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)

- Abstraction of the relational into a nondeterministic Plotkin/-
Smyth/Hoare denotational /functional semantics;

- Abstraction of the natural/demoniac relational into a determin-
istic denotational /functional semantics; Scott’s semantics;

- Abstraction of nondeterministic denotational semantics to weakest
precondition /strongest postcondition predicate transformer se-
mantics;

- Abstraction of predicate transformer semantics to a la Hoare ax-
iomatic semantics; Program proof methods;

e Extension to the A-calculus.
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Content

Application of abstract interpretation ideas to the design of formal
semantics:

e Examples of abstract interpretations;
e Abstraction of fixpoint semantics;
- Maximal trace semantics of nondeterministic transition systems;
- Abstraction of the trace into a natural /demoniac/angelic relational
semantics;
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EXAMPLES OF ABSTRACT INTERPRETATIONS
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Applications of Abstract Interpretation

e Mainly used for specifying program analyzers constructively derived
from a formal semantics;

e Such analyzers can be used to statically and fully automatically de-
termine run-time properties of programs;

e Such run-time information can be used in complement to classical pro-
gram provers, model-checkers, ... for program verification (abstract
debugging, ...) and transformation (compiler optimization, partial
evaluation, parallelization, ...);

e We will show that abstract interpretation can be used to relate and
design program semantics (and program proof methods).
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Program Analysis by Abstract Interpretation
e (Bit-vector) data flow analysis;

e Strictness analysis and comportment analysis (generalizing strictness,
termination, projection and PER analysis);

e Binding time analysis;

e Pointer analysis;

e Set/grammar-based analysis;

e Data dependence analysis (e.g. for vectorization/parallelization);

e Descriptive/soft and prescriptive (polymorphic) typing and type in-
ference;

e Effect systems;

© P. Cousot 7 MPI-Kolloquium, Max-Planck-Institut fiir Informatik, Saarbriicken, 2. Juni 1997

Approximation

e The central idea of abstract interpretation **is that of approxima-
tion;

e A program analyzer computes a finite approximation of the infinite
set of possible run-time behaviors of the program for all possible
execution environments (inputs, interrupts, ...);

e A program semantics specifies an approximation of the run-time
program behaviors in all possible execution environments abstracting
away from implementation details.

2 P, Cousot and R. Cousot. Abstract interpretation: a unified lattice model for static analysis of programs by construction or approximation of
fixpoints. In Conference Record of the Fourth Annual ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages, pages
238-252, Los Angeles, California, 1977. ACM Press, New York, New York, Usa.

3 P. Cousot and R. Cousot. Systematic design of program analysis frameworks. In Conference Record of the Sivth Annual ACM SIG-

PLAN-SIGACT Symposium on Principles of Programming Languages, pages 269-282, San Antonio, Texas, 1979. ACM Press, New York,

New York, usa.
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Program Debugging by Abstract Interpretation

e SYNTOX " by Francgois Bourdoncle: interval analysis for PASCAL
programs;

e For abstract debugging, the user can provide:

- Invariant assertions: {% .. %},
- Intermittent assertions: {% .. ? %} (termination is required by
{% true 7 %} before final end.),

e At each program point the analysis provides for each numerical vari-
able v a corresponding invariant interval assertion (v [1..h]). A
star (*) on one of the bounds (first: First Condition, next: »,
previous: «) indicates a necessary condition in the form of a run-time
check to be inserted in the program for the user assertions to be sat-
isfied. A sharp # indicates a possible overflow.
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|File| [Options| | Analyze| |Edit| [Hide| [Show]

File: /users/absint2/cousot/bin/Syntox/programs/MacCarthy1.p

program HacCarthy(input,output); (* MaccCarthy’s 91-function *)

var x, m : integer;

function MC(n : integer) : integer;
begin
if (n > 100) then
HMC := n-10
else begin
MC := MC(MC(n + 11))

end;
end;

begi m top
it x [lo..101]*

l:ea(l(x) o

m := MC(x); $1 top ?

{5m =91 7 %}
(* Intemmittent assertion enforcing MC(x) = 91 *)

(* The debugger will determine necessary conditions *)
(* on "x" to ensure that “MC(x) = 91" or "MC" loops *)
end.

| Negation | lterations: B 3 EI i

L F. Bourdoncle, Abstract Debugging of Higher-Order Imperative Languages, Proc. PLDT'93, ACM Press, 1993, pp. 46-55.
5 http://wwu.ensmp.fr/ bourdonc/syntox.tar.Z
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|File| [Options| | Analyze| |Edit| [Hide| [Show] File| [Options| |Analyze| |Edit| [Hide| Show
File: /users/absint2/cousot/bin/Syntox/programs/MacCarthy0.p File: /users/absint2/cousot/bin/Syntox/programs/MacCarthy2.p

program HacCarthy(input,output); (* MaccCarthy’s 91-function *) program HaccCarthy(input,output);

var x, m : integer; (* Generalization of HMacCarthy’s 91 function *)
function MC(n : integer) : integer;
begin
if (n > 100) then
HC := n-10
else begin
MC := MC(MC(n + 11))

var X, m : integer;

function HMC(n: integer): integer;
begin
writeln(n);
if (n <= 100) then

end; HMC := HMC(MC(HMC(MC(HC(MC(HC(HMC(HC(HMC(n + 91))))))))))
end; else
HMC := n-10
bhegin end;
read(x);
1= MC(x); begin
ez itoln (n) B read(x);
end. n [91..hi-10] (% x <= 101 %)
x top o T — m !H 101]
. riteln(‘res = ’, m X o..
$1 [91..hi-10] end. $1 91

<« | First Condition: | Negation Iterations: B 3 E| B ; | Negation | Iterations: B 3 E| B
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File| |Options| |Analyze| |Edit| [Hide| Show

File: /users/absint2/cousot/bin/Syntox/programs/MacCarthy3.p

program HMaccCarthy(input,output);

(* Generalization of HacCarthy!s 91 function with error *)

»

var X, m : integer;

function HMC(n: integer): integer;
begin
writeln(n);
if (n <= 100) then
HMC :=MC(MC({HC(HMC(HC (HMC(HC(MC(MC(MC(n + 90))))))))))
(* Error ! *)

else
MC := n-10
end;

begin m ton 2

p 7
read(x); .
m := MC(x); x *[101. .hi]

writeln(’res=", m); $1 top ?

{% true ? %}

| Negation | lterations: [-| 3 [+] -
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e Arithmetic x =1 mod 2
congruences ™: Ay =0mod 2

e Interval x € [0, 2] mod 4
congruences ’: Ay = [0, 1] mod 3

8 p. Granger. Static analysis of arithmetical congruences. Int. J. of Comp. Math., 30:165-190, 1989.
sis of interval congrue: n D. Bjorner, M. Broy, and LV. Pottosin, editors, Proc. FMPA, Academgorodok,
5, pages 142-155. Springer-Verlag, June 28-July 2, 1993.

9 F. Masdupuy. Semanti
Novosibirsk, Russia, LNC:
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Examples of independent numerical abstractions
Y

e Signs’: x>0 4
ANy>0 XX
X
1
\ T
I
y 1
e Intervals™ 1<zx<5 41
N1 yS4 353
X
1 x
xr

6 P. Cousot & R. Cousot. Systematic design of program analysis frameworks. Tn 6% POPL, pages 269-282, San Antonio, Texas, 1979. ACM
Press.

7 P. Cousot and R. Cousot.
pages 106-130. Dunod, 1976.

tic determination of dynamic properties of programs. In Proc. 24 International Symposium on Programming,
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Examples of relational numerical abstractions

e Linear equalities : —3r+4y=1 f /

=

xr
y 1 5
e Simple sections': 1<z<5h 41
Nl1<y<4
AN3<z+4+y<T
xr

10 M. Karr. Affine relationships among variables of a program. Acta Inf., 6:133-151, 1976.
11
V.

sundaram and K. Kennedy. A technique for summarizing data access and its use in parallelism enhancing transformations. In
SIGPLAN’89 PLDI, pages 41-53, Portland, Ore., June 21-23, 1989.
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<

e Linear inequalities ™ 3r+y
A 2x+y

INIVIN IV

AN x+ 3y

—
w
—_
b
C—>
S

I~
T‘

e Linear 2 +y = 1 mod 2
congruences *: A = 0 mod 2

<
|

8

—c/ >L o>

12 p Cousot and N. Halbwachs. Automatic discovery of linear restraints among variables of a program. In 5 POPL, pages 84-97, Tucson,
Arizona, 1978. ACM Press.

13 P Granger. Static analysis of linear congruence equalities among variables of a program. In S. Abramsky and T.S.E. Maibaum, editors,
TAPSOFT’91, Proc. Int. Joint Conf. on Theory and Practice of Software Development, Brighton, UK., Volume 1 (CAAP’91). LNCS 493,
pages 169-192. Springer-Verlag, 1991.
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ABSTRACTION OF FIXPOINT SEMANTICS
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14, 15.

e Trapezoidal congruences
Ay 4 J e | R
A

14 P, Masdupuy. Using abstract interpretation to detect array data dependencies. In Proc. International Symposium on Supercomputing, pages
19-27, Fukuoka, Japan, Nov. 1991. Kyushu U. Press.

15 g Masdupuy. Array operations abstraction using semantic analysis of trapezoid congruences. In Proc. ACM International Conference on
Supercomputing, 1CS’92, pages 226-235, Washington D.C., July 1992.
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Fixpoint Semantics Specification (D, F)

o (D, C, 1, 1) Semantic domain
- (D, C) poset
-1 infimum
-U (partially defined) least upper bound

eFeDD

e The iterates of F from L are assumed to be well-defined: FU 2 4,
FO+l — P(F%) and FA 2 5|2|)\ FO X limit ordinal;

Total monotone semantic transformer

e The semantics is S 2 lfpf F = F€ where € is the order of the
iterates (i.e. the least ordinal such that F'(F€) = F°).
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Benefits of a Fixpoint Presentation of the Semantics

16.

e Many other equivalent possible presentations
- equational,
- constraint,
- closure condition,
- rule-based,

- game-theoretic;

16 p, Cousot and R. Cousot. Compositional and inductive semantic definitions in fixpoint, equational, constraint, closure-condition, rule-based
and game-theoretic form, invited paper. In P. Wolper, ed., Proc. 7th Int. Conf. on Computer Aided Verification, CAV '95, LNCS 939, pp
293-308. Springer-Verlag, 3-5 July 1995.
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e By approximation, fixpoints directly lead to iterative program analy-
sis algorithms '™ *;

e Fixpoint presentation of the semantics is not always possible (without
further refinement of the semantic domain).

17 p. Cousot and R. Cousot. Abstract interpretation: a unified lattice model for static analysis of programs by construction or approximation of
fixpoints. In Conference Record of the Fourth Annual ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages, pages
238 252, Los Angeles, California, 1977. ACM Press, New York, New York, USA.

18 p. Cousot and R. Cousot. Systematic design of program analysis frameworks. In Conference Record of the Sizth Annual ACM SIG-
PLAN-SIGACT Symposium on Principles of Programming Languages, pages 269-282, San Antonio, Texas, 1979. ACM Press, New York,
New York, Usa.
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e Fixpoints directly lead to proof methods, e.g.:
- Scott induction:
P(1) N VX :P(X)= P(F(X)) A P admissible
= P(lfp_ F)
(with the hypotheses of Kleene’s fixpoint theorem);
- Park induction:
lip- FC P
<~ dI:FUI)CI ANICP
(with the hypotheses of Tarski’s fixpoint theorem).
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Abstraction of Fixpoint Semantics

e Concrete semantics fixpoint semantics:
- (D, C) concrete semantic domain
- S[r] € D concrete semantics of 7

2 lfpf F where F € D — D is C-monotonic

e Abstraction function: o € D —— D*

e Abstract semantics fixpoint semantics:
- D¢ abstract semantic domain
- $4[r] £ a(S[r]) € D?

e Fixpoint characterization problem:
- Find Eﬁ and F* € DF /= Dt Eﬁ—monotonic such that:

abstract semantics of 7

C ct
a(lfpi F) = lfplﬁ F*
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Kleene Fixpoint Transfer Theorem

If (D, F?) and (D, F®) are semantic specifications and
a(lh) = 1f
Ftoa = ao F"

V C-increasing chains XEb-, keA: o |_|t XE) = |_|ﬁ oz(X,E)
KEA KEA

then
g i
alfp” Ff) = 1p- F*

Note: The condition F¥ o v = a¢ o F? provides guidelines for designing
F* when knowing F' 7 and .
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Convergence

The convergence of the abstract iterates for F? (at €') is at least as fast
as the convergence of the concrete iterates for F' (at €, i.e. ¢ < ).

Proof
F(X¥) = X* hypothesis
= a(F(XY) = a(X¥)
= FHa(X™) = a(X*)  since Ftoa = a o F*
=  F{X¥) = X¥ since X* = a(X*)
= € <e
O
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Sketch of Proof of Kleene Fixpoint Transfer Theorem

_Lﬁ:Xho )fnl Xﬁ/-i )Sﬁ/wrl Xﬁw jiw+1 XﬁE: lfp Fﬁ
¢ y " " )
F ot W ot
0% « (7 (0% « (67 (&%
F F F F
f: Xbo Xhl an'i Xun—{—l hw h<.u+1 Xhez lfp Fu
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Abstraction function

e An important particular case of abstraction function:
a € (D4 C% —— (DF, Ch)
is when « preserves existing lubs:
b i
af| J'w) =] al=)
ISVAN €A

e [n this case there exists a unique v € (Dﬁ7 Eﬁ> — <Dn, Eh) such
that the pair (a, 7) is a Galois connection.
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Galois Connection
Given posets (D, T and (DF, T, a Galois connection is a pair
of maps such that:
o € DI—— Df
v € D! —— DA
Ve e Dl Vy e Dl a(x) Ty < 2 Tl y(y)

in which case we write:

Tarski Fixpoint Transfer Theorem

If (Dh, co, 10, |_|h> and (DF, CF, 1%, LI%) are complete lattices, Fie

DI Dh, F*¥ e D+ DF are monotonic and
— « is a complete [M-morphism (a)
vy € DF - Fﬁ(y) EﬁyéﬂxEDu:a(x):y/\Fn(x) Cha

=
O
N

—
o
~

D by 7 then
(D", £ == (D%, C¥) y y
- = i - = ﬁ

: o . . : a(lfp” F7) =1fp F

If «v is surjective then we have a Galois insertion and write: (Ifp ) P
Y
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Example of Galois Connection: Elementwise Abstraction Proof

o [f
-eeDl—— DF
-« € p(DY) — (D)
a(X) £ {o(x) |z € X}
- v € p(D¥) — (DY)
1Y) ={z]e(x) e Y}
then

1> M

y
(p(DY), C) == (p(D), ©)
If @ is surjective then so is .

Proof a(X)CY < {e(z)|ze X} CY eVre X :0x) Y
S XC{z|ez)eY} e X CH(Y) D
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since « is monotonic by (a)
= Floa(z)Cf a(x) by (b)

by (¢) and (d)

) MHalz) | Fie) Cf o} = Mf{y | Fi(y) Cfy) by (e)
= a(M{z | Fi(z) Cha}) = My | Fi(y) CF y} by (a)
i #
= a(lfpg Fh) = lfpE r! by Tarski’s fixpt th.
O
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TRACE SEMANTICS
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Sequences
Finite Sequences
o A non-
§A [
e V2 ()
OAﬁé[O,n—l}v—MA when n >0

empty alphabet
empty sequence

finite sequences
of length n

o N, 4 {neN|n>0} positive naturals

>

o AT U AT non-empty

neNL
o AR AT UL

. 7 A
e The length of a finite sequence o € A" is |o| = n;

finite sequences

finite sequences
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Transition System Infinite Sequences
e A transition system is a pair (X, 7) where: o AY 2 N—— A infinite sequences
-2 is - v) set of states A F 7
Y is a (non-empty) set of states, e AX A AF U AG sequences
- We could also consider actions as in process algebra, ASA 4 ing e ‘
. . . . . ° = U non-empty sequences
-7 C X x X is the binary transition relation between a state and its

possible successors;

o We write s 7 s’ or 7(s,s') for (s, s') € 7 using the isomorphism
PEXY)~ (X xX)— B;

B2 {tt, ff} is the set of boolean values;

o2 {seX | Vs €X:~(s7s)}is the set of final/blocking states.
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e The length of an infinite sequence o € A% is |0 2w

@© P. Cousot 36
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Junction of Finite Sequences

e Joinable non-empty finite sequences:
ag...op1 7 Py B Mt apg = o

e Their join is:

ap ... O

60 61-~- 6”%—1
s A
ap...ap 1 Po-Bm—1 =00 ... ap1 PBr - B
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ag...op... 7 Bo... Byt s true
ap...Qp. .. 750...6771... is true
ap...0p_q /760---ﬂm--' iﬁag,1:ﬂ0

e Their join is:

— A
ag...op... By Bl =ag ... ap
~ A
ap...Qp. .. ﬁo...ﬁm...:a()... Gy
(@7 IR e 7/ |
Bo B B

>

Cko...aé'_lf\ﬂo...ﬁm... Oé()...()ég_lﬁl...ﬂm...

© P. Cousot 39 MPI-Kolloquium, Max-Planck-Institut fiir Informatik, Saarbriicken, 2. Juni 1997

Junction of Infinitary Sequences

e Joinable infinitary sequences:
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Junction of Sets of Sequences

e For sets A and B € gp(A&) of non-empty sequences, we have:
-AABé{aAﬁ]aeA/\BEBAa?ﬂ} junction
e AT ( U BL) = U (AABL) and ( U AL) ~B= U (ALAB)
€A €A €A 1€EA
e Not co-continuous on p(AX) | Counter example (A = {a}):
- A={a"},
- B, = {aé | ¢ € NAL>n}, neNisa C-decreasing chain,
-A7 (N Bp)=0and () A~ By) = {a*}.
neN neN
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Trace Semantics

e (X, 7) transition system
OTﬁé{O’EEﬁ’Vi<TL—1ZO‘Z'TO'Z'_H}
partial traces of length n

o7 2 {seX|Vsd ey :~(s7s)} final /blocking states

7 A 7 .
oer"={ocer"|op_1 €T} complete traces of length n
TA 7 .
o7t = U T finite complete traces
TLGN+

e 2 {sex’|VieN:0; 704}

> A - —
e T®=rturY

infinite traces

complete traces

© P. Cousot 41 MPI-Kolloquium, Max-Planck-Institut fiir Informatik, Saarbriicken, 2. Juni 1997

Sketch of Proof of lfpwg F‘F = U 7'{ = T—F
i€N+
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Fixpoint Characterization of .
(finite complete execution traces)

=1ty FF

where the set of finite traces transformer F is:

Frx) 2 7lur? - x

Note: FF isa complete U-morphism: | J F;(Xi) = Fl(U X;).

7 7
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Fixpoint Characterization of ¥
(infinite execution traces)

— g —
T = gofp _F¥
ZW
where the set of infinite traces transformer FY% is:

Fo(x) 2

X
Note: F9 is a complete N-morphism: () F9(X;) = F(N X;).
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Sketch of Proof of gfp; F = Py = @

neN
0
X oo o o oo o o "
1
X t
—po—0o—0o—o—0o—0o 06— """
2
X t oot
—po—Ppeoe—o o oo o 0 "
n
X t ottt t .t
00— p0—50 - 0—PO—PO o "
w
X t ot .t _t t ot .t .t
. . . .. *H. - HHHH lllll
0 1 2 3 ni n
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then:
o (p(X%), £, 1%, U®) is a complete lattice (resp. cpo)

e [°° is monotonic (resp. continuous, a complete join morphism)

— ind —
- 5 c+ - = .
olfp . F®=1fp _ Ftulfp _ F¥
1% 1% 1%
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(Trivial) bi-fixpoint theorem

If ° 2;7 9 s a partition of 30

o <p(2‘p), E;, J_J;, I_I‘T:> (resp. (p(2¥), C¥, 19, L¥)) is a com-
plete lattice (resp. cpo)

oIt € p(EJ') — p(E‘F) (resp. F¥ € p(9) 2 o(2¥) is
monotonic (resp. continuous, a complete join morphism)

e XTEXNNt X922 xnxd

o FR(X) 2 P(xF) U Fé (X%

e XCRY R XTCFy T AX9dys

o 12 Ty

o XX 2T XU xS

Approximation and Computational Orderings

o (p(NX), £, 1%, ) is a complete lattice (or cpo) for the com-
putational ordering an;

o (p(ZOE’), C, 0, Uy is a complete lattice for the approzimation or-
dering C (logical implication);

e Sometimes further abstractions identify C% and C (e.g. strictness
analysis).
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Fixpoint Characterization of 70
(complete execution traces)

® _ T8 < oF > 5 S
T =7rTuUr* =1fp FT U lfp _F* =1fp _ F
0 & Ee

by the bifixpoint theorem where the set of complete traces transformer
F™> is:

FR(X) 2 7l u X
Proof
FR(X) 2 FI(XT)UF(X7)

=AUl xfursiox?

=usl- (X; U X

= usi-x
O
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Scott’s thesis (slightly revisited)

The semantics of a program can be expressed as the least fixpoint of a
continuous operator (even in presence of unbounded nondeterminism),
for a sufficiently refined semantic domain.
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Continuity of the trace transformer F®(X)

Unbounded non-determinism does not imply absence of continuity of
the transformer of the fixpoint semantics:

Proof
|_|°6 FR(X) = |_|°o U x
- O(Tf urt - XH o - X
RS (Jxu hx,@)
= F%(I_lw X:) |
)
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TRANSITION VERSUS TRACE SEMANTICS

he)
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Maximal Trace Semantics/Transition Semantics

The transition/small-step operational semantics is an abstraction of the
maximal trace semantics:

T = aT(Toa)

where
e the abstraction collects possible transitions a7 (1") 4 {(s, sy | Jo €
Y idole XX o885 0" €T}

. . . . . Az
e the concretization builds maximal execution traces 7 (t) = t*;
T

* (p(E%), ©) == (p(Z x D), ).
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@© P. Cousot

RELATIONAL SEMANTICS
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The Transition Abstraction is Approximate

In general:
T S A (e’(T))
Counter-example:
- set of fair traces T = {a"b | n € N}

a’(T) = {{a, a),(a, b)}
-7 (a’(T)) = {a"b | n € N} U {a“} is unfair for b.
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Finite Relational Abstraction

Replace finite execution traces ooy . . . 0,1 by their initial /final states

<U()a Un—1>:

0@+€Z;r—>

(3 x %)

e (0) £ (00, 0p_1), nEN;, gEXT

e (
7(
o (p(zh), C)

@© P. Cousot

X)—{©+( )| o€ X}
V)2 (o] et(0) € Y}

s

—— (p(ExX), C)

«Q

56
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Finitary Relational Semantics
of a Transition System (X, 7)

e Finitary relational / big-step operational / natural semantics:
- c -
T at(rT) = a+(lfpwf FT)

e Fixpoint characterization:

C
7t = lqu; Ft
FHX)2+UToe X
72 {(s,s) €0 | Vs eX:=(s75)}
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e o™ is a M-morphism but not co-continuous hence not a complete

N-morphism.
Proof
-xk2a {a"b|n >k}
- Xk I e N is C-decreasing
- Nien, @ (X7) = Mper, {{a, B} = {{a, )}
- ﬂk:eN+ X* = 0 since a”b € ﬂkel\h Xk forn e N4 is in contra-
diction with b ¢ X"*!
- &t (M, XM =a®(0) =0
O

e [t follows that Tarski fixpoint transfer would not have been applicable.
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Proof
—at(®) £ {et(0) o e} =0
ToFT = AX-at(rlur? ™ X)
= )\X-oﬁ(TT)Uoﬁ(Tﬁ’\X) _
= AX{(s,s) e | Vs eXx (s T s u a+(T§”X)
= AX-7U{e(n ¢ nerPAEeX AnT ¢}
= X7 UL, &u) |0 7 EgAn € Ny A E € X NETY
= AX-7FU{(s, §) | T :sT7 "N, &) € aT(X)}
= AX:-7UToa"(X)
= Ftoa™T
is continuous (Galois connection)
-1t = oﬁ(lfp; F;) = lfpmg F* by Kleene’s fixpoint transfer th.
U
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-at
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Infinitary Relational Abstraction

Replace infinite execution traces ogoy . ..oy ... by their initial state

(00, L), making non-termination by Scott’s L:

e¥eXY—— N x {1}
1% non-termination notation
@“(0) 2 <O’0, 1), 0ex?

. QW(X) = {@“’( )|oe X}
P(Y) £ {0 | €(0) € Y}

w

* (p(9). ©) == (p(S x (1)), ©)

19 o isomorphically a¥ € p(£9) —— o(%).
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e " is a complete U-morphism (Galois connection, hence continuous)
and a MN-morphism but not co-continuous.

Proof
- XF 2 (g | > k)
-X k, k € Ny is C-decreasing
= Nien, (X% = Nien, {{a, D} = {{a, 1}
- Nken, XF = 0 since a0 € ke, X% for n € Ny is in contra-
diction with ab® ¢ X"+
- a¥(Ngen, XM) = a®(0) =0
O

e [t follows that Kleene dual fixpoint transfer does not apply.
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Proof
e o is a complete U-morphism (G.c.) hence a complete meet mor-
phism for D. .
e a¥o FY = \X-a¥(r2 "~ X) .
= \X{e(n &) [nerAEEX AT E)
= AX{{no, D |ny7&AEe X}
= AX{(s, 1) | I :s7 A, L) € a¥(X)}
= AX:7oa¥(X)
= FWo ¥
e We prove that VY € p(2 x {1}) : F¥(Y) 2 Y = 3X € 29 .
a¥(X)=YAF9X)D X
-X2{oer?|VieN: (o, L)eY}
- We first prove that o*(X) =Y
* a¥(X) CY is obvious since ¢ € X implies (0g, L) € Y.
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Infinitary Relational Semantics
of a Transition System (X, 7)

e Infinitary relational semantics:

2 a¥(r%) = a¥(gh_ FY) = a*(lip_, F?)

w

T

e [ixpoint characterization:

>
W e 2
T = lfpzx{l}

FX)=710X

w S W
= =gfpg () F
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xY C a¥(X)

()Y CFY(Y)=1cY ={(s, ) |3 :s7 A (s, L) eY}

(b) If 0¢...0p is such that o; 7 0,41, 4 < nand (o;, 1) € Y,
i < n then (op, 1) € Y and (a) imply Jop,4 10 op 7 0y A
(opa1, L) € Y. So, by induction, we can built o € 7% such that
Vi e N: (0, 1) € Y. We have 0 € X and (0(, 1) € a¥(X)
proving that Y C a%(X); .

- Next, we prove F9(X) D X: FY9X) D X < XCr2~X
— VYo € X0y 7 0p A o=l € X where the suffix 02! is 5 such
that Vi e N:n; = Oiq1-

% 00 7 o1 holds since X C 79,
xn € 79 and Vi € N : (i, Ly = (0, L) € Y proving that

n= cZle X,
e We conclude by Tarski’s fixpoint transfer theorem.
O
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Transfinite Iterations

e Transition system (3, 7):

22 {shu{s;l0<)<i} s
elements of X are distinct Sy0 ."// ......
two by two 5,0 o i

;y 2] es.

A . i

™ 2 {(s si) | > 0}U S0 51N\
ij-1

Bifinite Relational Abstraction
Wep@*w—eszzg, L =xu{L
a®(X) 2 ot (XT)Ua¥(XY) where Xt =X N (2 x 2)
and XY =XnN(Xx{Ll})
e Bifinite relational semantics:

A —
7% = a™(r™)
{<Sij7 3ij*l> | 0<y< Z} o 8 + 2 ¥ Wi N
5 N o = o (%) ) v a((+%))
- N\ - () uas(r?)
™ =10 o +
=7 ur?
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e [terates: FX)=710oX Fixpoint Bifinite Relational Semantics

- XV ={(s, DYU{{si, D 10<j <}
- X = FUXY) = {(s, DY U{(siy, D 1<) <)

X = {(s, DYU {{sij 1) [n<j<i}

= Mnen X" ={{s, D}
+1_ = o= _
- X —FW(XM)—@—gprX{L}Fw—TW
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of a Transition System (X, 7)

A
o 7 = 77 UT
zlfpw/\XTUTOXUpr AXeT o X

Sx {1}
= lfp e by the bi-fixpoint theorem, where:
o FX(X) 2 AX:7UToXT UTo X% = AX:7UTo (X UX¥)
=AX7UT0 X

e XCXY2XtCYT A X¥DYY®
o™ 2 @U(ZX{L}) = ¥ x {1}
. |_|°OX UXJr U ﬂX“
( (2 x EJ_) Coo, J_OO LI%®) is a complete lattice.
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Abstraction by Parts

T = (lfp Foo) lfp T oo

e The finitary part transfers through a™ by Kleene’s fixpoint transfer
theorem (but Tarski’s one is not applicable);

e The infinitary part transfers through o by Tarski’s fixpoint transfer
theorem (but Kleene’s one is not applicable);

e The whole transfers through o® by parts using the bifixpoint the-
orem (although Kleene’s and Tarski’s fixpoint transfer theorems are
not applicable).
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Natural Fixpoint Denotational/Functional
Nondeterministic Semantics of a Transition System (¥, 7)

A

o 1= a“(T

—lip_ '
. Ft(f) = )\s-(Vs €Y :(sTs)?{s}
| {s'| 3" e :s1 "N € f(s)})

Proof
Trivial application of Kleene’s fixpoint transfert theorem for the com-
plete order-isomorphism o,

O
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Denotational /Functional
Nondeterministic Abstraction

We use the complete order isomorphism:

(p(X x X)), C, 1> T, U, N>

(8 p(S1), &, L5, T 17, 1)
defined by the right-image of a relation:

f(r) = As{s' € 2| | r(s,s)}
V) = Als, §) | 5" € f(s)}
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Computational Ordering

fE g 2 () E® ()
={(s, ) [s' € fls)NE} C {(s, &) | &' € g(s) N 2}
A(s, s | fls) = }§{< s') 1 g(s) = L1}
=Vse: f(s)" Cgls)" A f(s)” 2 g(s)”
where X* 2 XY and X¥ 2 X {1}

=VseX: f(s) CF g(s)
where X C'Y 2 XTCYytAXYDYY

This is not the classical Egli-Milner ordering!
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Orderings for the Nondeterministic
Denotational Semantics, > = {a, b}

{a,b} {a,b}

T T

{a} {ab,L} {b} {a} {a,b, L} {v}
{

]

{a,L} & {b,L} a,l} {b,L}

.\\\jl{/// \\\\Hf///

Egli-Milner ordering E

Computational ordering C”

__: possible iterates of F"
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—EM

Comparing the orderings C° and C

e The lub L provides a semantics to the parallel or:
[P Q] =[Pl [Q]

(nontermination of P || @ only if both P and @ do not terminate);
e The lub L™ may not be defined.
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Plotkin’s Fixpoint
Denotational /Functional Nondeterministic Semantics
of a Transition System (X, 7)

o 72 ai(7>)
i EJ ! i ;l—l,\l h
= lfp Ao (L) % =lfp Ao (L) F

Sketch of proof

EM

)_\5'{J_} '
(p(£1) — {0}, ) is a cpo;
“EM th

Ff = lfp;s. 0 F" since the iterates exactly coincide.

o Ifp F" exists since F? is Egli-Milner monotonic and
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Fixpoint Iterates Reordering

e Let ((D, C, L L), F) be a fixpoint semantic specification;
e let E/ be a set and < be a binary relation on | such that:
1. <is a pre-order on F;
2. all iterates F(S, 0 € O of F belong to E;
3. L is the =-infimum of E;
4. the restriction F'|p of F' to E is <-monotone;

5. forall x € £, if A is a limit ordinal and Vo < A : ad < x then
|| FO <.
o<

e Then lfpf F = lfpf Flp € E.
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Nondeterministic Smyth/Demoniac Denotational
Semantics

o2 of(7%) where

—ai(f) E X f(s)U{s €T | Le f(s)}

A
-g) = g.
i
. 5y .
o (¥ — p(2)), ©) — (E— (pE)u{Z.}), ©).
e}
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Examples of Other Possible Demoniac Iterate Orderings
{a, b}
fo¥ {0} N
6 @
{a,b, 1} {a,b, 1}

Demoniac ordering T Demoniac ordering C9

{aHa.bYb)

{a} {v}
VA
{a,b, L} {a,b, L}

Smyth ordering C° Flat ordering ==
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Demoniac Denotational Semantics in Fixpoint Form
P=f = F*
Tr=lip
where:
o 12 As(Vs' € ¥ (s 8') 7 {s}
| {s'| 3" eX:s1 "N € f(s)})

e The DCPO™ (D=, T, 1=, LI™) is the restriction of the pointwise

extension of the flat DCPO (D=, C= 1= %),

=A =

o D= = (p(X)\ {0} u{L}
[ ] J_I é EJ_
o D=2 {feT—— D= |Vs,s' €X:(s' € f(s) A f(s) £ 17) =

(s"e 7 A f(s)) ={s'})}-

This is not the classical Smyth ordering!

20 Directed Complete POset.
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Minimality of (D=, C7)

e Let (E, <) be any poset such that:

- 17 is the g-infimum of F,

- Fi[7] = As«(Vs' € X i =(s78) 7 {s} | {s|F" €eX:s7T

s" NS € f(s")}) € E—"— E is <-monotone, and

-VroTh= lfpiz Fi[7]

then:
)= C E, and
C <

- D=
-C”
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Hoare/Angelic Denotational Semantics

o7 £ &(r)

° &(p) 4 Ascp(s)NE
. A

() = s (s) U {L}

b
. A .
d?

o7 = lfp(ag F* where F* = As+(Vs' € & @ =(s 7 8) 7 {s} | {s|
3" e ¥ s 7 " AN e f(s")}) is a complete U-morphism on
the complete lattice (X —— (), C, 0, As+ %, U, M) which is the
pointwise extension of the powerset (p(X), 0).
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Denotational /Functional Deterministic Abstraction

e (p(3 ), ©) <L—»S (XU{L T}, C% whereVs € ¥ : L C% 1 C¥
SCSsCSTLCST

e The abstraction a® disregards nondeterminism:

a®(0) = L YL = {1}
A
a’({1}) = L
o*({s}) = a*({s,1}) =5, s € (s) = {s, L}
a’(X) 2 T, otherwise ~3(T) 2 3]
e N —— p(X)), © <—_W_» (X—— (BU{L,T}),C >Where as(f)
Q/
o A
As=a®(f(s)) and ¥°(f) = As=v3(f(s))
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A

DENOTATIONAL/FUNCTIONAL
DETERMINISTIC SEMANTICS
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Natural 77 and deterministic 7' denotational semantics
of nondeterministic transition systems 7

e b e b o b
.<Cil & .<C£o & Q‘o C
Fa) = (1) ) =l ) = (b
7'a) = b 7'(a) = b 7 a) =T
77(b) = b 77(b) = b 77(b) = b
7T(c) = b () = L 7'(c) = ¢
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Fixpoint Denotational/Functional Deterministic
Semantics of a Transition System (X, 7)

s A c
Ase{ L}
o FS 2 Afds(Vs' € S i(s78) 7 | LP{f(s") | 575}
Proof
- @*(As{L}) = As- L,
-&f o F = F% o ¢ leads to the definition of F'¢;
- &% (U™ f;) = L°° 63(f;) leads to the definition of the C5-lub L°;
- F% 1Zs IIlOIlOtOIlLiC for C%;
- Kleene’s fixpoint transfer theorem applies.
O

o 75 2 45(r7) = &(Ifp F?) = lfpi-LFS
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The Roéle of T

e The top element T is often eliminated from Scott’s domains by lack
of intuitive interpretation;

e We interpret T as an abstraction forgetting about nondeterminism.
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Deterministic Transition System, Scott’s Semantics

e [f 7 is deterministic, then 7 € ¥ v~ ¥ and
F? = Af-ds:(s € domT ?s|7(s)) (1)

e T is unreachable and can be eliminated from the domain so that CT%
is exactly Scott ordering.
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PREDICATE TRANSFORMER SEMANTICS
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Nondeterministic Denotational to Predicate Transformer
Abstractions

T2 NfeD—— p(E)As{s|s € f(s)}

L2 \feEr— p(D)As{s | s € f(s)}

o 2 AN €D—— p(E)»AP cp(D){s'|IseP:s cf(s)}

¥ E N € o(D) —— p(E)As U ({s})

o £ NV € p(D) —— p(E)}AQ € p(E){s | ¥({s}) NQ # 0}

V2N € (B) —— (D) AP € p(D){s' | ({s'}) N P # 0}
o~ 2\ € (D) —— p(E) AP € p(D)-~(¥(=P))

Y 2N € p(B) —— p(D) AP € o(D)-~(¥(~P))

a2 \d € p(D) —— p(E)AQ € p(E){s | ®(~{s}) UQ = B}
1" 2 \® € p(E) —— p(D)}-AP € p(D){s' | ®(~{s'}) U P = D}

Predicate Transformer Abstractions

If fe D— p(E)):

gp[f] = o°[f] € p(D) — p(E)
= AP cp(D){s'cE|IscP:scf(s)}
smalf] = a0 a’[f] € p(D) —— o(E)
= AP cpD){s' € E|VseD:s € f(s)=s€ P}
alf] = @~ e a0 a[f] € p(E)—— (D)
= NQcpEr{seD|VscFE:s¢cfls)=scqQ}
galf] £ 0”0 a”'[f] € p(B) — p(D)
= ANQcpE)»secD|3IcQ:scf(s)
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Galois Connection Commutative Diagram

(B (D), &) == (9(E) — p(D), &) == (o)~ p(D), D)
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Generalized Weakest Precondition Semantics

o 7 = gup[r] =1fp , F*

o F" € D "y Do 2\ AQ(=7F U Q) Ngwp[r™™] o
= AP NQ(QNT)Uwp[r*] o @
is a C="-monotone map on the complete lattice (D=», T=») Lo | )

owp[[f}]Qé {seX|3deX: e fls) Vs e f(s):s e}
o D 2 p(T)) " (X)),
¢ DT USVQCY: U(QU{L}) COQUI{LHASE) C U(X),
o I =AQ(LeQ7%|0)
UMW EAQ N WQUILHN(LEQ? U W(T) | T).
€A 1EA 1EA
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Dijkstra’s Weakest Conservative Precondition
Abstraction

o (D, D) == (D", 2) whete D" £ (%) — ¢(5), a”

)
A B| 5y and 7 (U) 2 AQ(L & Q 7 W(Q) | 0);

o7 2 (o) = o (gwp[7¥]);

A

e Dikstra’s fixpoint characterization of 7 is for a given postcondition
Q: ,

o If Q C E then (p(E)+—— p(D), D) L—Q» (p(D), D) where
«

a?(®) 2 O(Q) and v(P) 2 AR(Q C R? P | 0):
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Dijkstra’s Weakest Liberal Precondition Semantics

o (D™, D) = (D", D) where D™ £ (%) —— (%), a™

AP AQ- B(Q U {1}) and () 2 AQ(Le Q 7 ¥(Q) | 0):
o 2 a™(1o%) = gwp[7’];

c
e By Kleene fixpoint transfer, 7% = AQ-gfpy, F**[Q].

A
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Dijkstra’s Weakest Conservative Precondition Semantics

From 77(Q) = a®(a (7)) and Kleene fixpoint transfer theorem, we
derive:

= e P
P ) )~ o)
o« ™(s) 2 (s | s 7'}

o [[Q] 2 AP-(QN7)Uwp[™™] P
= AP(=7 U Q) Ngwp[™] P
is a C-monotone map on the complete lattice (p(X), C, 0, X, U, N).

© P. Cousot 94 MPI-Kolloquium, Max-Planck-Institut fiir Informatik, Saarbriicken, 2. Juni 1997

Correspondence Between Pre- and Postcondition
Semantics

If f € D — p(B) then (p(D), ) % ((E), C)
el

© P. Cousot 96 MPI-Kolloquium, Max-Planck-Institut fiir Informatik, Saarbriicken, 2. Juni 1997




AXIOMATIC SEMANTICS
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Galois Connection Commutative Diagram
1({a, 7)) = «a HA(e) = {(z, y) € D' x D* | a(z) T y}
2((a, 7)) = HC(v) = {(w, y) € D x D[ 2 E y(y)}

AC(Y) = ATy |2 © y(y)} AH(H) = Xy | (z, y) € H}
CA(e) = MUz | a(z) ©y} CH(H) = NyLi{x | (z, y) € H}
Aae (o, CA(a))

(D, ©) == (D, O, £ x T) s/ DY, ) (D%, ), ©)

e e e

2 | M (AC(y),7) HA| | AH
i H
" § n i 5 - i CH ( f b 1 £
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Galois Connections, Complete Join/Meet Morphisms
and Tensor Product

o G.o: (DF, CF) = (DF, ) = {{o, ) | (D%, CF) == (DF, CA)}:

. Complctcjom morphisms: D —— D2 {a € D' —— Dt | VX C
D a1 X) = L a*(X)};

e Complete meet morphisms: D +—— D" 2 {y € D* —— D" |
VY C DF i y(TFY) =Fy™(Y)};

e Tensor products: (D% C°) @ (D, CF) & {H € p(D* x D% | (1) A
(2) A (3)} where the conditions are:
LIXCX'AX,YYeHAY' C'Y)= ((X,Y) € H);
2. (Vie A (X;,Y) € H) = (<,un X;,Y) € H);

3.Vie A (X, Y,)eH)= ((X |‘| Y)eH)
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Floyd/Hoare/Naur Partial Correctness Semantics

o 1 2 HO(r ),
e ={(P,Q) € pX)@pX) | I € pX): PCT ANITC
ewp[™™] T A (INT)C QY.

Proof By Park fixpoint induction: if (D, C, 1, T, U, M) is a com-

plete lattice, F € D +—— D is C-monotone and L € D then
C

lip- FEP <= (3[: F()CIAIC P). O
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Hoare Logic

e Hoare triples: {P}r={Q} 2 (P, Q) € ™, {P}r{Q} 2pcC
evp[™] Q;
e Hoare logic: {P}7°¢{Q} if and only if it derives from the axiom:
{gw[P]QI{Q} (1)

and the following inference rules:

Pc P P} @ c@ {P}T™{Q}, i€ A
{Pyr{Q} { Y PI{Q)
{P}TOC{QZ'}, (SIAN ) {I}:T{I} =
{Pyr{ 0, @i {1y {Irnr}

(V)
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Manna/Pnueli Total Correctness Logic

e Manna/Pnueli triples: [P]7%[Q)] 4 (P, Q) e, [P]T|Q] = P C
avp[7] Q;

e Manna/Pnueli total correctness axiomatic semantics: [P]7%[Q)] if
and only if it derives from the axiom (7), the inference rules (=),
(A), (v) and the following:

€

A 107 U I7]

€
"cn# A IPC-7UQ,
<@ =1 = @ N 3<6

11

(7%)
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Floyd Total Correctness Semantics

IID

HC(7);
{{PQ)epX)pX)|decOQ: I € (e+1) — p(X):
V(SSG‘I(SQ(ﬁfUQ)ﬂg‘Wp[[T’]](ﬁLié[ﬁ)/\PQ]E}.

e Floyd (equivalent) verification conditions:

Vsel’: \/VS (STS)/\SGQ
3 st AV st = (3B <65 elP)

Proof By the lower fixpoint induction principle: if (D, T, L, ) isa
DCPO, F' € D —— D is C-monotone, + € D satisfies + C F(4) and
PGDthenPElfpiF — (FecO0:Uc(e+)—D:I'C
LAV5:0<(5§e:>I5EF(C55[<)AP§IE). O
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LATTICE OF SEMANTICS
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Comparison of Semantics

f
o 7 € D < 7f € DViff 7F = of(7%) and (DF, <) 7:11 (DF, <)is a
«
preorder between semantics;

e The quotient poset is isomorphic to Ward lattice of upper closure

C APPLICATION TO THE (EAGER) LAMBDA-CALCULUS
operators 7% o af on (D®, C):

(PROSPECTIVE)
e We get a lattice of semantics which is part of the lattice of abstract
interpretations.
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Lattice of Semantics Relational Semantics with Closures
Hoare . >
logics 7" T Er—e =1
Etr— Xx-e= (x, ¢, E)
weakest o . E eileg) = L
precondition 7" ™
semantics e P oy ’
' T S . E|_€1:><X,€,E>
denotational S B
semantics T T T T Cc= <X, e, E[f — C]> E+— eg = L
EM
o T Etr— puf-dx-e=c EF—e(en) = L
relational e
semantics T g1 7 T
. Etr—e = X, ¢, F) Et—e =&, ¢, F)
race ) o
semantics 7 T E eg = v,v # () E e9 = 0,0 # )
oo A abs@raftion E'x —v|F—¢€ =r F'lx —v]F—¢€ = L
_ equivalence
angelic natural demoniac - - - restriction E ei(ea) = r E er(eg) = L
deterministimfinite
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Denotational Semantics

u,f,p el
ReR
pES

(W] oz] ©U— )] values

X——TU environments

e e 1R

R——T semantic domain

>3

S[Ax-e]R = Aus(u= L7 1
lu=Q7Q
| S[e]R[xe—ul)
S[eq(e2)]R 2 (S[ey]JR = LV S[eg]R = L7 L
; ?2[561]]R =fe [U——T] ?f(S[es]R)

S[uf - Ax-€]R 4 l’fpE Mg S[Ax - e]R[f—¢]
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o ac (X V) (X 0):

ea€ p((X——V)x V) (X U) s U):

a(@e]) 2 NRea({r|IE: a(E)=RAE+— e =r € Oe]})
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Abstraction

e The rules of the relational semantics can be interpreted as least fix-
points for the bifinite ordering;

e The abstraction function a € p(V) —— U is as follows *:

al@) 2 1L
A
a({l}) =1
A
a{z}) = a{z, 1}) =2, 2€Z
A
a({2}) = Q
a(X) 2 T, otherwise.
al(x, e, B)) 2 ueUa{r| eV:a{v}) =un
Ex —v|F—e=r})
21 Liftinga and injections are omitted.
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Alternative Partitionning of Executions

e We have explored linear time (set of traces) semantics with partition
between finite and infinite traces;

e A different partitionning for branching time (tree) semantics would
be states with or without later possibility to branch toward a nonter-
minating execution.
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Need for semantics at various levels of refinement

e Many semantics at different levels of abstraction are needed for pro-
gram analysis;

e A unified framework for presenting all these semantics seems indis-
pensable.
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Further Work for Semanticians

e Consider realistic practical languages (CT1 | Java, ML, etc);

e Consider computable approximations of semantic domains (to be
used in program analysis);

e A need for mathematical foundations but also applications of pro-
gramming semantics;

e A lot of work for future applied semanticians (like applied mathemati-
clans).
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