1 || m2) ? wind : 0;

7:  // Undesired behavior if forest > 0



Informal Definition of Responsibility

• Remark

• In every single execution where B occurs, there is one and only one entity responsible for B.


• For the whole system, there may exist more than one entities that are responsible for B.


• Responsibility is NOT a trace property.

• To decide which entity in an execution is responsible, the execution alone is not sufficient, and 

it is necessary to reason on the whole semantics to exhibit the entity’s “free choice” and its 
guarantee of B.
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Def. To the cognizance of an observer, the entity ER is responsible for a behavior 
B of interest in a certain execution, iff according to the observer’s cognizance, ER 
is free to choose its value, and such a choice is the first one that guarantees the 
occurrence of B in that execution.



Framework of Responsibility 
Analysis
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Framework of Responsibility Analysis

• Three Components

1. System Semantics

• The set of all possible executions, each of which can be analyzed individually.
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homer=T

m1=T

wind=1

forest=1

System Semantics

1

2

3

4

5

6

lisa=T

m2=T
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Framework of Responsibility Analysis

• Three Components

1. System semantics


2. Lattice of system behaviors of interest

• The stronger a behavior is, the lower its position in the lattice is.

10

homer=T

m1=T

wind=1

forest=1

System Semantics Lattice of System Behaviors
of Interest

1

2

3

4

5

6

lisa=T

m2=T

⊤Max = S Max

FF

WF

⊥Max= Ø

SF NF

Behaviors
FF:   Forest Fire (forest > 0)
NF:  No Fire (forest = 0)
WF: Weak Fire (forest = 1)
SF:  Strong Fire (forest = 2)
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Framework of Responsibility Analysis

• Three Components

1. System semantics


2. Lattice of system behaviors of interest


3. An observation function for each observer

• Maps every (probably unfinished) execution to a behavior that is guaranteed to occur.

11

homer=T

m1=T

wind=1

forest=1

System Semantics Lattice of System Behaviors

of Interest

Observation

1

2

3

4

5

6

lisa=T

m2=T

⊤Max = S Max

FF

WF

⊥Max= Ø

SF NF

Behaviors
FF:   Forest Fire (forest > 0)
NF:  No Fire (forest = 0)
WF: Weak Fire (forest = 1)
SF:  Strong Fire (forest = 2)
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Omniscient

Observer

If an observer finds that the guaranteed 
behavior grows stronger after extending 
an execution, then extension part must 
be responsible for the stronger behavior.



Framework of Responsibility Analysis

• Three Components

1. System semantics


2. Lattice of system behaviors of interest


3. An observation function for each observer

• Maps every (probably unfinished) execution to a behavior that is guaranteed to occur.
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System Semantics Lattice of System Behaviors

of Interest

Observation

1

2

3
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⊤Max = S Max

FF

WF
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SF NF
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NF:  No Fire (forest = 0)
WF: Weak Fire (forest = 1)
SF:  Strong Fire (forest = 2)
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If an observer finds that the guaranteed 
behavior grows stronger after extending 
an execution, then extension part must 
be responsible for the stronger behavior.

Non-omniscient

Observer

e.g. Lisa



Formal Definition of Responsibility
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1) System Semantics
• Event: any action in the system


• E.g. assignment, Boolean test, skip


• Trace: a sequence of events


• E.g. 


• Trace Prefix

14

8 C. Deng, P. Cousot

there are only three types of events: skip, assignment, and Boolean test. In order
to make the definition of responsibility as generic as possible, here we do not
adopt a specific programming language or restrict the range of possible events.

A trace � is a sequence of events that represents an execution of the system,
and its length |�| is the number of events in �. If � is infinite, then its length
|�| is denoted as 1. A special trace is the empty trace " , whose length is 0. A
trace � is � - less than or equal to another trace �0, if and only if, � is a prefix
of �0. The concatenation of a finite trace � and an event e is simply defined by
juxtaposition �e, and the concatenation of a finite traces � and another (finite
or infinite) trace �0 is denoted as ��0.

e 2 E event

� 2 E+1 ,
[

n>1

{[0, n� 1] 7! E} [ {N 7! E} nonempty trace

� 2 E⇤1 , {"} [ E+1 empty or nonempty trace

� � �0 , |�| 6 |�0| ^ 8 0 6 i 6 |�|� 1 : �i = �0
i prefix ordering of traces

The function Pref(P ) returns the prefixes of every trace in the set P of traces.

Pref 2 }(E⇤1) 7! }(E⇤1) prefixes of traces

Pref(P ) , {�0 2 E⇤1 | 9� 2 P. �0 � �}

Trace Semantics For any system that we are concerned with, its maximal trace

semantics, denoted as SMax 2 }(E⇤1), is the set of all possible maximal traces
of that system. Especially, the maximal trace semantics of an empty program
is {"}. Correspondingly, the prefix trace semantics SPref 2 }(E⇤1) is the set of
all possible prefix traces, which is an abstraction of maximal trace semantics via
Pref, i.e. SPref = Pref(SMax). Besides, a trace � is said to be valid in the system,
if and only if � 2 SPref . Obviously, both maximal and prefix trace semantics do
preserve the temporal ordering of events, which is missed by the SEM.

Example 3 (Access Control, Continued). For the program in Fig. 1, only two
types of events are used: assignment (e.g. apv=1) and Boolean test (e.g. i1==0
and ¬(acs>=1), where ¬ denotes the failure of a Boolean test). To clarify the
boundary among events, the triangle . is used in the following to separate events
in the trace. The access control program has three inputs, each of which has two
possible values, thus its maximal trace semantics SMax consists of 8 traces (T1-
T8), each of which is represented as a path in Fig. 3 starting at the entry point
of program and finishing at the exit point. E.g. T1 = apv=1 . i1=0 . i1==0 . apv=0

. i2=0 . ¬(apv!=0&&i2==0) . typ=1 . acs=0 . ¬(acs>=1) denotes the maximal
execution where the first two inputs are 0 and the third input is 1. Meanwhile,
the prefix trace semantics SPref = Pref(SMax) are represented by the paths that
start at the entry point and stop at any point (including the entry point for the
empty trace "). ut
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⋃

n!1

{[0, n− 1] %→ 1} ∪ {N %→ 1} MQM2KTiv i`�+2

σ ∈ 1∗∞ ! {ε} ∪ 1+∞ 2KTiv Q` MQM2KTiv i`�+2
σ ≼ σ′ ! |σ| " |σ′| ∧ ∀ 0 " i " |σ|− 1 : σi = σ′

i T`2}t Q`/2`BM; Q7 i`�+2b

h?2 7mM+iBQM Pref(P ) `2im`Mb i?2 T`2}t2b Q7 2p2`v i`�+2 BM i?2 b2i P Q7 i`�+2bX
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1) System Semantics
• Maximal Trace Semantics 


• the set of all valid maximal traces


• Prefix Trace Semantics 
• the set of all valid prefix traces


• an abstraction of maximal trace semantics


• E.g. Forest Fire Program

• consists of 8 maximal traces
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2) Lattice of System Behaviors of Interest

• Trace Property 
• A trace property is a set of traces in which a given property holds.


• Every system behavior is represented as a maximal trace property


• E.g. “Forest Fire” FF is a set of maximal traces whose last event is forest=1 or forest=2. 
Similarly, “No forest Fire” NF(forest=0), “Weak forest Fire” WF(forest=1), and “Strong forest 
Fire” SF(forest=2).

16

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM N

 a
pv
=1
  

 i1=1 

 i1=0 

 i
1=
=0
  

 a
pv
=0
    i2=1  ¬(
ap
v!
=0
 

&&
i2
==
0)
 

typ=2 

 ¬(acs>=1) 

ac
s=
0 

typ=1   ¬(acs>=1) 

ac
s=
0 

 i2=0 

 

¬(
ap
v!
=0
 

&&
i2
==
0)
 

typ=2 

 ¬(acs>=1) 

ac
s=
0 

typ=1   ¬(acs>=1) 

 a
cs
=0
  

¬(
i1
==
0)
   i2=1  ¬(
ap
v!
=0
 

&&
i2
==
0)
 

typ=2 

 acs>=1 

ac
s=
2 

typ=1   acs>=1 

ac
s=
1 

 i2=0 

ap
v!
=0
&&
i2
==
0 

 a
pv
=0
 

typ=2 

 ¬(acs>=1) 

ac
s=
0 

typ=1   ¬(acs>=1) 

ac
s=
0 

T1

T2

T3

T4

T5

T6

T7

T8

S 
Max

RF

RS

RO

RW

Entry

Exit

6B;X j, h`�+2 a2K�MiB+b �M/ S`QT2`iB2b Q7 1t�KTH2 \\

jXk G�iiB+2 Q7 avbi2K "2?�pBQ`b Q7 AMi2`2bi

h`�+2 S`QT2`iv � i`�+2 T`QT2`iv Bb � b2i Q7 i`�+2b BM r?B+? � ;Bp2M T`QT2`iv
?QH/bX JQbi #2?�pBQ`b Q7 � ;Bp2M bvbi2K- B7 MQi �HH- +�M #2 `2T`2b2Mi2/ �b �
K�tBK�H i`�+2 T`QT2`iv P ∈ ℘(SMax)X

1t�KTH2 9 U�++2bb *QMi`QH- *QMiBMm2/VX �b BHHmbi`�i2/ BM 6B;X \\- i?2 #2?�pBQ`
ǳ_2�/ 6�BHm`2Ǵ _6 Bb `2T`2b2Mi2/ �b � b2i Q7 K�tBK�H i`�+2b bm+? i?�i i?2 H�bi
2p2Mi Bb ¬U�+b=4RV- BX2X _6 4 &σ ∈ SMax | σ|σ|−1 4 ¬U�+b=4RV' 4 &hR- hk- hj-
h9- h8- he'c i?2 #2?�pBQ` ǳ_2�/ am++2bbǴ _a UBX2X i?2 `2�/ �++2bb bm++22/b iQ #2
;`�Mi2/V Bb i?2 +QKTH2K2Mi Q7 _6- BX2X _a 4 SMax\_6 4 &hd- h3'- r?Qb2 bm#b2i
_P 4 &hd' �M/ _q 4 &h3' `2T`2b2Mi bi`QM;2` T`QT2`iB2b ǳ_2�/ PMHv �++2bb Bb
;`�Mi2/Ǵ �M/ ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ- `2bT2+iBp2HvX ⊓#

*QKTH2i2 G�iiB+2 Q7 J�tBK�H h`�+2 S`QT2`iB2b Q7 AMi2`2bi q2 #mBH/ �
+QKTH2i2 H�iiB+2 Q7 K�tBK�H i`�+2 T`QT2`iB2b- 2�+? Q7 r?B+? `2T`2b2Mib � #2?�pBQ`
Q7 BMi2`2biX hvTB+�HHv- bm+? � H�iiB+2 Bb Q7 7Q`K ⟨LMax, ⊆, ⊤Max, ⊥Max, ·∪, ·∩⟩- r?2`2

Ĝ LMax ∈ ℘(℘(1∗∞)) Bb � b2i Q7 #2?�pBQ`b Q7 BMi2`2bi- 2�+? Q7 r?B+? Bb `2T`2b2Mi2/
#v � K�tBK�H i`�+2 T`QT2`ivc

Ĝ ⊤Max = SMax- BX2X i?2 iQT Bb i?2 r2�F2bi K�tBK�H i`�+2 T`QT2`iv r?B+? ?QH/b
BM 2p2`v p�HB/ K�tBK�H i`�+2c

Ĝ ⊥Max = ∅- BX2X i?2 #QiiQK Bb i?2 bi`QM;2bi T`QT2`iv bm+? i?�i MQ p�HB/ i`�+2
?�b i?Bb T`QT2`iv- ?2M+2 Bi Bb mb2/ iQ `2T`2b2Mi i?2 T`QT2`iv Q7 BMp�HB/Bivc

Ĝ ⊆ Bb i?2 bi�M/�`/ b2i BM+HmbBQM QT2`�iBQMc
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2) Lattice of System Behaviors of Interest

• Complete Lattice of Maximal Trace Properties of Interest 

•                                 is a set of system behaviors of interest.


•  is the weakest maximal trace property which holds in every valid maximal trace.


•  is the strongest property such that no valid trace has this property, hence it is used to 
represent the property of invalidity.
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Ĝ ⊥Max = ∅- BX2X i?2 #QiiQK Bb i?2 bi`QM;2bi T`QT2`iv bm+? i?�i MQ p�HB/ i`�+2
?�b i?Bb T`QT2`iv- ?2M+2 Bi Bb mb2/ iQ `2T`2b2Mi i?2 T`QT2`iv Q7 BMp�HB/Bivc

Ĝ ⊆ Bb i?2 bi�M/�`/ b2i BM+HmbBQM QT2`�iBQMc
Ĝ ·∪ �M/ ·∩ �`2 DQBM �M/ K22i QT2`�iBQMb- r?B+? KB;?i MQi #2 i?2 bi�M/�`/ ∪

�M/ ∩- bBM+2 LMax Bb � bm#b2i Q7 ℘(SMax) #mi MQi M2+2bb�`BHv � bm#H�iiB+2X
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Exit

6B;X j, h`�+2 a2K�MiB+b �M/ S`QT2`iB2b Q7 1t�KTH2 \\

jXk G�iiB+2 Q7 avbi2K "2?�pBQ`b Q7 AMi2`2bi

h`�+2 S`QT2`iv � i`�+2 T`QT2`iv Bb � b2i Q7 i`�+2b BM r?B+? � ;Bp2M T`QT2`iv
?QH/bX JQbi #2?�pBQ`b Q7 � ;Bp2M bvbi2K- B7 MQi �HH- +�M #2 `2T`2b2Mi2/ �b �
K�tBK�H i`�+2 T`QT2`iv P ∈ ℘(SMax)X

1t�KTH2 9 U�++2bb *QMi`QH- *QMiBMm2/VX �b BHHmbi`�i2/ BM 6B;X \\- i?2 #2?�pBQ`
ǳ_2�/ 6�BHm`2Ǵ _6 Bb `2T`2b2Mi2/ �b � b2i Q7 K�tBK�H i`�+2b bm+? i?�i i?2 H�bi
2p2Mi Bb ¬U�+b=4RV- BX2X _6 4 &σ ∈ SMax | σ|σ|−1 4 ¬U�+b=4RV' 4 &hR- hk- hj-
h9- h8- he'c i?2 #2?�pBQ` ǳ_2�/ am++2bbǴ _a UBX2X i?2 `2�/ �++2bb bm++22/b iQ #2
;`�Mi2/V Bb i?2 +QKTH2K2Mi Q7 _6- BX2X _a 4 SMax\_6 4 &hd- h3'- r?Qb2 bm#b2i
_P 4 &hd' �M/ _q 4 &h3' `2T`2b2Mi bi`QM;2` T`QT2`iB2b ǳ_2�/ PMHv �++2bb Bb
;`�Mi2/Ǵ �M/ ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ- `2bT2+iBp2HvX ⊓#

*QKTH2i2 G�iiB+2 Q7 J�tBK�H h`�+2 S`QT2`iB2b Q7 AMi2`2bi q2 #mBH/ �
+QKTH2i2 H�iiB+2 Q7 K�tBK�H i`�+2 T`QT2`iB2b- 2�+? Q7 r?B+? `2T`2b2Mib � #2?�pBQ`
Q7 BMi2`2biX hvTB+�HHv- bm+? � H�iiB+2 Bb Q7 7Q`K ⟨LMax, ⊆, ⊤Max, ⊥Max, ·∪, ·∩⟩- r?2`2

Ĝ LMax ∈ ℘(℘(1∗∞)) Bb � b2i Q7 #2?�pBQ`b Q7 BMi2`2bi- 2�+? Q7 r?B+? Bb `2T`2b2Mi2/
#v � K�tBK�H i`�+2 T`QT2`ivc

Ĝ ⊤Max = SMax- BX2X i?2 iQT Bb i?2 r2�F2bi K�tBK�H i`�+2 T`QT2`iv r?B+? ?QH/b
BM 2p2`v p�HB/ K�tBK�H i`�+2c

Ĝ ⊥Max = ∅- BX2X i?2 #QiiQK Bb i?2 bi`QM;2bi T`QT2`iv bm+? i?�i MQ p�HB/ i`�+2
?�b i?Bb T`QT2`iv- ?2M+2 Bi Bb mb2/ iQ `2T`2b2Mi i?2 T`QT2`iv Q7 BMp�HB/Bivc

Ĝ ⊆ Bb i?2 bi�M/�`/ b2i BM+HmbBQM QT2`�iBQMc
Ĝ ·∪ �M/ ·∩ �`2 DQBM �M/ K22i QT2`�iBQMb- r?B+? KB;?i MQi #2 i?2 bi�M/�`/ ∪

�M/ ∩- bBM+2 LMax Bb � bm#b2i Q7 ℘(SMax) #mi MQi M2+2bb�`BHv � bm#H�iiB+2X
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6B;X j, h`�+2 a2K�MiB+b �M/ S`QT2`iB2b Q7 1t�KTH2 \\

jXk G�iiB+2 Q7 avbi2K "2?�pBQ`b Q7 AMi2`2bi

h`�+2 S`QT2`iv � i`�+2 T`QT2`iv Bb � b2i Q7 i`�+2b BM r?B+? � ;Bp2M T`QT2`iv
?QH/bX JQbi #2?�pBQ`b Q7 � ;Bp2M bvbi2K- B7 MQi �HH- +�M #2 `2T`2b2Mi2/ �b �
K�tBK�H i`�+2 T`QT2`iv P ∈ ℘(SMax)X

1t�KTH2 9 U�++2bb *QMi`QH- *QMiBMm2/VX �b BHHmbi`�i2/ BM 6B;X \\- i?2 #2?�pBQ`
ǳ_2�/ 6�BHm`2Ǵ _6 Bb `2T`2b2Mi2/ �b � b2i Q7 K�tBK�H i`�+2b bm+? i?�i i?2 H�bi
2p2Mi Bb ¬U�+b=4RV- BX2X _6 4 &σ ∈ SMax | σ|σ|−1 4 ¬U�+b=4RV' 4 &hR- hk- hj-
h9- h8- he'c i?2 #2?�pBQ` ǳ_2�/ am++2bbǴ _a UBX2X i?2 `2�/ �++2bb bm++22/b iQ #2
;`�Mi2/V Bb i?2 +QKTH2K2Mi Q7 _6- BX2X _a 4 SMax\_6 4 &hd- h3'- r?Qb2 bm#b2i
_P 4 &hd' �M/ _q 4 &h3' `2T`2b2Mi bi`QM;2` T`QT2`iB2b ǳ_2�/ PMHv �++2bb Bb
;`�Mi2/Ǵ �M/ ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ- `2bT2+iBp2HvX ⊓#

*QKTH2i2 G�iiB+2 Q7 J�tBK�H h`�+2 S`QT2`iB2b Q7 AMi2`2bi q2 #mBH/ �
+QKTH2i2 H�iiB+2 Q7 K�tBK�H i`�+2 T`QT2`iB2b- 2�+? Q7 r?B+? `2T`2b2Mib � #2?�pBQ`
Q7 BMi2`2biX hvTB+�HHv- bm+? � H�iiB+2 Bb Q7 7Q`K ⟨LMax, ⊆, ⊤Max, ⊥Max, ·∪, ·∩⟩- r?2`2

Ĝ LMax ∈ ℘(℘(1∗∞)) Bb � b2i Q7 #2?�pBQ`b Q7 BMi2`2bi- 2�+? Q7 r?B+? Bb `2T`2b2Mi2/
#v � K�tBK�H i`�+2 T`QT2`ivc

Ĝ ⊤Max = SMax- BX2X i?2 iQT Bb i?2 r2�F2bi K�tBK�H i`�+2 T`QT2`iv r?B+? ?QH/b
BM 2p2`v p�HB/ K�tBK�H i`�+2c

Ĝ ⊥Max = ∅- BX2X i?2 #QiiQK Bb i?2 bi`QM;2bi T`QT2`iv bm+? i?�i MQ p�HB/ i`�+2
?�b i?Bb T`QT2`iv- ?2M+2 Bi Bb mb2/ iQ `2T`2b2Mi i?2 T`QT2`iv Q7 BMp�HB/Bivc

Ĝ ⊆ Bb i?2 bi�M/�`/ b2i BM+HmbBQM QT2`�iBQMc
Ĝ ·∪ �M/ ·∩ �`2 DQBM �M/ K22i QT2`�iBQMb- r?B+? KB;?i MQi #2 i?2 bi�M/�`/ ∪

�M/ ∩- bBM+2 LMax Bb � bm#b2i Q7 ℘(SMax) #mi MQi M2+2bb�`BHv � bm#H�iiB+2X⊤Max = S Max

FF

WF

⊥Max= Ø

SF NF

Behaviors
FF:   Forest Fire (forest > 0)
NF:  No Fire (forest = 0)
WF: Weak Fire (forest = 1)
SF:  Strong Fire (forest = 2)

• E.g. Forest Fire Program



2) Lattice of System Behaviors of Interest

• Prediction Abstraction 
• Along a maximal trace σ in a property P, where is the point from which P is guaranteed to hold later 

in the execution?

• E.g. in                                                                                                        , the property “Forest 

Fire” FF is guaranteed immediately after the event homer=T.


• Abstraction from Maximal Trace Property P into Prediction Trace Property Q.

• P is isomorphically abstracted into a set Q of prefixes, excluding those whose maximal 

prolongation may not satisfy P.


• E.g. for the property “Forest Fire” FF, the corresponding prediction trace property is


                          i.e. for any valid prefix trace, after homer=T or lisa=T occurs, FF is guaranteed.


• E.g. 

                          i.e. for any valid prefix trace, only after homer=F and lisa=F, NF is guaranteed.
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3 *X .2M;- SX *QmbQi

i?2 T`Q;`�KǴX h�F2 i?2 +H�bbB+ q?BH2 T`Q;`�KKBM; H�M;m�;2 �b �M 2t�KTH2- i?2`2
�`2 QMHv i?`22 ivT2b Q7 2p2Mib, bFBT- �bbB;MK2Mi- �M/ "QQH2�M i2biX AM Q`/2` iQ
K�F2 i?2 /2}MBiBQM Q7 `2bTQMbB#BHBiv �b ;2M2`B+ �b TQbbB#H2- ?2`2 r2 /Q MQi �/QTi
� bT2+B}+ T`Q;`�KKBM; H�M;m�;2 Q` `2bi`B+i i?2 `�M;2 Q7 TQbbB#H2 2p2MibX

� i`�+2 σ Bb � b2[m2M+2 Q7 2p2Mib i?�i `2T`2b2Mib �M 2t2+miBQM Q7 i?2 bvbi2K-
�M/ Bib H2M;i? |σ| Bb i?2 MmK#2` Q7 2p2Mib BM σX A7 σ Bb BM}MBi2- i?2M Bib H2M;i?
|σ| Bb /2MQi2/ �b ∞X � bT2+B�H i`�+2 Bb i?2 2KTiv i`�+2 ε - r?Qb2 H2M;i? Bb yX �
i`�+2 σ Bb ≼ @ H2bb i?�M Q` 2[m�H iQ �MQi?2` i`�+2 σ′- B7 �M/ QMHv B7- σ Bb � T`2}t
Q7 σ′X h?2 +QM+�i2M�iBQM Q7 � }MBi2 i`�+2 σ �M/ �M 2p2Mi 2 Bb bBKTHv /2}M2/ #v
Dmti�TQbBiBQM σ2- �M/ i?2 +QM+�i2M�iBQM Q7 � }MBi2 i`�+2b σ �M/ �MQi?2` U}MBi2
Q` BM}MBi2V i`�+2 σ′ Bb /2MQi2/ �b σσ′X

2 ∈ 1 2p2Mi
σ ∈ 1+∞ !

⋃

n!1

{[0, n− 1] %→ 1} ∪ {N %→ 1} MQM2KTiv i`�+2

σ ∈ 1∗∞ ! {ε} ∪ 1+∞ 2KTiv Q` MQM2KTiv i`�+2
σ ≼ σ′ ! |σ| " |σ′| ∧ ∀ 0 " i " |σ|− 1 : σi = σ′

i T`2}t Q`/2`BM; Q7 i`�+2b

h?2 7mM+iBQM Pref(P ) `2im`Mb i?2 T`2}t2b Q7 2p2`v i`�+2 BM i?2 b2i P Q7 i`�+2bX

Pref ∈ ℘(1∗∞) %→ ℘(1∗∞) T`2}t2b Q7 i`�+2b
Pref(P ) ! {σ′ ∈ 1∗∞ | ∃σ ∈ P. σ′ ≼ σ}

h`�+2 a2K�MiB+b 6Q` �Mv bvbi2K i?�i r2 �`2 +QM+2`M2/ rBi?- Bib K�tBK�H i`�+2
b2K�MiB+b- /2MQi2/ �b SMax ∈ ℘(1∗∞)- Bb i?2 b2i Q7 �HH TQbbB#H2 K�tBK�H i`�+2b
Q7 i?�i bvbi2KX 1bT2+B�HHv- i?2 K�tBK�H i`�+2 b2K�MiB+b Q7 �M 2KTiv T`Q;`�K
Bb {ε}X *Q``2bTQM/BM;Hv- i?2 T`2}t i`�+2 b2K�MiB+b SPref ∈ ℘(1∗∞) Bb i?2 b2i Q7
�HH TQbbB#H2 T`2}t i`�+2b- r?B+? Bb �M �#bi`�+iBQM Q7 K�tBK�H i`�+2 b2K�MiB+b pB�
Pref- BX2X SPref = Pref(SMax)X "2bB/2b- � i`�+2 σ Bb b�B/ iQ #2 p�HB/ BM i?2 bvbi2K-
B7 �M/ QMHv B7 σ ∈ SPref X P#pBQmbHv- #Qi? K�tBK�H �M/ T`2}t i`�+2 b2K�MiB+b /Q
T`2b2`p2 i?2 i2KTQ`�H Q`/2`BM; Q7 2p2Mib- r?B+? Bb KBbb2/ #v i?2 a1JX

1t�KTH2 j U�++2bb *QMi`QH- *QMiBMm2/VX 6Q` i?2 T`Q;`�K BM 6B;X \\- QMHv irQ
ivT2b Q7 2p2Mib �`2 mb2/, �bbB;MK2Mi U2X;X �Tp4RV �M/ "QQH2�M i2bi U2X;X BR44y
�M/ ¬U�+b=4RV- r?2`2 ¬ /2MQi2b i?2 7�BHm`2 Q7 � "QQH2�M i2biVX hQ +H�`B7v i?2
#QmM/�`v �KQM; 2p2Mib- i?2 i`B�M;H2 ◃ Bb mb2/ BM i?2 7QHHQrBM; iQ b2T�`�i2 2p2Mib
BM i?2 i`�+2X h?2 �++2bb +QMi`QH T`Q;`�K ?�b i?`22 BMTmib- 2�+? Q7 r?B+? ?�b irQ
TQbbB#H2 p�Hm2b- i?mb Bib K�tBK�H i`�+2 b2K�MiB+b SMax +QMbBbib Q7 3 i`�+2b UhR@
h3)- 2�+? Q7 r?B+? Bb `2T`2b2Mi2/ �b � T�i? BM 6B;X \\ bi�`iBM; �i i?2 2Mi`v TQBMi
Q7 T`Q;`�K �M/ }MBb?BM; �i i?2 2tBi TQBMiX 1X;X hR = �Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y
◃ Bk4y ◃ ¬U�Tp54y��Bk44yV ◃ ivT4R ◃ �+b4y ◃ ¬U�+b=4RV /2MQi2b i?2 K�tBK�H
2t2+miBQM r?2`2 i?2 }`bi irQ BMTmib �`2 y �M/ i?2 i?B`/ BMTmi Bb RX J2�Mr?BH2-
i?2 T`2}t i`�+2 b2K�MiB+b SPref = Pref(SMax) �`2 `2T`2b2Mi2/ #v i?2 T�i?b i?�i
bi�`i �i i?2 2Mi`v TQBMi �M/ biQT �i �Mv TQBMi UBM+Hm/BM; i?2 2Mi`v TQBMi 7Q` i?2
2KTiv i`�+2 εVX
σ1 = ?QK2`4h ◃ KR4h ◃ HBb�4h ◃ Kk4h ◃ rBM/4R ◃ 7Q`2bi4R ⊓,

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b

G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX

AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

Ry *X .2M;- SX *QmbQi

6Q` �Mv ;Bp2M bvbi2K- i?2`2 Bb TQbbB#Hv KQ`2 i?�M QM2 r�v iQ #mBH/ i?2
+QKTH2i2 H�iiB+2 Q7 K�tBK�H i`�+2 T`QT2`iB2b- /2T2M/BM; QM r?B+? #2?�pBQ`b �`2
Q7 BMi2`2biX � bT2+B�H +�b2 Q7 H�iiB+2 Bb i?2 TQr2` b2i Q7 K�tBK�H i`�+2 b2K�MiB+b-
BX2X LMax = ℘(SMax)- r?B+? +�M #2 mb2/ iQ 2t�KBM2 i?2 `2bTQMbB#BHBiv 7Q` 2p2`v
TQbbB#H2 #2?�pBQ` BM i?2 bvbi2KX >Qr2p2`- BM KQbi +�b2b- � bBM;H2 #2?�pBQ` Bb
Q7 BMi2`2bi- �M/ Bi Bb bm{+B2Mi iQ �/QTi � H�iiB+2 rBi? QMHv 7Qm` 2H2K2Mib, B
`2T`2b2MiBM; i?2 #2?�pBQ` Q7 BMi2`2bi- SMax\B `2T`2b2MiBM; i?2 +QKTH2K2Mi Q7
i?2 #2?�pBQ` Q7 BMi2`2bi- �b r2HH �b i?2 iQT SMax �M/ #QiiQK ∅X S�`iB+mH�`Hv- B7 B
Bb 2[m�H iQ SMax- BX2X 2p2`v p�HB/ K�tBK�H i`�+2 BM i?2 bvbi2K ?�b i?Bb #2?�pBQ` Q7
BMi2`2bi- i?2M � i`BpB�H H�iiB+2 rBi? QMHv i?2 iQT �M/ #QiiQK Bb #mBHi- 7`QK r?B+?
MQ `2bTQMbB#BHBiv +�M #2 7QmM/- K�FBM; i?2 +Q``2bTQM/BM; �M�HvbBb 7miBH2X

1t�KTH2 8 U�++2bb *QMi`QH- *QMiBMm2/VX q2 �bbmK2 i?�i ǳ_2�/ 6�BHm`2Ǵ Bb Q7
BMi2`2bi- �b r2HH �b i?2 #2?�pBQ` Q7 ;`�MiBM; r`Bi2 �++2bbX �b BHHmbi`�i2/ #v i?2
H�iiB+2 BM 6B;X k- `2;�`/BM; r?2i?2` i?2 `2�/ �++2bb 7�BHb Q` MQi- i?2 iQT ⊤Max Bb
bTHBi BMiQ irQ T`QT2`iB2b ǳ_2�/ 6�BHm`2Ǵ _6 �M/ ǳ_2�/ am++2bbǴ _a- r?B+? �`2
/2}M2/ BM 1t�KTH2 9 bm+? i?�i _6 ·∪ _a 4 SMax �M/ _6 ·∩ _a 4 ∅X 6m`i?2`KQ`2-
`2;�`/BM; r?2i?2` i?2 r`Bi2 �++2bb Bb ;`�Mi2/ Q` MQi- _a Bb bTHBi BMiQ ǳ_2�/ PMHv
�++2bb Bb ;`�Mi2/Ǵ _P �M/ ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX LQr 2p2`v
T`QT2`iv Q7 BMi2`2bi +Q``2bTQM/b iQ �M 2H2K2Mi BM i?2 H�iiB+2- �M/ i?2 #QiiQK
⊥Max 4 ∅ Bb i?2 K22i ·∩ Q7 _6- _P �M/ _qX AM �//BiBQM- B7 ǳ_2�/ 6�BHm`2Ǵ Bb i?2
QMHv #2?�pBQ` Q7 BMi2`2bi- _P �M/ _q +�M #2 `2KQp2/ 7`QK i?2 H�iiB+2X ⊓'

S`2/B+iBQM �#bi`�+iBQM �Hi?Qm;? i?2 K�tBK�H i`�+2 T`QT2`iv Bb r2HH@bmBi2/
iQ `2T`2b2Mi bvbi2K #2?�pBQ`b- Bi /Q2b MQi `2p2�H i?2 TQBMi �HQM; i?2 K�tBK�H
i`�+2 7`QK r?B+? � T`QT2`iv Bb ;m�`�Mi22/ iQ ?QH/ H�i2` BM i?2 2t2+miBQMX h?mb-
r2 T`QTQb2 iQ �#bi`�+i 2p2`v K�tBK�H i`�+2 T`QT2`iv P ∈ LMax BbQKQ`T?B+�HHv
BMiQ � b2i Q Q7 T`2}t2b Q7 K�tBK�H i`�+2b BM P- 2t+Hm/BM; i?Qb2 r?Qb2 K�tBK�H
T`QHQM;�iBQM K�v MQi b�iBb7v i?2 T`QT2`iv PX h?Bb �#bi`�+iBQM Bb +�HH2/ T`2/B+iBQM
�#bi`�+iBQM- �M/ Q Bb � T`2/B+iBQM i`�+2 T`QT2`iv +Q``2bTQM/BM; iQ PX Ai Bb 2�bv
iQ b22 i?�i Q Bb � bmT2`b2i Q7 P- �M/ Bb MQi M2+2bb�`BHv T`2}t@+HQb2/X

αPred!SMax" ∈ ℘(1∗∞) )→ ℘(1∗∞) T`2/B+iBQM �#bi`�+iBQM
αPred!SMax"(P) ! {σ ∈ Pref(P) | ∀σ′ ∈ SMax. σ ≼ σ′ ⇒ σ′ ∈ P}

γPred!SMax" ∈ ℘(1∗∞) )→ ℘(1∗∞) T`2/B+iBQM +QM+`2iBx�iBQM
γPred!SMax"(Q) ! {σ ∈ Q | σ ∈ SMax} = Q ∩ SMax

q2 ?�p2 � :�HQBb BbQKQ`T?BbK #2ir22M K�tBK�H i`�+2 T`QT2`iB2b �M/ T`2@
/B+iBQM i`�+2 T`QT2`iB2b,

⟨℘(SMax), ⊆⟩ −−−−−−−−−→−→←←−−−−−−−−−−
αPred!SMax"

γPred!SMax"
⟨ᾱPred!SMax"(℘(SMax)), ⊆⟩ URV

r?2`2 i?2 �#bi`�+i /QK�BM Bb Q#i�BM2/ #v � 7mM+iBQM ᾱPred!SMax" ∈ ℘(℘(1∗∞)) )→
℘(℘(1∗∞))- r?B+? Bb /2}M2/ �b ᾱPred!SMax"(X) ! {αPred!SMax"(P) | P ∈ X}X h?2
7QHHQrBM; H2KK� BKK2/B�i2Hv 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 αPred!SMax"X



3) Observation of System Behaviors
• Inquiry Function (strongest guaranteed property on a trace σ)


• Given  and , an inquiry function  maps a trace σ to the strongest maximal trace property in 
 that σ guarantees.


• The inquiry function is decreasing: the greater (longer) σ is, the stronger property it guarantees.

• E.g. 

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX
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Rk *X .2M;- SX *QmbQi

G2KK� kX h?2 BM[mB`v 7mM+iBQM I(SMax,LMax) Bb /2+`2�bBM; QM i?2 BM[mB`2/
i`�+2 σ, i?2 ;`2�i2` UHQM;2`V σ Bb- i?2 bi`QM;2` T`QT2`iv Bi +�M ;m�`�Mi22X

1t�KTH2 d U�++2bb *QMi`QH- *QMiBMm2/VX lbBM; SMax /2}M2/ BM 1t�KTH2 j �M/
LMax /2}M2/ BM 1t�KTH2 8- i?2 BM[mB`v 7mM+iBQM I Q7 /2}MBiBQM UkV Bb bm+? i?�i,

Ĝ I(SMax,LMax, �Tp4R) 4 ⊤Max- BX2X �Tp4R +�M ;m�`�Mi22 QMHv ⊤MaxX
Ĝ I(SMax,LMax, �Tp4R ◃ BR4y) 4 _6- BX2X �7i2` b2iiBM; i?2 }`bi BMTmi �b y- ǳ_2�/

6�BHm`2Ǵ _6 Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R) = I(SMax,LMax, �Tp4R◃BR4R ◃¬UBR44yV) = ⊤Max- BX2X

B7 i?2 }`bi BMTmi Bb R- QMHv ⊤Max Bb ;m�`�Mi22/ #27Q`2 2Mi2`BM; i?2 b2+QM/ BMTmiX
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y) = _6- BX2X B7 i?2 b2+QM/ BMTmi Bb y-

ǳ_2�/ 6�BHm`2Ǵ _6 Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R) = _a- BX2X B7 }`bi irQ BMTmib �`2

R- ǳ_2�/ am++2bbǴ _a Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬UBk44yV ◃ ivT4k) 4 _q- BX2X B7

}`bi irQ BMTmib �`2 R- �7i2` i?2 i?B`/ BMTmi Bb b2i iQ #2 k- � bi`QM;2` T`QT2`iv
ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _q Bb ;m�`�Mi22/X ⊓#

I(SMax,LMax, ε) 4 ⊤Max

I(SMax,LMax, ?QK2`4h) 4 66
I(SMax,LMax, ?QK2`46) 4 I(SMax,LMax, ?QK2`46 ◃ KR46) 4 ⊤Max

I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) 4 66
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h ◃ Kk4h) 4 66
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h ◃ Kk4h ◃ rBM/4R) 4 q6

*Q;MBx�M+2 6mM+iBQM �b /Bb+mbb2/ BM USjV Q7 b2+iBQM kXR- Bi Bb M2+2bb�`v iQ
i�F2 i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX aT2+B}+�HHv- BM T`Q;`�K b2+m`Biv- i?2
Q#b2`p2`Ƕb +Q;MBx�M+2 +�M #2 mb2/ iQ `2T`2b2Mi �ii�+F2`bǶ +�T�#BHBiB2b U2X;X r?�i
i?2v +�M H2�`M 7`QK i?2 T`Q;`�K 2t2+miBQMVX :Bp2M � i`�+2 σ UMQi M2+2bb�`BHv
p�HB/V- B7 i?2 Q#b2`p2` +�MMQi /BbiBM;mBb? σ 7`QK bQK2 Qi?2` i`�+2b- i?2M ?2 /Q2b
MQi ?�p2 �M QKMBb+B2Mi +Q;MBx�M+2 Q7 σ- �M/ i?2 +Q;MBx�M+2 7mM+iBQM C(σ) Bb
/2}M2/ iQ BM+Hm/2 �HH i`�+2b BM/BbiBM;mBb?�#H2 7`QK σX

C ∈ 1∗∞ %→ ℘(1∗∞) +Q;MBx�M+2 UjV
C(σ) ! {σ′ ∈ 1∗∞ | Q#b2`p2` +�MMQi /BbiBM;mBb? σ′ 7`QK σ}

am+? � +Q;MBx�M+2 7mM+iBQM Bb 2ti2MbBp2- BX2X ∀σ ∈ 1∗∞. σ ∈ C(σ)X AM T�`iB+m@
H�`- i?2`2 Bb �M QKMBb+B2Mi Q#b2`p2` �M/ Bib +Q``2bTQM/BM; +Q;MBx�M+2 7mM+iBQM Bb
/2MQi2/ �b Co bm+? i?�i ∀σ ∈ 1∗∞. Co(σ) = {σ}- r?B+? K2�Mb i?�i 2p2`v i`�+2
Bb mM�K#B;mQmb iQ i?2 QKMBb+B2Mi Q#b2`p2`X

hQ 7�+BHBi�i2 i?2 T`QQ7 Q7 bQK2 /2bB`2/ T`QT2`iB2b 7Q` i?2 Q#b2`p�iBQM 7mM+iBQM
/2}M2/ H�i2`- irQ �bbmKTiBQMb �`2 K�/2 ?2`2 rBi?Qmi HQbb Q7 ;2M2`�HBiv,
U�RV h?2 +Q;MBx�M+2 Q7 � i`�+2 σσ′ Bb i?2 +QM+�i2M�iBQM Q7 +Q;MBx�M+2b Q7 σ �M/

σ′X AX2X ∀σ,σ′ ∈ 1∗∞. C(σσ′) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈ C(σ′)}X
U�kV :Bp2M �M BMp�HB/ i`�+2- i?2 +Q;MBx�M+2 7mM+iBQM rQmH/ MQi `2im`M � p�HB/

i`�+2X AX2X ∀σ ∈ 1∗∞. σ ̸∈ SPref ⇒ C(σ) ∩ SPref 4 ∅X

Rk *X .2M;- SX *QmbQi
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At the entry, it is not guaranteed if there will be fire or not.


       After Homer lit a match, the forest fire is guaranteed.


                                                             If Homer does not light a 
match, it is not guaranteed if there will be fire or not. 


After Lisa lit a match, the fire is guaranteed.
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guaranteed to have no fire.
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/2}M2/ iQ BM+Hm/2 �HH i`�+2b BM/BbiBM;mBb?�#H2 7`QK σX

C ∈ 1∗∞ %→ ℘(1∗∞) +Q;MBx�M+2 UjV
C(σ) ! {σ′ ∈ 1∗∞ | Q#b2`p2` +�MMQi /BbiBM;mBb? σ′ 7`QK σ}

am+? � +Q;MBx�M+2 7mM+iBQM Bb 2ti2MbBp2- BX2X ∀σ ∈ 1∗∞. σ ∈ C(σ)X AM T�`iB+m@
H�`- i?2`2 Bb �M QKMBb+B2Mi Q#b2`p2` �M/ Bib +Q``2bTQM/BM; +Q;MBx�M+2 7mM+iBQM Bb
/2MQi2/ �b Co bm+? i?�i ∀σ ∈ 1∗∞. Co(σ) = {σ}- r?B+? K2�Mb i?�i 2p2`v i`�+2
Bb mM�K#B;mQmb iQ i?2 QKMBb+B2Mi Q#b2`p2`X

hQ 7�+BHBi�i2 i?2 T`QQ7 Q7 bQK2 /2bB`2/ T`QT2`iB2b 7Q` i?2 Q#b2`p�iBQM 7mM+iBQM
/2}M2/ H�i2`- irQ �bbmKTiBQMb �`2 K�/2 ?2`2 rBi?Qmi HQbb Q7 ;2M2`�HBiv,
U�RV h?2 +Q;MBx�M+2 Q7 � i`�+2 σσ′ Bb i?2 +QM+�i2M�iBQM Q7 +Q;MBx�M+2b Q7 σ �M/

σ′X AX2X ∀σ,σ′ ∈ 1∗∞. C(σσ′) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈ C(σ′)}X
U�kV :Bp2M �M BMp�HB/ i`�+2- i?2 +Q;MBx�M+2 7mM+iBQM rQmH/ MQi `2im`M � p�HB/

i`�+2X AX2X ∀σ ∈ 1∗∞. σ ̸∈ SPref ⇒ C(σ) ∩ SPref 4 ∅X

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX



3) Observation of System Behaviors
• Cognizance Function (Observable Abstraction of the Semantics)


• An observer may not distinguish a trace σ from some other traces. 


• Specially, for an omniscient observer, every trace is unambiguous.


• E.g. in program security, the observer’s cognizance can be used to represent attackers’ capabilities 
(e.g. what they can learn from the program execution).


• E.g. in the forest fire example, if the observer observes only Lisa, but not Homer:
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Rk *X .2M;- SX *QmbQi

G2KK� kX h?2 BM[mB`v 7mM+iBQM I(SMax,LMax) Bb /2+`2�bBM; QM i?2 BM[mB`2/
i`�+2 σ, i?2 ;`2�i2` UHQM;2`V σ Bb- i?2 bi`QM;2` T`QT2`iv Bi +�M ;m�`�Mi22X

1t�KTH2 d U�++2bb *QMi`QH- *QMiBMm2/VX lbBM; SMax /2}M2/ BM 1t�KTH2 j �M/
LMax /2}M2/ BM 1t�KTH2 8- i?2 BM[mB`v 7mM+iBQM I Q7 /2}MBiBQM UkV Bb bm+? i?�i,

Ĝ I(SMax,LMax, �Tp4R) 4 ⊤Max- BX2X �Tp4R +�M ;m�`�Mi22 QMHv ⊤MaxX
Ĝ I(SMax,LMax, �Tp4R ◃ BR4y) 4 _6- BX2X �7i2` b2iiBM; i?2 }`bi BMTmi �b y- ǳ_2�/

6�BHm`2Ǵ _6 Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R) = I(SMax,LMax, �Tp4R◃BR4R ◃¬UBR44yV) = ⊤Max- BX2X

B7 i?2 }`bi BMTmi Bb R- QMHv ⊤Max Bb ;m�`�Mi22/ #27Q`2 2Mi2`BM; i?2 b2+QM/ BMTmiX
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y) = _6- BX2X B7 i?2 b2+QM/ BMTmi Bb y-

ǳ_2�/ 6�BHm`2Ǵ _6 Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R) = _a- BX2X B7 }`bi irQ BMTmib �`2

R- ǳ_2�/ am++2bbǴ _a Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬UBk44yV ◃ ivT4k) 4 _q- BX2X B7

}`bi irQ BMTmib �`2 R- �7i2` i?2 i?B`/ BMTmi Bb b2i iQ #2 k- � bi`QM;2` T`QT2`iv
ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _q Bb ;m�`�Mi22/X ⊓#

I(SMax,LMax, ε) 4 ⊤Max

I(SMax,LMax, ?QK2`4h) 4 66
I(SMax,LMax, ?QK2`46) 4 I(SMax,LMax, ?QK2`46 ◃ KR46) 4 ⊤Max

I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) 4 66
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�46) 4 L6
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h ◃ Kk4h) 4 66
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h ◃ Kk4h ◃ rBM/4R) 4 q6

*Q;MBx�M+2 6mM+iBQM �b /Bb+mbb2/ BM USjV Q7 b2+iBQM kXR- Bi Bb M2+2bb�`v iQ
i�F2 i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX aT2+B}+�HHv- BM T`Q;`�K b2+m`Biv- i?2
Q#b2`p2`Ƕb +Q;MBx�M+2 +�M #2 mb2/ iQ `2T`2b2Mi �ii�+F2`bǶ +�T�#BHBiB2b U2X;X r?�i
i?2v +�M H2�`M 7`QK i?2 T`Q;`�K 2t2+miBQMVX :Bp2M � i`�+2 σ UMQi M2+2bb�`BHv
p�HB/V- B7 i?2 Q#b2`p2` +�MMQi /BbiBM;mBb? σ 7`QK bQK2 Qi?2` i`�+2b- i?2M ?2 /Q2b
MQi ?�p2 �M QKMBb+B2Mi +Q;MBx�M+2 Q7 σ- �M/ i?2 +Q;MBx�M+2 7mM+iBQM C(σ) Bb
/2}M2/ iQ BM+Hm/2 �HH i`�+2b BM/BbiBM;mBb?�#H2 7`QK σX

C ∈ 1∗∞ %→ ℘(1∗∞) +Q;MBx�M+2 UjV
C(σ) ! {σ′ ∈ 1∗∞ | Q#b2`p2` +�MMQi /BbiBM;mBb? σ′ 7`QK σ}

am+? � +Q;MBx�M+2 7mM+iBQM Bb 2ti2MbBp2- BX2X ∀σ ∈ 1∗∞. σ ∈ C(σ)X AM T�`iB+m@
H�`- i?2`2 Bb �M QKMBb+B2Mi Q#b2`p2` �M/ Bib +Q``2bTQM/BM; +Q;MBx�M+2 7mM+iBQM Bb
/2MQi2/ �b Co bm+? i?�i ∀σ ∈ 1∗∞. Co(σ) = {σ}- r?B+? K2�Mb i?�i 2p2`v i`�+2
Bb mM�K#B;mQmb iQ i?2 QKMBb+B2Mi Q#b2`p2`X

hQ 7�+BHBi�i2 i?2 T`QQ7 Q7 bQK2 /2bB`2/ T`QT2`iB2b 7Q` i?2 Q#b2`p�iBQM 7mM+iBQM
/2}M2/ H�i2`- irQ �bbmKTiBQMb �`2 K�/2 ?2`2 rBi?Qmi HQbb Q7 ;2M2`�HBiv,
U�RV h?2 +Q;MBx�M+2 Q7 � i`�+2 σσ′ Bb i?2 +QM+�i2M�iBQM Q7 +Q;MBx�M+2b Q7 σ �M/

σ′X AX2X ∀σ,σ′ ∈ 1∗∞. C(σσ′) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈ C(σ′)}X
U�kV :Bp2M �M BMp�HB/ i`�+2- i?2 +Q;MBx�M+2 7mM+iBQM rQmH/ MQi `2im`M � p�HB/

i`�+2X AX2X ∀σ ∈ 1∗∞. σ ̸∈ SPref ⇒ C(σ) ∩ SPref 4 ∅X

Rk *X .2M;- SX *QmbQi

G2KK� kX h?2 BM[mB`v 7mM+iBQM I(SMax,LMax) Bb /2+`2�bBM; QM i?2 BM[mB`2/
i`�+2 σ, i?2 ;`2�i2` UHQM;2`V σ Bb- i?2 bi`QM;2` T`QT2`iv Bi +�M ;m�`�Mi22X

1t�KTH2 d U�++2bb *QMi`QH- *QMiBMm2/VX lbBM; SMax /2}M2/ BM 1t�KTH2 j �M/
LMax /2}M2/ BM 1t�KTH2 8- i?2 BM[mB`v 7mM+iBQM I Q7 /2}MBiBQM UkV Bb bm+? i?�i,

Ĝ I(SMax,LMax, �Tp4R) 4 ⊤Max- BX2X �Tp4R +�M ;m�`�Mi22 QMHv ⊤MaxX
Ĝ I(SMax,LMax, �Tp4R ◃ BR4y) 4 _6- BX2X �7i2` b2iiBM; i?2 }`bi BMTmi �b y- ǳ_2�/

6�BHm`2Ǵ _6 Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R) = I(SMax,LMax, �Tp4R◃BR4R ◃¬UBR44yV) = ⊤Max- BX2X

B7 i?2 }`bi BMTmi Bb R- QMHv ⊤Max Bb ;m�`�Mi22/ #27Q`2 2Mi2`BM; i?2 b2+QM/ BMTmiX
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y) = _6- BX2X B7 i?2 b2+QM/ BMTmi Bb y-

ǳ_2�/ 6�BHm`2Ǵ _6 Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R) = _a- BX2X B7 }`bi irQ BMTmib �`2

R- ǳ_2�/ am++2bbǴ _a Bb ;m�`�Mi22/X
Ĝ I(SMax,LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬UBk44yV ◃ ivT4k) 4 _q- BX2X B7

}`bi irQ BMTmib �`2 R- �7i2` i?2 i?B`/ BMTmi Bb b2i iQ #2 k- � bi`QM;2` T`QT2`iv
ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _q Bb ;m�`�Mi22/X ⊓#

I(SMax,LMax, ε) 4 ⊤Max

I(SMax,LMax, ?QK2`4h) 4 66
I(SMax,LMax, ?QK2`46) 4 I(SMax,LMax, ?QK2`46 ◃ KR46) 4 ⊤Max

I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) 4 66
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�46) 4 L6
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h ◃ Kk4h) 4 66
I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h ◃ Kk4h ◃ rBM/4R) 4 q6

*Q;MBx�M+2 6mM+iBQM �b /Bb+mbb2/ BM USjV Q7 b2+iBQM kXR- Bi Bb M2+2bb�`v iQ
i�F2 i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX aT2+B}+�HHv- BM T`Q;`�K b2+m`Biv- i?2
Q#b2`p2`Ƕb +Q;MBx�M+2 +�M #2 mb2/ iQ `2T`2b2Mi �ii�+F2`bǶ +�T�#BHBiB2b U2X;X r?�i
i?2v +�M H2�`M 7`QK i?2 T`Q;`�K 2t2+miBQMVX :Bp2M � i`�+2 σ UMQi M2+2bb�`BHv
p�HB/V- B7 i?2 Q#b2`p2` +�MMQi /BbiBM;mBb? σ 7`QK bQK2 Qi?2` i`�+2b- i?2M ?2 /Q2b
MQi ?�p2 �M QKMBb+B2Mi +Q;MBx�M+2 Q7 σ- �M/ i?2 +Q;MBx�M+2 7mM+iBQM C(σ) Bb
/2}M2/ iQ BM+Hm/2 �HH i`�+2b BM/BbiBM;mBb?�#H2 7`QK σX

C ∈ 1∗∞ %→ ℘(1∗∞) +Q;MBx�M+2 UjV
C(σ) ! {σ′ ∈ 1∗∞ | Q#b2`p2` +�MMQi /BbiBM;mBb? σ′ 7`QK σ}

am+? � +Q;MBx�M+2 7mM+iBQM Bb 2ti2MbBp2- BX2X ∀σ ∈ 1∗∞. σ ∈ C(σ)X AM T�`iB+m@
H�`- i?2`2 Bb �M QKMBb+B2Mi Q#b2`p2` �M/ Bib +Q``2bTQM/BM; +Q;MBx�M+2 7mM+iBQM Bb
/2MQi2/ �b Co bm+? i?�i ∀σ ∈ 1∗∞. Co(σ) = {σ}- r?B+? K2�Mb i?�i 2p2`v i`�+2
Bb mM�K#B;mQmb iQ i?2 QKMBb+B2Mi Q#b2`p2`X

hQ 7�+BHBi�i2 i?2 T`QQ7 Q7 bQK2 /2bB`2/ T`QT2`iB2b 7Q` i?2 Q#b2`p�iBQM 7mM+iBQM
/2}M2/ H�i2`- irQ �bbmKTiBQMb �`2 K�/2 ?2`2 rBi?Qmi HQbb Q7 ;2M2`�HBiv,
U�RV h?2 +Q;MBx�M+2 Q7 � i`�+2 σσ′ Bb i?2 +QM+�i2M�iBQM Q7 +Q;MBx�M+2b Q7 σ �M/

σ′X AX2X ∀σ,σ′ ∈ 1∗∞. C(σσ′) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈ C(σ′)}X
U�kV :Bp2M �M BMp�HB/ i`�+2- i?2 +Q;MBx�M+2 7mM+iBQM rQmH/ MQi `2im`M � p�HB/

i`�+2X AX2X ∀σ ∈ 1∗∞. σ ̸∈ SPref ⇒ C(σ) ∩ SPref 4 ∅X

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM Rj

hQ K�F2 i?2 �bbmKTiBQM U�RV bQmM/- r2 Kmbi ?�p2 C(ε) = {ε}- #2+�mb2
Qi?2`rBb2- 7Q` �Mv MQM@2KTiv i`�+2 σ- C(σ) = C(σε) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈
C(ε)} /Q2b MQi ?�p2 � }tTQBMiX AM T`�+iB+2- {⟨σ, σ′⟩ | σ′ ∈ C(σ)} Bb �M 2[mBp�H2M+2
`2H�iBQM- #mi i?2 bvKK2i`v �M/ i`�MbBiBpBiv T`QT2`iv �`2 MQi mb2/ BM i?2 T`QQ7bX
1t�KTH2 3 U�++2bb *QMi`QH- *QMiBMm2/VX *QMbB/2` irQ b2T�`�i2 Q#b2`p2`bX

UBV 6Q` �M QKMBb+B2Mi Q#b2`p2`, ∀σ ∈ 1∗∞. Co(σ) = {σ}X
UBBV 6Q` �M Q#b2`p2` `2T`2b2MiBM; i?2 b2+QM/ �/KBM r?Q Bb mM�r�`2 Q7 i?2

}`bi BMTmi, C(BR4y ◃ BR44y ◃ �Tp4y) = C(BR4R ◃ ¬UBR44yV) = &BR4y ◃ BR44y ◃

�Tp4y- BR4R ◃ ¬UBR44yV'- BX2X i?Bb Q#b2`p2` +�MMQi /BbiBM;mBb? r?2i?2` i?2 }`bi
BMTmi Bb y Q` RX h?mb- 7Q` � T`2}t i`�+2 BM r?B+? i?2 }`bi irQ BMTmib �`2 y-
C(�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) 4 &�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y-
�Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y'- r?2`2 �Tp4R �M/ Bk4y �`2 FMQrM #v i?Bb Q#@
b2`p2`X AM i?2 b�K2 r�v- Bib +Q;MBx�M+2 QM Qi?2` i`�+2b +�M #2 ;2M2`�i2/X ⊓'

C(?QK2`4h ◃ KR4h) = C(?QK2`46 ◃ KR46) = &?QK2`4h ◃ KR4h - ?QK2`46 ◃ KR46'
P#b2`p�iBQM 6mM+iBQM 6Q` �M Q#b2`p2` rBi? +Q;MBx�M+2 7mM+iBQM C- ;Bp2M �
bBM;H2 i`�+2 σ- i?2 Q#b2`p2` +�MMQi /BbiBM;mBb? σ rBi? i`�+2b BM C(σ)X AM Q`/2`
iQ 7Q`K�HBx2 i?2 BM7Q`K�iBQM i?�i i?2 Q#b2`p2` +�M H2�`M 7`QK σ- r2 �TTHv i?2
BM[mB`v 7mM+iBQM I QM 2�+? i`�+2 BM C(σ)- �M/ ;2i � b2i Q7 K�tBK�H i`�+2 T`QT@
2`iB2bX "v DQBMBM; i?2K iQ;2i?2`- r2 ;2i i?2 bi`QM;2bi T`QT2`iv BM LMax i?�i σ
+�M ;m�`�Mi22 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X am+? � T`Q+2bb Bb /2}M2/ �b i?2
Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C,σ)X
O ∈ ℘(1∗∞) (→ ℘(℘(1∗∞)) (→ (1∗∞ (→ ℘(1∗∞)) (→ 1∗∞ (→ ℘(1∗∞)

O(SMax,LMax,C,σ) ! Q#b2`p�iBQM U9V
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

·∪{I(SMax,LMax,σ′) | σ′ ∈ C(σ)}.

6`QK i?2 �#Qp2 /2}MBiBQM- Bi Bb 2�bv iQ b22 i?�i- 7Q` 2p2`v BMp�HB/ i`�+2 σ-
O(SMax,LMax,C,σ) = ⊥Max- bBM+2 2p2`v i`�+2 σ′ BM C(σ) Bb BMp�HB/ #v U�kV �M/
I(SMax,LMax,σ′) = ⊥MaxX AM �//BiBQM- 7Q` �M QKMBb+B2Mi Q#b2`p2` rBi? +Q;MBx�M+2
7mM+iBQM Co- Bib Q#b2`p�iBQM O(SMax,LMax,Co,σ) = I(SMax,LMax,σ)X

*Q`QHH�`v kX 6Q` �Mv Q#b2`p2` rBi? +Q;MBx�M+2 C- B7 i?2 +Q``2bTQM/BM; Q#b2`@
p�iBQM 7mM+iBQM K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax- i?2M σ
;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

G2KK� jX h?2 Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C) Bb /2+`2�bBM; QM i?2 Q#@
b2`p2/ i`�+2 σ, i?2 ;`2�i2` UHQM;2`V σ Bb- i?2 bi`QM;2` T`QT2`iv Bi +�M Q#b2`p2X

1t�KTH2 N U�++2bb *QMi`QH- *QMiBMm2/VX 6Q` �M QKMBb+B2Mi Q#b2`p2`- i?2 Q#b2`@
p�iBQM 7mM+iBQM Bb B/2MiB+�H iQ i?2 BM[mB`2 7mM+iBQM BM 1t�KTH2 dX A7 i?2 +Q;MBx�M+2
Q7 i?2 b2+QM/ �/KBM /2}M2/ BM 1t�KTH2 3 Bb �/QTi2/- r2 ;2i �M Q#b2`p�iBQM 7mM+@
iBQM i?�i rQ`Fb 2t�+iHv i?2 b�K2 �b i?2 /�b?2/ �``Qrb BM 6B;Xk,



3) Observation of System Behaviors
• Observation Function 

• What can an observer learn from a trace σ?

1. Get the set           of traces that the observer cannot distinguish from σ;


2. For each trace σ’ in          , apply the inquiry function    to get a trace property guaranteed by σ’;

3. By joining all trace properties returned by   , we get the property learned from σ.


• For an omniscient observer, the observation function = the inquiry function.


• The observation function is decreasing: the greater (longer) σ is, the stronger property is learned.


• E.g. in the forest fire example, if the observer is Lisa who is unaware of Homer’s action:

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

21

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM Rj

hQ K�F2 i?2 �bbmKTiBQM U�RV bQmM/- r2 Kmbi ?�p2 C(ε) = {ε}- #2+�mb2
Qi?2`rBb2- 7Q` �Mv MQM@2KTiv i`�+2 σ- C(σ) = C(σε) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈
C(ε)} /Q2b MQi ?�p2 � }tTQBMiX AM T`�+iB+2- {⟨σ, σ′⟩ | σ′ ∈ C(σ)} Bb �M 2[mBp�H2M+2
`2H�iBQM- #mi i?2 bvKK2i`v �M/ i`�MbBiBpBiv T`QT2`iv �`2 MQi mb2/ BM i?2 T`QQ7bX
1t�KTH2 3 U�++2bb *QMi`QH- *QMiBMm2/VX *QMbB/2` irQ b2T�`�i2 Q#b2`p2`bX

UBV 6Q` �M QKMBb+B2Mi Q#b2`p2`, ∀σ ∈ 1∗∞. Co(σ) = {σ}X
UBBV 6Q` �M Q#b2`p2` `2T`2b2MiBM; i?2 b2+QM/ �/KBM r?Q Bb mM�r�`2 Q7 i?2

}`bi BMTmi, C(BR4y ◃ BR44y ◃ �Tp4y) = C(BR4R ◃ ¬UBR44yV) = &BR4y ◃ BR44y ◃

�Tp4y- BR4R ◃ ¬UBR44yV'- BX2X i?Bb Q#b2`p2` +�MMQi /BbiBM;mBb? r?2i?2` i?2 }`bi
BMTmi Bb y Q` RX h?mb- 7Q` � T`2}t i`�+2 BM r?B+? i?2 }`bi irQ BMTmib �`2 y-
C(�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) 4 &�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y-
�Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y'- r?2`2 �Tp4R �M/ Bk4y �`2 FMQrM #v i?Bb Q#@
b2`p2`X AM i?2 b�K2 r�v- Bib +Q;MBx�M+2 QM Qi?2` i`�+2b +�M #2 ;2M2`�i2/X ⊓'

C(?QK2`4h ◃ KR4h) = C(?QK2`46 ◃ KR46) = &?QK2`4h ◃ KR4h - ?QK2`46 ◃ KR46'
P#b2`p�iBQM 6mM+iBQM 6Q` �M Q#b2`p2` rBi? +Q;MBx�M+2 7mM+iBQM C- ;Bp2M �
bBM;H2 i`�+2 σ- i?2 Q#b2`p2` +�MMQi /BbiBM;mBb? σ rBi? i`�+2b BM C(σ)X AM Q`/2`
iQ 7Q`K�HBx2 i?2 BM7Q`K�iBQM i?�i i?2 Q#b2`p2` +�M H2�`M 7`QK σ- r2 �TTHv i?2
BM[mB`v 7mM+iBQM I QM 2�+? i`�+2 BM C(σ)- �M/ ;2i � b2i Q7 K�tBK�H i`�+2 T`QT@
2`iB2bX "v DQBMBM; i?2K iQ;2i?2`- r2 ;2i i?2 bi`QM;2bi T`QT2`iv BM LMax i?�i σ
+�M ;m�`�Mi22 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X am+? � T`Q+2bb Bb /2}M2/ �b i?2
Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C,σ)X
O ∈ ℘(1∗∞) (→ ℘(℘(1∗∞)) (→ (1∗∞ (→ ℘(1∗∞)) (→ 1∗∞ (→ ℘(1∗∞)

O(SMax,LMax,C,σ) ! Q#b2`p�iBQM U9V
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

·∪{I(SMax,LMax,σ′) | σ′ ∈ C(σ)}.

6`QK i?2 �#Qp2 /2}MBiBQM- Bi Bb 2�bv iQ b22 i?�i- 7Q` 2p2`v BMp�HB/ i`�+2 σ-
O(SMax,LMax,C,σ) = ⊥Max- bBM+2 2p2`v i`�+2 σ′ BM C(σ) Bb BMp�HB/ #v U�kV �M/
I(SMax,LMax,σ′) = ⊥MaxX AM �//BiBQM- 7Q` �M QKMBb+B2Mi Q#b2`p2` rBi? +Q;MBx�M+2
7mM+iBQM Co- Bib Q#b2`p�iBQM O(SMax,LMax,Co,σ) = I(SMax,LMax,σ)X

*Q`QHH�`v kX 6Q` �Mv Q#b2`p2` rBi? +Q;MBx�M+2 C- B7 i?2 +Q``2bTQM/BM; Q#b2`@
p�iBQM 7mM+iBQM K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax- i?2M σ
;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

G2KK� jX h?2 Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C) Bb /2+`2�bBM; QM i?2 Q#@
b2`p2/ i`�+2 σ, i?2 ;`2�i2` UHQM;2`V σ Bb- i?2 bi`QM;2` T`QT2`iv Bi +�M Q#b2`p2X

1t�KTH2 N U�++2bb *QMi`QH- *QMiBMm2/VX 6Q` �M QKMBb+B2Mi Q#b2`p2`- i?2 Q#b2`@
p�iBQM 7mM+iBQM Bb B/2MiB+�H iQ i?2 BM[mB`2 7mM+iBQM BM 1t�KTH2 dX A7 i?2 +Q;MBx�M+2
Q7 i?2 b2+QM/ �/KBM /2}M2/ BM 1t�KTH2 3 Bb �/QTi2/- r2 ;2i �M Q#b2`p�iBQM 7mM+@
iBQM i?�i rQ`Fb 2t�+iHv i?2 b�K2 �b i?2 /�b?2/ �``Qrb BM 6B;Xk,

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM Rj

hQ K�F2 i?2 �bbmKTiBQM U�RV bQmM/- r2 Kmbi ?�p2 C(ε) = {ε}- #2+�mb2
Qi?2`rBb2- 7Q` �Mv MQM@2KTiv i`�+2 σ- C(σ) = C(σε) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈
C(ε)} /Q2b MQi ?�p2 � }tTQBMiX AM T`�+iB+2- {⟨σ, σ′⟩ | σ′ ∈ C(σ)} Bb �M 2[mBp�H2M+2
`2H�iBQM- #mi i?2 bvKK2i`v �M/ i`�MbBiBpBiv T`QT2`iv �`2 MQi mb2/ BM i?2 T`QQ7bX
1t�KTH2 3 U�++2bb *QMi`QH- *QMiBMm2/VX *QMbB/2` irQ b2T�`�i2 Q#b2`p2`bX

UBV 6Q` �M QKMBb+B2Mi Q#b2`p2`, ∀σ ∈ 1∗∞. Co(σ) = {σ}X
UBBV 6Q` �M Q#b2`p2` `2T`2b2MiBM; i?2 b2+QM/ �/KBM r?Q Bb mM�r�`2 Q7 i?2

}`bi BMTmi, C(BR4y ◃ BR44y ◃ �Tp4y) = C(BR4R ◃ ¬UBR44yV) = &BR4y ◃ BR44y ◃

�Tp4y- BR4R ◃ ¬UBR44yV'- BX2X i?Bb Q#b2`p2` +�MMQi /BbiBM;mBb? r?2i?2` i?2 }`bi
BMTmi Bb y Q` RX h?mb- 7Q` � T`2}t i`�+2 BM r?B+? i?2 }`bi irQ BMTmib �`2 y-
C(�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) 4 &�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y-
�Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y'- r?2`2 �Tp4R �M/ Bk4y �`2 FMQrM #v i?Bb Q#@
b2`p2`X AM i?2 b�K2 r�v- Bib +Q;MBx�M+2 QM Qi?2` i`�+2b +�M #2 ;2M2`�i2/X ⊓'

C(?QK2`4h ◃ KR4h) = C(?QK2`46 ◃ KR46) = &?QK2`4h ◃ KR4h - ?QK2`46 ◃ KR46'
P#b2`p�iBQM 6mM+iBQM 6Q` �M Q#b2`p2` rBi? +Q;MBx�M+2 7mM+iBQM C- ;Bp2M �
bBM;H2 i`�+2 σ- i?2 Q#b2`p2` +�MMQi /BbiBM;mBb? σ rBi? i`�+2b BM C(σ)X AM Q`/2`
iQ 7Q`K�HBx2 i?2 BM7Q`K�iBQM i?�i i?2 Q#b2`p2` +�M H2�`M 7`QK σ- r2 �TTHv i?2
BM[mB`v 7mM+iBQM I QM 2�+? i`�+2 BM C(σ)- �M/ ;2i � b2i Q7 K�tBK�H i`�+2 T`QT@
2`iB2bX "v DQBMBM; i?2K iQ;2i?2`- r2 ;2i i?2 bi`QM;2bi T`QT2`iv BM LMax i?�i σ
+�M ;m�`�Mi22 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X am+? � T`Q+2bb Bb /2}M2/ �b i?2
Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C,σ)X
O ∈ ℘(1∗∞) (→ ℘(℘(1∗∞)) (→ (1∗∞ (→ ℘(1∗∞)) (→ 1∗∞ (→ ℘(1∗∞)

O(SMax,LMax,C,σ) ! Q#b2`p�iBQM U9V
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

·∪{I(SMax,LMax,σ′) | σ′ ∈ C(σ)}.

6`QK i?2 �#Qp2 /2}MBiBQM- Bi Bb 2�bv iQ b22 i?�i- 7Q` 2p2`v BMp�HB/ i`�+2 σ-
O(SMax,LMax,C,σ) = ⊥Max- bBM+2 2p2`v i`�+2 σ′ BM C(σ) Bb BMp�HB/ #v U�kV �M/
I(SMax,LMax,σ′) = ⊥MaxX AM �//BiBQM- 7Q` �M QKMBb+B2Mi Q#b2`p2` rBi? +Q;MBx�M+2
7mM+iBQM Co- Bib Q#b2`p�iBQM O(SMax,LMax,Co,σ) = I(SMax,LMax,σ)X

*Q`QHH�`v kX 6Q` �Mv Q#b2`p2` rBi? +Q;MBx�M+2 C- B7 i?2 +Q``2bTQM/BM; Q#b2`@
p�iBQM 7mM+iBQM K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax- i?2M σ
;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

G2KK� jX h?2 Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C) Bb /2+`2�bBM; QM i?2 Q#@
b2`p2/ i`�+2 σ, i?2 ;`2�i2` UHQM;2`V σ Bb- i?2 bi`QM;2` T`QT2`iv Bi +�M Q#b2`p2X

1t�KTH2 N U�++2bb *QMi`QH- *QMiBMm2/VX 6Q` �M QKMBb+B2Mi Q#b2`p2`- i?2 Q#b2`@
p�iBQM 7mM+iBQM Bb B/2MiB+�H iQ i?2 BM[mB`2 7mM+iBQM BM 1t�KTH2 dX A7 i?2 +Q;MBx�M+2
Q7 i?2 b2+QM/ �/KBM /2}M2/ BM 1t�KTH2 3 Bb �/QTi2/- r2 ;2i �M Q#b2`p�iBQM 7mM+@
iBQM i?�i rQ`Fb 2t�+iHv i?2 b�K2 �b i?2 /�b?2/ �``Qrb BM 6B;Xk,

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM
i?2 i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4R) = I (SMax, LMax, �Tp4R◃
BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4R) ·∪ I (SMax, LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R) =
_6 ·∪ ⊤Max = ⊤Max- BX2X B7 i?2 b2+QM/ BMTmi Bb R- QMHv ⊤Max +�M #2 ;m�`�Mi22/X

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) = I (SMax, LMax, �Tp4R◃
BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) ·∪ I (SMax, LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y) =
_6 ·∪ _6 = _6- BX2X _6 Bb ;m�`�Mi22/ QMHv �7i2` i?2 b2+QM/ BMTmi Bb 2Mi2`2/ yX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv
lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM
i?2 i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4R) = I (SMax, LMax, �Tp4R◃
BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4R) ·∪ I (SMax, LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R) =
_6 ·∪ ⊤Max = ⊤Max- BX2X B7 i?2 b2+QM/ BMTmi Bb R- QMHv ⊤Max +�M #2 ;m�`�Mi22/X

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) = I (SMax, LMax, �Tp4R◃
BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) ·∪ I (SMax, LMax, �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y) =
_6 ·∪ _6 = _6- BX2X _6 Bb ;m�`�Mi22/ QMHv �7i2` i?2 b2+QM/ BMTmi Bb 2Mi2`2/ yX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv
lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM Rj

hQ K�F2 i?2 �bbmKTiBQM U�RV bQmM/- r2 Kmbi ?�p2 C(ε) = {ε}- #2+�mb2
Qi?2`rBb2- 7Q` �Mv MQM@2KTiv i`�+2 σ- C(σ) = C(σε) 4 {ττ ′ | τ ∈ C(σ) ∧ τ ′ ∈
C(ε)} /Q2b MQi ?�p2 � }tTQBMiX AM T`�+iB+2- {⟨σ, σ′⟩ | σ′ ∈ C(σ)} Bb �M 2[mBp�H2M+2
`2H�iBQM- #mi i?2 bvKK2i`v �M/ i`�MbBiBpBiv T`QT2`iv �`2 MQi mb2/ BM i?2 T`QQ7bX
1t�KTH2 3 U�++2bb *QMi`QH- *QMiBMm2/VX *QMbB/2` irQ b2T�`�i2 Q#b2`p2`bX

UBV 6Q` �M QKMBb+B2Mi Q#b2`p2`, ∀σ ∈ 1∗∞. Co(σ) = {σ}X
UBBV 6Q` �M Q#b2`p2` `2T`2b2MiBM; i?2 b2+QM/ �/KBM r?Q Bb mM�r�`2 Q7 i?2

}`bi BMTmi, C(BR4y ◃ BR44y ◃ �Tp4y) = C(BR4R ◃ ¬UBR44yV) = &BR4y ◃ BR44y ◃

�Tp4y- BR4R ◃ ¬UBR44yV'- BX2X i?Bb Q#b2`p2` +�MMQi /BbiBM;mBb? r?2i?2` i?2 }`bi
BMTmi Bb y Q` RX h?mb- 7Q` � T`2}t i`�+2 BM r?B+? i?2 }`bi irQ BMTmib �`2 y-
C(�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y) 4 &�Tp4R ◃ BR4y ◃ BR44y ◃ �Tp4y ◃ Bk4y-
�Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4y'- r?2`2 �Tp4R �M/ Bk4y �`2 FMQrM #v i?Bb Q#@
b2`p2`X AM i?2 b�K2 r�v- Bib +Q;MBx�M+2 QM Qi?2` i`�+2b +�M #2 ;2M2`�i2/X ⊓'

C(?QK2`4h ◃ KR4h) = C(?QK2`46 ◃ KR46) = &?QK2`4h ◃ KR4h - ?QK2`46 ◃ KR46'
P#b2`p�iBQM 6mM+iBQM 6Q` �M Q#b2`p2` rBi? +Q;MBx�M+2 7mM+iBQM C- ;Bp2M �
bBM;H2 i`�+2 σ- i?2 Q#b2`p2` +�MMQi /BbiBM;mBb? σ rBi? i`�+2b BM C(σ)X AM Q`/2`
iQ 7Q`K�HBx2 i?2 BM7Q`K�iBQM i?�i i?2 Q#b2`p2` +�M H2�`M 7`QK σ- r2 �TTHv i?2
BM[mB`v 7mM+iBQM I QM 2�+? i`�+2 BM C(σ)- �M/ ;2i � b2i Q7 K�tBK�H i`�+2 T`QT@
2`iB2bX "v DQBMBM; i?2K iQ;2i?2`- r2 ;2i i?2 bi`QM;2bi T`QT2`iv BM LMax i?�i σ
+�M ;m�`�Mi22 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X am+? � T`Q+2bb Bb /2}M2/ �b i?2
Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C,σ)X
O ∈ ℘(1∗∞) (→ ℘(℘(1∗∞)) (→ (1∗∞ (→ ℘(1∗∞)) (→ 1∗∞ (→ ℘(1∗∞)

O(SMax,LMax,C,σ) ! Q#b2`p�iBQM U9V
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

·∪{I(SMax,LMax,σ′) | σ′ ∈ C(σ)}.

6`QK i?2 �#Qp2 /2}MBiBQM- Bi Bb 2�bv iQ b22 i?�i- 7Q` 2p2`v BMp�HB/ i`�+2 σ-
O(SMax,LMax,C,σ) = ⊥Max- bBM+2 2p2`v i`�+2 σ′ BM C(σ) Bb BMp�HB/ #v U�kV �M/
I(SMax,LMax,σ′) = ⊥MaxX AM �//BiBQM- 7Q` �M QKMBb+B2Mi Q#b2`p2` rBi? +Q;MBx�M+2
7mM+iBQM Co- Bib Q#b2`p�iBQM O(SMax,LMax,Co,σ) = I(SMax,LMax,σ)X
*Q`QHH�`v kX 6Q` �Mv Q#b2`p2` rBi? +Q;MBx�M+2 C- B7 i?2 +Q``2bTQM/BM; Q#b2`@
p�iBQM 7mM+iBQM K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax- i?2M σ
;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX
G2KK� jX h?2 Q#b2`p�iBQM 7mM+iBQM O(SMax,LMax,C) Bb /2+`2�bBM; QM i?2 Q#@
b2`p2/ i`�+2 σ, i?2 ;`2�i2` UHQM;2`V σ Bb- i?2 bi`QM;2` T`QT2`iv Bi +�M Q#b2`p2X
1t�KTH2 N U�++2bb *QMi`QH- *QMiBMm2/VX 6Q` �M QKMBb+B2Mi Q#b2`p2`- i?2 Q#b2`@
p�iBQM 7mM+iBQM Bb B/2MiB+�H iQ i?2 BM[mB`2 7mM+iBQM BM 1t�KTH2 dX A7 i?2 +Q;MBx�M+2
Q7 i?2 b2+QM/ �/KBM /2}M2/ BM 1t�KTH2 3 Bb �/QTi2/- r2 ;2i �M Q#b2`p�iBQM 7mM+@
iBQM i?�i rQ`Fb 2t�+iHv i?2 b�K2 �b i?2 /�b?2/ �``Qrb BM 6B;Xk,
Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,

�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓'
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jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) %→ ℘(℘(1∗∞)) %→ (1∗∞ %→ ℘(1∗∞))

%→ ℘(1∗∞) %→ ℘(1∗∞) %→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

G2KK� 9X A7 σ_ Bb b�B/ iQ #2 `2bTQMbB#H2 7Q` � #2?�pBQ` B BM � p�HB/ i`�+2
σ>σ_σ6- i?2M σ>σ_ ;m�`�Mi22b i?2 Q++m``2M+2 Q7 #2?�pBQ` B- �M/ i?2`2 Kmbi
2tBbi �MQi?2` p�HB/ T`2}t i`�+2 σ>σ′

_ bm+? i?�i i?2 #2?�pBQ` B Bb MQi ;m�`�Mi22/X

_2+�HH i?2 i?`22 /2bB`2/ TQBMib UiBK2- 7`22 +?QB+2b �M/ +Q;MBx�M+2V 7Q` /2}MBM;
`2bTQMbB#BHBiv BM b2+iBQM kXRX Ai Bb Q#pBQmb i?�i αR ?�b i�F2M #Qi? i?2 i2KTQ`�H
Q`/2`BM; Q7 2p2Mib �M/ i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX �b 7Q` i?2 7`22
+?QB+2b- Bi Bb 2�bv iQ }M/ 7`QK H2KK� 9 i?�i- B7 σ_ Bb /2i2`KBM2/ #v Bib ?BbiQ`v

4) Formal Definition of Responsibility
• To an observer’s cognizance, in a trace σHσRσF, σR is responsible for behavior B, 

iff: 

• B cannot be learned from σH


• B can be learned from σHσR


• Responsibility Abstraction

22

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM R8

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

G2KK� 9X A7 σ_ Bb b�B/ iQ #2 `2bTQMbB#H2 7Q` � #2?�pBQ` B BM � p�HB/ i`�+2
σ>σ_σ6- i?2M σ>σ_ ;m�`�Mi22b i?2 Q++m``2M+2 Q7 #2?�pBQ` B- �M/ i?2`2 Kmbi
2tBbi �MQi?2` p�HB/ T`2}t i`�+2 σ>σ′

_ bm+? i?�i i?2 #2?�pBQ` B Bb MQi ;m�`�Mi22/X

_2+�HH i?2 i?`22 /2bB`2/ TQBMib UiBK2- 7`22 +?QB+2b �M/ +Q;MBx�M+2V 7Q` /2}MBM;
`2bTQMbB#BHBiv BM b2+iBQM kXRX Ai Bb Q#pBQmb i?�i αR ?�b i�F2M #Qi? i?2 i2KTQ`�H
Q`/2`BM; Q7 2p2Mib �M/ i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX �b 7Q` i?2 7`22
+?QB+2b- Bi Bb 2�bv iQ }M/ 7`QK H2KK� 9 i?�i- B7 σ_ Bb /2i2`KBM2/ #v Bib ?BbiQ`v
i`�+2 σ> �M/ Bb MQi 7`22 iQ K�F2 +?QB+2b UBX2X ∀σ>σ_,σ>σ′

_ ∈ SPref . σ_ = σ′
_V-

i?2M σ_ +�MMQi #2 `2bTQMbB#H2 7Q` �Mv #2?�pBQ` BM i?2 i`�+2 σ>σ_σ6X

jX8 _2bTQMbB#BHBiv �M�HvbBb

hQ bmK mT- i?2 `2bTQMbB#BHBiv �M�HvbBb ivTB+�HHv +QMbBbib Q7 7Qm` bi2Tb, AV +QHH2+i
i?2 bvbi2KǶb i`�+2 b2K�MiB+b SMax UBM a2+iBQM jXRVc AAV #mBH/ i?2 +QKTH2i2 H�iiB+2
Q7 K�tBK�H i`�+2 T`QT2`iB2b Q7 BMi2`2bi LMax UBM a2+iBQM jXkVc AAAV /2`Bp2 �M
BM[mB`v 7mM+iBQM I 7`QK LMax- /2}M2 � +Q;MBx�M+2 7mM+iBQM C 7Q` 2�+? Q#b2`p2`-
�M/ +`2�i2 i?2 +Q``2bTQM/BM; Q#b2`p�iBQM 7mM+iBQM O UBM a2+iBQM jXjVc AoV bT2+B7v
i?2 #2?�pBQ` B Q7 BMi2`2bi �M/ i?2 �M�Hvx2/ i`�+2b T - �M/ �TTHv i?2 `2bTQMbB#BHBiv
�#bi`�+iBQM αR(SMax,LMax,C,B, T ) iQ ;2i i?2 �M�HvbBb `2bmHi UBM a2+iBQM jX9VX
>2M+2- i?2 `2bTQMbB#BHBiv �M�HvbBb Bb 2bb2MiB�HHv �M �#bi`�+i BMi2`T`2i�iBQM Q7 i?2
2p2Mi i`�+2 b2K�MiB+bX

AM i?2 �#Qp2 /2}MBiBQM Q7 `2bTQMbB#BHBiv- i?2 b2K�MiB+b �M/ H�iiB+2 Q7 bvbi2K
#2?�pBQ`b �`2 +QM+`2i2- �M/ i?2v �`2 2tTHB+BiHv /BbTH�v2/ BM i?2 �++2bb +QMi`QH
2t�KTH2 7Q` i?2 b�F2 Q7 +H�`BivX >Qr2p2`- i?2v K�v #2 mM+QKTmi�#H2 BM T`�+iB+2-
�M/ r2 /Q MQi `2[mB`2 T`Q;`�KK2`b iQ T`QpB/2 i?2K BM i?2 BKTH2K2Mi�iBQM
Q7 `2bTQMbB#BHBiv �M�HvbBbX AMbi2�/- i?2v �`2 T`QpB/2/ BM i?2 �#bi`�+i- mbBM; �M
�#bi`�+i BMi2`T`2i�iBQM@#�b2/ bi�iB+ �M�HvbBb i?�i Bb bF2i+?2/ BM i?2 �TT2M/Bt "X

1t�KTH2 Ry U�++2bb *QMi`QH- *QMiBMm2/VX lbBM; i?2 Q#b2`p�iBQM 7mM+iBQMb +`2@
�i2/ BM 2t�KTH2 N- i?2 �#bi`�+iBQM αR +�M �M�Hvx2 i?2 `2bTQMbB#BHBiv Q7 � +2`i�BM
#2?�pBQ` B BM i?2 b2i T Q7 i`�+2bX amTTQb2 r2 r�Mi iQ �M�Hvx2 ǳ_2�/ 6�BHm`2Ǵ BM
2p2`v TQbbB#H2 2t2+miBQM- i?2M B Bb _6- �M/ T BM+Hm/2b �HH p�HB/ K�tBK�H i`�+2b-
BX2X T = SMaxX h?mb- αR(SMax,LMax,C, _6,SMax) +QKTmi2b i?2 `2bTQMbB#BHBiv
�M�HvbBb `2bmHi- r?B+? Bb 2bb2MiB�H i?2 b�K2 �b /2bB`2/ BM 1t�KTH2 kX

6m`i?2`KQ`2- i?2 `2bTQMbB#BHBiv Q7 ǳ;`�MiBM; r`Bi2 �++2bbǴ +�M #2 �M�Hvx2/
#v b2iiBM; i?2 #2?�pBQ` B �b _q BMbi2�/- �M/ r2 ;2i i?2 7QHHQrBM; `2bmHiX hQ i?2
+Q;MBx�M+2 Q7 �M QKMBb+B2Mi Q#b2`p2`- BM 2p2`v 2t2+miBQM i?�i #Qi? i?2 }`bi irQ
BMTmib �`2 R- i?2 i?B`/ BMTmi UBX2X bvbi2K b2iiBM; Q7 T2`KBbbBQM ivT2V Bb `2bTQMbB#H2

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

• Maximal trace semantics: 


• Lattice of system behaviors: 


• Observer’s cognizance: 


• Behavior of interest: 


• Set of analyzed traces: 

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

R9 *X .2M;- SX *QmbQi

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) %→ ℘(℘(1∗∞)) %→ (1∗∞ %→ ℘(1∗∞))

%→ ℘(1∗∞) %→ ℘(1∗∞) %→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B " O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

G2KK� 9X A7 σ_ Bb b�B/ iQ #2 `2bTQMbB#H2 7Q` � #2?�pBQ` B BM � p�HB/ i`�+2
σ>σ_σ6- i?2M σ>σ_ ;m�`�Mi22b i?2 Q++m``2M+2 Q7 #2?�pBQ` B- �M/ i?2`2 Kmbi
2tBbi �MQi?2` p�HB/ T`2}t i`�+2 σ>σ′

_ bm+? i?�i i?2 #2?�pBQ` B Bb MQi ;m�`�Mi22/X

_2+�HH i?2 i?`22 /2bB`2/ TQBMib UiBK2- 7`22 +?QB+2b �M/ +Q;MBx�M+2V 7Q` /2}MBM;
`2bTQMbB#BHBiv BM b2+iBQM kXRX Ai Bb Q#pBQmb i?�i αR ?�b i�F2M #Qi? i?2 i2KTQ`�H
Q`/2`BM; Q7 2p2Mib �M/ i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX �b 7Q` i?2 7`22
+?QB+2b- Bi Bb 2�bv iQ }M/ 7`QK H2KK� 9 i?�i- B7 σ_ Bb /2i2`KBM2/ #v Bib ?BbiQ`v

• An variant: 



4) Formal Definition of Responsibility
• To an observer’s cognizance, in a trace σHσRσF, σR is responsible for behavior B, 

iff: 

• E.g. in the forest fire example, analyze


• For the omniscient observer:


• For a non-omniscient observer of Lisa who is unaware of Homer’s action:

23

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM R8

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

G2KK� 9X A7 σ_ Bb b�B/ iQ #2 `2bTQMbB#H2 7Q` � #2?�pBQ` B BM � p�HB/ i`�+2
σ>σ_σ6- i?2M σ>σ_ ;m�`�Mi22b i?2 Q++m``2M+2 Q7 #2?�pBQ` B- �M/ i?2`2 Kmbi
2tBbi �MQi?2` p�HB/ T`2}t i`�+2 σ>σ′

_ bm+? i?�i i?2 #2?�pBQ` B Bb MQi ;m�`�Mi22/X

_2+�HH i?2 i?`22 /2bB`2/ TQBMib UiBK2- 7`22 +?QB+2b �M/ +Q;MBx�M+2V 7Q` /2}MBM;
`2bTQMbB#BHBiv BM b2+iBQM kXRX Ai Bb Q#pBQmb i?�i αR ?�b i�F2M #Qi? i?2 i2KTQ`�H
Q`/2`BM; Q7 2p2Mib �M/ i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX �b 7Q` i?2 7`22
+?QB+2b- Bi Bb 2�bv iQ }M/ 7`QK H2KK� 9 i?�i- B7 σ_ Bb /2i2`KBM2/ #v Bib ?BbiQ`v
i`�+2 σ> �M/ Bb MQi 7`22 iQ K�F2 +?QB+2b UBX2X ∀σ>σ_,σ>σ′

_ ∈ SPref . σ_ = σ′
_V-

i?2M σ_ +�MMQi #2 `2bTQMbB#H2 7Q` �Mv #2?�pBQ` BM i?2 i`�+2 σ>σ_σ6X

jX8 _2bTQMbB#BHBiv �M�HvbBb

hQ bmK mT- i?2 `2bTQMbB#BHBiv �M�HvbBb ivTB+�HHv +QMbBbib Q7 7Qm` bi2Tb, AV +QHH2+i
i?2 bvbi2KǶb i`�+2 b2K�MiB+b SMax UBM a2+iBQM jXRVc AAV #mBH/ i?2 +QKTH2i2 H�iiB+2
Q7 K�tBK�H i`�+2 T`QT2`iB2b Q7 BMi2`2bi LMax UBM a2+iBQM jXkVc AAAV /2`Bp2 �M
BM[mB`v 7mM+iBQM I 7`QK LMax- /2}M2 � +Q;MBx�M+2 7mM+iBQM C 7Q` 2�+? Q#b2`p2`-
�M/ +`2�i2 i?2 +Q``2bTQM/BM; Q#b2`p�iBQM 7mM+iBQM O UBM a2+iBQM jXjVc AoV bT2+B7v
i?2 #2?�pBQ` B Q7 BMi2`2bi �M/ i?2 �M�Hvx2/ i`�+2b T - �M/ �TTHv i?2 `2bTQMbB#BHBiv
�#bi`�+iBQM αR(SMax,LMax,C,B, T ) iQ ;2i i?2 �M�HvbBb `2bmHi UBM a2+iBQM jX9VX
>2M+2- i?2 `2bTQMbB#BHBiv �M�HvbBb Bb 2bb2MiB�HHv �M �#bi`�+i BMi2`T`2i�iBQM Q7 i?2
2p2Mi i`�+2 b2K�MiB+bX

AM i?2 �#Qp2 /2}MBiBQM Q7 `2bTQMbB#BHBiv- i?2 b2K�MiB+b �M/ H�iiB+2 Q7 bvbi2K
#2?�pBQ`b �`2 +QM+`2i2- �M/ i?2v �`2 2tTHB+BiHv /BbTH�v2/ BM i?2 �++2bb +QMi`QH
2t�KTH2 7Q` i?2 b�F2 Q7 +H�`BivX >Qr2p2`- i?2v K�v #2 mM+QKTmi�#H2 BM T`�+iB+2-
�M/ r2 /Q MQi `2[mB`2 T`Q;`�KK2`b iQ T`QpB/2 i?2K BM i?2 BKTH2K2Mi�iBQM
Q7 `2bTQMbB#BHBiv �M�HvbBbX AMbi2�/- i?2v �`2 T`QpB/2/ BM i?2 �#bi`�+i- mbBM; �M
�#bi`�+i BMi2`T`2i�iBQM@#�b2/ bi�iB+ �M�HvbBb i?�i Bb bF2i+?2/ BM i?2 �TT2M/Bt "X

1t�KTH2 Ry U�++2bb *QMi`QH- *QMiBMm2/VX lbBM; i?2 Q#b2`p�iBQM 7mM+iBQMb +`2@
�i2/ BM 2t�KTH2 N- i?2 �#bi`�+iBQM αR +�M �M�Hvx2 i?2 `2bTQMbB#BHBiv Q7 � +2`i�BM
#2?�pBQ` B BM i?2 b2i T Q7 i`�+2bX amTTQb2 r2 r�Mi iQ �M�Hvx2 ǳ_2�/ 6�BHm`2Ǵ BM
2p2`v TQbbB#H2 2t2+miBQM- i?2M B Bb _6- �M/ T BM+Hm/2b �HH p�HB/ K�tBK�H i`�+2b-
BX2X T = SMaxX h?mb- αR(SMax,LMax,C, _6,SMax) +QKTmi2b i?2 `2bTQMbB#BHBiv
�M�HvbBb `2bmHi- r?B+? Bb 2bb2MiB�H i?2 b�K2 �b /2bB`2/ BM 1t�KTH2 kX

6m`i?2`KQ`2- i?2 `2bTQMbB#BHBiv Q7 ǳ;`�MiBM; r`Bi2 �++2bbǴ +�M #2 �M�Hvx2/
#v b2iiBM; i?2 #2?�pBQ` B �b _q BMbi2�/- �M/ r2 ;2i i?2 7QHHQrBM; `2bmHiX hQ i?2
+Q;MBx�M+2 Q7 �M QKMBb+B2Mi Q#b2`p2`- BM 2p2`v 2t2+miBQM i?�i #Qi? i?2 }`bi irQ
BMTmib �`2 R- i?2 i?B`/ BMTmi UBX2X bvbi2K b2iiBM; Q7 T2`KBbbBQM ivT2V Bb `2bTQMbB#H2

3 *X .2M;- SX *QmbQi

i?2 T`Q;`�KǴX h�F2 i?2 +H�bbB+ q?BH2 T`Q;`�KKBM; H�M;m�;2 �b �M 2t�KTH2- i?2`2
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�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66
O(SMax,LMax,C, ε) = ⊤Max

O(SMax,LMax,C, ?QK2`4h) = 66
O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h ◃ Kk4h) = 66
O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h ◃ Kk4h ◃ rBM/4R) = q6
O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = 66
O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h ◃ Kk4h) = 66
O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h ◃ Kk4h ◃ rBM/4R) = q6

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X



Responsibility Analysis

• Responsibility analysis


• Collect the system’s trace semantics  ;


• Build the lattice  of maximal trace properties of interest;


• Derive an inquiry function  from , 


            define a cognizance function  for each observer, 


            create the corresponding observation function ;


• Specify the behavior  of interest and the analyzed traces , 


            apply the responsibility abstraction .


• Applications


• E.g. buffer overflow analysis, information leakage analysis


• E.g. permissions configuration/authorization in a social network

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM RR

G2KK� RX :Bp2M � T`2/B+iBQM i`�+2 T`QT2`iv Q i?�i +Q``2bTQM/b iQ � K�tBK�H
i`�+2 T`QT2`iv P- B7 � T`2}t i`�+2 σ #2HQM;b iQ Q- i?2M σ ;m�`�Mi22b i?2 b�iBb7�+@
iBQM Q7 T`QT2`iv P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb ;`2�i2` i?�M Q` 2[m�H
iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

1t�KTH2 e U�++2bb *QMi`QH- *QMiBMm2/VX "v αPred- 2�+? #2?�pBQ` BM i?2 H�iiB+2
LMax Q7 1t�KTH2 8 +�M #2 �#bi`�+i2/ BMiQ � T`2/B+iBQM i`�+2 T`QT2`iv,

Ĝ αPred!SMax"(⊤Max) = SPref - BX2X 2p2`v p�HB/ i`�+2 BM SPref ;m�`�Mi22b ⊤MaxX
Ĝ αPred!SMax"(_6) = {σ ∈ SPref | �Tp4R ◃ BR4y ≼ σ ∨ �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃

Bk4y ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 �i H2�bi QM2 Q7 }`bi irQ BMTmib Bb y- i?2M
Bi ;m�`�Mi22b ǳ_2�/ 6�BHm`2Ǵ _6X

Ĝ αPred!SMax"(_a) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ≼ σ}- BX2X 7Q`
�Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R- Bi ;m�`�Mi22b ǳ_2�/ am++2bbǴ _aX

Ĝ αPred!SMax"(_P) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4R ≼ σ}- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/
BMTmi Bb R- i?2M Bi ;m�`�Mi22b ǳ_2�/ PMHv �++2bb Bb ;`�Mi2/Ǵ _PX

Ĝ αPred!SMax"(_q) = {σ ∈ SPref | �Tp4R ◃ BR4R ◃ ¬UBR44yV ◃ Bk4R ◃ ¬U�Tp54y��Bk44yV
◃ ivT4k ≼ σ }- BX2X 7Q` �Mv p�HB/ i`�+2- B7 }`bi irQ BMTmib �`2 R �M/ i?2 i?B`/ Bb
k- i?2M Bi ;m�`�Mi22b ǳ_2�/ �M/ q`Bi2 �++2bb Bb ;`�Mi2/Ǵ _qX

Ĝ αPred!SMax"(⊥Max) = ∅- BX2X MQ p�HB/ i`�+2 +�M ;m�`�Mi22 ⊥MaxX ⊓(

αPred!SMax"(66) = {σ ∈ SPref | ?QK2`4h ≼ σ ∨ ?QK2`46 ◃ KR46 ◃ HBb�4h ≼ σ}
αPred!SMax"(L6) = {σ ∈ SPref | ?QK2`46 ◃ KR46 ◃ HBb�46 ≼ σ}

jXj P#b2`p�iBQM Q7 avbi2K "2?�pBQ`b
G2i SMax #2 i?2 K�tBK�H i`�+2 b2K�MiB+b �M/ LMax #2 i?2 H�iiB+2 Q7 bvbi2K
#2?�pBQ`b /2bB;M2/ �b BM a2+iBQM jXkX :Bp2M �Mv T`2}t i`�+2 σ ∈ 1∗∞- �M Q#b2`p2`
+�M H2�`M bQK2 BM7Q`K�iBQM 7`QK Bi- KQ`2 T`2+Bb2Hv- � K�tBK�H i`�+2 T`QT2`iv
P ∈ LMax i?�i Bb ;m�`�Mi22/ #v σ 7`QK i?2 Q#b2`p2`Ƕb T2`bT2+iBp2X AM i?Bb b2+iBQM-
�M Q#b2`p�iBQM 7mM+iBQM O Bb T`QTQb2/ iQ `2T`2b2Mi bm+? � ǳT`QT2`iv H2�`MBM;
T`Q+2bbǴ Q7 i?2 Q#b2`p2`- r?B+? Bb 7Q`K�HHv /2}M2/ BM i?2 7QHHQrBM; i?`22 bi2TbX
AM[mB`v 6mM+iBQM 6B`bi- �M BM[mB`v 7mM+iBQM I Bb /2}M2/ iQ K�T 2p2`v i`�+2
σ ∈ 1∗∞ iQ i?2 bi`QM;2bi K�tBK�H i`�+2 T`QT2`iv BM LMax i?�i σ +�M ;m�`�Mi22X
I ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ 1∗∞ )→ ℘(1∗∞) BM[mB`v UkV
I(SMax,LMax,σ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

·∩{P ∈ LMax | σ ∈ αPred!SMax"(P)}
aT2+B�HHv- 7Q` �M BMp�HB/ i`�+2 σ ̸∈ SPref - i?2`2 /Q2b MQi 2tBbi �Mv P ∈ LMax

bm+? i?�i σ ∈ αPred!SMax"(P)- i?2`27Q`2 I(SMax,LMax,σ) = ∅ = ⊥MaxX

*Q`QHH�`v RX :Bp2M i?2 b2K�MiB+b SMax �M/ H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b-
B7 i?2 BM[mB`v 7mM+iBQM I K�Tb � i`�+2 σ iQ � K�tBK�H i`�+2 T`QT2`iv P ∈ LMax-
i?2M σ ;m�`�Mi22b i?2 b�iBb7�+iBQM Q7 P UBX2X 2p2`v p�HB/ K�tBK�H i`�+2 i?�i Bb
;`2�i2` i?�M Q` 2[m�H iQ σ Bb ;m�`�Mi22/ iQ ?�p2 T`QT2`iv PVX

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
σ>σ_ ;m�`�Mi22b � #2?�pBQ` r?B+? Bb �i H2�bi �b bi`QM; �b B �M/ Bb MQi i?2 BMp�@
HB/Biv T`QT2`iv `2T`2b2Mi2/ #v ⊥Max = ∅X h?2`27Q`2- σ_ Bb b�B/ iQ #2 `2bTQMbB#H2
7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
`2bTQMbB#H2 2MiBiv σ_ Kmbi #2 � bBM;H2 2p2Mi �M/ i?2 `2bTQMbB#BHBiv �M�HvbBb +QmH/
#2 �b `2}M2/ �b TQbbB#H2X Pi?2`rBb2- B7 r2 /Q MQi ?�p2 bm+? � `2bi`B+iBQM- i?2M
7Q` 2p2`v �M�Hvx2/ i`�+2 σ ∈ T r?2`2 i?2 #2?�pBQ` B ?QH/b- i?2 `2bTQMbB#BHBiv
�M�HvbBb K�v bTHBi i?2 i`�+2 σ BMiQ i?`22 T�`ib σ = σ>σ_σ6 bm+? i?�i σ> =
ε- σ_ = σ �M/ σ6 = εX AM bm+? � +�b2- ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- �M/ i?2 r?QH2 i`�+2 σ rQmH/ #2 7QmM/ `2bTQMbB#H2
7Q` BX h?Bb `2bmHi Bb i`BpB�HHv +Q``2+i- #mi iQQ +Q�`b2 iQ #2 mb27mH BM T`�+iB+2X

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

Re *X .2M;- SX *QmbQi

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

G2KK� 9X A7 σ_ Bb b�B/ iQ #2 `2bTQMbB#H2 7Q` � #2?�pBQ` B BM � p�HB/ i`�+2
σ>σ_σ6- i?2M σ>σ_ ;m�`�Mi22b i?2 Q++m``2M+2 Q7 #2?�pBQ` B- �M/ i?2`2 Kmbi
2tBbi �MQi?2` p�HB/ T`2}t i`�+2 σ>σ′

_ bm+? i?�i i?2 #2?�pBQ` B Bb MQi ;m�`�Mi22/X

_2+�HH i?2 i?`22 /2bB`2/ TQBMib UiBK2- 7`22 +?QB+2b �M/ +Q;MBx�M+2V 7Q` /2}MBM;
`2bTQMbB#BHBiv BM b2+iBQM kXRX Ai Bb Q#pBQmb i?�i αR ?�b i�F2M #Qi? i?2 i2KTQ`�H
Q`/2`BM; Q7 2p2Mib �M/ i?2 Q#b2`p2`Ƕb +Q;MBx�M+2 BMiQ �++QmMiX �b 7Q` i?2 7`22
+?QB+2b- Bi Bb 2�bv iQ }M/ 7`QK H2KK� 9 i?�i- B7 σ_ Bb /2i2`KBM2/ #v Bib ?BbiQ`v
i`�+2 σ> �M/ Bb MQi 7`22 iQ K�F2 +?QB+2b UBX2X ∀σ>σ_,σ>σ′

_ ∈ SPref . σ_ = σ′
_V-

i?2M σ_ +�MMQi #2 `2bTQMbB#H2 7Q` �Mv #2?�pBQ` BM i?2 i`�+2 σ>σ_σ6X

jX8 _2bTQMbB#BHBiv �M�HvbBb

hQ bmK mT- i?2 `2bTQMbB#BHBiv �M�HvbBb ivTB+�HHv +QMbBbib Q7 7Qm` bi2Tb, AV +QHH2+i
i?2 bvbi2KǶb i`�+2 b2K�MiB+b SMax UBM a2+iBQM jXRVc AAV #mBH/ i?2 +QKTH2i2 H�iiB+2
Q7 K�tBK�H i`�+2 T`QT2`iB2b Q7 BMi2`2bi LMax UBM a2+iBQM jXkVc AAAV /2`Bp2 �M
BM[mB`v 7mM+iBQM I 7`QK LMax- /2}M2 � +Q;MBx�M+2 7mM+iBQM C 7Q` 2�+? Q#b2`p2`-
�M/ +`2�i2 i?2 +Q``2bTQM/BM; Q#b2`p�iBQM 7mM+iBQM O UBM a2+iBQM jXjVc AoV bT2+B7v
i?2 #2?�pBQ` B Q7 BMi2`2bi �M/ i?2 �M�Hvx2/ i`�+2b T - �M/ �TTHv i?2 `2bTQMbB#BHBiv
�#bi`�+iBQM αR(SMax,LMax,C,B, T ) iQ ;2i i?2 �M�HvbBb `2bmHi UBM a2+iBQM jX9VX
>2M+2- i?2 `2bTQMbB#BHBiv �M�HvbBb Bb 2bb2MiB�HHv �M �#bi`�+i BMi2`T`2i�iBQM Q7 i?2
2p2Mi i`�+2 b2K�MiB+bX

AM i?2 �#Qp2 /2}MBiBQM Q7 `2bTQMbB#BHBiv- i?2 b2K�MiB+b �M/ H�iiB+2 Q7 bvbi2K
#2?�pBQ`b �`2 +QM+`2i2- �M/ i?2v �`2 2tTHB+BiHv /BbTH�v2/ BM i?2 �++2bb +QMi`QH
2t�KTH2 7Q` i?2 b�F2 Q7 +H�`BivX >Qr2p2`- i?2v K�v #2 mM+QKTmi�#H2 BM T`�+iB+2-
�M/ r2 /Q MQi `2[mB`2 T`Q;`�KK2`b iQ T`QpB/2 i?2K BM i?2 BKTH2K2Mi�iBQM
Q7 `2bTQMbB#BHBiv �M�HvbBbX AMbi2�/- i?2v �`2 T`QpB/2/ BM i?2 �#bi`�+i- mbBM; �M
�#bi`�+i BMi2`T`2i�iBQM@#�b2/ bi�iB+ �M�HvbBb i?�i Bb bF2i+?2/ BM i?2 �TT2M/Bt "X

1t�KTH2 Ry U�++2bb *QMi`QH- *QMiBMm2/VX lbBM; i?2 Q#b2`p�iBQM 7mM+iBQMb +`2@
�i2/ BM 2t�KTH2 N- i?2 �#bi`�+iBQM αR +�M �M�Hvx2 i?2 `2bTQMbB#BHBiv Q7 � +2`i�BM
#2?�pBQ` B BM i?2 b2i T Q7 i`�+2bX amTTQb2 r2 r�Mi iQ �M�Hvx2 ǳ_2�/ 6�BHm`2Ǵ BM
2p2`v TQbbB#H2 2t2+miBQM- i?2M B Bb _6- �M/ T BM+Hm/2b �HH p�HB/ K�tBK�H i`�+2b-
BX2X T = SMaxX h?mb- αR(SMax,LMax,C, _6,SMax) +QKTmi2b i?2 `2bTQMbB#BHBiv
�M�HvbBb `2bmHi- r?B+? Bb 2bb2MiB�H i?2 b�K2 �b /2bB`2/ BM 1t�KTH2 kX

6m`i?2`KQ`2- i?2 `2bTQMbB#BHBiv Q7 ǳ;`�MiBM; r`Bi2 �++2bbǴ +�M #2 �M�Hvx2/
#v b2iiBM; i?2 #2?�pBQ` B �b _q BMbi2�/- �M/ r2 ;2i i?2 7QHHQrBM; `2bmHiX hQ i?2
+Q;MBx�M+2 Q7 �M QKMBb+B2Mi Q#b2`p2`- BM 2p2`v 2t2+miBQM i?�i #Qi? i?2 }`bi irQ

R9 *X .2M;- SX *QmbQi

Ĝ O(SMax,LMax,C, �Tp4R ◃ BR4y) = I (SMax,LMax, �Tp4R◃ BR4y) ·∪ I(SMax,LMax,
�Tp4R ◃ BR4R) = _6 ·∪ ⊤Max 4 ⊤Max- BX2X 2p2M B7 i?2 }`bi BMTmi Bb �H`2�/v y BM i?2
i`�+2- MQ T`QT2`iv 2t+2Ti ⊤Max +�M #2 ;m�`�Mi22/ 7Q` i?2 b2+QM/ �/KBMX ⊓$

O(SMax,LMax,C, ?QK2`4h ◃ KR4h) = I (SMax,LMax, ?QK2`4h◃ KR4h) ·∪ I(SMax,LMax,
?QK2`46 ◃ KR46) = 66 ·∪ ⊤Max 4 ⊤Max

O(SMax,LMax,C, ?QK2`4h ◃ KR4h ◃ HBb�4h) = I (SMax,LMax, ?QK2`4h◃ KR4h ◃ HBb�4h)
·∪ I(SMax,LMax, ?QK2`46 ◃ KR46 ◃ HBb�4h) = 66 ·∪ 66 4 66

jX9 6Q`K�H .2}MBiBQM Q7 _2bTQMbB#BHBiv

lbBM; i?2 i?`22 +QKTQM2Mib Q7 `2bTQMbB#BHBiv �M�HvbBb BMi`Q/m+2/ �#Qp2- `2bTQM@
bB#BHBiv Bb 7Q`K�HHv /2}M2/ �b i?2 `2bTQMbB#BHBiv �#bi`�+iBQM αR BM U8VX aT2+B}+�HHv-
i?2 }`bi T�`�K2i2` Bb i?2 K�tBK�H i`�+2 b2K�MiB+b SMax- i?2 b2+QM/ T�`�K2i2`
Bb i?2 H�iiB+2 LMax Q7 bvbi2K #2?�pBQ`b- i?2 i?B`/ T�`�K2i2` Bb i?2 +Q;MBx�M+2
7mM+iBQM Q7 � ;Bp2M Q#b2`p2`- i?2 7Qm`i? T�`�K2i2` Bb i?2 #2?�pBQ` B r?Qb2 `2@
bTQMbB#BHBiv Bb Q7 BMi2`2bi- �M/ i?2 H�bi T�`�K2i2` Bb i?2 �M�Hvx2/ i`�+2b T X

*QMbB/2` 2p2`v i`�+2 σ>σ_σ6 ∈ T r?2`2 >- _ �M/ 6 `2bT2+iBp2Hv bi�M/ 7Q`
>BbiQ`v- _2bTQMbB#H2 T�`i �M/ 6mim`2X A7 ∅ ! O(SMax,LMax,C,σ>σ_) ⊆ B !
O(SMax,LMax,C,σ>) ?QH/b- i?2M σ> /Q2b MQi ;m�`�Mi22 i?2 #2?�pBQ` B- r?BH2
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7Q` 2Mbm`BM; #2?�pBQ` B BM i?2 i`�+2 σ>σ_σ6X

AM T�`iB+mH�`- i?2 H2M;i? Q7 σ_ Bb `2bi`B+i2/ iQ #2 R UBX2X |σ_| = 1V- bm+? i?�i i?2
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_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))
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_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) )→ ℘(℘(1∗∞)) )→ (1∗∞ )→ ℘(1∗∞))

)→ ℘(1∗∞) )→ ℘(1∗∞) )→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in

let O(S,L,C,σ) = ·∪{I(S,L,σ′) | σ′ ∈ C(σ)} in

{⟨σ>, σ_, σ6⟩ | σ>σ_σ6 ∈ T ∧ |σ_| = 1 ∧
∅!O(SMax,LMax,C,σ>σ_) ⊆ B ! O(SMax,LMax,C,σ>)}

aBM+2 αR(SMax,LMax,C,B) T`2b2`p2b DQBMb QM �M�Hvx2/ i`�+2b T - r2 ?�p2 �
:�HQBb +QMM2+iBQM, ⟨℘(1∗∞), ⊆⟩ −−−−−−−−−−−−−−→←−−−−−−−−−−−−−−

αR(SMax,LMax,C,B)

γR(SMax,LMax,C,B)
⟨℘(1∗∞× 1× 1∗∞), ⊆⟩X

_2bTQMbB#BHBiv �M�HvbBb #v �#bi`�+i AMi2`T`2i�iBQM R8

_2bTQMbB#BHBiv �#bi`�+iBQM αR

αR ∈ ℘(1∗∞) "→ ℘(℘(1∗∞)) "→ (1∗∞ "→ ℘(1∗∞))

"→ ℘(1∗∞) "→ ℘(1∗∞) "→ ℘(1∗∞× 1× 1∗∞) U8V
αR(SMax,LMax,C,B, T ) !
let αPred!S"(P) = {σ ∈ Pref(P) | ∀σ′ ∈ S. σ ≼ σ′ ⇒ σ′ ∈ P} in

let I(S,L,σ) = ·∩{P ∈ L | σ ∈ αPred!S"(P)} in
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More Work in the Appendix

• Abstract Responsibility Analysis


• Abstract system semantics by Floyd-Hoare Automaton

• Leverage trace partitioning to increase precision


• Specify system behaviors as program invariants


• Define the cognizance function as an equivalence relation on invariants


• Build the observation function on automaton nodes

• Utilize iterative forward/backward invariance analysis, and CTL property analysis


• Find “under conditions” responsibility that is a sound abstraction of concrete 
responsibility analysis
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Ongoing Work

• A lattice of responsibility abstractions


• Cope with possible alternative weaker or stronger definitions of responsibility


• Generalization of cognizance function


• Not only an equivalence relation, but also an abstraction of system semantics
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Conclusion

• Responsibility based on the abstract interpretation of event trace 
semantics


• More precise than dependency, actual cause, etc.


• The observer’s cognizance is new in responsibility analysis.
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The End. Thank You!
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