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Tarski fixpoint theorem

Theorem 15.6 An increasing function f € L <> L on a complete lattice (L, C, L, T, 7,
1) has a least fixpoint Ifp~ f = {x € L | f(x) E x}.
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Galois connections

» Given posets (€, C) (the concrete domain) and (&, <) (the abstract domain), the pair («, y)
of functions a € € — & (the lower adjoint or abstraction) and y € &/ — € (the upper-adjoint
or concretization) is a Galois connection (GC) if and only if

VP e® .VPe o .a(P) < P o PLC y(P) (11.1)

which we write

ooec + mppeximating

en.wikipedia.org/wiki/Galois_connection
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Fixpoint abstraction

e € is aconcrete domain

« | € € > € isan increasing concrete transformer

y
e (€, C) & (A, X)isan abstraction into <

X

» Problem: abstract Ifp~ f

. first abstract the concrete transformer f into an abstract transformer f € of —> of

» then abstract a(Ifp~ f) into Ifp~ f.
» This abstraction may be

(A) - exactie. a(lfp” f) =Ifp° f
(&) - orsound butimprecise, in which case we get an overapproximation «(lfp~ f) < Ifp~ f.

15 \D\Q@Uy%\of/ Cou\(om\f /LJ\S\V'\&/@/’UVM



Transformer abstraction

» To abstract a fixpoint a(Ifp~ f), we first abstract its transformer f.

Y N
Theorem (18.3, transformer abstraction) If (¢, C) ¢ — (A, %) then (¢ €, C) —

(o —> of , <) where C and < are pointwise (..e. f C gifandonlyifVx € € . f(x) C g(;)),
a(f)=acfeyandy(f)=y-f-a

16 \D\Q@Uy%\of/ Cou\(om\f /LJ\S\V'\&/@/’UVM



Exact fixpoint abstraction

Theorem (18.23, exact fixpoint abstraction in a complete lattice) Assume
that (¢, C, L, T, U, M) and (¢, %, 0, 1, v, A) are complete lattices, f € € - &

)4 _
is increasing, (¢, C) —— (A, X), f € o4 < I isincreasing,anda - f = f - «
04

(commutation property). Then a(lfp~ f) = Ifp” .

17 \O\Q@Uy%\of/ Cou\(ov\\f /LJ\S\V'\&/@/’UVM
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Fixpoint definition

Definition 16.4 The fixpointdefinitionof D € ©(U) by a C-increasing function F € p(U) -
©o(U)is D = Ifp" F.

19 \D\Q@Uy%\of/ Cou\(om\f /LJ\S\V'\&/@/’UVM
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A deductive definition of D € (V) is given by a set of inference rules R = {

Deductive definition

(%)

P; € pf((U) is the finite premise and ¢, € U is the conclusion of the rule.

A rule

1

C;

€ Rstatesthatif P, € Dthenc; € D.

It P, = &, the rule is called an axiom and states that ¢; € D.

en.
en.

en

en.

w1 ki
wi ki
.wiki

w1k

pDeEC
pDeC
DeEC

1a
1a
1a

pDeEC

1a

.org/wiki/Deductive_reasoning
.org/wiki/H1lbert_system
.org/wiki/Axiom
.org/wiki/Rule_of_1inference

R S A

Pi .
i€ A

C;

}






proof

« A proof of p by rules R is a finite sequence t, ... t, of elements of U such that

- eacht;,i € [0,n]is deduced fromt,...t, , by application of a rule of R

« L, = D.

« Formally

Definition 16.7

is-provable(p, R) = =
p.

ty...t, € U.(Vie[0,n].:z

P
— €R.PCit,...

’tl—l}/\tl — C)/\tn —

en.wikipedia.org/wiki/Mathematical_proof
en.wikipedia.org/wiki/Formal_proof

23
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Deductive definition

Definition 16.10 (deductive definition)

The deductive definition of D € ©(U) by a de-
ductive system of rules % € RisD = {p € U | is-provable(p, R)}.

24
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A deductive definition can be expressed as a fixpoint definition and conversely.
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Consequence operator

~ | i € A}, define

C;

For a deductive definition by rules R = {

P
» the consequence operator Fp(X) = {c|d— € R. P € X}

» Fp(X) is the set of consequences provable by R when X has already been proved

- The consequence operator Fj, does not necessarily preserve joins but is increasing

26 \O\Q@Uy%\of/ Cou\(ov\\f /LJ\S\V'\&/@/’UVM



Equivalence of the deductive and fixpoint definitions

Theorem 16.12 We have D = {p € U | is-provable(p, R)} = Ifp~ F, where Fr(X) = {c |

P
— € R. P ¢ Xjis the consequence operator of R.

Theorem 16.12 may not hold when considering rules which premises can be infinite sets.

2/ \O\Q@U&%\O/T/ CQu\VO\/\\f /L\I\S\V'\&/L/\E/MVKA
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Equivalence of the fixpoint and deductive definitions

P
Theorem 16.16 For a fixpoint definition Ifp° F define R = {— | P < U A ¢ € F(P)}. Then
F = Fgsolfp” Fp =Ifp" F.

Note that if R turns out to have finite premises only, then {p € U | is-provable(p, R)} = Ifp" Fy,.

29 \O\Q@U&%\O/T/ CQu\VO\/\\f /L\I\S\\"\&ﬂ/\p/m\fw
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Property transformers

» Isomorphic abstractions of relations (e.g.(in)finitary relational semantics)

» the post-image of a preproperty/precondition P € @(P) by relation R € (P x Q) is
post[R]|P € p(Q) such that

postiR] = P {yeQ|dxeP.{(x, y) € R} (12.2)

(This is also called the right-image of P by R, also written R[P] or even R(P).)

f

<
®
=
P... .,@\ . ) N— post[R]|P
r
W,

P L

ost™!

. (@(UD X Q), Q) « ppost » <K~’(|P) — K)(Q)a §>
where post ' [T] = {{x, y) e Px Q| y € T({x})}

36 @\Q@Q%@f/ CQU\(O\A\f i\[\g\r'\&/mj\/&/ﬁﬁ\f@



Property transformers

+ The dual post-image of a preproperty P € @(P) by relation R is post[R]P € @(Q) such that

post[R]

-1 o POSt[R] - —
P—iyeQ|VxeP.(x, y) € R= x € P}

1

~

P... >

P L

~

‘j
'
‘J

TWe write =P for P ~ P and =Q for Q ~ Q, the ambiguity being solved by considering the powerset to which the negated property belongs.

AN

y
-d
s

~

37

(12.3)
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Property transformers

 The pre-image of a postproperty Q € @(Q) by relation R € (P x Q) is pre[R]Q € g([FP) such
that

pre[R] 2 postfR'] = Qr{xeP|3IyeQ.(x, y) € R} (12.11)

(This is also called the /eft-image of P by R, also written R"}[P] or R"!(P).)

a N a N
® R ®

' *

J @k v,

re 1

. (PP x Q), C) «=

= (0@ — p(F), <)

where pre ' [T] = {(x, ) e PxQ|x € T({y}}

38 \O\Q@Uk%\o/v/ CQU\(O\A\f /L\[\g\('\&/mj\/&/m\/w



Property transformers

« The dual pre-image of a postproperty Q € ©(Q) by relation R € (P x Q) is is pre[r]Q € @(P)

such that

pre[R]

A

—opre[R] -~ =
Q- 1 xeP|VyeQ.(x, y) e R= yeQ}

post[R™]

-

1l R

@ @
)=

o °
/

e

//
k\bj @L -

39

(12.12)
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Weakest precondition

r o ) R r B
pre[R]Q - .,?/ a

o If P C pre[R]Q A pre[R]Q then it is guaranteed to reach Q from P through R

40 \O\Q@Ux%\of/ CQu\VO\/\\f /LJ\S\V'\&/@/’UVM



Galois connections between property transformers

If R € p(P x Q), we have the following Galois connections

pre[R]

(@(P), <) :; - (o(Q), <)
pOst[R]

(0(Q), C) e (o(P), )
pre(R]

41

(12.22)

(12.23)
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post(2,

[Ascari et al. 2023, (NC)]
| [Morris Jr. and
@

E)O(XG

post(2,S) o ag
a / post[s]
post(g, 2) °aG a | post(E, 2) °aG
; . [Hoare 1969] |
Wegbrelt 1977 ® [Cousot and Cousot 1982, (i)] C'(N

« NV

04

[Cousot and Cousot 1982, (i)] \ R |

" - -~ [Cousot et al. 2013 Tt A *’“:)

post(2,S) o ag - a afl post(2, <) i;ﬂG ,...‘ ) 0(7[
pre[S] _ post|S]

post(S,2) o ag: - post(S,2) o ag

[Zilberstein et al. 2023]

[Dijkstra 1982] @ [de Vries and Koutavas 2011] @D

[Cousot and Cousot 1982, (i

[O'Hearn 2020] x ?

[Ascari et al. 2023, (SIL) RN e _
S S I e e postlsh
<« . —
ay pre[S] Lot T, post(S,2) o ag ay : post(S,2) © ag
o* e I

@

post(2,S) o ag
pre[S].

‘®_ [Aptand Plotkin 1986]

\\\\ @ /) @

- —1 post(2,S) o ag .’
04 ’
+“post|S],
post(€.2) eac o777 post(S,2) o ag
Possible accessibility or G

nontermination logic
(application 2)

Galois connection (different logics to prove the same property)
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Theorem (18.23, exact fixpoint abstraction in a complete lattice) Assume
that (¢, C, L, T, U, M) and (&, <, 0, 1, ¥, A) are complete lattices, f €¢ € - €

y — _
is increasing, (€, C) ¢ — (A, %), f € d <4 disincreasing,anda » f = f - «

(commutation property). Then a(lfp~ f) = Ifp” f
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(D‘) —({true} x = 0{x 75 O0Ax#£1}) holds but not [true|x = Olx=0Vx =1]|.

%

Patrick Cousot @:
On the Design of Program Logics. On the Pursuit of Insight and Elegance 2026: 92-106
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Theorem 3 (Fixpoint Under Approximation by Transfinite Iterates).
Let f € L — L be an increasing function on a cro (L, T, L, ) (i.e. every
increasing chain in L has a least upper bound in L, including L. = Q). P € L
is a fixpoint under approzimation, i.e. P T Ifp= f, if and only if there exists an
increasing transfinite sequence (X°,6 € Q) such that X° = L, X°T1 C f(X°) for

successor ordinals, | |s_, X O exists for limit ordinals \ such that XM | s A X 0,
and 30 € O . P

72 0 wwof Co f ol N\m S



(P', Q" € {(P", post[W]|P") | P" € p(X)} . PPCPAQCQ'"}

(J",n € Ny . J* = PA(J"nB[B], J"™) € Ti[S] A Q C
Zdef ,ELS

g - . . n
{P}while (B) S{Q} JP =P, [J"nB[B]s[J"], Q S (U,enJ")NB[-B]

3 \O\Q@Ux%\of/ CQu\VO\/\\f /LJ\S\V'\&/@/’UVM



P, Q") € {(P”, post[W]P") | P" € p(X)} . PPCPAQCQ'}
P.Q ,P". PP =P'"NQ =postfW|[P"NP'"CPANQCQ'}
(def. €§
= {(P, Q)| 3P . P CPAQ C post[W]P'} (def. =§
— (P, Q)] Q C post[] P}
((C) post[W] increasing and transitivity; (2) take P’ = P and reflexivity |

= {(P, Q)| Q S post[-B](Ifp" Fp)} {(5) with Fp(X) = P U post([B] 5 [S])X§
= {(P, Q)| 3I.Q C post][-BJ(I) NI C lfp= Fp}
[(C) Take I = Ifp= F} and reflexivity;
pre(r)

(D) By Galois connection (p(X), C) * o (p(Y), C), post|—B] is
post(r
increasing so @ C post[—B](I) C post[-B](Ifp= F5) and transitivity§

{(P,Q) | 3I.Q C post[-B(I)AIJ", n < w) . J =0AJ" ™ C FL(J")VAI C
U J"} (fixpoint under approximation Th. 11.3.6)

n<w

74 P coussT ot anlr M\W SR



(P, Q)| I, n<w).J'=0AJ" C Fp(J") AQ C post[-B]( U J")}

((C) By Galois connection (p(X), C) 3 Pret) s (p()), C) post[—B]| is in-

post(r)
creasing so () C post|—BJ(I) C post|—BJ(| ] J") and transitivity;
(2) take I =, ., J")

(P, Q) | 3T, n<w) . JO =0 AJ" C (PUpost([B] 2 [S])(J™) A Q C

n<w

post[-B] (| | J")} (def. F.,§
{(P, Q) \nfc}” 1< n<w).J' =PAJ" C post([B] s [S])(J") AQ C
post|—B]( J J")} (getting rid of JY = ()
{(P, Q) | E?Jc;, n € N . JY = PAJ" C post([B] 5 [S])(J") A Q C
post[-B] (| ] J")} {changing n + 1 to n§
{{(P, Q) |n€3N<J”, n € N) . J" = PAJ" C post[S](J" N B[B]) A Q C
() 7™ nB[-B]} !post[B]P = P N B[B]S
{?Z;I? Q)| IJ", neN).J =PAUJ"NB[B], J"™ € (P, Q)| Q C
post[S])P)} AQ C (| ) J™) N B[-B]} (def. €5
(P, Q) | 3J", n Ze?w L JY = PAWTNB[B], J"Y € TS| A Q C
() 7™) nB[-B[} (def. Ty, §

lgs)
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Theorem 4 (Non empty intersection with abstraction of least fixpoint).
Assume that (1) (L, C, 1L, T, 11, ) is an atomic complete lattice; (2) f € L — L

- s (L, =, A); (4) Q € L\ {0} where

preserves nonempty joins U; (3) (L, ©) £

0= a(L); (5) There exists an inductive invariant I € L of f (i.e. f(I) T I); (6)
(W, <) is a well-founded set and v € atoms(I) — W is a (variant) function; (7)
There exists a sequence {a; € atoms([), i € [1,00]) that (7.a) a1 € f(L), (7.b)
Vi € [1,00] . a;41 € atoms(f(a;)), (7.c) Vi € [1,00] . (a; # ajy1) = (v(a;) >

v(aiy1), (7.d) Vi € [1,00] . (v(a;) # v(ai41) = ala;) A Q # 0; Then, hypotheses
(1) to (7) imply a(Ifp= f) X Q # 0. Conversely (1) to (4) and Ifp= fM~y(Q) # L
imply (5) to (7).

/8 v Q@%%@ﬂ/ ot anlr \[\\VM SR



—(post[W|P C Q)} (def.
post|[W|P N —=Q # 0} (def. C and —)
post[-B](Ifp" ) 1~Q £ 0} {(5), Fp(X) 2 P U post([] 5 [S]) X §
fp= Fp N pre[-B](—Q) # 0}

(post(R)YPNQ # 0 < PNpre(R)Q # 0

= {(P,Q) | € pX). Fp(I) CINIW, ) eWf.wel ->W.3o; €1,
i € [1,00]) .01 € Fp(D) AVi € [1,00] . 0j41 € Fp({o;}) ANVi € [1,0] .
(03 # 0iy1) = (¥(0i) > v(0it1) AVi € [1,00] . (v(0g) # v(oiy1) = (0if N
pre[—B[(—=Q) # 0} (induction principle Th. 4

Y | I € (X)) . P C I Apost(|B]s[S|)I CIAIW, <) e0f. dv e
I —-W.3Ho,€l,ie€|l,x|) .00 € PAVi € |1,00]. (0501 € PVA{o;11} C
post(|[B] ¢ [Sﬂ){az}) AViE € [1,00] . (0; # 001) = (V(0;) > v(oja1) ANV €
1,00] . (v(o%) # ¥{0i41) = 01 € pre[-BJ(~Q)

|
2
e
<

79 v Q@%%@ﬂ/ ot anlr “\S\VM SR



(def. Fl,(X) &

P U post(||B] s [S])X, C, and post,

which is (-strict

= {(P, Q) | I € p(X) . P C I Apost(|B]s[S]|)I C I ANIW, <) € 207 .

v el - W. d(o;

c I, i€ ll,o0]) . o1 € PAViI €1,
post([B] § [S[){ci} A Vi € [1, 0]

1,00 . (v(0i) # v(0it1) = 0; € pre[-B[(—=Q)}
(since if 0;.1 € P, we can equivalently consider the sequence (o; € I,

jE[i+1,00])S
WP, Q) | 3 € p(X)

P C T Apost([B]3[SPI C I A3In >

00| . {oir1} C

: (0'7; # Uz’—l—l) — (V(O’i) > V(O’i_|_1) AV €

1.E<O'Z'E],7;€

1,n]) .01 € PA\Vie[l,n|.{o;11} C post([B]|s[[S]){o:} Ao, € pre[—B](—-Q)}
(C) By W, <) e Wfy, v el - W, Vi € |[1,0]

(v(o;) > v(o;
For then on, o;

1,00] . (v(oy) # v(o;

1 = 04, t = n and so v(o;) = v(o;

: (Ui # ag; 1) —>
1), the sequence is ultimately stationary at some rank n.
1). Therefore Vi €

1) = o0; € @ implies that o, € pre[—B](—-Q);

(D) Conversely, from (o; € I, © € |1,n]) we can define W = {o; | i €

1,n|} U{—00} with —oc0 < 0; < g;41 and v(z) =

(x €{o; |t €[l,n]?

r : —oo|) and the sequence (0; € I, j € |1,00]|) repeats o, ad infimum

for 7 > n.\
WP, Q) [ 3 € p(X) .

P C IApost([B]5[S]) C IA3In>

1.do;, €1, €

1,n)) - o1 € PAYi € [1,n[. {141} C post([BIs[S]){o:} Acw & BIBJAcw & Q}

(def. preS
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{(P,@Q)|dn=>1.Fo, €I, 1€ |l,n]).oc € PAViel|l,n|.{o11} C
post([|B] ¢ HS]D{UZ} Nop & BI[B]] Nop & Q}

(I is not used and can always be chosen to be /)

{(P, Q)| dn=>1.Fo, €I,1€ |l,n]) .o, € PAVi € |[l,n|. post(|B]
1S|){oi:} N{o; } +0ONo, €B[B|ANo, & Q} (since x € X & X N{x} # 0§
(P, Q)| dn>1.Fo, €I,1€|l,n]).oc € PAVi € |[l,n|. post(|B]:
[S){oi} N =(~Aoit1}) # DN on & B[B] Aon € Q@ (def. =X = 2\ X}
{(P, Q)| dIn>1.d o, €l,i€|l,n]).op € PAVi e |[l,n|.(post(|B] s
[S1{0:} € (+{o:+1)) Aow € BIE] Ao € Q) (~(X CY) & (X N-Y # 0§
(P, Q) | In > 1. Ao, € I,71 € [1,n]) . 01 € PAVYi € [1,n| .
~(post([S]) (B[B] N {5:}) € (~{0:+1})) A 0w & BIB] Ao & Q}

(def. post, B, and §\

1.do;€l,te€|l,n]).or € PAYi e |[1,n]. (B|B]N{o;},
Q) | ~(post([S])P € Q) Non & B[B| Aon & QF  (def. €)
1.3 o, €l,i€|l,n]) .01 € PAVie |[1,n|. (B[B|N{oi},
ST A o € B|[B]] Ao, € Q} (def. 3% [S]§

WV

(P, Q)| 3n
~{oi+1}) € (P,
(P, Q)| 3n
_'{Uz+1}> SEN

-

IV

1‘
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(o, €l,1€[l,n]).op € PA
Vie [Ln. (B[B]N{oi})S(—{oit1}) A
On %BHB] /\O’n Q/Q

(P)while (B) S(Q)
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(o, €l,1€[l,n]).op € PA
Vie [Ln. (B[B]N{oi})S(—{oit1}) A
On %BHB] /\O’n Q/Q

(P)while (B) S(Q)
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