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Tarski fixpoint theorem

Theorem 15.6 An increasing function 𝑓 ∈ 𝐿 ↗⟶𝐿 on a complete lattice ⟨𝐿, ⊑, ⊥, ⊤, ⊓,⊔⟩ has a least fixpoint lfp⊑ 𝑓 = ⨅{𝑥 ∈ 𝐿 ∣ 𝑓(𝑥) ⊑ 𝑥}.

• By duality, 𝑓 has a greatest fixpoint gfp⊑ 𝑓 = ⨆{𝑥 ∈ 𝐿 ∣ 𝑥 ⊑ 𝑓(𝑥)}
• The set of fixpoints of 𝑓 ordered by ⊑ form a complete lattice

• This lattice of fixpoints is not necessary a sublattice of 𝐿meaning that the join and meet in
this complete lattice of fixpoints may not be ⊔ and ⊓

• Tarski’s theorem 15.6 was generalized to cpos [Markowsky-AU-1976] and [Pataraia-PSSL-97]
as reported by [Escardo-ACS-03]

en.wikipedia.org/wiki/Alfred_Tarski
en.wikipedia.org/wiki/Knaster–Tarski_theorem

“Ch. 15, Fixpoints” – 11/43 – © P. Cousot, NYU, CIMS, CS
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Galois connections

• Given posets ⟨𝒞 , ⊑⟩ (the concrete domain) and ⟨𝒜 , ≼⟩ (the abstract domain), the pair ⟨𝛼, 𝛾⟩
of functions 𝛼 ∈ 𝒞 → 𝒜 (the lower adjoint or abstraction) and 𝛾 ∈ 𝒜 → 𝒞 (the upper-adjoint
or concretization) is a Galois connection (GC) if and only if∀𝑃 ∈ 𝒞 . ∀𝑃 ∈ 𝒜 . 𝛼(𝑃) ≼ 𝑃 ⇔ 𝑃 ⊑ 𝛾(𝑃) (11.1)

which we write ⟨𝒞 , ⊑⟩ −−−→←−−−𝛼𝛾 ⟨𝒜 , ≼⟩ .
en.wikipedia.org/wiki/Galois_connection

“Ch. 11, Galois Connections and Abstraction” – 3/42 – © P. Cousot, NYU, CIMS, CS
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Counter-example
Not a retraction

𝒞•
•• 𝐴 ••

𝒜
•• • 𝑎• 𝑏
•

𝛼𝛼
𝛼𝛼
𝛼

“Ch. 11, Galois Connections and Abstraction” – 11/42 – © P. Cousot, NYU, CIMS, CS
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Fixpoint abstraction

• 𝒞 is a concrete domain

• 𝑓 ∈ 𝒞 ↗⟶𝒞 is an increasing concrete transformer

• ⟨𝒞 , ⊑⟩ −−−→←−−−𝛼𝛾 ⟨𝒜 , ≼⟩ is an abstraction into 𝒜
• Problem: abstract lfp⊑ 𝑓

• first abstract the concrete transformer 𝑓 into an abstract transformer 𝑓 ∈ 𝒜 ↗⟶𝒜
• then abstract 𝛼(lfp⊑ 𝑓) into lfp≼ 𝑓.
• This abstraction may be

• exact i.e. 𝛼(lfp⊑ 𝑓) = lfp≼ 𝑓
• or sound but imprecise, in which case we get an overapproximation 𝛼(lfp⊑ 𝑓) ≼ lfp≼ 𝑓.

“Ch. 18, Fixpoint Abstraction” – 4/36 – © P. Cousot, NYU, CIMS, CS
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Transformer abstraction

• To abstract a fixpoint 𝛼(lfp⊑ 𝑓), we first abstract its transformer 𝑓.
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Theorem (18.3, transformer abstraction) If ⟨𝒞 , ⊑⟩ −−−→←−−−𝛼𝛾 ⟨𝒜 , ≼⟩ then ⟨𝒞 ↗⟶𝒞 , ⊑̇⟩ −−−→←−−−𝛼⃗⃗𝛾⟨𝒜 ↗⟶𝒜 , ≼̇⟩where ⊑̇ and ≼̇ are pointwise (i.e.𝑓 ⊑̇ 𝑔 if and only if∀𝑥 ∈ 𝒞 . 𝑓(𝑥) ⊑ 𝑔(𝑥)),𝛼⃗(𝑓) = 𝛼 ∘ 𝑓 ∘ 𝛾, and 𝛾(𝑓) = 𝛾 ∘ 𝑓 ∘ 𝛼.
“Ch. 18, Fixpoint Abstraction” – 7/36 – © P. Cousot, NYU, CIMS, CS
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Exact fixpoint abstraction (cont’d)

Theorem (18.23, exact fixpoint abstraction in a complete lattice) Assume
that ⟨𝒞 , ⊑, ⊥, ⊤, ⊔, ⊓⟩ and ⟨𝒜 , ≼, 0, 1, ⋎, ⋏⟩ are complete lattices, 𝑓 ∈ 𝒞 ↗⟶ 𝒞
is increasing, ⟨𝒞 , ⊑⟩ −−−→←−−−𝛼𝛾 ⟨𝒜 , ≼⟩, 𝑓 ∈ 𝒜 ↗⟶ 𝒜 is increasing, and 𝛼 ∘ 𝑓 = 𝑓 ∘ 𝛼
(commutation property). Then 𝛼(lfp⊑ 𝑓) = lfp≼ 𝑓.

Proof of theorem 18.23 lfp⊑ 𝑓 and lfp≼ 𝑓 do exist by Tarski’s fixpoint theorem 15.6.𝛼(lfp⊑ 𝑓) = 𝛼 ∘ 𝑓(lfp⊑ 𝑓) !fixpoint property"
= 𝑓 ∘ 𝛼(lfp⊑ 𝑓) !commutation property"
so 𝛼(lfp⊑ 𝑓) is a fixpoint of 𝑓 proving that lfp≼ 𝑓 ≼ 𝛼(lfp⊑ 𝑓) for the least fixpoint.

• Inversely, 𝛼 ∘ 𝑓 = 𝑓 ∘ 𝛼 implies 𝛼 ∘ 𝑓 ∘ 𝛾 = 𝑓 ∘ 𝛼 ∘ 𝛾 ≼̇ 𝑓 since 𝛼 ∘ 𝛾 is reductive and 𝑓 is
increasing.

• By corollary 18.14 and ⟨𝒞 , ⊑⟩ −−−→←−−−𝛼𝛾 ⟨𝒜 , ≼⟩, 𝛼(lfp⊑ 𝑓) ≼ lfp≼ 𝑓.
• By antisymmetry, 𝛼(lfp⊑ 𝑓) = lfp≼ 𝑓.

“Ch. 18, Fixpoint Abstraction” – 21/36 – © P. Cousot, NYU, CIMS, CS
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Fixpoint definition

Definition 16.4 Thefixpointdefinitionof𝐷 ∈ ℘(U)bya⊆-increasing function𝐹 ∈ ℘(U) ↗⟶℘(U) is𝐷 ≜ lfp⊆ 𝐹.

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 6/59 – © P. Cousot, NYU, CIMS, CS
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Deductive definition

• A deductive definition of𝐷 ∈ ℘(U) is given by a set of inference rules 𝑅 = { 𝑃𝑖𝑐𝑖 | 𝑖 ∈ 𝛥}
• 𝑃𝑖 ∈ ℘𝑓(U) is the finite premise and 𝑐𝑖 ∈ U is the conclusion of the rule.

• A rule
𝑃𝑖𝑐𝑖 ∈ 𝑅 states that if 𝑃𝑖 ⊆ 𝐷 then 𝑐𝑖 ∈ 𝐷.

• If 𝑃𝑖 = ∅, the rule is called an axiom and states that 𝑐𝑖 ∈ 𝐷.
en.wikipedia.org/wiki/Deductive_reasoning
en.wikipedia.org/wiki/Hilbert_system
en.wikipedia.org/wiki/Axiom
en.wikipedia.org/wiki/Rule_of_inference

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 9/59 – © P. Cousot, NYU, CIMS, CS
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proof

• A proof of 𝑝 by rules 𝑅 is a finite sequence 𝑡0 … 𝑡𝑛 of elements ofU such that
• each 𝑡𝑖, 𝑖 ∈ [0, 𝑛] is deduced from 𝑡0 … 𝑡𝑖−1 by application of a rule of 𝑅
• 𝑡𝑛 = 𝑝.

• Formally

Definition 16.7
is-provable(𝑝, 𝑅) ≜ ∃𝑡0 … 𝑡𝑛 ∈ U . (∀𝑖 ∈ [0, 𝑛] . ∃ 𝑃𝑐 ∈ 𝑅 . 𝑃 ⊆ {𝑡0,… , 𝑡𝑖−1} ∧ 𝑡𝑖 = 𝑐) ∧ 𝑡𝑛 =𝑝.

en.wikipedia.org/wiki/Mathematical_proof
en.wikipedia.org/wiki/Formal_proof

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 11/59 – © P. Cousot, NYU, CIMS, CS
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Deductive definition

Definition 16.10 (deductive definition) The deductive definition of 𝐷 ∈ ℘(U) by a de-
ductive system of rules 𝑃𝑐 ∈ 𝑅 is𝐷 ≜ {𝑝 ∈ U | is-provable(𝑝, 𝑅)}.

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 14/59 – © P. Cousot, NYU, CIMS, CS
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A deductive definition can be expressed as a fixpoint definition and conversely.

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 16/59 – © P. Cousot, NYU, CIMS, CS
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Consequence operator
For a deductive definition by rules 𝑅 = { 𝑃𝑖𝑐𝑖 | 𝑖 ∈ 𝛥}, define
• the consequence operator 𝐹𝑅(𝑋) ≜ {𝑐 ∣ ∃ 𝑃𝑐 ∈ 𝑅 . 𝑃 ⊆ 𝑋}
• 𝐹𝑅(𝑋) is the set of consequences provable by 𝑅when𝑋 has already been proved

• The consequence operator 𝐹𝑅 does not necessarily preserve joins but is increasing

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 18/59 – © P. Cousot, NYU, CIMS, CS
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Equivalence of the deductive and fixpoint definitions

Theorem 16.12 We have 𝐷 = {𝑝 ∈ U ∣ is-provable(𝑝, 𝑅)} = lfp⊆ 𝐹𝑅 where 𝐹𝑅(𝑋) ≜ {𝑐 ∣∃ 𝑃𝑐 ∈ 𝑅 . 𝑃 ⊆ 𝑋} is the consequence operator of 𝑅.
Theorem 16.12 may not hold when considering rules which premises can be infinite sets.

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 19/59 – © P. Cousot, NYU, CIMS, CS
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Equivalence of the fixpoint and deductive definitions

Theorem 16.16 For a fixpoint definition lfp⊆ 𝐹 define 𝑅 = { 𝑃𝑐 | 𝑃 ⊆ U ∧ 𝑐 ∈ 𝐹(𝑃)}. Then𝐹 = 𝐹𝑅 so lfp⊆ 𝐹𝑅 = lfp⊆ 𝐹.
Note that if 𝑅 turns out to have finite premises only, then {𝑝 ∈ U ∣ is-provable(𝑝, 𝑅)} = lfp⊆ 𝐹𝑅.
Proof𝐹𝑅(𝑋)≜ {𝑐 ∣ ∃ 𝑃𝑐 ∈ 𝑅 . 𝑃 ⊆ 𝑋} !def. 𝐹𝑅"
= {𝑐 ∣ ∃𝑃 ⊆ U . 𝑐 ∈ 𝐹(𝑃) ∧ 𝑃 ⊆ 𝑋} !def. 𝑅"
= 𝐹(𝑋)

!(⊆) if 𝑐 ∈ 𝐹(𝑃) and 𝑃 ⊆ 𝑋 then 𝑐 ∈ 𝐹(𝑋) since 𝐹 is ⊆-increasing.(⊇) if 𝑐 ∈ 𝐹(𝑋) then ∃𝑃 ⊆ U . 𝑐 ∈ 𝐹(𝑃) ∧ 𝑃 ⊆ 𝑋 by choosing 𝑃 = 𝑋." !

“Ch. 16, Fixpoint, Deductive, Inductive, Structural, Coinductive, and Bi-inductive Definitions” – 27/59 – © P. Cousot, NYU, CIMS, CS



30



31



32



33



34



35



36

Property transformers

• Isomorphic abstractions of relations (e.g.(in)finitary relational semantics)

• the post-image of a preproperty/precondition 𝑃 ∈ ℘(P) by relation 𝑅 ∈ ℘(P × Q) is
post[𝑅]𝑃 ∈ ℘(Q) such that

post[𝑅] ≜ 𝑃 ↦ {𝑦 ∈ Q ∣ ∃𝑥 ∈ 𝑃 . ⟨𝑥, 𝑦⟩ ∈ 𝑅} (12.2)

(This is also called the right-image of 𝑃 by 𝑅, also written 𝑅[𝑃] or even 𝑅(𝑃).)
JAhS`2bb L2rJ�i?X+Hb G�h1s "QQF aivH2 aBx2, dtN jkT+ i2ti rB/i? 62#`m�`v j- kyR3 Ry,R9�K

2 Ch. 12 Relational and Transformer Semantics
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 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ
PG UIF DPNQVUFS NFNPSZ� 4VDI QSPQFSUJFT BSF DBMMFE SFMBUJPOBM CFDBVTF UIFZ DBO FYQSFTT SFMBUJPOT
CFUXFFO UIF WBMVFT PG WBSJBCMFT�

ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
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 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ
PG UIF DPNQVUFS NFNPSZ� 4VDI QSPQFSUJFT BSF DBMMFE SFMBUJPOBM CFDBVTF UIFZ DBO FYQSFTT SFMBUJPOT
CFUXFFO UIF WBMVFT PG WBSJBCMFT�

ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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2 Ch. 12 Relational and Transformer Semantics

12.2.1 Forward property transformers
*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
 JTTQbi<৺>৸ óÛ	ϐ
 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

TQbi<৺>৸

%VBM PPTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ

• ⟨℘(P × Q), ⊆⟩ −−−−−−−→⟶←⟵−−−−−−−post

post−1 ⟨℘(P) ⊔⟶ ℘(Q), ⊆̇⟩
where post−1[𝑇] ≜ {⟨𝑥, 𝑦⟩ ∈ P × Q ∣ 𝑦 ∈ 𝑇({𝑥})}
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Property transformers

• The dual post-image of a preproperty 𝑃 ∈ ℘(P) by relation 𝑅 is p̃ost[𝑅]𝑃 ∈ ℘(Q) such that

p̃ost[𝑅] ≜ ¬ ∘ post[𝑅] ∘ ¬ 1 (12.3)= 𝑃 ↦ {𝑦 ∈ Q ∣ ∀𝑥 ∈ P . ⟨𝑥, 𝑦⟩ ∈ 𝑅 ⇒ 𝑥 ∈ 𝑃}
JAhS`2bb L2rJ�i?X+Hb G�h1s "QQF aivH2 aBx2, dtN jkT+ i2ti rB/i? 62#`m�`v j- kyR3 Ry,R9�K

2 Ch. 12 Relational and Transformer Semantics

12.2.1 Forward property transformers
*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
 JTTQbi<৺>৸ óÛ	ϐ
 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ
PG UIF DPNQVUFS NFNPSZ� 4VDI QSPQFSUJFT BSF DBMMFE SFMBUJPOBM CFDBVTF UIFZ DBO FYQSFTT SFMBUJPOT
CFUXFFO UIF WBMVFT PG WBSJBCMFT�

ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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12.2.1 Forward property transformers
*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
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 TVDI UIBU
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 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ
PG UIF DPNQVUFS NFNPSZ� 4VDI QSPQFSUJFT BSF DBMMFE SFMBUJPOBM CFDBVTF UIFZ DBO FYQSFTT SFMBUJPOT
CFUXFFO UIF WBMVFT PG WBSJBCMFT�

ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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ȴTQbi
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UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
 JTTQbi<৺>৸ óÛ	ϐ
 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
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&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
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 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�
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 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
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1We write ¬𝑃 for P ∖ 𝑃 and ¬𝑄 for Q ∖ 𝑄, the ambiguity being solved by considering the powerset to which the negated property belongs.
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Property transformers

• The pre-image of a postproperty𝑄 ∈ ℘(Q) by relation 𝑅 ∈ ℘(P × Q) is pre[𝑅]𝑄 ∈ ℘(P) such
that

pre[𝑅] ≜ post[𝑅−1] = 𝑄 ↦ {𝑥 ∈ P ∣ ∃𝑦 ∈ 𝑄 . ⟨𝑥, 𝑦⟩ ∈ 𝑅} (12.11)

(This is also called the left-image of 𝑃 by 𝑅, also written 𝑅−1[𝑃] or 𝑅−1(𝑃).)
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 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
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SPONFOUT UIF FYFDVUJPO NBZ ĕOJTI XJUI PSĎ GPS OPOUFSNJOBUJOH FYFDVUJPOT BOE UIF QSFQSPQFSUZ JT
UIF TFU PG JOJUJBM FOWJSPONFOUT GPS XIJDI UIJT CFIBWJPS JT QPTTJCMF PS HVBSBOUFFE�

1SF�JNBHF QSPQFSUZ USBOTGPSNFS¹ ćF QSF�JNBHF PG B QPTUQSPQFSUZ৹ ó Û	ϐ
 CZ SFMBUJPO ৺ ó Û	Ϗsϐ
 JT T`2<৺>৹ ó Û	Ϗ
 TVDI
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T`2<৺>৹৹ȲT`2<৺>৹
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SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
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 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
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ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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 BT HJWFO CZ BO FOWJ�
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 � ৼ !ৼ ó Û	Ϗ
 ֘݇ Û	ϐ
 QSFTFSWFT KPJOT"
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ȲT`2
 UIF QPTUQSPQFSUZ�QPTUDPOEJUJPO JT BO IZQPUIFTJT PO UIF FOWJ�
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UIF TFU PG JOJUJBM FOWJSPONFOUT GPS XIJDI UIJT CFIBWJPS JT QPTTJCMF PS HVBSBOUFFE�

1SF�JNBHF QSPQFSUZ USBOTGPSNFS¹ ćF QSF�JNBHF PG B QPTUQSPQFSUZ৹ ó Û	ϐ
 CZ SFMBUJPO ৺ ó Û	Ϗsϐ
 JT T`2<৺>৹ ó Û	Ϗ
 TVDI
UIBU
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T`2<৺>৹৹ȲT`2<৺>৹
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 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
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 � ૣ	4
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 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
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 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�
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• ⟨℘(P × Q), ⊆⟩ −−−−−−→⟶←⟵−−−−−−pre

pre−1 ⟨℘(Q) ⊓⟶ ℘(P), ⊆̇⟩
where pre−1[𝑇] = {⟨𝑥, 𝑦⟩ ∈ P × Q ∣ 𝑥 ∈ 𝑇({𝑦})}
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Property transformers

• The dual pre-image of a postproperty𝑄 ∈ ℘(Q) by relation 𝑅 ∈ ℘(P × Q) is is p̃re[𝑟]𝑄 ∈ ℘(P)
such that

p̃re[𝑅] ≜ ¬ ∘ pre[𝑅] ∘ ¬ = p̃ost[𝑅−1] (12.12)= 𝑄 ↦ {𝑥 ∈ P ∣ ∀𝑦 ∈ Q . ⟨𝑥, 𝑦⟩ ∈ 𝑅 ⇒ 𝑦 ∈ 𝑄}
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	ćJT JT BMTP DBMMFE UIF MFę�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺÷�<৸> PS ৺÷�	৸
�


T`2<৺>৹৹ȲT`2<৺>৹
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#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
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 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ

%VBM PPTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
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12.2.1 Forward property transformers
*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
 JTTQbi<৺>৸ óÛ	ϐ
 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ
PG UIF DPNQVUFS NFNPSZ� 4VDI QSPQFSUJFT BSF DBMMFE SFMBUJPOBM CFDBVTF UIFZ DBO FYQSFTT SFMBUJPOT
CFUXFFO UIF WBMVFT PG WBSJBCMFT�

ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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12.2.1 Forward property transformers
*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
 JTTQbi<৺>৸ óÛ	ϐ
 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
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	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ
PG UIF DPNQVUFS NFNPSZ� 4VDI QSPQFSUJFT BSF DBMMFE SFMBUJPOBM CFDBVTF UIFZ DBO FYQSFTT SFMBUJPOT
CFUXFFO UIF WBMVFT PG WBSJBCMFT�

ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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12.2.1 Forward property transformers
*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
CZ SFMBUJPO৺ ó Û	Ϗsϐ
 JTTQbi<৺>৸ óÛ	ϐ
 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸

 !EFG� 	����
 PGȴTQbi BOE GVODUJPO DPNQPTJUJPO ԯ"� h\ਚ ó ϐ Է ðਙ � ਙ ó h৸ ü ܹਙ
 ਚܺ ó ৺^ !EFG� 	����
 PG TQbi"� \ਚ ó ϐ Է îਙ � h	ܹਙ
 ਚܺ ó ৺
 ü ਙ ó ৸^
!EFG� DPNQMFNFOU h BOE DPNNVUBUJWJUZ"� \ਚ ó ϐ Է îਙ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
FYQMJDJU UIF GBDU UIBU JO B QSPHSBN
 B WBSJBCMF 3 EFOPUFT JO GBDU JUT WBMVF ૣ	3
 HJWFO CZ UIF TUBUF ૣ
PG UIF DPNQVUFS NFNPSZ� 4VDI QSPQFSUJFT BSF DBMMFE SFMBUJPOBM CFDBVTF UIFZ DBO FYQSFTT SFMBUJPOT
CFUXFFO UIF WBMVFT PG WBSJBCMFT�

ćF QPTUQSPQFSUZ TQbi<ਸ#�$>৸ 	NPSF QSFDJTFMZ TQbi<৺>৸
 JT UIF QSPQFSUZ PG UIF SFTVMU PG UIF
FYQSFTTJPO � XIFO LOPXJOH UIF QSFQSPQFSUZ ৸ PG JUT WBSJBCMF�
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TQbi<TQbi÷�<ৼ>>
� ৸ ӏ \ਚ ó ϐ Է ðਙ ó ৸ � ܹਙ
 ਚܺ ó \ܹਙ
 ਚܺ ó Ϗ sϐ Է ਚ ó ৼ	\ਙ^
^^

!EFG� TQbi BOE TQbi÷�"
� ৸ ӏ ǻਙó৸ৼ	\ਙ^
 !EFG� ó"
� ৸ ӏ ৼ	৸
 � ৼ !ৼ ó Û	Ϗ
 ֘݇ Û	ϐ
 QSFTFSWFT KPJOT"

TQbi<৺> ТĊ ৼ í ৺ Ċ TQbi÷�<ৼ>í î৸ ó Ϗ � TQbi<৺>৸ Ċ ৼ	৸
 í ৺ Ċ TQbi÷�<ৼ> !QPJOUXJTF EFG� ТĊ"íî৸ў ó Ϗ � TQbi<৺>h৸ў Ċ h ԯ ৼў ԯ h	h৸ў
 í ৺ Ċ TQbi÷�<h ԯ ৼў ԯ h>
!MFUUJOH ৼ � h ԯ ৼў ԯ h BOE ৸ў � h৸"íî৸ ó Ϗ � TQbi<৺>h৸ Ċ h ԯ ৼ	৸
 í ৺ Ċ ȴTQbi÷�<ৼ> !EFG� 	����
 PGȴTQbi÷�"í TQbi<৺> Тċ ৼ í ৺ Ċ ȴTQbi÷�<ৼ> !EFG� h BOE QPJOUXJTF EFG� Тċ"í ܹÛ	Ϗ sϐ

 Ċܺ ÷÷÷÷÷÷÷÷Ҿҽ÷÷÷÷÷÷÷÷ȴTQbi

ȴTQbi÷� ܹÛ	Ϗ
 ֗݇ Û	ϐ

 Тċܺ !EFG� (BMPJT D�"

ćF CJKFDUJPO ܹȴTQbi
 ȴTQbi÷�ܺ GPMMPXT GSPN UIF DPNQPTJUJPO PG CJKFDUJPOT ܹTQbi
 TQbi÷�ܺ BOE ܹh
 hܺ�
!

12.2.2 Backward property transformers
*O CBDLXBSE USBOTGPSNFST 	T`2
ȲT`2
 UIF QPTUQSPQFSUZ�QPTUDPOEJUJPO JT BO IZQPUIFTJT PO UIF FOWJ�
SPONFOUT UIF FYFDVUJPO NBZ ĕOJTI XJUI PSĎ GPS OPOUFSNJOBUJOH FYFDVUJPOT BOE UIF QSFQSPQFSUZ JT
UIF TFU PG JOJUJBM FOWJSPONFOUT GPS XIJDI UIJT CFIBWJPS JT QPTTJCMF PS HVBSBOUFFE�

1SF�JNBHF QSPQFSUZ USBOTGPSNFS¹ ćF QSF�JNBHF PG B QPTUQSPQFSUZ৹ ó Û	ϐ
 CZ SFMBUJPO ৺ ó Û	Ϗsϐ
 JT T`2<৺>৹ ó Û	Ϗ
 TVDI
UIBU

T`2<৺> թ TQbi<৺÷�> � ৹ ӏ \ਙ ó Ϗ Է ðਚ ó ৹ � ܹਙ
 ਚܺ ó ৺^ 	����


	ćJT JT BMTP DBMMFE UIF MFę�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺÷�<৸> PS ৺÷�	৸
�


T`2<৺>৹৹ȲT`2<৺>৹
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12.2.1 Forward property transformers
*O GPSXBSE USBOTGPSNFST 	TQbi
ȴTQbi
 UIF QSFQSPQFSUZ JT BO IZQPUIFTJT PO UIF FOWJSPONFOUT UIF FY�
FDVUJPO JT TUBSUFE XJUI BOE UIF QPTUQSPQFSUZ JT TBUJTĕFE XIFO FYFDVUJPO UFSNJOBUFT PS JT Ď GPS OPO�
UFSNJOBUJOH FYFDVUJPOT�

1PTU�JNBHF QSPQFSUZ USBOTGPSNFS¹ UIF QPTU�JNBHFPG B QSFQSPQFSUZ�QSFDPOEJUJPO৸ ó Û	Ϗ
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	ćJT JT BMTP DBMMFE UIF SJHIU�JNBHF PG ৸ CZ ৺
 BMTP XSJUUFO ৺<৸> PS FWFO ৺	৸
�

¹ ćF EVBM QPTU�JNBHF PG B QSFQSPQFSUZ ৸ ó Û	Ϗ
 CZ SFMBUJPO ਓ JTȴTQbi<ਓ>৸ ó Û	ϐ
 TVDI UIBUȴTQbi<৺> թ h ԯ TQbi<৺> ԯ h � 	����
� ৸ ӏ \ਚ ó ϐ Է îਙ ó Ϗ � ܹਙ
 ਚܺ ó ৺ ë ਙ ó ৸^
8F XSJUF h৸ GPS Ϗ ࡆ ৸ BOE h৹ GPS ϐ ࡆ ৹
 UIF BNCJHVJUZ CFJOH TPMWFE CZ DPOTJEFSJOH UIF QPXFSTFU UP XIJDI UIF
OFHBUFE QSPQFSUZ CFMPOHT�

1SPPG PG 	����
ȴTQbi<৺>৸թ h	TQbi<৺>	h৸
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 ਚܺ ó ৺ ë ਙ ó ৸^ !EFG� JNQMJDBUJPOë" !

&YBNQMF ���� $POTJEFS UIF TFNBOUJDT ਸ#�$ ó �:Ҿ % PG BSJUINFUJD FYQSFTTJPOT � JO 	���
� *U DBO
CF DPOTJEFSFE BT B SFMBUJPO ৺ թ \ܹૣ
 ਸ#�$ૣܺ Է ૣ ó �:^�

#Z QSPQFSUZ PG WBSJBCMFT 3 POF VOEFSTUBOE B QSPQFSUZ PG UIFJS WBMVFT ૣ	3
 BT HJWFO CZ BO FOWJ�
SPONFOU ૣ� ćFSFGPSF
 B TFU ৸ ó Û	�:
 PG FOWJSPONFOUT EFĕOFT B QSPQFSUZ PG WBSJBCMFT XIJDI JT B
SFMBUJPO CFUXFFO UIFJS QPTTJCMF WBMVFT TUBUJOH UIBU UIF WBMVFT ૣ	3
 PG WBSJBCMFT 3 TIPVME CF TVDI UIBUૣ ó ৸�

'PS FYBNQMF UIF TUBUFNFOU 3 � 4 � � JT UIF QSPQFSUZ \ૣ ó I Ҿ % Է ૣ	3
 � ૣ	4
 � �^� ćJT NBLFT
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Weakest precondition

• pre[𝑅]𝑄 ∧ p̃re[𝑅]𝑄
<৺>৹৹ȲT`2<৺>৹

৸ ó Û	Ϗ
CZ SFMBUJPOԷ ðਙ ó ৸ � ܹਙ
 ਚܺ ó ৺^ ৺ ó Û	Ϗsϐ
 JT

ϐ
 TVDI UIBU
TQbi<৺> թ ৸ ӏ \ਚ ó

<৺>৹৹ȲT`2<৺>T`2<৺>৹৹ȲT`2

• If 𝑃 ⊆ pre[𝑅]𝑄 ∧ p̃re[𝑅]𝑄 then it is guaranteed to reach𝑄 from 𝑃 through 𝑅
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Galois connections between property transformers
If 𝑅 ∈ ℘(P × Q), we have the following Galois connections⟨℘(P), ⊆⟩ −−−−−−−−→←−−−−−−−−

post[𝑅]p̃re[𝑅] ⟨℘(Q), ⊆⟩ (12.22)⟨℘(Q), ⊆⟩ −−−−−−−−→←−−−−−−−−
pre[𝑅]p̃ost[𝑅] ⟨℘(P), ⊆⟩ (12.23)
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Calculational Design of [In]Correctness Transformational Program Logics by Abstract Interpretation 7:15

means Hoare triple {𝐿1("̄)} S{𝐿2(𝑁)}. Without appropriate hypotheses on the abstraction, some
rules of Hoare logic like disjunction and conjunction may be invalid in the abstract, see counter-
examples and sufficient hypotheses in [Cousot et al. 2012, pages 219–221]. Similarly, [Gotsman
et al. 2011] provides a counterexample showing the unsoundness of the conjunction rule. This is
an argument for the use of a principled method for designing logics.

Another abstract logic [Bruni et al. 2023] combines an over approximation (for correctness) and
an under approximation (for incorrectness) in the same abstract domain.The “(relax)” rule requires
that the under approximation uses abstract properties $(") that exactly represent concrete prop-
erties " by requiring that 𝐿 ○ $(") = " . This restricts the concrete points that can be used in
the under approximation, and will be a source of incompleteness and imprecision for most static
analyses.

Under approximation is the order semidual of an over approximation, with abstraction ⟨℘(Σ"),⊆⟩ −−−→←−−−!" ⟨A, ⊒⟩ exploited e.g. in [Ball et al. 2005].The study by [Ascari et al. 2022] provides a number
of classic abstract domain examples showing the imprecision of such under approximation static
analyses, but for few exceptions like [Asadi et al. 2021; Miné 2014].

These under approximation approaches are based onTh. II.3.6 for fixpoint under approximation
by transfinite iterates. Termination proofs do not use an under approximation but instead an over
approximation and a variant function as, e.g., inTh. II.3.8. Alternatively, over approximating static
analysis is classic and variant functions can also be inferred by abstract interpretation [D’Silva and
Urban 2015; Urban 2013, 2015; Urban et al. 2016; Urban and Miné 2014a,b, 2015].
I.3.14 The Subhierarchy of Assertional Logics
Comparing logics means comparing their theories, that is their expressivity, through their respec-
tive abstractions of the collecting semantics (as formalized by fixpoint abstraction in Sect. II.2), and
comparing the induction principles induced by their abstractions (as formalized in Sect. II.3 by fix-
point induction). For example, figure 3 shows that Hoare logic and subgoal induction are different
but equivalent abstractions of the collecting semantics so have the same theory and equivalent but
different proof systems. Calculational Design of [In]Correctness Transformational Program Logics by Abstract Interpretation 7:45
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Fig. 3. Hierarchical taxonomy of transformational assertional logics

D.5 Partial Possible Accessibility of All Non-Final States From Some Non-Initial State
p̃ost!S"𝑃 ⊆ 𝑄⇔ ¬𝑄 ⊆ post!S"¬𝑃 ⇔ ¬𝑄 ⊆ post!S"!¬𝑃 ⇔ ¬𝑄 ⊆ ¬p̃ost!S"!𝑃 ⇔ p̃ost!S"!𝑃 ⊆ 𝑄

Thesignification is that for any state𝜎′ not in𝑄 there exists at least one initial state𝜎 not in 𝑃 and an execution
from 𝜎 that will terminate in state 𝜎′. Letting 𝑃 ′ = ¬𝑃 and 𝑄′ = ¬𝑄 , this is partial possible accessibility of all
final states from some initial state𝑄′ ⊆ post!S"𝑃 ′ from Sect. I.3.14.3.This shows that the under approximation
𝑄 ⊆ post!S"𝑃 is equivalent to an over approximation p̃ost!S"¬𝑃 ⊆ ¬𝑄 of the complement, that is, a proof by
contradiction.
D.6 Total Definite Accessibility of Some Final State From Some Initial State p̃re!S"𝑄 ∩ 𝑃 ≠ ∅⇔
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This states that there is at least one initial state in 𝑃 from which all executions do terminate in 𝑄 .
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⇔ 𝛼∩⟨𝜏1, 𝜏2⟩(𝑟) .⊇ 𝜏(𝑟) #pointwise def.
..⊆$

⇔ 𝜏1(𝑟) .∩ 𝜏2(𝑟) .⊇ 𝜏(𝑟) #def. 𝛼∩$
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..⊇ for pairs$
⇔ ⟨𝜏1(𝑟), 𝜏2(𝑟)⟩ ..⊇ 𝛿(𝜏(𝑟)) #def. 𝛿$
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Fig. 3. Taxonomy of assertional logics

These abstractions yield the hierarchical
taxonomy of assertional transformational
logics of Fig. 3, which is a subset of Fig. 2.
Fig. 3, with a larger instance in the appen-
dix A◯, is commented thereafter.

We use universal to mean for all initial
or final states and existential to mean there
exists at least one initial or final state. We
use reachability (often forward) for initial
to final states and accessibility (often back-
ward) for final to initial states. We use defi-
nite to mean “for all executions” and possible
to mean “for some execution” (maybe none).
In both cases, the qualification does not ex-
clude possible nontermination or blocking
states, which is emphasized by partial. We
use total to mean that all executions must
be finite. We use blocking to mean a state, which is not final, but from which execution cannot go
on. No such blocking states exist in the semantics !S"" of statements S in Sect. I.1.1 and II.1 but
would correspond e.g. to an aborted execution after a runtime error (like a division by zero).
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Exact fixpoint abstraction (cont’d)

Theorem (18.23, exact fixpoint abstraction in a complete lattice) Assume
that ⟨𝒞 , ⊑, ⊥, ⊤, ⊔, ⊓⟩ and ⟨𝒜 , ≼, 0, 1, ⋎, ⋏⟩ are complete lattices, 𝑓 ∈ 𝒞 ↗⟶ 𝒞
is increasing, ⟨𝒞 , ⊑⟩ −−−→←−−−𝛼𝛾 ⟨𝒜 , ≼⟩, 𝑓 ∈ 𝒜 ↗⟶ 𝒜 is increasing, and 𝛼 ∘ 𝑓 = 𝑓 ∘ 𝛼
(commutation property). Then 𝛼(lfp⊑ 𝑓) = lfp≼ 𝑓.

Proof of theorem 18.23 lfp⊑ 𝑓 and lfp≼ 𝑓 do exist by Tarski’s fixpoint theorem 15.6.𝛼(lfp⊑ 𝑓) = 𝛼 ∘ 𝑓(lfp⊑ 𝑓) !fixpoint property"
= 𝑓 ∘ 𝛼(lfp⊑ 𝑓) !commutation property"
so 𝛼(lfp⊑ 𝑓) is a fixpoint of 𝑓 proving that lfp≼ 𝑓 ≼ 𝛼(lfp⊑ 𝑓) for the least fixpoint.

• Inversely, 𝛼 ∘ 𝑓 = 𝑓 ∘ 𝛼 implies 𝛼 ∘ 𝑓 ∘ 𝛾 = 𝑓 ∘ 𝛼 ∘ 𝛾 ≼̇ 𝑓 since 𝛼 ∘ 𝛾 is reductive and 𝑓 is
increasing.

• By corollary 18.14 and ⟨𝒞 , ⊑⟩ −−−→←−−−𝛼𝛾 ⟨𝒜 , ≼⟩, 𝛼(lfp⊑ 𝑓) ≼ lfp≼ 𝑓.
• By antisymmetry, 𝛼(lfp⊑ 𝑓) = lfp≼ 𝑓.

“Ch. 18, Fixpoint Abstraction” – 21/36 – © P. Cousot, NYU, CIMS, CS
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10 Patrick Cousot

must go right. [. . . ] We explore our hypothesis by defining incorrectness logic, a
formalism that is similar to Hoare’s logic of program correctness [13], except that
it is oriented to proving incorrectness rather than correctness.” However, incor-
rectness logic is not Hoare incorrectness logic. It is su!cient but not necessary.
Assuming Q →= ω, we have

¬({P} S {Q}) →⇒⇐ [P ] S [¬Q ] (12)
⇔ ∃R ∈ ℘(ω) . [P ] S [R ] ≃R ⇐ ¬Q →= ⇒
⇔ ∃σ ∈ ω . [P ] S [ {σ} ] ≃ σ →∈ Q

The incompleteness of incorrectness logic [P ] S [¬Q ] to prove Hoare incorrect-
ness ¬({P } S{Q }) comes from the fact that we may have {P } S{Q′ } for some
Q′ ⊆ Q. Therefore we have to select R = ¬Q \Q′ to ensure completeness. How-
ever, the formula ∃R ∈ ℘(ω) . [P ] S [R ] ≃ R ⇐ ¬Q →= ⇒ is not a formula of the
incorrectness logic. Moreover, R can be reduced to a single state {σ} since a
single counter example is su!cient to prove Hoare incorrectness. This leads to
Hoare incorrectness logic.
Proof (of (12)).

[P ] S [¬Q ]

⇔ 〈P, ¬Q⇔ ∈ TIL!S" #incorrectness triple definition$
⇔ ¬Q ⊆ post!S"P #def. (7) of TIL!S"$
⇒ post!S"P ⇐ (¬Q) →= ⇒ #assuming Q →= ω so (¬Q) →= ⇒$
⇔ ¬(post!S"P ⊆ Q) #def. ⊆$
⇔ ¬(〈P, Q⇔ ∈ {〈P, Q⇔ | post!S"P ⊆ Q}) #def. ∈$
⇔ ¬(〈P, Q⇔ ∈ THL!S") #def. (6) of THL!S"$
⇔ ¬({P} S{Q}) #Hoare triple definition, Q.E.D.$
The converse is not true, as shown by the counter example ¬({true} x = 0{x →=
0 ≃ x →= 1}) holds but not [true] x = 0[x = 0 ∨ x = 1].

¬({P} S{Q}) #def. incorrect Hoare triple$
⇔ ¬(〈P, Q⇔ ∈ THL!S") #def. Hoare triple$
⇔ ¬(〈P, Q⇔ ∈ {〈P, Q⇔ | post!S"P ⊆ Q}) #def. (6) of THL!S"$
⇔ ¬(post!S"P ⊆ Q) #def. ∈$
⇔ ¬({σ′ | ∃σ ∈ P . 〈σ, σ′⇔ ∈ !S"} ⊆ Q) #def. post$
⇔ ¬(∀σ′ . (∃σ ∈ P . 〈σ, σ′⇔ ∈ !S")⇒ (σ′ ∈ Q)) #def. ⊆$
⇔ ∃σ′ . ∃σ ∈ P . 〈σ, σ′⇔ ∈ !S" ≃ σ′ →∈ Q #def. negation ¬$
⇔ ∃σ →∈ Q . ∃σ′ ∈ P . 〈σ′, σ⇔ ∈ !S" #commutativity and renaming$
⇔ ∃σ ∈ ω . ∃σ′ ∈ P . 〈σ′, σ⇔ ∈ !S" ≃ σ →∈ Q #def. ∃$
⇔ ∃σ ∈ ω . ∀σ′′ ∈ {σ} . ∃σ′ ∈ P . 〈σ′, σ′′⇔ ∈ !S" ≃ σ →∈ Q #def. ∈$
⇔ ∃σ ∈ ω . {σ} ⊆ {σ′′ | ∃σ′ ∈ P . 〈σ′, σ′′⇔ ∈ !S"} ≃ σ →∈ Q #def. ⊆$
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!def. →"
= {〈P, Q〉 | ∃P ′ . P ⊆ P ′ ∧ post#S$P ′ ⊆ Q} !def. ="
= {〈P, Q〉 | post#S$(P ) ⊆ Q}

!(≃) post#S$ is increasing, (⇐) taking P ′ = P , proving (6)"

(7) follows from (6) by ⊆-order duality. ⇒*

At this point, we could use Aczel correspondence between fixpoints and rules
to get sound and complete proof rules with common rules for statements and
di!erent consequence rules for Hoare and incorrectness logics.

This is not satisfactory since, for iteration, we can approximate the pre and
postconditions by the consequence rules but not the loop invariant itself. Requir-
ing the invariant to be the strongest would be too demanding. This is precisely
the point of fixpoint induction, which enables the use of consequences for the loop
invariant. Fixpoint induction di!ers for Hoare logic (which requires a fixpoint
over approximation) and incorrectness logic (which requires a fixpoint under
approximation).

7 Fixpoint induction

A sound and complete least fixpoint over approximation method is provided by
David Park [18,4].
Theorem 2 (Least fixpoint over approximation [18]). Let 〈L, +, ⇔, -, *,
⇒〉 be a complete lattice, f → L

i−→ L be increasing, and p → L. Then lfp! f + p
if and only if ∃i → L . f(i) + i ∧ i + p.
where the inductive invariant i is an over approximation of the strongest invariant
lfp! f .

For under approximation of least fixpoints, we can use the generalization [4]
of Scott-Kleene induction based on transfinite induction when continuity does
not apply and follows directly from the constructive version of Tarski’s fixpoint
theorem [8].
Theorem 3 (Fixpoint Under Approximation by Transfinite Iterates).
Let f → L

i−→ L be an increasing function on a cpo 〈L, +, ⇔, *〉 (i.e. every
increasing chain in L has a least upper bound in L, including ⇔ = *∅). P → L
is a fixpoint under approximation, i.e. P + lfp! f , if and only if there exists an
increasing transfinite sequence 〈Xω, ω → O〉 such that X0 = ⇔, Xω+1 + f(Xω) for
successor ordinals,

⊔
ω<λ X

ω exists for limit ordinals λ such that Xλ +
⊔

ω<λ X
ω,

and ∃ω → O . P + Xω.
Theorem 3 could have assumed the existence of a well-founded set 〈W, !〉 →Wf
to replace the ordinals 〈O, "〉. If f is continuous then ω = ω is the first infinite
ordinal.

Finally, to propose an alternative axiomatization of incorrectness, we will use
the following theorem.
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= {→P, Q〉 | ∃→Jn, n < ω〉 . J0 = ∅ ∧ Jn+1 ⊆ F ′
P (J

n) ∧Q ⊆ post!¬B"(
⋃

n<ω

Jn)}

#(⊆) By Galois connection →℘(X ), ⊆〉 ≃≃≃≃≃≃⇐⇒≃≃≃≃≃≃
post(r)

p̃re(r)
→℘(Y), ⊆〉 post!¬B" is in-

creasing so Q ⊆ post!¬B"(I) ⊆ post!¬B"(
⋃

n<ω Jn) and transitivity;
(⊇) take I =

⋃
n<ω Jn$

= {→P, Q〉 | ∃→Jn, n < ω〉 . J0 = ∅ ∧ Jn+1 ⊆ (P ∪ post(!B" % !S")(Jn)) ∧ Q ⊆
post!¬B"(

⋃

n<ω

Jn)} #def. F ′
P $

= {→P, Q〉 | ∃→Jn, 1 ! n < ω〉 . J1 = P ∧ Jn+1 ⊆ post(!B" % !S")(Jn) ∧ Q ⊆
post!¬B"(

⋃

1!n<ω

Jn)} #getting rid of J0 = ∅$

= {→P, Q〉 | ∃→Jn, n ⇔ N〉 . J0 = P ∧ Jn+1 ⊆ post(!B" % !S")(Jn) ∧ Q ⊆
post!¬B"(

⋃

n∈N
Jn)} #changing n+ 1 to n$

= {→P, Q〉 | ∃→Jn, n ⇔ N〉 . J0 = P ∧ Jn+1 ⊆ post!S"(Jn ∩ B!B") ∧ Q ⊆
(
⋃

n∈N
Jn) ∩ B!¬B"} #post!B"P = P ∩ B!B"$

= {→P, Q〉 | ∃→Jn, n ⇔ N〉 . J0 = P ∧ →Jn ∩ B!B", Jn+1〉 ⇔ {→P ′, Q′〉 | Q′ ⊆
post!S")P )} ∧Q ⊆ (

⋃

n∈N
Jn) ∩ B!¬B"} #def. ⇔$

= {→P, Q〉 | ∃→Jn, n ⇔ N〉 . J0 = P ∧ →Jn ∩ B!B", Jn+1〉 ⇔ TIL!S" ∧ Q ⊆
(
⋃

n∈N
Jn) ∩ B!¬B"} #def. TIL$ ./

Defining [P ] S [Q ] " →P, Q〉 ⇔ TIL!S", the calculational design of incorrectness
logic rules is as follows

J0 = P, [Jn ∩ B!B"] S [Jn+1], Q ⊆ (
⋃

n∈N
Jn) ∩ B!¬B"

[P ] while (B) S [Q]
(11)

Proof (of (11)). By structural induction (S being a strict component of while
(B) S), the rule for [P ] S [Q] have already been defined. By Aczel method, the
(constant) fixpoint lfp⊆ λX .S is defined by {∅

c | c ⇔ S}. So for while (B) S
we have an axiom ∅

{P} while (B) S {Q}
with side condition J0 = P, [Jn ∩

B!B"] S [Jn+1], Q ⊆ (
⋃

n∈N Jn)∩B!¬B"; Traditionally, the side condition is writ-
ten as a premiss, to get (11). ./

10 On Hoare Incorrectness

Incorrectness logic, a variant of reverse Hoare logic [21] was introduced by [17]
as a counterpoint of Hoare logic “When reasoning informally about a program,
people make abstract inferences about what might go wrong, as well as about what
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Proof (of (11)). By structural induction (S being a strict component of while
(B) S), the rule for [P ] S [Q] have already been defined. By Aczel method, the
(constant) fixpoint lfp⊆ λX .S is defined by {∅

c | c ⇔ S}. So for while (B) S
we have an axiom ∅

{P} while (B) S {Q}
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(6). So the rules for statements, but for iteration, are the same because all corre-
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for Hoare logic and the dual P ′ ⊇P, {P } S {Q }, Q⊇Q′

{P ′ } S {Q′ }
for incorrectness logic. As for iteration, fixpoint induction is the over approxi-
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Proof (of (10)). We let W =while (B) S.
TIL!W"
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Theorem 4 (Non empty intersection with abstraction of least fixpoint).
Assume that (1) →L, ", ⊥, $, %, &≃ is an atomic complete lattice; (2) f ⇐ L⇒ L

preserves nonempty joins &; (3) →L, "≃ −−−⇒−⇒←−−−−
ω

γ
→L̄, ⇔, !≃; (4) Q̄ ⇐ L̄ \{0} where

0 " ω(⊥); (5) There exists an inductive invariant I ⇐ L of f (i.e. f(I) " I); (6)
→W, #≃ is a well-founded set and ν ⇐ atoms(I)⇒W is a (variant) function; (7)
There exists a sequence →ai ⇐ atoms(I), i ⇐ [1,∞]≃ that (7.a) a1 ⇐ f(⊥), (7.b)
∀i ⇐ [1,∞] . ai+1 ⇐ atoms(f(ai)), (7.c) ∀i ⇐ [1,∞] . (ai /= ai+1) ⇒ (ν(ai) >
ν(ai+1), (7.d) ∀i ⇐ [1,∞] . (ν(ai) /> ν(ai+1)⇒ ω(ai)! Q̄ /= 0; Then, hypotheses
(1) to (7) imply ω(lfp! f)! Q̄ /= 0. Conversely (1) to (4) and lfp! f % γ(Q̄) /= ⊥
imply (5) to (7).

Notice that if L = ℘(Σ) then atoms(L) = {{x} | x ⇐ L} so that I ⇐ ℘(Σ) and ν
can be chosen in I ⇒ W instead of {{x} | x ⇐ I} ⇒ W . The proof of theorems
3 and 4 is given in [7].

8 Calculational Design of Hoare Logic

The calculus is by structural induction i.e. on the program syntax. The only
non-trivial case is iteration W = while (B) S. The theory of Hoare logic for
iteration is

THL(W) " post(∞,∈)(T !W") (8)
= {→P, Q≃ | ∃I . P ∈ I ∧ →I ∩ B!B", I≃ ⇐ THL(S) ∧ (I ∩ ¬B!B") ∈ Q}

Proof (of (8)).
THL!W"

= post(∞.∈)(T !W") #def. (6) of THL$
= {→P ′, Q′≃ | ∃→P, Q≃ ⇐ T !W" . →P, Q≃ ∞,∈ →P ′, Q′≃} #def. post$
= {→P ′, Q′≃ | ∃→P, Q≃ ⇐ T !W" . P ′ ∈ P ∧Q ∈ Q′} #component wise def. ∞,∈$
= {→P ′, Q′≃ | ∃P,Q . P ′ ∈ P ∧ post!¬B"(lfp⊆ F ′

P ) ∈ Q ∧Q ∈ Q′} #(5)$
= {→P ′, Q′≃ | ∃P . P ′ ∈ P ∧ post!¬B"(lfp⊆ F ′

P ) ∈ Q′}
#(∈) ∃Q . post!¬B"(lfp⊆ F ′

P ) ∈ Q ∧Q ∈ Q′ and transitivity;
(∞) take Q = Q′$

= {→P ′, Q′≃ | ∃P,Q . P ′ ∈ P ∧ lfp⊆ F ′
P ∈ Q ∧ post!¬B"(Q) ∈ Q′}

#(∈) take Q = lfp⊆ F ′
P ; (∞) post!B"P = P ∩ B!B" so post!B" is increasing$

= {→P ′, Q′≃ | ∃P,Q, I . P ′ ∈ P ∧ F ′
P (I) ∈ I ∧ I ∈ Q ∧ post!¬B"(Q) ∈ Q′}

#Park fixpoint induction Th. 2$
= {→P ′, Q′≃ | ∃Q, I . F ′

P ′(I) ∈ I ∧ I ∈ Q ∧ post!¬B"(Q) ∈ Q′}
#(∈) union hence F ′

P (X) = P ̸ post(!B" % !S")X is ∈-increasing in P so
P ′ ∈ P implies F ′

P ′(I) ∈ F ′
P (I) ∈ I. (∞) take P = P ′$

= {→P, Q′≃ | ∃I . F ′
P (I) ∈ I ∧ post!¬B"(I) ∈ Q′}
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→ ∃ω ∈ Σ . {ω} ⊆ post!S"P} ∧ ω &∈ Q #def. post!S"$
→ ∃ω ∈ Σ . ≃P, {ω}⇐ ∈ {≃P, Q⇐ | Q ⊆ post!S"P} ∧ ω &∈ Q #def. ∈$
→ ∃ω ∈ Σ . ≃P, {ω}⇐ ∈ TIL!S" ∧ ω &∈ Q #def. (7) of TIL!S"$
→ ∃ω ∈ Σ . [P ] S [{ω}] ∧ ω &∈ Q #def. incorrectness logic triple, Q.E.D.$
→ ∃R ∈ ℘(Σ) . [P ] S [R] ∧R ⇒ ¬Q &= ∅

#(⊆) take R = {ω};
(⊇) since R ⇒ ¬Q &= ∅, we have ∃ω ∈ R . ω &∈ Q and [P ] S [{ω}] since
otherwise we would have ¬(⇔ω′′ ∈ {ω} . ∃ω′ ∈ P . ≃ω′′, ω′⇐ ∈ !S") →
⇔ω′ ∈ P . ≃ω, ω′⇐ &∈ !S"), in contradiction with [P ] S [R] and ω ∈ R. $ -.

11 Calculational Design of Hoare Incorrectness Logic

Incorrectness logic being incomplete to prove Hoare incorrectness, we design a
sound and semantically complete Hoare incorrectness logic HL.

Let us consider the negation of X ∈ ℘(X ), to be α¬(X) ! ¬X (where ¬X
! X \X) with Galois isomorphisms ≃℘(X ), ⊆⇐ −−−−→−→∞∞−−−−−

ω¬

ω¬

≃℘(X ), ⊇⇐ and ≃℘(X ),

⊇⇐ −−−−→−→∞∞−−−−−
ω¬

ω¬

≃℘(X ), ⊆⇐. The theory of Hoare incorrectness logic is

THL!S" ! α¬(THL!S") (13)
For iteration W = while (B) S, the theory of Hoare incorrectness logic is
THL!W" = {≃P, Q⇐ | ∃n " 1 . ∃≃ωi ∈ I, i ∈ [1, n]⇐ . ω1 ∈ P ∧ ⇔i ∈ [1, n[ .

≃B!B" ⇒ {ωi}, ¬{ωi+1}⇐ ∈ THL!S" ∧ ωn &∈ B!B" ∧ ωn &∈ Q}
(14)

Proof (of (14)).
THL!W"

= α¬(THL!W") #def. (13) of THL!W"$
= α¬({≃P, Q⇐ | post!W"P ⊆ Q}) #def. (6) of THL!W"$
= {≃P, Q⇐ | ¬(post!W"P ⊆ Q)} #def. α¬$
= {≃P, Q⇐ | post!W"P ⇒ ¬Q &= ∅} #def. ⊆ and ¬$
= {≃P, Q⇐ | post!¬B"(lfp⊆ F ′

P ) ⇒ ¬Q &= ∅} #(5), F ′
P (X) ! P ∈ post(!B" % !S")X$

= {≃P, Q⇐ | lfp⊆ F ′
P ⇒ pre!¬B"(¬Q) &= ∅}

#post(R)P ⇒Q &= ∅ → P ⇒ pre(R)Q &= ∅$
= {≃P, Q⇐ | ∃I ∈ ℘(Σ) . F ′

P (I) ⊆ I ∧ ∃≃W, #⇐ ∈ Wf . ∃ν ∈ I → W . ∃≃ωi ∈ I,
i ∈ [1,∞]⇐ . ω1 ∈ F ′

P (∅) ∧ ⇔i ∈ [1,∞] . ωi+1 ∈ F ′
P ({ωi}) ∧ ⇔i ∈ [1,∞] .

(ωi &= ωi+1) ⇒ (ν(ωi) > ν(ωi+1) ∧ ⇔i ∈ [1,∞] . (ν(ωi) &> ν(ωi+1) ⇒ {ωi} ⇒
pre!¬B"(¬Q) &= 0} #induction principle Th. 4$

= {≃P, Q⇐ | ∃I ∈ ℘(Σ) . P ⊆ I ∧ post(!B" % !S")I ⊆ I ∧ ∃≃W, #⇐ ∈ Wf . ∃ν ∈
I → W . ∃≃ωi ∈ I, i ∈ [1,∞]⇐ . ω1 ∈ P ∧ ⇔i ∈ [1,∞] . (ωi+1 ∈ P ∨ {ωi+1} ⊆
post(!B" % !S"){ωi}) ∧ ⇔i ∈ [1,∞] . (ωi &= ωi+1) ⇒ (ν(ωi) > ν(ωi+1) ∧ ⇔i ∈
[1,∞] . (ν(ωi) &> ν(ωi+1)⇒ ωi ∈ pre!¬B"(¬Q)}



80

12 Patrick Cousot

!def. F ′
P (X) ! P → post("B# $ "S#)X, ⊆, and post, which is ∅-strict%

= {〈P, Q〉 | ∃I ≃ ω(Σ) . P ⊆ I ⇐ post("B# $ "S#)I ⊆ I ⇐ ∃〈W, "〉 ≃ Wf .
∃ν ≃ I ⇒ W . ∃〈σi ≃ I, i ≃ [1,∞]〉 . σ1 ≃ P ⇐ ∀i ≃ [1,∞] . {σi+1} ⊆
post("B# $ "S#){σi} ⇐ ∀i ≃ [1,∞] . (σi ⇔= σi+1) ⇒ (ν(σi) > ν(σi+1) ⇐ ∀i ≃
[1,∞] . (ν(σi) ⇔> ν(σi+1)⇒ σi ≃ pre"¬B#(¬Q)}

!since if σi+1 ≃ P , we can equivalently consider the sequence 〈σj ≃ I,
j ≃ [i+ 1,∞]〉%

= {〈P, Q〉 | ∃I ≃ ω(Σ) . P ⊆ I ⇐ post("B# $ "S#)I ⊆ I ⇐ ∃n # 1 . ∃〈σi ≃ I, i ≃
[1, n]〉 . σ1 ≃ P ⇐∀i ≃ [1, n[ . {σi+1} ⊆ post("B#$"S#){σi}⇐σn ≃ pre"¬B#(¬Q)}

!(⊆) By 〈W, "〉 ≃ Wf, ν ≃ I ⇒ W , ∀i ≃ [1,∞] . (σi ⇔= σi+1) ⇒
(ν(σi) > ν(σi+1), the sequence is ultimately stationary at some rank n.
For then on, σi+1 = σi, i # n and so ν(σi) = ν(σi+1). Therefore ∀i ≃
[1,∞] . (ν(σi) ⇔> ν(σi+1)⇒ σi ⇔≃ Q implies that σn ≃ pre"¬B#(¬Q);
(⊇) Conversely, from 〈σi ≃ I, i ≃ [1, n]〉 we can define W = {σi | i ≃
[1, n]} → {−∞} with −∞ < σi < σi+1 and ν(x) = &x ≃ {σi | i ≃ [1, n] ?
x : −∞ ' and the sequence 〈σj ≃ I, j ≃ [1,∞]〉 repeats σn ad infimum
for j # n.%

= {〈P, Q〉 | ∃I ≃ ω(Σ) . P ⊆ I ⇐ post("B# $ "S#)I ⊆ I ⇐ ∃n # 1 . ∃〈σi ≃ I, i ≃
[1, n]〉 . σ1 ≃ P⇐∀i ≃ [1, n[ . {σi+1} ⊆ post("B#$"S#){σi}⇐σn ⇔≃ B"B#⇐σn ⇔≃ Q}

!def. pre%
= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . {σi+1} ⊆

post("B# $ "S#){σi} ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q}
!I is not used and can always be chosen to be Σ%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . post("B# $
"S#){σi} ∩ {σi+1} ⇔= ∅ ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !since x ≃ X ∞ X ∩ {x} ⇔= ∅%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . post("B# $
"S#){σi} ∩ ¬(¬{σi+1}) ⇔= ∅ ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !def. ¬X = Σ \X%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . ¬(post("B# $
"S#){σi} ⊆ (¬{σi+1})) ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !¬(X ⊆ Y )∞ (X ∩ ¬Y ⇔= ∅%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ .
¬(post("S#)(B"B# ∩ {σi}) ⊆ (¬{σi+1})) ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q}

!def. post, "B#, and $%
= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . 〈B"B# ∩ {σi},

¬{σi+1}〉 ≃ {〈P, Q〉 | ¬(post("S#)P ⊆ Q)} ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !def. ≃%
= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . 〈B"B# ∩ {σi},

¬{σi+1}〉 ≃ THL"S# ⇐ σn ⇔≃ B"B# ⇐ σn ≃ Q} !def. THL"S#% ∈3
Defining &P ' S &Q ' ! 〈P, Q〉 ≃ THL"S#, the calculational design of incorrect-

ness logic rules is as follows,
∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐

∀i ≃ [1, n[ . &B"B# ∩ {σi} ' S &¬{σi+1} ' ⇐
σn ⇔≃ B"B# ⇐ σn ⇔≃ Q

&P ' while (B) S &Q '
(15)
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P (X) ! P → post("B# $ "S#)X, ⊆, and post, which is ∅-strict%
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x : −∞ ' and the sequence 〈σj ≃ I, j ≃ [1,∞]〉 repeats σn ad infimum
for j # n.%

= {〈P, Q〉 | ∃I ≃ ω(Σ) . P ⊆ I ⇐ post("B# $ "S#)I ⊆ I ⇐ ∃n # 1 . ∃〈σi ≃ I, i ≃
[1, n]〉 . σ1 ≃ P⇐∀i ≃ [1, n[ . {σi+1} ⊆ post("B#$"S#){σi}⇐σn ⇔≃ B"B#⇐σn ⇔≃ Q}

!def. pre%
= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . {σi+1} ⊆

post("B# $ "S#){σi} ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q}
!I is not used and can always be chosen to be Σ%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . post("B# $
"S#){σi} ∩ {σi+1} ⇔= ∅ ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !since x ≃ X ∞ X ∩ {x} ⇔= ∅%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . post("B# $
"S#){σi} ∩ ¬(¬{σi+1}) ⇔= ∅ ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !def. ¬X = Σ \X%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . ¬(post("B# $
"S#){σi} ⊆ (¬{σi+1})) ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !¬(X ⊆ Y )∞ (X ∩ ¬Y ⇔= ∅%

= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ .
¬(post("S#)(B"B# ∩ {σi}) ⊆ (¬{σi+1})) ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q}

!def. post, "B#, and $%
= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . 〈B"B# ∩ {σi},

¬{σi+1}〉 ≃ {〈P, Q〉 | ¬(post("S#)P ⊆ Q)} ⇐ σn ⇔≃ B"B# ⇐ σn ⇔≃ Q} !def. ≃%
= {〈P, Q〉 | ∃n # 1 . ∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐ ∀i ≃ [1, n[ . 〈B"B# ∩ {σi},

¬{σi+1}〉 ≃ THL"S# ⇐ σn ⇔≃ B"B# ⇐ σn ≃ Q} !def. THL"S#% ∈3
Defining &P ' S &Q ' ! 〈P, Q〉 ≃ THL"S#, the calculational design of incorrect-

ness logic rules is as follows,
∃〈σi ≃ I, i ≃ [1, n]〉 . σ1 ≃ P ⇐

∀i ≃ [1, n[ . &B"B# ∩ {σi} ' S &¬{σi+1} ' ⇐
σn ⇔≃ B"B# ⇐ σn ⇔≃ Q

&P ' while (B) S &Q '
(15)
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