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Abstract Interpretation

• Abstract interpretation is a theory formalizing the 
abstraction of discrete systems properties (such as the 
semantics of programming languages)
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• Abstract interpretation has been used to

• formalize the hierarchy of program semantics (e.g.  

operational, denotational, axiomatic, …)

• formalize program refinement techniques

•  design sound program analysis methods (including model-
checking, runtime and static analysis, typing, …)


•  We show that it can also be used to design program logics
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Abstract Interpretation
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Program logics

• Program logics formally define what must be proved to 
ensure that the semantics of programs of a language has a 
specified property 
   e.g. Hoare logic {P} C {Q}


• Program logics must be sound (and complete)


• So program logics define the soundness of static analyzes
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Content

• Part I: logics to prove properties of any execution (e.g. 
safety, termination)


• Part II: logics to prove properties of any set of executions 
(e.g. security, privacy)




Part I: 
Calculational Design of [In]Correctness 

Program Logics by Abstract Interpretation 
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Patrick Cousot:

Calculational Design of [In]Correctness Transformational Program Logics by Abstract Interpretation. 
Proc. ACM Program. Lang. 8(POPL): 175-208 (2024)


https://dblp.org/db/journals/pacmpl/pacmpl8.html#Cousot24
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Method to design program transformational logics

Transformational logic = Hoare style logics {P} S {Q}

Objective
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1. Define the natural relational semantics ⟦S⟧⊥ of the programming language (in 

structural fixpoint form)

2. Define the theory of the logics as an abstraction 𝛼({⟦S⟧⊥}) of the collecting 

semantics {⟦S⟧⊥} (strongest (hyper) property)

3. Calculate the theory 𝛼({⟦S⟧⊥}) in structural fixpoint form by fixpoint abstraction

4. Calculate the proof system by fixpoint induction and Aczel correspondence 
between fixpoints and deductive systems

Theory of a logic = the subset of all true formulas

Method to design a program transformational logics
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Two  simple examples*:

(1) Hoare (HL) 

  (2) incorrectness logic (IL. aka 
reverse Hoare logic)

*  in ``On the Design of Program Logics’’ to appear in Proc. Festschrift Podelski 65th 
Birthday. Springer (2024).

https://cs.nyu.edu/~pmc309/COUSOTpapers/Podelski24.shtml
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General Idea
HL = strongest postcondition abstraction of the collecting semantics

+ over approximating consequence abstraction

+ over approximating fixpoint induction

+ Aczel correspondence fixpoint ⇿ proof system

IL = strongest property abstraction of the collecting semantics

+ under approximating consequence abstraction

+ under approximating fixpoint induction

+ Aczel fixpoint ⇿ proof system correspondence

theory

proof system

}
}

theory

proof system

}
}



Google, 2025/09/17                                                                                                                                                                                                                                           © P. Cousot10

General Idea
HL = strongest postcondition abstraction of the collecting semantics

+ over approximating consequence abstraction

+ over approximating fixpoint induction

+ Aczel correspondence fixpoint ⇿ proof system

IL = strongest postcondition abstraction of the collecting semantics

+ under approximating consequence abstraction

+ under approximating fixpoint induction

+ Aczel correspondence  fixpoint ⇿ proof system

theory

proof system

}
}

theory

proof system

}
}



Google, 2025/09/17                                                                                                                                                                                                                                           © P. Cousot11

1.  Angelic relational semantics ⟦S⟧e
• Syntax*: 

• States:     

• Angelic relational semantics:

* plus unbounded nondeterminism, breaks, and nontermination ⊥ in the POPL24 paper.
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1.  Angelic relational semantics ⟦S⟧ (in deductive form)
• Notations using judgements: 

•   ￼  for  ￼

•  ￼  for  leads to ′ after 0 or more iterations

• Semantics of the conditional iteration*                                   : 
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�"�V�U�I�P�S�Ý�T �B�E�E�S�F�T�T���1�B�U�S�J�D�L �$�P�V�T�P�U�
 �Q�D�P�V�T�P�U�!�D�J�N�T���O�Z�V���F�E�V��

�1�F�S�N�J�T�T�J�P�O �U�P �N�B�L�F �E�J�H�J�U�B�M �P�S �I�B�S�E �D�P�Q�J�F�T �P�G �B�M�M �P�S �Q�B�S�U �P�G �U�I�J�T �X�P�S�L �G�P�S �Q�F�S�T�P�O�B�M �P�S �D�M�B�T�T�S�P�P�N �V�T�F �J�T �H�S�B�O�U�F�E �X�J�U�I�P�V�U �G�F�F
�Q�S�P�W�J�E�F�E �U�I�B�U �D�P�Q�J�F�T �B�S�F �O�P�U �N�B�E�F �P�S �E�J�T�U�S�J�C�V�U�F�E �G�P�S �Q�S�P
W�U �P�S �D�P�N�N�F�S�D�J�B�M �B�E�W�B�O�U�B�H�F �B�O�E �U�I�B�U �D�P�Q�J�F�T �C�F�B�S �U�I�J�T �O�P�U�J�D�F �B�O�E
�U�I�F �G�V�M�M �D�J�U�B�U�J�P�O �P�O �U�I�F 
W�S�T�U �Q�B�H�F�� �$�P�Q�Z�S�J�H�I�U�T �G�P�S �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�J�T �X�P�S�L �P�X�O�F�E �C�Z �P�U�I�F�S�T �U�I�B�O �"�$�. �N�V�T�U �C�F �I�P�O�P�S�F�E��
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�Q�S�J�P�S �T�Q�F�D�J
W�D �Q�F�S�N�J�T�T�J�P�O �B�O�E���P�S �B �G�F�F�� �3�F�R�V�F�T�U �Q�F�S�N�J�T�T�J�P�O�T �G�S�P�N �Q�F�S�N�J�T�T�J�P�O�T�!�B�D�N���P�S�H��
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1.  Angelic relational semantics ⟦S⟧ (in deductive form)
• Notations using judgements: 

•   ￼  for  ￼

•  ￼  for  leads to ′ after 0 or more iterations

• Semantics of the conditional iteration*                                   : 
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• Semantics of the conditional iteration*                                   :

• Derived using Aczel correspondence between deductive systems and set-
theoretic fixpoints
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1.  Angelic relational semantics ⟦S⟧ (in fixpoint form)
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Aczel correspondence between deductive systems and fixpoints

• Rules:      (    universe,                    premiss,          conclusion,      axiom)

• Deductive system :

• Subset of the universe ￼ defined by ￼ :

• Deductive system defining            :
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Aczel correspondence between deductive systems and fixpoints

• Rules:      (    universe,                    premiss,          conclusion,      axiom)

• Deductive system :

• Subset of the universe ￼ defined by ￼ :

• Deductive system defining            :
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Aczel correspondence between deductive systems and fixpoints

• Rules:      (    universe,                    premiss,          conclusion,      axiom)

• Deductive system :

• Subset of the universe ￼ defined by ￼ :

• Deductive system defining            :
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• The composition of these abstractions is

• This is an oversimplification of Fig. 1 of the POPL24 paper, forgetting 
about nontermination including total correctness and relational 
predicates

17

2.  Abstraction (much simplified)
�� �1�B�U�S�J�D�L �$�P�V�T�P�U

!
�D�P�M�M�F�D�U�J�O�H
�T�F�N�B�O�U�J�D�T

{ ! �5"}

!
�S�F�M�B�U�J�P�O�B�M
�T�F�N�B�O�U�J�D�T

! �5"

! ! !
�Q�P�T�U�D�P�O�E�J�U�J�P�O
�U�S�B�O�T�G�P�S�N�F�S

�Q�P�T�U
!

�B�O�U�F�D�F�E�F�O�U��
�D�P�O�T�F�R�V�F�O�U

�Q�B�J�S�T

! �(

!�Q�P�T�U( ! ." )

!

�Q�P�T�U( " , ! )

��! �)�P�B�S�F �Q�B�S�U�J�B�M
�D�P�S�S�F�D�U�O�F�T�T

����! �S�F�W�F�S�T�F �)�P�B�S�F �B�L�B
�J�O�D�P�S�S�F�D�U�O�F�T�T �M�P�H�J�D

�'�J�H�� ���� �'�P�S�X�B�S�E �T�F�N�B�O�U�J�D�T �B�O�E �M�P�H�J�D�T

"
# ! ! " �G�J�O(U) " ! U U
!
#

# = ! " "
#"

"$! ! #�
 # ! " ( " �G�J�O(U) # U)

%I (#) = {&$ ! U $$&1, . . . ,&$" 1 ! U . %' ! [1,( ] . $
!
"

! # . ! " {&1, . . . ,&%" 1} &&%= "}

%I (#) = �M�G�Q! %&(#)

%&(#)) # %" &$
!
"

! # . ! " ) '

(" ( " �G�J�O(U) # U), " ) '''' !"!#''''''
! I

' I

(" (U), " )

(" ( " ( " # " )) , " ) '''' !"!#''''''
! !

' !
(" ( " # " ), " ) %( (! ) # ! ! * ( (+) # " (+)

(" ( " # " #), " ) '''' !"!#''''''
! !!

' !!
(" ( " # " ), " ) %!#(#) # # ( ( " # " ) * !#( ø#) # ø# ) ( " # { * })

(" ( " # " ), " ) ''''' !"!##" '''''
�Q�P�T�U

"�Q�S�F
(" ( " ) ! " ( " ), " ) �Q�P�T�U(#) # ! ! ��{ , $ $$, ! ! & (, , , $) ! #}

*�Q�S�F(#) # ! ) ��{ , $%, $ ! - . (, , , $) ! #}

(" ( " ) ! " ( " ), =) '''' !"!##" ''''
! �(

' �(
(" �G�V�O( " ( " ) # " ( " )) , =) . ! " ( " ) ! " ( " )

%�( ( . ) = { (! , . ( ! ) ) $! ! " ( " )}

* �( (#) # ! ! ��(- �T�V�D�I �U�I�B�U(! , +) ! #)

T ( �5) # %�( %�Q�P�T�U%%( ({ ! �5"}) = { (! , �Q�P�T�U! �5"! ) $! ! " ( " )}
{ ! } �5{ - } # (! , - ) ! T ( �5)

�5	n	k	u	x	k	s ������ �	�'	o	~	v	u	o	t	z 	g	h	y	z	x	g	i	z	o	u	t�
���*�G(/ , $) ''' !#'''
!

'
(0, %) �J�T �B �(�B�M�P�J�T �D�P�O�O�F�D�U�J�P�O �C�F�U�X�F�F�O

�D�P�N�Q�M�F�U�F �M�B�G�J�D�F�T(/ , $) �B�O�E(0, %)�
. ! /
)

"! / �B�O�Eø. ! 0
)

"! 0 �B�S�F �J�O�D�S�F�B�T�J�O�H �B�O�E �D�P�N�N�V�U�J�O�H�

�U�I�B�U �J�T�
% % . = ø. % %�
 �U�I�F�O%(�M�G�Q" . ) = �M�G�Q# ø. �	�X�I�J�M�F �T�F�N�J���D�P�N�N�V�U�B�U�J�P�O% % . % ø. % %�J�N�Q�M�J�F�T
%(�M�G�Q" . ) %�M�G�Q# ø. �
��

�9= �Y�J�K�N�G �
�$�� �5

T ( �9) # { (! , �Q�P�T�U!Â�$"( �M�G�Q! ! ) ��! ) �Q�P�T�U( ! �$" # !�5"* )) ) ) $! ! " ( " )}

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �/�P�W�F�N�C�F�S ����������



Google, 2025/09/17                                                                                                                                                                                                                                           © P. Cousot18

2.  Abstraction (much simplified)
• Hyper properties to properties abstraction:

• Post-image isomorphism:

• Graph isomorphism (a function is isomorphic to its graph, which is a 
function relation):…/…
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2.  Abstraction (much simplified)
• Hyper properties to properties abstraction:

• Post-image isomorphism:

• Graph isomorphism (a function is isomorphic to its graph, which is a 
function relation):…/…
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function relation):…/…
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• Strongest postcondition logic theory (common to HL and IL with no 
consequence rule):

• Notation:

• The next step is to express this theory in fixpoint form
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2.  Abstraction (much simplified)
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• Strongest postcondition logic theory (common to HL and IL with no 
consequence rule):

• Notation:

• The next step is to express this theory in fixpoint form
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2.  Abstraction (much simplified)
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2.  Abstraction (much simplified)

• The abstraction of a fixpoint is a fixpoint (POPL 79)

• We get a fixpoint definition of the theory of strongest postconditions 
logics (common to HL and IL with no consequences at all)

• For the iteration ￼  :
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2.  Abstraction (much simplified)

• The abstraction of a fixpoint is a fixpoint (POPL 79)

• We get a fixpoint definition of the theory of strongest postconditions 
logics (common to HL and IL with no consequences at all)

• For the iteration ￼  :
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3.  Approximation
• The component wise approximation:

• The over approximation abstraction for HL:

• The (order dual) under approximation abstraction for IL:

• Shows what it shared by HL and IL: all but the consequence rule (?) 
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• The component wise approximation:

• The over approximation abstraction for HL:

• The (order dual) under approximation abstraction for IL:

• Shows what it shared by HL and IL: all but the consequence rule (?) 
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3.  Approximation
• The component wise approximation:

• The over approximation abstraction for HL:

• The (order dual) under approximation abstraction for IL:

• Shows what it shared by HL and IL: all but the consequence rule (?) 
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4.  Fixpoint induction

• Deriving the proof system at this stage by Aczel correspondence would 
be great!

• A common part and different consequence rules for HL and IL

• But then the HL proof system for iteration would be

1.  Prove strongest postconditions (≫≫ total correctness)

2.  Approximate with a consequence rule to get partial correctness

• This is sound and complete 

• But too demanding ⟹  not so great!

• What we miss is fixpoint induction
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4.  Fixpoint induction

 bounded by ω  for continuous 𝑓.

�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �<�*�O�>�$�P�S�S�F�D�U�O�F�T�T �5�S�B�O�T�G�P�S�N�B�U�J�P�O�B�M �1�S�P�H�S�B�N �-�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O��

T ( �5) ! ! �( ! �Q�P�T�U! ! ! ({ ! �5"})

= { !" , �Q�P�T�U! �5"" " #" " ! ( ! )}

!#, $" #,$ !#", $"" ! # # #" " $ $ $"

�Q�P�T�U(%,&) = ! %��{ !" , &" ##!" ", &"" " %. " %" " " &" %&}

T�)�- ( �5) ! �Q�P�T�U(&.%) ! T ( �5)

T�)�- ( �5) = �Q�P�T�U(=,%) ! T ( �5)

�Q�P�T�U(&,%) = ! %��{ !" , &" ##!" ", &"" " %. " " %" " & %&"}

T"# ( �5) ! �Q�P�T�U(%,&) ! T ( �5)

�5	n	k	u	x	k	s ���������	�1	g	x	q 	l	o	~	v	u	o	t	z 	u	|	k	x 	g	v	v	x	u	~	o	s	g	z	o	u	t�

�-�F�U!' , ! , ! , " , #, $" �C�F �B �D�P�N�Q�M�F�U�F �M�B�G�J�D�F�
( " '

)
!" ' �C�F �J�O�D�S�F�B�T�J�O�H�
 �B�O�E* " ' �� �K�F�O

�M�G�Q! ( ! * �J�G �B�O�E �P�O�M�Z �J�G%) " ' . ( ()) ! ) &) ! * ��

�%�F	��O�J�U�J�P�O ���������	�6�M�U�J�N�B�U�F�M�Z �0�W�F�S �"�Q�Q�S�P�Y�J�N�B�U�J�O�H �5�S�B�O�T
W�O�J�U�F �4�F�R�V�F�O�D�F�
 �8�F �T�B�Z
�U�I�B�U�à�U�I�F �U�S�B�O�T
W�O�J�U�F �T�F�R�V�F�O�D�F!+ , ,, " �/ " �P�G �F�M�F�N�F�O�U�T �P�G �Q�P�T�F�U!' , ! , ! " �G�P�S( " ' " '
�V�M�U�J�N�B�U�F�M�Z �P�W�F�S �B�Q�Q�S�P�Y�J�N�B�U�F�T" " ' �á�J�G �B�O�E �P�O�M�Z �J�G+ 0 = ! �
+ , +1 ! ( (+ , ) �G�P�S
�T�V�D�D�F�T�T�P�S �P�S�E�J�O�B�M�T�
! , <- + , �F�Y�J�T�U�T �G�P�S �M�J�N�J�U �P�S�E�J�O�B�M�T- �T�V�D�I �U�I�B�U+ - ! ! , <- + , �
 �B�O�E
%, " �/ . " ! + , ��

�5	n	k	u	x	k	s ���������	�'	o	~	v	u	o	t	z �6	t	j	k	x �"	v	v	x	u	~	o	s	g	z	o	u	t 	h	• �5	x	g	t	y	l	o	t	o	z	k �*	z	k	x	g	z	k	y�

�-�F�U( " '

)
!" ' �C�F �B�O �J�O�D�S�F�B�T�J�O�H �G�V�O�D�U�J�P�O �P�O �B �T�a�`! ' , ! , ! , #"��" ! �M�G�Q! ( �
 �J�G �B�O�E

�P�O�M�Z �J�G �U�I�F�S�F �F�Y�J�T�U�T �B�O �J�O�D�S�F�B�T�J�O�H �U�S�B�O�T	��O�J�U�F �T�F�R�V�F�O�D�F!+ , , , " �/ " �T�V�D�I �U�I�B�U
�	���
+ 0 = ! �

�	���
+ , +1 ! ( (+ , ) �G�P�S �T�V�D�D�F�T�T�P�S �P�S�E�J�O�B�M�T�

�	���
! , <- + , �F�Y�J�T�U�T �G�P�S �M�J�N�J�U �P�S�E�J�O�B�M�T- �T�V�D�I �U�I�B�U+ - ! ! , <- + , �
 �B�O�E
�	���
%, " �/ . " ! + , ��

{ . = . " ( = 1 }
�Y�J�K�N�G �
�P�������� �] �H �� �H �� �P�� �P �� �P �� �����_

{ ( . ' 0" ( =!. ) $ (. < 0" . = ( = %) }

{ . " [&' , ' ] " ( " [1,1] }
�Y�J�K�N�G �
�P�������� �] �H �� �H �� �P�� �P �� �P �� �����_

{ ( " [1, ' ] }

( " [&' ,0]

{ ( } �H������ �Y�J�K�N�G �
�P�������� �] �H �� �H �� �P�� �P �� �P �� �����_{ ( ( 0 }

" %/, { / ) B! �$"} �5{ / }

{ " } �Y�J�K�N�G �
�$�� �5{ / ) ÂB! �$"}

{ " } �5{&} , & %&"

{ " } �5{&"}

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �/�P�W�F�N�C�F�S ����������

���� �1�B�U�S�J�D�L �$�P�V�T�P�U

�#�Z �P�S�E�F�S���E�V�B�M�J�U�Z�
 �U�I�J�T �J�T �T�P�V�O�E �B�O�E �D�P�N�Q�M�F�U�F �H�S�F�B�U�F�T�U 
W�Y�Q�P�J�O�U �V�O�E�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O! ! �H�G�Q! "
�Q�S�P�P�G �N�F�U�I�P�E��#�J�T �D�B�M�M�F�E �B�O �J�O�W�B�S�J�B�O�U �	�B �D�P���J�O�W�B�S�J�B�O�U �G�P�S �H�S�F�B�U�F�T�U 
W�Y�Q�P�J�O�U�T�
��

�&�Y�B�N�Q�M�F �*�*�����������$�P�O�U�J�O�V�J�O�H �F�Y�B�N�Q�M�F�*�*���������
 �C�Z �D�P�O�U�S�B�Q�P�T�J�U�J�P�O�
 �U�I�F �J�O�W�B�S�J�B�O�U �N�V�T�U �T�B�U�J�T�G�ZÂ$ "
Â�M�G�Q" ! %��& ! �Q�P�T�U! ' "( ( " %) �U�I�B�U �J�TÂ$" �H�G�Q" ! %��Â&" !�Q�P�T�U! ' "(Â( ! %) �C�Z �1�B�S�L�Ý�T 	_���*�*���������� 	_�F
�E�V�B�M �P�G 	_���*�*���������T�V�H�H�F�T�U �U�I�F �Q�S�P�P�G �N�F�U�I�P�E#) . ) " Â& $ ) " !�Q�P�T�U! ' "(Â( ! ) ) $ $ " Â) �X�I�J�D�I �J�T
�N�F�U�I�P�E�T �	�J!! 1�
 �B�O�E �	�*!! 1�
 �P�G �<�����>�� %

�*�*�������� �0�S�E�J�O�B�M�T
�8�F �M�F�U"�/ , #, &, �/ , ! , " #�C�F �U�I�F �W�P�O �/�F�V�N�B�O�O�Ý�T �P�S�E�J�O�B�M�T �<�����>�
 �X�S�J�U�J�O�H �U�I�F �N�P�S�F �J�O�U�V�J�U�J�W�F< �G�P�S#�
0
�G�P�S&�
 + 1 �G�P�S �U�I�F �T�V�D�D�F�T�T�P�S �G�V�O�D�U�J�P�O�
 �T�P�N�F�U�J�N�F�Tmax�G�P�S! �
min �G�P�S" �
 �B�O�E* �G�P�S �U�I�F 
W�S�T�U �J�O
W�O�J�U�F
�M�J�N�J�U �P�S�E�J�O�B�M�� �*�G �O�F�D�F�T�T�B�S�Z�
 �B �T�I�P�S�U �S�F�G�S�F�T�I�F�S �P�O �P�S�E�J�O�B�M�T �J�T �H�J�W�F�O �J�O �4�F�D�U���) �P�G �U�I�F �B�Q�Q�F�O�E�J�Y�"' ��

�*�*�������� �0�W�F�S�B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �*�N�B�H�F �P�G �B �-�F�B�T�U �'�J�Y�Q�P�J�O�U
�5�P �T�P�M�W�F �U�I�F �Q�S�P�C�M�F�N+( �M�G�Q! , ) ! & �X�I�F�S�F+ �J�T �B �G�V�O�D�U�J�P�O �P�O �U�I�F �E�P�N�B�J�O �P�G, �
 �X�F �D�B�O �U�S�Z �U�P
�V�T�F 
W�Y�Q�P�J�O�U �B�C�T�U�S�B�D�U�J�P�O 	_���*�*���������U�P �H�F�U+( �M�G�Q! , ) = �M�G�Q! ø, �B�O�E �U�I�F�O �D�I�F�D�L�M�G�Q! ø, ! & �C�Z 
W�Y�Q�P�J�O�U
�J�O�E�V�D�U�J�P�O 	_���*�*���������� �#�V�U 	_���*�*���������S�F�R�V�J�S�F�T+ �U�P �Q�S�F�T�F�S�W�F�T �K�P�J�O�T�
 �X�I�J�D�I �J�T �O�P�U �B�M�X�B�Z�T �U�I�F �D�B�T�F �	�G�P�S
�U�I�F �E�V�B�M �Q�S�P�C�M�F�N+ = �Q�S�F�J�O �S�F�N�B�S�L�*�����������J�T �B �D�P�V�O�U�F�S���F�Y�B�N�Q�M�F�
�� �*�G+ �E�P�F�T �O�P�U �Q�S�F�T�F�S�W�F�T �K�P�J�O�T�
 �X�F
�D�B�O �O�F�W�F�S�U�I�F�M�F�T�T �V�T�F �U�I�F �G�P�M�M�P�X�J�O�H �U�I�F�P�S�F�N�"' ��

�5	n	k	u	x	k	s �*�*�������� �	�0	|	k	x	g	v	v	x	u	~	o	s	g	z	o	u	t 	u	l 	g 	r	k	g	y	z 	l	o	~	v	u	o	t	z 	o	s	g	m	k�
���-�F�U"- , ! , ( , ) #�B�O�E" ø- , ø! ,
ø* , ø) #�C�F �D�P�N�Q�M�F�U�F �M�B�G�J�D�F�T���
, #-

!
!" - �B�O�E+ #-

!
!" ø- �C�F �J�O�D�S�F�B�T�J�O�H �G�V�O�D�U�J�P�O�T�
 �B�O�E& # ø- ��

�K�F�O+( �M�G�Q! , ) ø! & �J�G �B�O�E �P�O�M�Z �J�G �U�I�F�S�F �F�Y�J�T�U�T$# ø- �T�V�D�I �U�I�B�U �	���
+( ( ) ø! $�	���
+%#- . +(%) ø! $#
+( , (%)) ø! $�
 �	���
 �G�P�S �B�O�Z! ���J�O�D�S�F�B�T�J�O�H �D�I�B�J�O"%" , . # �/ #�P�G �F�M�F�N�F�O�U�T%" ! �M�G�Q! , �
+/ < 0 . +(%#) ø! $
�J�N�Q�M�J�F�T+( ! #<$ %#) ø! $�
 �B�O�E �	���
$ ø! &��

�-�F�U", " , . # �/ #�C�F �U�I�F �J�O�D�S�F�B�T�J�O�H �J�U�F�S�B�U�F�T �P�G, �G�S�P�N( �V�M�U�J�N�B�U�F�M�Z �T�U�B�U�J�P�O�B�S�Z �B�U �S�B�O�L1 �<�����>�� 	_�F�O
�D�P�O�E�J�U�J�P�O �	���
 �J�T �P�O�M�Z �O�F�D�F�T�T�B�S�Z �G�P�S �B�M�M%= , " �
. $ 1 �X�I�J�M�F �D�P�O�E�J�U�J�P�O �	���
 �J�T �P�O�M�Z �O�F�D�F�T�T�B�S�Z �G�P�S"%" ,
. $ 1#�� ", " , . $ 1#�� 	_�F�T�F �X�F�B�L�F�S �D�P�O�E�J�U�J�P�O�T �B�S�F �B�T�T�V�N�F�E �U�P �Q�S�P�W�F �D�P�N�Q�M�F�U�F�O�F�T�T �	�à�P�O�M�Z �J	Ð�á �J�O 	_��
�*�*���������
��

�*�*�������� �'�J�Y�Q�P�J�O�U �6�O�E�F�S �"�Q�Q�S�P�Y�J�N�B�U�J�P�O �C�Z �5�S�B�O�T�G�J�O�J�U�F �*�U�F�S�B�U�F�T
�'�P�S �V�O�E�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �M�F�B�T�U 
W�Y�Q�P�J�O�U�T �	�P�S �P�S�E�F�S �E�V�B�M�M�Z �P�W�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �H�S�F�B�U�F�T�U 
W�Y��
�Q�P�J�O�U�T�
�
 �X�F �D�B�O �V�T�F �U�I�F �H�F�O�F�S�B�M�J�[�B�U�J�P�O �<�����> �P�G �4�D�P	R���,�M�F�F�O�F �J�O�E�V�D�U�J�P�O �C�B�T�F�E �P�O �U�S�B�O�T
W�O�J�U�F �J�O�E�V�D��
�U�J�P�O �X�I�F�O �D�P�O�U�J�O�V�J�U�Z �E�P�F�T �O�P�U �B�Q�Q�M�Z �B�O�E �G�P�M�M�P�X�T �E�J�S�F�D�U�M�Z �G�S�P�N �U�I�F �D�P�O�T�U�S�V�D�U�J�W�F �W�F�S�T�J�P�O �P�G �5�B�S�T�L�J�Ý�T

W�Y�Q�P�J�O�U �U�I�F�P�S�F�N �<�����>��

�%�F	��O�J�U�J�P�O �*�*�������� �	�6�M�U�J�N�B�U�F�M�Z �0�W�F�S �"�Q�Q�S�P�Y�J�N�B�U�J�O�H �5�S�B�O�T	��O�J�U�F �4�F�R�V�F�O�D�F�
���8�F �T�B�Z �U�I�B�U �à�U�I�F �U�S�B�O�T
W��
�O�J�U�F �T�F�R�V�F�O�D�F"%" , . # �/ #�P�G �F�M�F�N�F�O�U�T �P�G �Q�P�T�F�U"- , ! #�G�P�S" # - " - �V�M�U�J�N�B�U�F�M�Z �P�W�F�S �B�Q�Q�S�P�Y�J�N�B�U�F�T
& #- �á �J�G �B�O�E �P�O�M�Z �J�G%0 = ( �
%" +1 ! " (%" ) �G�P�S �T�V�D�D�F�T�T�P�S �P�S�E�J�O�B�M�T�
! " <$ %" �F�Y�J�T�U�T �G�P�S �M�J�N�J�U �P�S�E�J�O�B�M�T
0 �T�V�D�I �U�I�B�U%$ ! ! " <$ %" �
 �B�O�E#. # �/ . & ! %" ��

	_�F �D�P�O�E�J�U�J�P�O �D�B�O �F�R�V�J�W�B�M�F�O�U�M�Z �C�F �F�Y�Q�S�F�T�T�F�E �B�T+. # �/ . %" ! " ( ! #<" %# + 1) �X�I�J�D�I �B�W�P�J�E�T �U�P
�I�B�W�F �U�P �N�B�L�F �U�I�F �E�J�T�U�J�O�D�U�J�P�O �C�F�U�X�F�F�O �T�V�D�D�F�T�T�P�S �B�O�E �M�J�N�J�U �P�S�E�J�O�B�M�T�"' ��

�5	n	k	u	x	k	s �*�*�������� �	�'	o	~	v	u	o	t	z �6	t	j	k	x �"	v	v	x	u	~	o	s	g	z	o	u	t 	h	• �5	x	g	t	y	l	o	t	o	z	k �*	z	k	x	g	z	k	y�
���-�F�U" # -
!

!" -
�C�F �B�O �J�O�D�S�F�B�T�J�O�H �G�V�O�D�U�J�P�O �P�O �B �T�a�`"- , ! , ( , ) # �	�J���F�� �F�W�F�S�Z �J�O�D�S�F�B�T�J�O�H �D�I�B�J�O �J�O- �I�B�T �B �M�F�B�T�U �V�Q�Q�F�S
�C�P�V�O�E �J�O- �
 �J�O�D�M�V�E�J�O�H( = )& �
��& # - �J�T �B 	��Y�Q�P�J�O�U �V�O�E�F�S�B�Q�Q�S�P�Y�J�N�B�U�J�P�O�
 �J���F��& ! �M�G�Q! " �
 �J�G �B�O�E �P�O�M�Z
�J�G �U�I�F�S�F �F�Y�J�T�U�T �B�O �J�O�D�S�F�B�T�J�O�H �U�S�B�O�T	��O�J�U�F �T�F�R�V�F�O�D�F"%" , . # �/ # �G�P�S" �V�M�U�J�N�B�U�F�M�Z �P�W�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�O�H&
�	�%�F�G���*�*���������
��

���P�S �$�1�0�T��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �0�D�U�P�C�F�S ����������



Google, 2025/09/17                                                                                                                                                                                                                                           © P. Cousot28

5. Calculational design of HL

• Theory of HL (for iteration):

• HL proof system:
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Sound and complete by construction

Machine checkable, if not machine checked!
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Surprised to find a variant of HL proof system

yields the sound and complete proof system:

no need for Hoare left consequence rule (but for iteration):

3.2. RULES OF CONSEQUENCE 
In addition to axioms, a deductive science requires at 

least one rule of inference, which permits the deduction of 
new theorems from one or more axioms or theorems al- 
ready proved. A rule of inference takes the form " I f  ~-X 
and ~- Y then ~-Z", i.e. if assertions of the form X and Y 
have been proved as theorems, then Z also is thereby 
proved as a theorem. The simplest example of an inference 
rule states that  if the execution of a program Q en- 
sures the t ruth of the assertion R, then it also ensures the 
t ruth of every assertion logically implied by R. Also, if 
P is known to be a precondition for a program Q to pro- 
duce result R, then so is any other assertion which logically 
implies P. These rules may be expressed more formally: 

D1 Rules of Consequence 

If  ~-P{Q}R and ~-R D S then ~-P{Q}S 
If ~-P{Q}R and ~-S ~ P then ~-S{Q}R 

3.3. RULE OF COMPOSITION 
A program generally consists of a sequence of statements 

which are executed one after another. The statements may 
be separated by a semicolon or equivalent symbol denoting 
procedural composition: (Q1 ; Q2 ; " ' "  ; Q~). In  order to 
avoid the awkwardness of dots, i t  is possible to deal ini- 
tially with only two statements (Q1 ; Q2), since longer se- 
quences can be reconstructed by nesting, thus (Q~ ; (Q2 ; 
( " "  (Q,-1 ; Q.) - ' "  ) ) ) .  The removal of the brackets of 
this nest may be regarded as convention based on the 
associativity of the ";-operator", in the same way as brack- 
ets are removed from an arithmetic expression (6 + (t2 + 
( . . -  (t,_~ + t ,)  - - . ) ) ) .  

The inference rule associated with composition states 
that  if the proven result of the first part  of a program is 
identical with the precondition under which the second part  
of the program produces its intended result, then the whole 
program will produce the intended result, provided that  the 
precondition of the first part  is satisfied. 

In more formal terms: 

D2 Rule of Composition 

If ~-P{QdR1 and ~-R~{Q2}R then ~-P{ (Q~ ; Q2)}R 
3.4. RvL~ OF ITERATION 
The essential feature of a stored program computer is 

the abil ity to execute some portion of program (S) re- 
peatedly unti l  a condition (B) goes false. A simple way of 
expressing such an iteration is to adapt the ALGOL 60 
w h i l e  notation: 

w h i l e  B do  S 

In executing this statement, a computer first tests the con- 
dition B. I f  this is false, S is omitted, and execution of the 
loop is complete. Otherwise, S is executed and B is tested 
again. This action is repeated until B is found to be false. 
The reasoning which leads to a formulation of an inference 
rule for iteration is as follows. Suppose P to be an assertion 
which is always true on completion of S, provided that  it is 
also true on initiation. Then obviously P will still be true 
after any number of iterations of the statement S (even 

no iterations). Furthermore, it is known that  the con- 
trolling condition B is false when the iteration finally 
terminates. A slightly more powerful formulation is pos- 
sible in light of the fact that  B may be assumed to be true 
on initiation of S: 

D3 Rule of I teration 
If ~P A B{S}P then ~-P{while B do S} ~ B  A P 

3.5. EXAMPLE 
The axioms quoted above are sufficient to construct the 

proof of properties of simple programs, for example, a 
routine intended to find the quotient q and remainder r 
obtained on dividing x by y. All variables are assumed to 
range over a set of nonnegative integers conforming to the 
axioms listed in Table I. For simplicity we use the trivial 
but  inefficient method of successive subtraction. The pro- 
posed program is: 

((r := x; q := 0);  w h i l e  
y < r d o  ( r := r - -y ;  q : =  l + q ) )  

An important property of this program is that  when it 
terminates, we can recover the numerator x by adding to 
the remainder r the product of the divisor y and the quo- 
t ient q (i.e. x = r + y X q). Furthermore, the remainder 
is less than the divisor. These properties may be expressed 
formally: 

t r u e { Q }  ~ y  ~< r A x  = r + y X q 

where Q stands for the program displayed above. This 
expresses a necessary (but not sufficient) condition for 
the "correctness" of the program. 

A formal proof of this theorem is given in Table I I I .  
Like all formal proofs, i t  is excessively tedious, and it 
would be fairly easy to introduce notational conventions 
which would significantly shorten it. An even more power- 
ful method of reducing the tedium of formal proofs is to 
derive general rules for proof construction out of the simple 
rules accepted as postulates. These general rules would be 
shown to be valid by demonstrating how every theorem 
proved with their assistance could equally well (if more 
tediously) have been proved without. Once a powerful set 
of supplementary rules has been developed, a "formal 
proof" reduces to little more than an informal indication 
of how a formal proof could be constructed. 

4. G e n e r a l  R e s e r v a t i o n s  

The axioms and rules of inference quoted in this paper 
have implicitly assumed the absence of side effects of the 
evaluation of expressions and conditions. In proving prop- 
erties of programs expressed in a language permitt ing side 
effects, i t  would be necessary to prove their absence in 
each ease before applying the appropriate proof technique. 
I f  the main purpose of a high level programming language 
is to assist in the construction and verification of correct 
programs, it is doubtful whether the use of functional 
notation to call procedures with side effects is a genuine 
advantage. 

Another deficiency in the axioms and rules quoted above 
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We also have (post is increasing):
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Th. II.3.1
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yields the sound and complete proof system:

no (strict) need for Hoare left consequence rule (but for iteration):

3.2. RULES OF CONSEQUENCE 
In addition to axioms, a deductive science requires at 

least one rule of inference, which permits the deduction of 
new theorems from one or more axioms or theorems al- 
ready proved. A rule of inference takes the form " I f  ~-X 
and ~- Y then ~-Z", i.e. if assertions of the form X and Y 
have been proved as theorems, then Z also is thereby 
proved as a theorem. The simplest example of an inference 
rule states that  if the execution of a program Q en- 
sures the t ruth of the assertion R, then it also ensures the 
t ruth of every assertion logically implied by R. Also, if 
P is known to be a precondition for a program Q to pro- 
duce result R, then so is any other assertion which logically 
implies P. These rules may be expressed more formally: 

D1 Rules of Consequence 

If  ~-P{Q}R and ~-R D S then ~-P{Q}S 
If ~-P{Q}R and ~-S ~ P then ~-S{Q}R 

3.3. RULE OF COMPOSITION 
A program generally consists of a sequence of statements 

which are executed one after another. The statements may 
be separated by a semicolon or equivalent symbol denoting 
procedural composition: (Q1 ; Q2 ; " ' "  ; Q~). In  order to 
avoid the awkwardness of dots, i t  is possible to deal ini- 
tially with only two statements (Q1 ; Q2), since longer se- 
quences can be reconstructed by nesting, thus (Q~ ; (Q2 ; 
( " "  (Q,-1 ; Q.) - ' "  ) ) ) .  The removal of the brackets of 
this nest may be regarded as convention based on the 
associativity of the ";-operator", in the same way as brack- 
ets are removed from an arithmetic expression (6 + (t2 + 
( . . -  (t,_~ + t ,)  - - . ) ) ) .  

The inference rule associated with composition states 
that  if the proven result of the first part  of a program is 
identical with the precondition under which the second part  
of the program produces its intended result, then the whole 
program will produce the intended result, provided that  the 
precondition of the first part  is satisfied. 

In more formal terms: 

D2 Rule of Composition 

If ~-P{QdR1 and ~-R~{Q2}R then ~-P{ (Q~ ; Q2)}R 
3.4. RvL~ OF ITERATION 
The essential feature of a stored program computer is 

the abil ity to execute some portion of program (S) re- 
peatedly unti l  a condition (B) goes false. A simple way of 
expressing such an iteration is to adapt the ALGOL 60 
w h i l e  notation: 

w h i l e  B do  S 

In executing this statement, a computer first tests the con- 
dition B. I f  this is false, S is omitted, and execution of the 
loop is complete. Otherwise, S is executed and B is tested 
again. This action is repeated until B is found to be false. 
The reasoning which leads to a formulation of an inference 
rule for iteration is as follows. Suppose P to be an assertion 
which is always true on completion of S, provided that  it is 
also true on initiation. Then obviously P will still be true 
after any number of iterations of the statement S (even 

no iterations). Furthermore, it is known that  the con- 
trolling condition B is false when the iteration finally 
terminates. A slightly more powerful formulation is pos- 
sible in light of the fact that  B may be assumed to be true 
on initiation of S: 

D3 Rule of I teration 
If ~P A B{S}P then ~-P{while B do S} ~ B  A P 

3.5. EXAMPLE 
The axioms quoted above are sufficient to construct the 

proof of properties of simple programs, for example, a 
routine intended to find the quotient q and remainder r 
obtained on dividing x by y. All variables are assumed to 
range over a set of nonnegative integers conforming to the 
axioms listed in Table I. For simplicity we use the trivial 
but  inefficient method of successive subtraction. The pro- 
posed program is: 

((r := x; q := 0);  w h i l e  
y < r d o  ( r := r - -y ;  q : =  l + q ) )  

An important property of this program is that  when it 
terminates, we can recover the numerator x by adding to 
the remainder r the product of the divisor y and the quo- 
t ient q (i.e. x = r + y X q). Furthermore, the remainder 
is less than the divisor. These properties may be expressed 
formally: 

t r u e { Q }  ~ y  ~< r A x  = r + y X q 

where Q stands for the program displayed above. This 
expresses a necessary (but not sufficient) condition for 
the "correctness" of the program. 

A formal proof of this theorem is given in Table I I I .  
Like all formal proofs, i t  is excessively tedious, and it 
would be fairly easy to introduce notational conventions 
which would significantly shorten it. An even more power- 
ful method of reducing the tedium of formal proofs is to 
derive general rules for proof construction out of the simple 
rules accepted as postulates. These general rules would be 
shown to be valid by demonstrating how every theorem 
proved with their assistance could equally well (if more 
tediously) have been proved without. Once a powerful set 
of supplementary rules has been developed, a "formal 
proof" reduces to little more than an informal indication 
of how a formal proof could be constructed. 

4. G e n e r a l  R e s e r v a t i o n s  

The axioms and rules of inference quoted in this paper 
have implicitly assumed the absence of side effects of the 
evaluation of expressions and conditions. In proving prop- 
erties of programs expressed in a language permitt ing side 
effects, i t  would be necessary to prove their absence in 
each ease before applying the appropriate proof technique. 
I f  the main purpose of a high level programming language 
is to assist in the construction and verification of correct 
programs, it is doubtful whether the use of functional 
notation to call procedures with side effects is a genuine 
advantage. 

Another deficiency in the axioms and rules quoted above 
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5. Calculational design of Incorrectness Logic IL
• Theory of IL (for iteration):

• IL proof system:

(similar to O’Hearn backward variant since the consequence rule can also be separated)
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5. Calculational design of IL
• Theory of IL (for iteration):

• IL proof system:

(similar to O’Hearn backward variant since the consequence rule can also be separated)
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Much more in the POPL24 paper
• Bi-inductive relational semantics with break and non termination (⊥), 

for termination and nontermination proofs

• Many more abstractions and combinations #  hundreds of 
transformational logics theories (including property negations, proofs by 
contradictions, backward logics, etc.)

• Taxonomies based on theory  
 abstractions (not proof systems)
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Much more in the POPL24 paper
• Bi-inductive relational semantics with break and non termination (⊥), 

for termination and nontermination proofs

• Many more abstractions and combinations #  hundreds of 
transformational logics theories (including property negations, proofs by 
contradictions, backward logics, etc.)

• Taxonomies based on theory  
 abstractions (not proof systems)
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Much more in the POPL24 paper
• Bi-inductive relational semantics with break and non termination (⊥), 

for termination and nontermination proofs

• Many more abstractions and combinations #  hundreds of 
transformational logics theories (including property negations, proofs by 
contradictions, backward logics, etc.)

• Taxonomies based on theory abstractions (not proof systems)
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• Many more fixpoint induction principles (including P ⊑ lfp⊑ F,  lfp⊑ F ⊑ P,   

P ⊑ gfp⊑ F,  gfp⊑ F ⊑ P,  lfp⊑ F ⊓ P = ∅,  gfp⊑ F ⊓ P = ∅, etc)

• Calculational design I of a logic for partial correctness + total correctness + 
non termination

Much more in the POPL24 paper
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• Example I: calculational design of a logic for partial correctness + total 
correctness + non termination

Much more in the POPL24 paper
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• Example II: calculational design of an incorrectness logic including non 
termination

• A specification for factorial:

• False alarm ￼   with a (totally imprecise) interval analysis

• The alarm is false by nontermination

• Not provable with RH (non termination missing)
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• Example II: calculational design of an incorrectness logic including non 
termination

• A specification for factorial:

• False alarm ￼   with a (totally imprecise) interval analysis

• The alarm is false by nontermination

• Not provable with RH (non termination missing)
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• Example II: calculational design of an incorrectness logic including non 
termination

• A specification for factorial:

• False alarm ￼   with a (totally imprecise) interval analysis

• The alarm is false by nontermination, not provable with IL
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• IL is not Hoare incorrectness logic (sufficient, not necessary)

• The logic                                                                             can be 
calculated by the design method (and does not need a consequence 
rule)

39

About incorrectness
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Conclusion of part I

A transformational logic is 

an abstract interpretation of 


a natural relational semantics 
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Part II: 
Calculational Design of Hyperlogics by 

Abstract Interpretation 

Patrick Cousot, Jeffery Wang:

Calculational Design of Hyperlogics by Abstract Interpretation. Proc. ACM Program. Lang. 9(POPL): 
446-478 (2025)


https://dblp.org/pid/c/PCousot.html
https://dblp.org/db/journals/pacmpl/pacmpl9.html#CousotW25
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Transformational logic = Hoare style logics {P} S {Q}

Conceive a method to design program 
transformational hyperlogics

Objective
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• What is the program semantics?   S⟦P⟧


• What is the strongest program semantic property (collecting 
semantics)?   {S⟦P⟧} 


• What is the strongest program property of interest?   αs{S⟦P⟧}


• The properties of interest derive by implication (consequence 
rule)   αc o αs{S⟦P⟧}    (theory of the logic)


• What are the proof rules?
44

Understanding a program logic in Part I
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Reminder (of Part I, POPL 2024)
Relational semantics  S⟦P⟧

Collecting sem.  {S⟦P⟧}

Theory of the logic α{S⟦P⟧}

Proof rules of the logic

α = αc o αs

S.{S}

Aczel+Park & …

Structural fixpoint definition

Structural fixpoint characterization

Structural fixpoint characterization

Deductive system

�E�C�N�E�W�N�W�U

�E�C�N�E�W�N�W�U

�E�C�N�E�W�N�W�U
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Can we calculate hyperlogics proof systems by 
structural abstractions of the program semantics?

Methodology
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• For hyperlogics, the strongest program property of interest 
is the collecting semantics itself    {S⟦P⟧} 


• There is no abstraction  αs  (in general) 

• Any proof of a general hyperproperty must characterize the 
program semantics exactly!


• Unmanageable in practice!


• The only workaround is to consider only abstract 
hyperproperties!

47

We will conclude that ``Yes’’, but
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Which semantics?

48
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Which semantics?

• Hoare logic soundness/completeness for invariants 
is with respect to a relational semantics


• The logic would be essentially the same with 
execution traces (but for primitives)


• Is there a semantics covering both cases (and even 
many others)?
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Algebraic semantics: 
a structural fixpoint de finition

50
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Algebraic semantics (cont’d)

• Parameterized by an abstract semantic domain 
providing the model of executions and effect of 
primitives
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• Structural fixpoint definition of the effect of 
commands
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�������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

�%�� 	_�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! ! ! �,!
+ ! �,!

+ ! �,!
+" " ! (( �,!

+ ! �,!
" ) " ( �,!

" ! �,!
+ ) " ( �,!

" ! �,!
" )) ! �,!

" "
�J�T �B�T�T�P�D�J�B�U�J�W�F �B�O�E �T�B�U�J�T
W�F�T �U�I�F �G�P�M�M�P�X�J�O�H �D�P�O�E�J�U�J�P�O�T �	�X�I�F�S�F#�,!

! , " !
! , #!

! , $!
! , %!

! , &!
! $�
! ! { +, ' }

�E�F�T�J�H�O�B�U�F�T#�,!
+, " !

+, #!
+, $!

+, %!
+, &!

+$�X�I�F�O! = + �B�O�E#�,!
" , " !

" , #!
" , $!

" , %!
" , &!

" $�X�I�F�O! = ' �
��

�B��( " ! �,!
+ . " !! �J�O�J�U! = �J�O�J�U! !! " = " ��

�C��( " ! �,!
+ . " !! #!

+ = #!
+ �B�O�E( " ! �,!

! . #!
+ !! " = #!

+ �	�T�B�N�F �G�P�S�,!
" �X�I�F�O#!

" �F�Y�J�T�U�T�
��

�D��( " ! �,!
" . ( " # ! �,!

! . " !! " # = " ��

�E���*�O �J�U�T �M�F	O�
 �S�J�H�I�U�
 �P�S �C�P�U�I �Q�B�S�B�N�F�U�F�S�T�
 �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! �J�T �F�J�U�I�F�S
�J���J�O�D�S�F�B�T�J�O�H �G�P�S" !

+ �B�O�E���P�S" !
" ��

�J�J��
W�O�J�U�F �K�P�J�O �Q�S�F�T�F�S�W�J�O�H �G�P�S%!
+ �B�O�E���P�S%!

" ��

�J�J�J���J�O �B�E�E�J�U�J�P�O �U�P���������%���E���J�J�
 �J�T �M�P�X�F�S �D�P�O�U�J�O�V�P�V�T �G�P�S&!
+ �B�O�E���P�S&!

" �B�O�E���P�S �V�Q�Q�F�S �D�P�O�U�J�O��
�V�P�V�T �G�P�S%!

+ �B�O�E���P�S%!
" ��

�J�W���F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z%!
+���Q�S�F�T�F�S�W�J�O�H �B�O�E���P�S �F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z&!

" ���Q�S�F�T�F�S�W�J�O�H��

�3	k	s	g	x	q ���������*�O �D�B�T�F�,!
+ ) �,!

" = * �
 �X�F �D�B�O �E�F
W�O�F�,! # �,!
+ " �,!

" �X�J�U�I# + # # ) �,!
+ �
# " # # ) �,!

" �

�B�O�E# " ! $ # # + " !

+ $ + + # " " !
" $ " �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �C�J���J�O�E�V�D�U�J�W�F �E�F
W�O�J�U�J�P�O�T �<�����>

�N�F�O�U�J�P�O�F�E �J�O �F�Y�B�N�Q�M�F�������� ,

�3	k	s	g	x	q ���������)�Z�Q�P�U�I�F�T�F�T���������#�
���������%���E���J�B�O�E���������%���E���J�J�E�F�U�F�S�N�J�O�F �U�I�F �Q�S�F�D�J�T�J�P�O �P�G �U�I�F �T�F�N�B�O�U�J�D
�P�G �C�B�T�J�D �D�P�N�N�B�O�E�T�
 �D�P�N�Q�P�T�J�U�J�P�O�
 �D�I�P�J�D�F�T�
 �D�P�O�E�J�U�J�P�O�B�M�T�
 �B�O�E �J�U�F�S�B�U�J�P�O �J�O �U�I�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T��
	_�F�T�F �I�Z�Q�P�U�I�F�T�F�T �B�T �X�F�M�M �B�T���������%���E���J�J�J�B�O�E���������%���E���J�W�E�F�U�F�S�N�J�O�F �X�I�F�U�I�F�S 
W�Y�Q�P�J�O�U �J�U�F�S�B�U�J�P�O�T �T�I�P�V�M�E
�C�F �J�O
W�O�J�U�F �P�S �U�S�B�O�T
W�O�J�U�F �	�T�F�F �Q�S�P�Q�P�T�J�U�J�P�O�������
�� ,

������ �%�F�G�J�O�J�U�J�P�O �P�G �U�I�F �"�M�H�F�C�S�B�J�D �4�F�N�B�O�U�J�D�T

	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �T�U�B�U�F�N�F�O�U�T�5! �3�J�T �B�O �B�C�T�U�S�B�D�U �Q�S�P�Q�F�S�U�Z �P�G �F�Y�F�D�V�U�J�P�O�T�� 	_�F �C�B�T�J�D �D�P�N��
�N�B�O�E�T�5�B�S�F �B�T�T�J�H�O�N�F�O�U�
 �S�B�O�E�P�N �B�T�T�J�H�O�N�F�O�U�
�D�T�G�C�M�P�V�U �P�G �U�I�F �J�N�N�F�E�J�B�U�F�M�Z �F�O�D�M�P�T�J�O�H �M�P�P�Q�
 �B�O�E
�U�M�K�R�
 �X�J�U�I �U�I�F �G�P�M�M�P�X�J�O�H"�5#!

" �B�O�E �C�S�F�B�L"�5#!
# 
W�O�J�U�F���F�O�E�J�O�H���U�F�S�N�J�O�B�U�J�O�H �T�F�N�B�O�U�J�D�T �J�O�,!

+ �B�T �X�F�M�M �B�T
�J�O
W�O�J�U�F���O�P�O�U�F�S�N�J�O�B�U�J�O�H"�5#!

$ �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �J�O�,!
" ��

���������� �#�B�T�J�D �4�U�B�U�F�N�F�O�U�T��
"� Z � � � ##!

" # �B�T�T�J�H�O! "�Z, �## "� Z � � � ##!
# # #!

+ "� Z � � � ##!
$ # #!

"

"� Z � � � =%�� &�?#!
" # �S�B�T�T�J�H�O! "�Z,%,&# "� Z � � � =%�� &�?#!

# # #!
+ "� Z � � � =%�� &�?#!

$ # #!
"

"�D�T�G�C�M#!
" # #!

+ "�D�T�G�C�M#!
# # �C�S�F�B�L! "�D�T�G�C�M#!

$ # #!
" �	���


"�U�M�K�R#!
" # �T�L�J�Q! "�U�M�K�R#!

# # #!
+ "�U�M�K�R#!

$ # #!
"

"�$#!
" # �U�F�T�U! "�$# "�$#!

# # #!
+ "�$#!

$ # #!
"

�'�P�S �U�I�F �B�T�T�J�H�O�N�F�O�U� Z � � � #�
 �U�I�F �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T�B�T�T�J�H�O! "�Z, �##�J�T �T�Q�F�D�J
W�F�E �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O�

�B�O�E �T�P�
 �J�T �X�F�M�M���E�F
W�O�F�E �C�Z���������#��"� Z � � � ##!

# = #!
+ �C�F�D�B�V�T�F �U�I�F �B�T�T�J�H�O�N�F�O�U �D�B�O�O�P�U �C�S�F�B�L��"� Z � � � ##!

$ =
#!

" �T�J�O�D�F �U�I�F �B�T�T�J�H�O�N�F�O�U �B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T�� 	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �U�I�F �P�U�I�F�S �Q�S�J�N�J�U�J�W�F�T �J�T
�T�J�N�J�M�B�S�
 �F�Y�D�F�Q�U �G�P�S �U�I�F�D�T�G�C�M�T�U�B�U�F�N�F�O�U��"�D�T�G�C�M#!

" = #!
+ �T�J�O�D�F �U�I�F�D�T�G�C�M�D�B�O�O�P�U �D�P�O�U�J�O�V�F �J�O �T�F�R�V�F�O�D�F��

	_�F �T�F�N�B�O�U�J�D�T"�D�T�G�C�M#!
# �P�G �U�I�F�D�T�G�C�M�J�T �H�J�W�F�O �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O �Q�S�J�N�J�U�J�W�F�C�S�F�B�L! �X�I�J�D�I �J�T 
W�O�J�U�F

�B�O�E �X�F�M�M���E�F
W�O�F�E��"�D�T�G�C�M#!
$ = #!

" �T�J�O�D�F �B�D�T�G�C�M�B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T��

���������� �4�U�S�V�D�U�V�S�B�M �4�U�B�U�F�N�F�O�U�T���'�P�S �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�B�M �X�I�F�S�F"�$���5#!
! #

�U�F�T�U! "�$# !! "�5#!
! �
! ! { ' ,&,#} �
 �X�F �E�F
W�O�F

"�51���52#!
" # "�51#!

" !! "�52#!
" "�K�H �
�$�� �51 �G�N�U�G �52#!

" # "�$���51#
!
" %!

+ "Â�$���52#
!
"

"�51���52#!
# # "�51#!

# %!
+ ( "�51#!

" !! "�52#!
#) "�K�H �
�$�� �51 �G�N�U�G �52#!

# # "�$���51#
!
# %!

+ "Â�$���52#
!
# �	���


"�51���52#!
$ # "�51#!

$ %!
" ( "�51#!

" !! "�52#!
$) "�K�H �
�$�� �51 �G�N�U�G �52#!

$ # "�$���51#
!
$ %!

" "Â�$���52#
!
$

�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

�������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

�%�� 	_�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! ! ! �,!
+ ! �,!

+ ! �,!
+" " ! (( �,!

+ ! �,!
" ) " ( �,!

" ! �,!
+ ) " ( �,!

" ! �,!
" )) ! �,!

" "
�J�T �B�T�T�P�D�J�B�U�J�W�F �B�O�E �T�B�U�J�T
W�F�T �U�I�F �G�P�M�M�P�X�J�O�H �D�P�O�E�J�U�J�P�O�T �	�X�I�F�S�F#�,!

! , " !
! , #!

! , $!
! , %!

! , &!
! $�
! ! { +, ' }

�E�F�T�J�H�O�B�U�F�T#�,!
+, " !

+, #!
+, $!

+, %!
+, &!

+$�X�I�F�O! = + �B�O�E#�,!
" , " !

" , #!
" , $!

" , %!
" , &!

" $�X�I�F�O! = ' �
��

�B��( " ! �,!
+ . " !! �J�O�J�U! = �J�O�J�U! !! " = " ��

�C��( " ! �,!
+ . " !! #!

+ = #!
+ �B�O�E( " ! �,!

! . #!
+ !! " = #!

+ �	�T�B�N�F �G�P�S�,!
" �X�I�F�O#!

" �F�Y�J�T�U�T�
��

�D��( " ! �,!
" . ( " # ! �,!

! . " !! " # = " ��

�E���*�O �J�U�T �M�F	O�
 �S�J�H�I�U�
 �P�S �C�P�U�I �Q�B�S�B�N�F�U�F�S�T�
 �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! �J�T �F�J�U�I�F�S
�J���J�O�D�S�F�B�T�J�O�H �G�P�S" !

+ �B�O�E���P�S" !
" ��

�J�J��
W�O�J�U�F �K�P�J�O �Q�S�F�T�F�S�W�J�O�H �G�P�S%!
+ �B�O�E���P�S%!

" ��

�J�J�J���J�O �B�E�E�J�U�J�P�O �U�P���������%���E���J�J�
 �J�T �M�P�X�F�S �D�P�O�U�J�O�V�P�V�T �G�P�S&!
+ �B�O�E���P�S&!

" �B�O�E���P�S �V�Q�Q�F�S �D�P�O�U�J�O��
�V�P�V�T �G�P�S%!

+ �B�O�E���P�S%!
" ��

�J�W���F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z%!
+���Q�S�F�T�F�S�W�J�O�H �B�O�E���P�S �F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z&!

" ���Q�S�F�T�F�S�W�J�O�H��

�3	k	s	g	x	q ���������*�O �D�B�T�F�,!
+ ) �,!

" = * �
 �X�F �D�B�O �E�F
W�O�F�,! # �,!
+ " �,!

" �X�J�U�I# + # # ) �,!
+ �
# " # # ) �,!

" �

�B�O�E# " ! $ # # + " !

+ $ + + # " " !
" $ " �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �C�J���J�O�E�V�D�U�J�W�F �E�F
W�O�J�U�J�P�O�T �<�����>

�N�F�O�U�J�P�O�F�E �J�O �F�Y�B�N�Q�M�F�������� ,

�3	k	s	g	x	q ���������)�Z�Q�P�U�I�F�T�F�T���������#�
���������%���E���J�B�O�E���������%���E���J�J�E�F�U�F�S�N�J�O�F �U�I�F �Q�S�F�D�J�T�J�P�O �P�G �U�I�F �T�F�N�B�O�U�J�D
�P�G �C�B�T�J�D �D�P�N�N�B�O�E�T�
 �D�P�N�Q�P�T�J�U�J�P�O�
 �D�I�P�J�D�F�T�
 �D�P�O�E�J�U�J�P�O�B�M�T�
 �B�O�E �J�U�F�S�B�U�J�P�O �J�O �U�I�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T��
	_�F�T�F �I�Z�Q�P�U�I�F�T�F�T �B�T �X�F�M�M �B�T���������%���E���J�J�J�B�O�E���������%���E���J�W�E�F�U�F�S�N�J�O�F �X�I�F�U�I�F�S 
W�Y�Q�P�J�O�U �J�U�F�S�B�U�J�P�O�T �T�I�P�V�M�E
�C�F �J�O
W�O�J�U�F �P�S �U�S�B�O�T
W�O�J�U�F �	�T�F�F �Q�S�P�Q�P�T�J�U�J�P�O�������
�� ,

������ �%�F�G�J�O�J�U�J�P�O �P�G �U�I�F �"�M�H�F�C�S�B�J�D �4�F�N�B�O�U�J�D�T

	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �T�U�B�U�F�N�F�O�U�T�5! �3�J�T �B�O �B�C�T�U�S�B�D�U �Q�S�P�Q�F�S�U�Z �P�G �F�Y�F�D�V�U�J�P�O�T�� 	_�F �C�B�T�J�D �D�P�N��
�N�B�O�E�T�5�B�S�F �B�T�T�J�H�O�N�F�O�U�
 �S�B�O�E�P�N �B�T�T�J�H�O�N�F�O�U�
�D�T�G�C�M�P�V�U �P�G �U�I�F �J�N�N�F�E�J�B�U�F�M�Z �F�O�D�M�P�T�J�O�H �M�P�P�Q�
 �B�O�E
�U�M�K�R�
 �X�J�U�I �U�I�F �G�P�M�M�P�X�J�O�H"�5#!

" �B�O�E �C�S�F�B�L"�5#!
# 
W�O�J�U�F���F�O�E�J�O�H���U�F�S�N�J�O�B�U�J�O�H �T�F�N�B�O�U�J�D�T �J�O�,!

+ �B�T �X�F�M�M �B�T
�J�O
W�O�J�U�F���O�P�O�U�F�S�N�J�O�B�U�J�O�H"�5#!

$ �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �J�O�,!
" ��

���������� �#�B�T�J�D �4�U�B�U�F�N�F�O�U�T��
"� Z � � � ##!

" # �B�T�T�J�H�O! "�Z, �## "� Z � � � ##!
# # #!

+ "� Z � � � ##!
$ # #!

"

"� Z � � � =%�� &�?#!
" # �S�B�T�T�J�H�O! "�Z,%,&# "� Z � � � =%�� &�?#!

# # #!
+ "� Z � � � =%�� &�?#!

$ # #!
"

"�D�T�G�C�M#!
" # #!

+ "�D�T�G�C�M#!
# # �C�S�F�B�L! "�D�T�G�C�M#!

$ # #!
" �	���


"�U�M�K�R#!
" # �T�L�J�Q! "�U�M�K�R#!

# # #!
+ "�U�M�K�R#!

$ # #!
"

"�$#!
" # �U�F�T�U! "�$# "�$#!

# # #!
+ "�$#!

$ # #!
"

�'�P�S �U�I�F �B�T�T�J�H�O�N�F�O�U� Z � � � #�
 �U�I�F �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T�B�T�T�J�H�O! "�Z, �##�J�T �T�Q�F�D�J
W�F�E �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O�

�B�O�E �T�P�
 �J�T �X�F�M�M���E�F
W�O�F�E �C�Z���������#��"� Z � � � ##!

# = #!
+ �C�F�D�B�V�T�F �U�I�F �B�T�T�J�H�O�N�F�O�U �D�B�O�O�P�U �C�S�F�B�L��"� Z � � � ##!

$ =
#!

" �T�J�O�D�F �U�I�F �B�T�T�J�H�O�N�F�O�U �B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T�� 	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �U�I�F �P�U�I�F�S �Q�S�J�N�J�U�J�W�F�T �J�T
�T�J�N�J�M�B�S�
 �F�Y�D�F�Q�U �G�P�S �U�I�F�D�T�G�C�M�T�U�B�U�F�N�F�O�U��"�D�T�G�C�M#!

" = #!
+ �T�J�O�D�F �U�I�F�D�T�G�C�M�D�B�O�O�P�U �D�P�O�U�J�O�V�F �J�O �T�F�R�V�F�O�D�F��

	_�F �T�F�N�B�O�U�J�D�T"�D�T�G�C�M#!
# �P�G �U�I�F�D�T�G�C�M�J�T �H�J�W�F�O �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O �Q�S�J�N�J�U�J�W�F�C�S�F�B�L! �X�I�J�D�I �J�T 
W�O�J�U�F

�B�O�E �X�F�M�M���E�F
W�O�F�E��"�D�T�G�C�M#!
$ = #!

" �T�J�O�D�F �B�D�T�G�C�M�B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T��

���������� �4�U�S�V�D�U�V�S�B�M �4�U�B�U�F�N�F�O�U�T���'�P�S �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�B�M �X�I�F�S�F"�$���5#!
! #

�U�F�T�U! "�$# !! "�5#!
! �
! ! { ' ,&,#} �
 �X�F �E�F
W�O�F

"�51���52#!
" # "�51#!

" !! "�52#!
" "�K�H �
�$�� �51 �G�N�U�G �52#!

" # "�$���51#
!
" %!

+ "Â�$���52#
!
"

"�51���52#!
# # "�51#!

# %!
+ ( "�51#!

" !! "�52#!
#) "�K�H �
�$�� �51 �G�N�U�G �52#!

# # "�$���51#
!
# %!

+ "Â�$���52#
!
# �	���


"�51���52#!
$ # "�51#!

$ %!
" ( "�51#!

" !! "�52#!
$) "�K�H �
�$�� �51 �G�N�U�G �52#!

$ # "�$���51#
!
$ %!

" "Â�$���52#
!
$

�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

�������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

�%�� 	_�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! ! ! �,!
+ ! �,!

+ ! �,!
+" " ! (( �,!

+ ! �,!
" ) " ( �,!

" ! �,!
+ ) " ( �,!

" ! �,!
" )) ! �,!

" "
�J�T �B�T�T�P�D�J�B�U�J�W�F �B�O�E �T�B�U�J�T
W�F�T �U�I�F �G�P�M�M�P�X�J�O�H �D�P�O�E�J�U�J�P�O�T �	�X�I�F�S�F#�,!

! , " !
! , #!

! , $!
! , %!

! , &!
! $�
! ! { +, ' }

�E�F�T�J�H�O�B�U�F�T#�,!
+, " !

+, #!
+, $!

+, %!
+, &!

+$�X�I�F�O! = + �B�O�E#�,!
" , " !

" , #!
" , $!

" , %!
" , &!

" $�X�I�F�O! = ' �
��

�B��( " ! �,!
+ . " !! �J�O�J�U! = �J�O�J�U! !! " = " ��

�C��( " ! �,!
+ . " !! #!

+ = #!
+ �B�O�E( " ! �,!

! . #!
+ !! " = #!

+ �	�T�B�N�F �G�P�S�,!
" �X�I�F�O#!

" �F�Y�J�T�U�T�
��

�D��( " ! �,!
" . ( " # ! �,!

! . " !! " # = " ��

�E���*�O �J�U�T �M�F	O�
 �S�J�H�I�U�
 �P�S �C�P�U�I �Q�B�S�B�N�F�U�F�S�T�
 �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! �J�T �F�J�U�I�F�S
�J���J�O�D�S�F�B�T�J�O�H �G�P�S" !

+ �B�O�E���P�S" !
" ��

�J�J��
W�O�J�U�F �K�P�J�O �Q�S�F�T�F�S�W�J�O�H �G�P�S%!
+ �B�O�E���P�S%!

" ��

�J�J�J���J�O �B�E�E�J�U�J�P�O �U�P���������%���E���J�J�
 �J�T �M�P�X�F�S �D�P�O�U�J�O�V�P�V�T �G�P�S&!
+ �B�O�E���P�S&!

" �B�O�E���P�S �V�Q�Q�F�S �D�P�O�U�J�O��
�V�P�V�T �G�P�S%!

+ �B�O�E���P�S%!
" ��

�J�W���F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z%!
+���Q�S�F�T�F�S�W�J�O�H �B�O�E���P�S �F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z&!

" ���Q�S�F�T�F�S�W�J�O�H��

�3	k	s	g	x	q ���������*�O �D�B�T�F�,!
+ ) �,!

" = * �
 �X�F �D�B�O �E�F
W�O�F�,! # �,!
+ " �,!

" �X�J�U�I# + # # ) �,!
+ �
# " # # ) �,!

" �

�B�O�E# " ! $ # # + " !

+ $ + + # " " !
" $ " �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �C�J���J�O�E�V�D�U�J�W�F �E�F
W�O�J�U�J�P�O�T �<�����>

�N�F�O�U�J�P�O�F�E �J�O �F�Y�B�N�Q�M�F�������� ,

�3	k	s	g	x	q ���������)�Z�Q�P�U�I�F�T�F�T���������#�
���������%���E���J�B�O�E���������%���E���J�J�E�F�U�F�S�N�J�O�F �U�I�F �Q�S�F�D�J�T�J�P�O �P�G �U�I�F �T�F�N�B�O�U�J�D
�P�G �C�B�T�J�D �D�P�N�N�B�O�E�T�
 �D�P�N�Q�P�T�J�U�J�P�O�
 �D�I�P�J�D�F�T�
 �D�P�O�E�J�U�J�P�O�B�M�T�
 �B�O�E �J�U�F�S�B�U�J�P�O �J�O �U�I�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T��
	_�F�T�F �I�Z�Q�P�U�I�F�T�F�T �B�T �X�F�M�M �B�T���������%���E���J�J�J�B�O�E���������%���E���J�W�E�F�U�F�S�N�J�O�F �X�I�F�U�I�F�S 
W�Y�Q�P�J�O�U �J�U�F�S�B�U�J�P�O�T �T�I�P�V�M�E
�C�F �J�O
W�O�J�U�F �P�S �U�S�B�O�T
W�O�J�U�F �	�T�F�F �Q�S�P�Q�P�T�J�U�J�P�O�������
�� ,

������ �%�F�G�J�O�J�U�J�P�O �P�G �U�I�F �"�M�H�F�C�S�B�J�D �4�F�N�B�O�U�J�D�T

	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �T�U�B�U�F�N�F�O�U�T�5! �3�J�T �B�O �B�C�T�U�S�B�D�U �Q�S�P�Q�F�S�U�Z �P�G �F�Y�F�D�V�U�J�P�O�T�� 	_�F �C�B�T�J�D �D�P�N��
�N�B�O�E�T�5�B�S�F �B�T�T�J�H�O�N�F�O�U�
 �S�B�O�E�P�N �B�T�T�J�H�O�N�F�O�U�
�D�T�G�C�M�P�V�U �P�G �U�I�F �J�N�N�F�E�J�B�U�F�M�Z �F�O�D�M�P�T�J�O�H �M�P�P�Q�
 �B�O�E
�U�M�K�R�
 �X�J�U�I �U�I�F �G�P�M�M�P�X�J�O�H"�5#!

" �B�O�E �C�S�F�B�L"�5#!
# 
W�O�J�U�F���F�O�E�J�O�H���U�F�S�N�J�O�B�U�J�O�H �T�F�N�B�O�U�J�D�T �J�O�,!

+ �B�T �X�F�M�M �B�T
�J�O
W�O�J�U�F���O�P�O�U�F�S�N�J�O�B�U�J�O�H"�5#!

$ �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �J�O�,!
" ��

���������� �#�B�T�J�D �4�U�B�U�F�N�F�O�U�T��
"� Z � � � ##!

" # �B�T�T�J�H�O! "�Z, �## "� Z � � � ##!
# # #!

+ "� Z � � � ##!
$ # #!

"

"� Z � � � =%�� &�?#!
" # �S�B�T�T�J�H�O! "�Z,%,&# "� Z � � � =%�� &�?#!

# # #!
+ "� Z � � � =%�� &�?#!

$ # #!
"

"�D�T�G�C�M#!
" # #!

+ "�D�T�G�C�M#!
# # �C�S�F�B�L! "�D�T�G�C�M#!

$ # #!
" �	���


"�U�M�K�R#!
" # �T�L�J�Q! "�U�M�K�R#!

# # #!
+ "�U�M�K�R#!

$ # #!
"

"�$#!
" # �U�F�T�U! "�$# "�$#!

# # #!
+ "�$#!

$ # #!
"

�'�P�S �U�I�F �B�T�T�J�H�O�N�F�O�U� Z � � � #�
 �U�I�F �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T�B�T�T�J�H�O! "�Z, �##�J�T �T�Q�F�D�J
W�F�E �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O�

�B�O�E �T�P�
 �J�T �X�F�M�M���E�F
W�O�F�E �C�Z���������#��"� Z � � � ##!

# = #!
+ �C�F�D�B�V�T�F �U�I�F �B�T�T�J�H�O�N�F�O�U �D�B�O�O�P�U �C�S�F�B�L��"� Z � � � ##!

$ =
#!

" �T�J�O�D�F �U�I�F �B�T�T�J�H�O�N�F�O�U �B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T�� 	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �U�I�F �P�U�I�F�S �Q�S�J�N�J�U�J�W�F�T �J�T
�T�J�N�J�M�B�S�
 �F�Y�D�F�Q�U �G�P�S �U�I�F�D�T�G�C�M�T�U�B�U�F�N�F�O�U��"�D�T�G�C�M#!

" = #!
+ �T�J�O�D�F �U�I�F�D�T�G�C�M�D�B�O�O�P�U �D�P�O�U�J�O�V�F �J�O �T�F�R�V�F�O�D�F��

	_�F �T�F�N�B�O�U�J�D�T"�D�T�G�C�M#!
# �P�G �U�I�F�D�T�G�C�M�J�T �H�J�W�F�O �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O �Q�S�J�N�J�U�J�W�F�C�S�F�B�L! �X�I�J�D�I �J�T 
W�O�J�U�F

�B�O�E �X�F�M�M���E�F
W�O�F�E��"�D�T�G�C�M#!
$ = #!

" �T�J�O�D�F �B�D�T�G�C�M�B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T��

���������� �4�U�S�V�D�U�V�S�B�M �4�U�B�U�F�N�F�O�U�T���'�P�S �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�B�M �X�I�F�S�F"�$���5#!
! #

�U�F�T�U! "�$# !! "�5#!
! �
! ! { ' ,&,#} �
 �X�F �E�F
W�O�F

"�51���52#!
" # "�51#!

" !! "�52#!
" "�K�H �
�$�� �51 �G�N�U�G �52#!

" # "�$���51#
!
" %!

+ "Â�$���52#
!
"

"�51���52#!
# # "�51#!

# %!
+ ( "�51#!

" !! "�52#!
#) "�K�H �
�$�� �51 �G�N�U�G �52#!

# # "�$���51#
!
# %!

+ "Â�$���52#
!
# �	���


"�51���52#!
$ # "�51#!

$ %!
" ( "�51#!

" !! "�52#!
$) "�K�H �
�$�� �51 �G�N�U�G �52#!

$ # "�$���51#
!
$ %!

" "Â�$���52#
!
$

�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

�������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

�%�� 	_�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! ! ! �,!
+ ! �,!

+ ! �,!
+" " ! (( �,!

+ ! �,!
" ) " ( �,!

" ! �,!
+ ) " ( �,!

" ! �,!
" )) ! �,!

" "
�J�T �B�T�T�P�D�J�B�U�J�W�F �B�O�E �T�B�U�J�T
W�F�T �U�I�F �G�P�M�M�P�X�J�O�H �D�P�O�E�J�U�J�P�O�T �	�X�I�F�S�F#�,!

! , " !
! , #!

! , $!
! , %!

! , &!
! $�
! ! { +, ' }

�E�F�T�J�H�O�B�U�F�T#�,!
+, " !

+, #!
+, $!

+, %!
+, &!

+$�X�I�F�O! = + �B�O�E#�,!
" , " !

" , #!
" , $!

" , %!
" , &!

" $�X�I�F�O! = ' �
��

�B��( " ! �,!
+ . " !! �J�O�J�U! = �J�O�J�U! !! " = " ��

�C��( " ! �,!
+ . " !! #!

+ = #!
+ �B�O�E( " ! �,!

! . #!
+ !! " = #!

+ �	�T�B�N�F �G�P�S�,!
" �X�I�F�O#!

" �F�Y�J�T�U�T�
��

�D��( " ! �,!
" . ( " # ! �,!

! . " !! " # = " ��

�E���*�O �J�U�T �M�F	O�
 �S�J�H�I�U�
 �P�S �C�P�U�I �Q�B�S�B�N�F�U�F�S�T�
 �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! �J�T �F�J�U�I�F�S
�J���J�O�D�S�F�B�T�J�O�H �G�P�S" !

+ �B�O�E���P�S" !
" ��

�J�J��
W�O�J�U�F �K�P�J�O �Q�S�F�T�F�S�W�J�O�H �G�P�S%!
+ �B�O�E���P�S%!

" ��

�J�J�J���J�O �B�E�E�J�U�J�P�O �U�P���������%���E���J�J�
 �J�T �M�P�X�F�S �D�P�O�U�J�O�V�P�V�T �G�P�S&!
+ �B�O�E���P�S&!

" �B�O�E���P�S �V�Q�Q�F�S �D�P�O�U�J�O��
�V�P�V�T �G�P�S%!

+ �B�O�E���P�S%!
" ��

�J�W���F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z%!
+���Q�S�F�T�F�S�W�J�O�H �B�O�E���P�S �F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z&!

" ���Q�S�F�T�F�S�W�J�O�H��

�3	k	s	g	x	q ���������*�O �D�B�T�F�,!
+ ) �,!

" = * �
 �X�F �D�B�O �E�F
W�O�F�,! # �,!
+ " �,!

" �X�J�U�I# + # # ) �,!
+ �
# " # # ) �,!

" �

�B�O�E# " ! $ # # + " !

+ $ + + # " " !
" $ " �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �C�J���J�O�E�V�D�U�J�W�F �E�F
W�O�J�U�J�P�O�T �<�����>

�N�F�O�U�J�P�O�F�E �J�O �F�Y�B�N�Q�M�F�������� ,

�3	k	s	g	x	q ���������)�Z�Q�P�U�I�F�T�F�T���������#�
���������%���E���J�B�O�E���������%���E���J�J�E�F�U�F�S�N�J�O�F �U�I�F �Q�S�F�D�J�T�J�P�O �P�G �U�I�F �T�F�N�B�O�U�J�D
�P�G �C�B�T�J�D �D�P�N�N�B�O�E�T�
 �D�P�N�Q�P�T�J�U�J�P�O�
 �D�I�P�J�D�F�T�
 �D�P�O�E�J�U�J�P�O�B�M�T�
 �B�O�E �J�U�F�S�B�U�J�P�O �J�O �U�I�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T��
	_�F�T�F �I�Z�Q�P�U�I�F�T�F�T �B�T �X�F�M�M �B�T���������%���E���J�J�J�B�O�E���������%���E���J�W�E�F�U�F�S�N�J�O�F �X�I�F�U�I�F�S 
W�Y�Q�P�J�O�U �J�U�F�S�B�U�J�P�O�T �T�I�P�V�M�E
�C�F �J�O
W�O�J�U�F �P�S �U�S�B�O�T
W�O�J�U�F �	�T�F�F �Q�S�P�Q�P�T�J�U�J�P�O�������
�� ,

������ �%�F�G�J�O�J�U�J�P�O �P�G �U�I�F �"�M�H�F�C�S�B�J�D �4�F�N�B�O�U�J�D�T

	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �T�U�B�U�F�N�F�O�U�T�5! �3�J�T �B�O �B�C�T�U�S�B�D�U �Q�S�P�Q�F�S�U�Z �P�G �F�Y�F�D�V�U�J�P�O�T�� 	_�F �C�B�T�J�D �D�P�N��
�N�B�O�E�T�5�B�S�F �B�T�T�J�H�O�N�F�O�U�
 �S�B�O�E�P�N �B�T�T�J�H�O�N�F�O�U�
�D�T�G�C�M�P�V�U �P�G �U�I�F �J�N�N�F�E�J�B�U�F�M�Z �F�O�D�M�P�T�J�O�H �M�P�P�Q�
 �B�O�E
�U�M�K�R�
 �X�J�U�I �U�I�F �G�P�M�M�P�X�J�O�H"�5#!

" �B�O�E �C�S�F�B�L"�5#!
# 
W�O�J�U�F���F�O�E�J�O�H���U�F�S�N�J�O�B�U�J�O�H �T�F�N�B�O�U�J�D�T �J�O�,!

+ �B�T �X�F�M�M �B�T
�J�O
W�O�J�U�F���O�P�O�U�F�S�N�J�O�B�U�J�O�H"�5#!

$ �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �J�O�,!
" ��

���������� �#�B�T�J�D �4�U�B�U�F�N�F�O�U�T��
"� Z � � � ##!

" # �B�T�T�J�H�O! "�Z, �## "� Z � � � ##!
# # #!

+ "� Z � � � ##!
$ # #!

"

"� Z � � � =%�� &�?#!
" # �S�B�T�T�J�H�O! "�Z,%,&# "� Z � � � =%�� &�?#!

# # #!
+ "� Z � � � =%�� &�?#!

$ # #!
"

"�D�T�G�C�M#!
" # #!

+ "�D�T�G�C�M#!
# # �C�S�F�B�L! "�D�T�G�C�M#!

$ # #!
" �	���


"�U�M�K�R#!
" # �T�L�J�Q! "�U�M�K�R#!

# # #!
+ "�U�M�K�R#!

$ # #!
"

"�$#!
" # �U�F�T�U! "�$# "�$#!

# # #!
+ "�$#!

$ # #!
"

�'�P�S �U�I�F �B�T�T�J�H�O�N�F�O�U� Z � � � #�
 �U�I�F �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T�B�T�T�J�H�O! "�Z, �##�J�T �T�Q�F�D�J
W�F�E �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O�

�B�O�E �T�P�
 �J�T �X�F�M�M���E�F
W�O�F�E �C�Z���������#��"� Z � � � ##!

# = #!
+ �C�F�D�B�V�T�F �U�I�F �B�T�T�J�H�O�N�F�O�U �D�B�O�O�P�U �C�S�F�B�L��"� Z � � � ##!

$ =
#!

" �T�J�O�D�F �U�I�F �B�T�T�J�H�O�N�F�O�U �B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T�� 	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �U�I�F �P�U�I�F�S �Q�S�J�N�J�U�J�W�F�T �J�T
�T�J�N�J�M�B�S�
 �F�Y�D�F�Q�U �G�P�S �U�I�F�D�T�G�C�M�T�U�B�U�F�N�F�O�U��"�D�T�G�C�M#!

" = #!
+ �T�J�O�D�F �U�I�F�D�T�G�C�M�D�B�O�O�P�U �D�P�O�U�J�O�V�F �J�O �T�F�R�V�F�O�D�F��

	_�F �T�F�N�B�O�U�J�D�T"�D�T�G�C�M#!
# �P�G �U�I�F�D�T�G�C�M�J�T �H�J�W�F�O �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O �Q�S�J�N�J�U�J�W�F�C�S�F�B�L! �X�I�J�D�I �J�T 
W�O�J�U�F

�B�O�E �X�F�M�M���E�F
W�O�F�E��"�D�T�G�C�M#!
$ = #!

" �T�J�O�D�F �B�D�T�G�C�M�B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T��

���������� �4�U�S�V�D�U�V�S�B�M �4�U�B�U�F�N�F�O�U�T���'�P�S �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�B�M �X�I�F�S�F"�$���5#!
! #

�U�F�T�U! "�$# !! "�5#!
! �
! ! { ' ,&,#} �
 �X�F �E�F
W�O�F

"�51���52#!
" # "�51#!

" !! "�52#!
" "�K�H �
�$�� �51 �G�N�U�G �52#!

" # "�$���51#
!
" %!

+ "Â�$���52#
!
"

"�51���52#!
# # "�51#!

# %!
+ ( "�51#!

" !! "�52#!
#) "�K�H �
�$�� �51 �G�N�U�G �52#!

# # "�$���51#
!
# %!

+ "Â�$���52#
!
# �	���


"�51���52#!
$ # "�51#!

$ %!
" ( "�51#!

" !! "�52#!
$) "�K�H �
�$�� �51 �G�N�U�G �52#!

$ # "�$���51#
!
$ %!

" "Â�$���52#
!
$

�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

�������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

�%�� 	_�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! ! ! �,!
+ ! �,!

+ ! �,!
+" " ! (( �,!

+ ! �,!
" ) " ( �,!

" ! �,!
+ ) " ( �,!

" ! �,!
" )) ! �,!

" "
�J�T �B�T�T�P�D�J�B�U�J�W�F �B�O�E �T�B�U�J�T
W�F�T �U�I�F �G�P�M�M�P�X�J�O�H �D�P�O�E�J�U�J�P�O�T �	�X�I�F�S�F#�,!

! , " !
! , #!

! , $!
! , %!

! , &!
! $�
! ! { +, ' }

�E�F�T�J�H�O�B�U�F�T#�,!
+, " !

+, #!
+, $!

+, %!
+, &!

+$�X�I�F�O! = + �B�O�E#�,!
" , " !

" , #!
" , $!

" , %!
" , &!

" $�X�I�F�O! = ' �
��

�B��( " ! �,!
+ . " !! �J�O�J�U! = �J�O�J�U! !! " = " ��

�C��( " ! �,!
+ . " !! #!

+ = #!
+ �B�O�E( " ! �,!

! . #!
+ !! " = #!

+ �	�T�B�N�F �G�P�S�,!
" �X�I�F�O#!

" �F�Y�J�T�U�T�
��

�D��( " ! �,!
" . ( " # ! �,!

! . " !! " # = " ��

�E���*�O �J�U�T �M�F	O�
 �S�J�H�I�U�
 �P�S �C�P�U�I �Q�B�S�B�N�F�U�F�S�T�
 �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! �J�T �F�J�U�I�F�S
�J���J�O�D�S�F�B�T�J�O�H �G�P�S" !

+ �B�O�E���P�S" !
" ��

�J�J��
W�O�J�U�F �K�P�J�O �Q�S�F�T�F�S�W�J�O�H �G�P�S%!
+ �B�O�E���P�S%!

" ��

�J�J�J���J�O �B�E�E�J�U�J�P�O �U�P���������%���E���J�J�
 �J�T �M�P�X�F�S �D�P�O�U�J�O�V�P�V�T �G�P�S&!
+ �B�O�E���P�S&!

" �B�O�E���P�S �V�Q�Q�F�S �D�P�O�U�J�O��
�V�P�V�T �G�P�S%!

+ �B�O�E���P�S%!
" ��

�J�W���F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z%!
+���Q�S�F�T�F�S�W�J�O�H �B�O�E���P�S �F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z&!

" ���Q�S�F�T�F�S�W�J�O�H��

�3	k	s	g	x	q ���������*�O �D�B�T�F�,!
+ ) �,!

" = * �
 �X�F �D�B�O �E�F
W�O�F�,! # �,!
+ " �,!

" �X�J�U�I# + # # ) �,!
+ �
# " # # ) �,!

" �

�B�O�E# " ! $ # # + " !

+ $ + + # " " !
" $ " �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �C�J���J�O�E�V�D�U�J�W�F �E�F
W�O�J�U�J�P�O�T �<�����>

�N�F�O�U�J�P�O�F�E �J�O �F�Y�B�N�Q�M�F�������� ,

�3	k	s	g	x	q ���������)�Z�Q�P�U�I�F�T�F�T���������#�
���������%���E���J�B�O�E���������%���E���J�J�E�F�U�F�S�N�J�O�F �U�I�F �Q�S�F�D�J�T�J�P�O �P�G �U�I�F �T�F�N�B�O�U�J�D
�P�G �C�B�T�J�D �D�P�N�N�B�O�E�T�
 �D�P�N�Q�P�T�J�U�J�P�O�
 �D�I�P�J�D�F�T�
 �D�P�O�E�J�U�J�P�O�B�M�T�
 �B�O�E �J�U�F�S�B�U�J�P�O �J�O �U�I�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T��
	_�F�T�F �I�Z�Q�P�U�I�F�T�F�T �B�T �X�F�M�M �B�T���������%���E���J�J�J�B�O�E���������%���E���J�W�E�F�U�F�S�N�J�O�F �X�I�F�U�I�F�S 
W�Y�Q�P�J�O�U �J�U�F�S�B�U�J�P�O�T �T�I�P�V�M�E
�C�F �J�O
W�O�J�U�F �P�S �U�S�B�O�T
W�O�J�U�F �	�T�F�F �Q�S�P�Q�P�T�J�U�J�P�O�������
�� ,

������ �%�F�G�J�O�J�U�J�P�O �P�G �U�I�F �"�M�H�F�C�S�B�J�D �4�F�N�B�O�U�J�D�T

	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �T�U�B�U�F�N�F�O�U�T�5! �3�J�T �B�O �B�C�T�U�S�B�D�U �Q�S�P�Q�F�S�U�Z �P�G �F�Y�F�D�V�U�J�P�O�T�� 	_�F �C�B�T�J�D �D�P�N��
�N�B�O�E�T�5�B�S�F �B�T�T�J�H�O�N�F�O�U�
 �S�B�O�E�P�N �B�T�T�J�H�O�N�F�O�U�
�D�T�G�C�M�P�V�U �P�G �U�I�F �J�N�N�F�E�J�B�U�F�M�Z �F�O�D�M�P�T�J�O�H �M�P�P�Q�
 �B�O�E
�U�M�K�R�
 �X�J�U�I �U�I�F �G�P�M�M�P�X�J�O�H"�5#!

" �B�O�E �C�S�F�B�L"�5#!
# 
W�O�J�U�F���F�O�E�J�O�H���U�F�S�N�J�O�B�U�J�O�H �T�F�N�B�O�U�J�D�T �J�O�,!

+ �B�T �X�F�M�M �B�T
�J�O
W�O�J�U�F���O�P�O�U�F�S�N�J�O�B�U�J�O�H"�5#!

$ �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �J�O�,!
" ��

���������� �#�B�T�J�D �4�U�B�U�F�N�F�O�U�T��
"� Z � � � ##!

" # �B�T�T�J�H�O! "�Z, �## "� Z � � � ##!
# # #!

+ "� Z � � � ##!
$ # #!

"

"� Z � � � =%�� &�?#!
" # �S�B�T�T�J�H�O! "�Z,%,&# "� Z � � � =%�� &�?#!

# # #!
+ "� Z � � � =%�� &�?#!

$ # #!
"

"�D�T�G�C�M#!
" # #!

+ "�D�T�G�C�M#!
# # �C�S�F�B�L! "�D�T�G�C�M#!

$ # #!
" �	���


"�U�M�K�R#!
" # �T�L�J�Q! "�U�M�K�R#!

# # #!
+ "�U�M�K�R#!

$ # #!
"

"�$#!
" # �U�F�T�U! "�$# "�$#!

# # #!
+ "�$#!

$ # #!
"

�'�P�S �U�I�F �B�T�T�J�H�O�N�F�O�U� Z � � � #�
 �U�I�F �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T�B�T�T�J�H�O! "�Z, �##�J�T �T�Q�F�D�J
W�F�E �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O�

�B�O�E �T�P�
 �J�T �X�F�M�M���E�F
W�O�F�E �C�Z���������#��"� Z � � � ##!

# = #!
+ �C�F�D�B�V�T�F �U�I�F �B�T�T�J�H�O�N�F�O�U �D�B�O�O�P�U �C�S�F�B�L��"� Z � � � ##!

$ =
#!

" �T�J�O�D�F �U�I�F �B�T�T�J�H�O�N�F�O�U �B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T�� 	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �U�I�F �P�U�I�F�S �Q�S�J�N�J�U�J�W�F�T �J�T
�T�J�N�J�M�B�S�
 �F�Y�D�F�Q�U �G�P�S �U�I�F�D�T�G�C�M�T�U�B�U�F�N�F�O�U��"�D�T�G�C�M#!

" = #!
+ �T�J�O�D�F �U�I�F�D�T�G�C�M�D�B�O�O�P�U �D�P�O�U�J�O�V�F �J�O �T�F�R�V�F�O�D�F��

	_�F �T�F�N�B�O�U�J�D�T"�D�T�G�C�M#!
# �P�G �U�I�F�D�T�G�C�M�J�T �H�J�W�F�O �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O �Q�S�J�N�J�U�J�W�F�C�S�F�B�L! �X�I�J�D�I �J�T 
W�O�J�U�F

�B�O�E �X�F�M�M���E�F
W�O�F�E��"�D�T�G�C�M#!
$ = #!

" �T�J�O�D�F �B�D�T�G�C�M�B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T��

���������� �4�U�S�V�D�U�V�S�B�M �4�U�B�U�F�N�F�O�U�T���'�P�S �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�B�M �X�I�F�S�F"�$���5#!
! #

�U�F�T�U! "�$# !! "�5#!
! �
! ! { ' ,&,#} �
 �X�F �E�F
W�O�F

"�51���52#!
" # "�51#!

" !! "�52#!
" "�K�H �
�$�� �51 �G�N�U�G �52#!

" # "�$���51#
!
" %!

+ "Â�$���52#
!
"

"�51���52#!
# # "�51#!

# %!
+ ( "�51#!

" !! "�52#!
#) "�K�H �
�$�� �51 �G�N�U�G �52#!

# # "�$���51#
!
# %!

+ "Â�$���52#
!
# �	���


"�51���52#!
$ # "�51#!

$ %!
" ( "�51#!

" !! "�52#!
$) "�K�H �
�$�� �51 �G�N�U�G �52#!

$ # "�$���51#
!
$ %!

" "Â�$���52#
!
$

�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

�������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

�%�� 	_�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! ! ! �,!
+ ! �,!

+ ! �,!
+" " ! (( �,!

+ ! �,!
" ) " ( �,!

" ! �,!
+ ) " ( �,!

" ! �,!
" )) ! �,!

" "
�J�T �B�T�T�P�D�J�B�U�J�W�F �B�O�E �T�B�U�J�T
W�F�T �U�I�F �G�P�M�M�P�X�J�O�H �D�P�O�E�J�U�J�P�O�T �	�X�I�F�S�F#�,!

! , " !
! , #!

! , $!
! , %!

! , &!
! $�
! ! { +, ' }

�E�F�T�J�H�O�B�U�F�T#�,!
+, " !

+, #!
+, $!

+, %!
+, &!

+$�X�I�F�O! = + �B�O�E#�,!
" , " !

" , #!
" , $!

" , %!
" , &!

" $�X�I�F�O! = ' �
��

�B��( " ! �,!
+ . " !! �J�O�J�U! = �J�O�J�U! !! " = " ��

�C��( " ! �,!
+ . " !! #!

+ = #!
+ �B�O�E( " ! �,!

! . #!
+ !! " = #!

+ �	�T�B�N�F �G�P�S�,!
" �X�I�F�O#!

" �F�Y�J�T�U�T�
��

�D��( " ! �,!
" . ( " # ! �,!

! . " !! " # = " ��

�E���*�O �J�U�T �M�F	O�
 �S�J�H�I�U�
 �P�S �C�P�U�I �Q�B�S�B�N�F�U�F�S�T�
 �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O!! �J�T �F�J�U�I�F�S
�J���J�O�D�S�F�B�T�J�O�H �G�P�S" !

+ �B�O�E���P�S" !
" ��

�J�J��
W�O�J�U�F �K�P�J�O �Q�S�F�T�F�S�W�J�O�H �G�P�S%!
+ �B�O�E���P�S%!

" ��

�J�J�J���J�O �B�E�E�J�U�J�P�O �U�P���������%���E���J�J�
 �J�T �M�P�X�F�S �D�P�O�U�J�O�V�P�V�T �G�P�S&!
+ �B�O�E���P�S&!

" �B�O�E���P�S �V�Q�Q�F�S �D�P�O�U�J�O��
�V�P�V�T �G�P�S%!

+ �B�O�E���P�S%!
" ��

�J�W���F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z%!
+���Q�S�F�T�F�S�W�J�O�H �B�O�E���P�S �F�Y�J�T�U�J�O�H �B�S�C�J�U�S�B�S�Z&!

" ���Q�S�F�T�F�S�W�J�O�H��

�3	k	s	g	x	q ���������*�O �D�B�T�F�,!
+ ) �,!

" = * �
 �X�F �D�B�O �E�F
W�O�F�,! # �,!
+ " �,!

" �X�J�U�I# + # # ) �,!
+ �
# " # # ) �,!

" �

�B�O�E# " ! $ # # + " !

+ $ + + # " " !
" $ " �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �C�J���J�O�E�V�D�U�J�W�F �E�F
W�O�J�U�J�P�O�T �<�����>

�N�F�O�U�J�P�O�F�E �J�O �F�Y�B�N�Q�M�F�������� ,

�3	k	s	g	x	q ���������)�Z�Q�P�U�I�F�T�F�T���������#�
���������%���E���J�B�O�E���������%���E���J�J�E�F�U�F�S�N�J�O�F �U�I�F �Q�S�F�D�J�T�J�P�O �P�G �U�I�F �T�F�N�B�O�U�J�D
�P�G �C�B�T�J�D �D�P�N�N�B�O�E�T�
 �D�P�N�Q�P�T�J�U�J�P�O�
 �D�I�P�J�D�F�T�
 �D�P�O�E�J�U�J�P�O�B�M�T�
 �B�O�E �J�U�F�S�B�U�J�P�O �J�O �U�I�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T��
	_�F�T�F �I�Z�Q�P�U�I�F�T�F�T �B�T �X�F�M�M �B�T���������%���E���J�J�J�B�O�E���������%���E���J�W�E�F�U�F�S�N�J�O�F �X�I�F�U�I�F�S 
W�Y�Q�P�J�O�U �J�U�F�S�B�U�J�P�O�T �T�I�P�V�M�E
�C�F �J�O
W�O�J�U�F �P�S �U�S�B�O�T
W�O�J�U�F �	�T�F�F �Q�S�P�Q�P�T�J�U�J�P�O�������
�� ,

������ �%�F�G�J�O�J�U�J�P�O �P�G �U�I�F �"�M�H�F�C�S�B�J�D �4�F�N�B�O�U�J�D�T

	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �T�U�B�U�F�N�F�O�U�T�5! �3�J�T �B�O �B�C�T�U�S�B�D�U �Q�S�P�Q�F�S�U�Z �P�G �F�Y�F�D�V�U�J�P�O�T�� 	_�F �C�B�T�J�D �D�P�N��
�N�B�O�E�T�5�B�S�F �B�T�T�J�H�O�N�F�O�U�
 �S�B�O�E�P�N �B�T�T�J�H�O�N�F�O�U�
�D�T�G�C�M�P�V�U �P�G �U�I�F �J�N�N�F�E�J�B�U�F�M�Z �F�O�D�M�P�T�J�O�H �M�P�P�Q�
 �B�O�E
�U�M�K�R�
 �X�J�U�I �U�I�F �G�P�M�M�P�X�J�O�H"�5#!

" �B�O�E �C�S�F�B�L"�5#!
# 
W�O�J�U�F���F�O�E�J�O�H���U�F�S�N�J�O�B�U�J�O�H �T�F�N�B�O�U�J�D�T �J�O�,!

+ �B�T �X�F�M�M �B�T
�J�O
W�O�J�U�F���O�P�O�U�F�S�N�J�O�B�U�J�O�H"�5#!

$ �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �J�O�,!
" ��

���������� �#�B�T�J�D �4�U�B�U�F�N�F�O�U�T��
"� Z � � � ##!

" # �B�T�T�J�H�O! "�Z, �## "� Z � � � ##!
# # #!

+ "� Z � � � ##!
$ # #!

"

"� Z � � � =%�� &�?#!
" # �S�B�T�T�J�H�O! "�Z,%,&# "� Z � � � =%�� &�?#!

# # #!
+ "� Z � � � =%�� &�?#!

$ # #!
"

"�D�T�G�C�M#!
" # #!

+ "�D�T�G�C�M#!
# # �C�S�F�B�L! "�D�T�G�C�M#!

$ # #!
" �	���


"�U�M�K�R#!
" # �T�L�J�Q! "�U�M�K�R#!

# # #!
+ "�U�M�K�R#!

$ # #!
"

"�$#!
" # �U�F�T�U! "�$# "�$#!

# # #!
+ "�$#!

$ # #!
"

�'�P�S �U�I�F �B�T�T�J�H�O�N�F�O�U� Z � � � #�
 �U�I�F �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T�B�T�T�J�H�O! "�Z, �##�J�T �T�Q�F�D�J
W�F�E �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O�

�B�O�E �T�P�
 �J�T �X�F�M�M���E�F
W�O�F�E �C�Z���������#��"� Z � � � ##!

# = #!
+ �C�F�D�B�V�T�F �U�I�F �B�T�T�J�H�O�N�F�O�U �D�B�O�O�P�U �C�S�F�B�L��"� Z � � � ##!

$ =
#!

" �T�J�O�D�F �U�I�F �B�T�T�J�H�O�N�F�O�U �B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T�� 	_�F �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T �P�G �U�I�F �P�U�I�F�S �Q�S�J�N�J�U�J�W�F�T �J�T
�T�J�N�J�M�B�S�
 �F�Y�D�F�Q�U �G�P�S �U�I�F�D�T�G�C�M�T�U�B�U�F�N�F�O�U��"�D�T�G�C�M#!

" = #!
+ �T�J�O�D�F �U�I�F�D�T�G�C�M�D�B�O�O�P�U �D�P�O�U�J�O�V�F �J�O �T�F�R�V�F�O�D�F��

	_�F �T�F�N�B�O�U�J�D�T"�D�T�G�C�M#!
# �P�G �U�I�F�D�T�G�C�M�J�T �H�J�W�F�O �C�Z �U�I�F �B�C�T�U�S�B�D�U �E�P�N�B�J�O �Q�S�J�N�J�U�J�W�F�C�S�F�B�L! �X�I�J�D�I �J�T 
W�O�J�U�F

�B�O�E �X�F�M�M���E�F
W�O�F�E��"�D�T�G�C�M#!
$ = #!

" �T�J�O�D�F �B�D�T�G�C�M�B�M�X�B�Z�T �U�F�S�N�J�O�B�U�F�T��

���������� �4�U�S�V�D�U�V�S�B�M �4�U�B�U�F�N�F�O�U�T���'�P�S �U�I�F �T�F�R�V�F�O�U�J�B�M �D�P�N�Q�P�T�J�U�J�P�O �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�B�M �X�I�F�S�F"�$���5#!
! #

�U�F�T�U! "�$# !! "�5#!
! �
! ! { ' ,&,#} �
 �X�F �E�F
W�O�F

"�51���52#!
" # "�51#!

" !! "�52#!
" "�K�H �
�$�� �51 �G�N�U�G �52#!

" # "�$���51#
!
" %!

+ "Â�$���52#
!
"

"�51���52#!
# # "�51#!

# %!
+ ( "�51#!

" !! "�52#!
#) "�K�H �
�$�� �51 �G�N�U�G �52#!

# # "�$���51#
!
# %!

+ "Â�$���52#
!
# �	���


"�51���52#!
$ # "�51#!

$ %!
" ( "�51#!

" !! "�52#!
$) "�K�H �
�$�� �51 �G�N�U�G �52#!

$ # "�$���51#
!
$ %!

" "Â�$���52#
!
$

�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

Algebraic semantics (cont’d)



Google, 2025/09/17                                                                                                                                                                                                                                           © P. Cousot

• E.g. iteration   while (B) S 

￼72

Algebraic semantics (cont’d)
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Algebraic semantics (cont’d)

• The classic postulated presentation by equational 
axioms (*) can be calculated by 

• structural induction

• Aczel correspondence between fixpoints and 

deductive systems (see Part I on POPL 2024)
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“Programs are predicates”
• We are only interested in properties of programs (not 

in arbitrary properties)

• A program encodes a program execution property 

defined by its semantics

• So defining properties as programs, we don’t need a 

language for programs + another language for 
predicates!


• Other encodings of properties are mere abstractions.
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Property transformer
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Algebraic property transformer

• Forward property transformer:
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(              is a poset)
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A calculus of algebraic execution properties
• Galois connection 

• Using the abstraction methodology of POPL 2024, we 
generalize POPL 2024 to

• a structural fixpoint algebraic calculus of execution 

properties

• (and the lattice of algebraic transformational logics) 
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Hyperproperties
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Algebraic hyperproperties

• L is the semantic domain (e.g. set of finite and 
infinite traces, input-output relation)


• ℘(L) is the set of hyperproperties (defined in 
extension) 


• ⊆ is logical implication
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Hyperproperty transformer
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Algebraic hyperproperty transformer

• Transformer  
 
 

• Galois connection
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Incomplete structural characterization of Post#(S)

• Counter-example 
 
 
 
 

 
• This structural collecting semantics (*) is incomplete
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• We get a complete elementwise characterization of Post#(S) 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Calculational design of the 
algebraic hyperlogic rules
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Upper and lower algebraic hyperlogics

• Definition 
 
 
 

• The proof system is derived by calculational design 
(as in POPL 2024)
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Upper algebraic hyperlogic for iteration

• Requires an EXACT characterization of the program 
semantics


• Unmanageable in practice
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Abstractions

• Since proofs of general hyperproperties are 
unmanageable, we consider abstractions of

• the algebraic semantics

• program properties

• program hyperproperties

• program logics
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Algebraic semantics abstraction

• An abstraction of the algebraic semantics is another 
instance of the algebraic semantics

• e.g. trace semantics #  relational semantics


• This extends to logics and hyperlogics

• But still proofs require exact characterizations of the 

(abstract) semantics
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Hyperproperty abstraction
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Hyperproperty abstraction

• A dozen abstractions are considered in the paper

• This leads to a lattice of hyperlogics
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Hierarchy of hyperlogics
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�N�B�Z�C�F �C�Z �S�F�M�B�Y�J�O�H �J�N�Q�M�J�D�B�U�J�P�O �	�F���H�� �V�T�J�O�H �&�H�M�J���.�J�M�O�F�S �P�S�E�F�S �J�O�T�U�F�B�E �P�G �J�O�D�M�V�T�J�P�O�
�
 �D�P�O�T�J�E�F�S�J�O�H �B�C��
�T�U�S�B�D�U �Q�S�P�Q�F�S�U�J�F�T �	�G�P�S �D�M�B�T�T�F�T �P�G �Q�S�P�Q�F�S�U�J�F�T �P�G �Q�S�B�D�U�J�D�B�M �J�O�U�F�S�F�T�U�
�
 �B�O�E �Q�P�T�T�J�C�M�Z �C�Z �Q�S�F�T�F�S�W�J�O�H �T�P�V�O�E��
�O�F�T�T �C�V�U �S�F�O�P�V�O�D�J�O�H �U�P �D�P�N�Q�M�F�U�F�O�F�T�T�� �)�P�X�F�W�F�S�
 �J�O �G�V�M�M �H�F�O�F�S�B�M�J�U�Z�
 �U�I�F �T�P�V�O�E �B�O�E �D�P�N�Q�M�F�U�F �Q�S�P�P�G
�N�F�U�I�P�E�T �J�O�U�S�P�E�V�D�F�E �J�O �U�I�J�T �Q�B�Q�F�S�
 �X�J�M�M �V�M�U�J�N�B�U�F�M�Z �C�F�
 �V�Q �U�P �F�R�V�J�W�B�M�F�O�D�F�
 �U�I�F �P�O�M�Z �P�O�F �B�Q�Q�M�J�D�B�C�M�F��

�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������
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Chain limit order ideal abstraction (cont’d)
• The chain limit order ideal abstraction of algebraic 

hyperproperties is an algebraic generalization of the 
abstraction to ∀*∃* hyperproperties 

• ∀*∃* hyperproperties (for traces in ∏)  
 
 

���������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

���� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O

�������� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T

�"�O�P�U�I�F�S �Q�P�T�T�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �P�S�E�F�S �J�E�F�B�M �B�C�T�U�S�B�D�U�J�P�O�T �X�P�V�M�E �C�F �C�Z �M�J�N�J�U�T �P�G �D�I�B�J�O�T�� �%�F
W�O�F

! ! (P) ! { !
! ! �.

" ! ! "" ! , #" �. #" P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�T# �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U �B�T �T�I�P�X�O �C�Z �D�P�V�O�U�F�S �F�Y�B�N�Q�M�F��������
�C�F�M�P�X�� 	_�F �J�U�F�S�B�U�J�P�O �P�G! ! �	�Q�P�T�T�J�C�M�Z �U�S�B�O�T
W�O�J�U�F�M�Z�


!! ! (P) ! �M�G�Q! ! $ ��P ! ! ! ($ ) �	�����

�Z�J�F�M�E�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �<�����
 �M�F�N�N�B ���������>��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F�, �P�O �U�I�F �S�J�H�I�U��
�-�F�UP = {$ ! " ! #, %> 0} �� �8�F �I�B�W�F! ! (P) = {$ ! " ! #, %> 0} ! {&! ! #> 0} ��
�8�F �I�B�W�F" {&! ! #> 0} = " �T�P! ! (! ! (P)) = {$ ! " ! #, %> 0} ! {&! ! #>
0} ! { " } $ ! ! (P) ��
�.�P�S�F�P�W�F�S!! ! (Q! ) " !! ! (#( �,)) �
#> 0 �C�V�U# !>0

!! ! (Q! ) $" !! ! (#( �,)) �� $

2

! ! ! let "! ! ! # .{
!

!$ ! , %" N" # !$ ! , %" N" is descending chain in# } in lfp
.
!

.
"! (7)

T"! ! # ! ! P .! !$ ! , %" N",( ! %" N . $ ! # $ !+1) !
!

!$ ! , %" N" " P (8)

O"! ! # ! !T"! ! #, $, " , #(L), $! , %" (9)

A hyperpropertyP is a"-CPO hyperproperty when the upper-bounds for all%-ascending chain
in P is also in#.

L!""# 1.3. ! ! is closure operator andT"! ! # is a well-de! ned complete lattice, where! !
! ! ! $! !

! ! ( ! ! ! ! $! ) . For! nite join! ! = ! holds.

Fig. 1. The La! ice of counterexamples for
Remark1.4 and 1.5. The circles represent
the elements in the la! ice while the! is the
partial order ! , indicating the descending
chains. The do! ed line with P , "! (P ) , and
" 2
! (P ) are the counterexample for Remark

1.4. The red line with shadowedQ is the one
for Remark1.5.

R!"#$% 1.4. Intuitively one may think "! is a closure by its
nature. However, it is increasing, extensive, but not idem-
potent. Consider the counterexample in! gure (1) where a
complete lattice is de! ned asL ! {$ ! " #%, &> 0} $ { ' ! #%>
0} $ { &, ' } with &and' being top and bottom of the lattice.
For all other elements,#! { !$ ! ",$ ! "!

" #%> 0( && &!} ${ !$ ! ",
' ! " #%, &> 0} ${ !' ! , ' ! !

" #%! > %} . Now let# ! {$ ! " #%, &> 0} .
We have"! (#) = {$ ! " #%, &> 0} $ { ' ! #%> 0} . We notice
that !' ! , %> 0" is also a descending chain with the glb

$
!' ! ,

%> 0" = ' . Thus, " 2
! (#) = {$ ! " #%, & > 0} $ { ' ! #%>

0} $ { ' } ' "! (#) . As a result, it is necessary to de! ne ! ! to
be the! xpoint of "! .

R!"#$% 1.5. Notice thatT"! ! # may not be closed under
in! nite union. The counterexample uses the same lattice
as Remark1.4 in ! gure1. We LetQ ! { Q! #%" N} where
Q! ! { $ ! " #&" N} $ { ' ! } is CPO. However,! Q = {$ ! " #
%, &" N} $ { ' ! #%" N} is not a CPO as the glb descending
chain!' ! , %" N" is ' which is not in ! Q. For this reason,
another application of! ! would be necessary.

1.1.4 Frontiers abstraction and frontiers existent hyperproperties.We can construct a class hyper-
properties called lower-frontiers existent hyperproperties even weaker than#-CPO hyperproperties.
Let us! rst clarify what it means by frontiers.P is called frontiers when where distinct elements
are mutually incomparable.

( F ! ! P .{ # " P #! #! " P . # # #! ! # = #!}

T"( F # ! ! P .! #,#! " P . # %#! ! # = #! (10)

A hyperpropertyP is lower-frontiers existent if for all element# in it, there exist some lower-
frontier ) in ( F (P) such that) %#.

T"( "
F # ! ! P .! # " P . ) ) " ( F (P) . ) %#

O"( "
F # ! !T"( F #, $, " , L, $, %" (11)

L!""# 1.6. O"( "
F #is a well-de! ned semi-lattice that is closed under! nite union
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�-	k	s	s	g �������������"' ! ! ! ! (%( �,)) , %, #, �,, ! " �J�T �B �K�P�J�O �T�F�N�J�M�B�G�J�D�F��

������������ �" �'�S�P�O�U�J�F�S �$�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G �U�I�F �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O��

�-	k	s	s	g �������������"' �K�F�S�F �J�T �B �(�B�M�P�J�T �J�T�P�N�P�S�Q�I�J�T�N!! " ! (%( �,)) , %" (((( !"!##" ((((
#!

# !

! ! ! (%( �,)) , &! " �B�O�E

!! ! (%( �,)) , &! , ) ! " �J�T �B �K�P�J�O �T�F�N�J �M�B�G�J�D�F �X�J�U�I, &! - # (! " ( , ) %! " (- )) �B�O�E, ) ! - # ! ! (! " ( , ) !
! " (- )) ��

�%�F
W�O�F$" (, ) # { , " ! �, #, " " , } �� 	_�F �G�P�M�M�P�X�J�O�H �M�F�N�N�B�����������J�T �B �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G! " ! (%( �,))
�U�I�B�U �D�P�S�S�F�D�U�M�Z �H�F�O�F�S�B�M�J�[�F�T �<�����
 �1�S�P�Q�P�T�J�U�J�P�O ���>��

�-	k	s	s	g �������������"' �*�GP ! ! " ! (%( �,)) �U�I�F�OP = !
$ ##! ( P )

$" ( , ) ��

�������� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O

������������ �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T���"�O�P�U�I�F�S �Q�P�T�T�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �P�S�E�F�S
�J�E�F�B�M �B�C�T�U�S�B�D�U�J�P�O�T �X�P�V�M�E �C�F �C�Z �M�J�N�J�U�T �P�G �D�I�B�J�O�T�� �%�F
W�O�F

! ! (P) # { "
"#�.

, " # !, ", ) ! �. " ! P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�O%�J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP �C�F �U�I�F �T�F�U �P�G �F�M�F�N�F�O�U�T �P�G �B�M�M �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T
{ !* " %, ) ! �. ! " # . ! �. ! } ��! ! (P) �J�O�D�M�V�E�F�TP �B�O�E �U�I�F�J�S �H�S�F�B�U��
�F�T�U �M�P�X�F�S �C�P�V�O�E�T!+", ) ! �. ! " �C�V�U �O�P�U �U�I�F �J�O
W�N�V�N* �� 	_�F �O�F�Y�U
�J�U�F�S�B�U�J�P�O �J�O�D�M�V�E�F�TP�
 �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E�T! ! (P) �P�G �J�U�T
�E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T�
 �B�O�E �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E* �P�G �B�M�M �U�I�F �E�F��
�D�S�F�B�T�J�O�H �D�I�B�J�O�T{ !* " %, ) ! �. ! " +!+&, / $ )" #. ! �. ! } �P�G! ! (P) ��
	_�J�T �J�T �U�I�F �M�F�B�T�U 
W�Y�Q�P�J�O�U �P�G! * ��P ! ! ! (* ) �� $

���� �"�O�P�O�Z�N�P�V�T �� �B�O�E �"�O�P�O�Z�N�P�V�T ��

�*�U �G�P�M�M�P�X�T �G�S�P�N �U�I�F�P�S�F�N���������U�I�B�U �U�I�F �M�P�H�J�D �Q�S�P�P�G �T�Z�T�U�F�N �P�G �U�I�F�P�S�F�N�������J�T �B�Q�Q�M�J�D�B�C�M�F �U�P �U�I�F �V�Q�Q�F�S

�B�C�T�U�S�B�D�U �M�P�H�J�D�-
!
( ø! ) �	�B�O�E �E�V�B�M�M�Z �U�I�F�P�S�F�N�������G�P�S �U�I�F �M�P�X�F�S �B�C�T�U�S�B�D�U �M�P�H�J�D�
��

�*�O �D�P�O�D�M�V�T�J�P�O �P�G �U�I�J�T �Q�B�S�U �*�*�
 �B�M�U�I�P�V�H�I �U�I�F �B�C�T�U�S�B�D�U�J�P�O�T �P�G �U�I�F �T�F�N�B�O�U�J�D�T�
�Q�P�T�U�
�1�P�T�U�
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W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
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3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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W�O�F

! ! (P) ! { !
! ! �.

" ! ! "" ! , #" �. #" P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�T# �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U �B�T �T�I�P�X�O �C�Z �D�P�V�O�U�F�S �F�Y�B�N�Q�M�F��������
�C�F�M�P�X�� 	_�F �J�U�F�S�B�U�J�P�O �P�G! ! �	�Q�P�T�T�J�C�M�Z �U�S�B�O�T
W�O�J�U�F�M�Z�


!! ! (P) ! �M�G�Q! ! $ ��P ! ! ! ($ ) �	�����

�Z�J�F�M�E�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �<�����
 �M�F�N�N�B ���������>��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F�, �P�O �U�I�F �S�J�H�I�U��
�-�F�UP = {$ ! " ! #, %> 0} �� �8�F �I�B�W�F! ! (P) = {$ ! " ! #, %> 0} ! {&! ! #> 0} ��
�8�F �I�B�W�F" {&! ! #> 0} = " �T�P! ! (! ! (P)) = {$ ! " ! #, %> 0} ! {&! ! #>
0} ! { " } $ ! ! (P) ��
�.�P�S�F�P�W�F�S!! ! (Q! ) " !! ! (#( �,)) �
#> 0 �C�V�U# !>0

!! ! (Q! ) $" !! ! (#( �,)) �� $

2

! ! ! let "! ! ! # .{
!

!$ ! , %" N" # !$ !, %" N" is descending chain in# } in lfp
.
!

.
"! (7)

T"! ! # ! ! P .! !$ ! , %" N",( ! %" N . $ ! # $ !+1) !
!

!$ ! , %" N" " P (8)

O"! ! # ! !T"! ! #, $, " , #(L), $! , %" (9)

A hyperpropertyP is a"-CPO hyperproperty when the upper-bounds for all%-ascending chain
in P is also in#.

L!""# 1.3. ! ! is closure operator andT"! ! # is a well-de! ned complete lattice, where! !
! ! ! $! !

! ! ( ! ! ! ! $! ) . For! nite join! ! = ! holds.

Fig. 1. The La! ice of counterexamples for
Remark1.4 and 1.5. The circles represent
the elements in the la! ice while the! is the
partial order ! , indicating the descending
chains. The do! ed line with P , "! (P ) , and
" 2
! (P ) are the counterexample for Remark

1.4. The red line with shadowedQ is the one
for Remark1.5.

R!"#$% 1.4. Intuitively one may think "! is a closure by its
nature. However, it is increasing, extensive, but not idem-
potent. Consider the counterexample in! gure (1) where a
complete lattice is de! ned asL ! {$ ! " #%, &> 0} $ { ' ! #%>
0} $ { &, ' } with &and' being top and bottom of the lattice.
For all other elements,#! { !$ ! ",$ ! "!

" #%> 0( && &!} ${ !$ ! ",
' ! " #%, &> 0} ${ !' ! , ' ! !

" #%! > %} . Now let# ! {$ ! " #%, &> 0} .
We have"! (#) = {$ ! " #%, &> 0} $ { ' ! #%> 0} . We notice
that !' ! , %> 0" is also a descending chain with the glb

$
!' ! ,

%> 0" = ' . Thus, " 2
! (#) = {$ ! " #%, & > 0} $ { ' ! #%>

0} $ { ' } ' "! (#) . As a result, it is necessary to de! ne ! ! to
be the! xpoint of "! .

R!"#$% 1.5. Notice thatT"! ! # may not be closed under
in! nite union. The counterexample uses the same lattice
as Remark1.4 in ! gure1. We LetQ ! { Q! #%" N} where
Q! ! { $ ! " #&" N} $ { ' ! } is CPO. However,! Q = {$ ! " #
%, &" N} $ { ' ! #%" N} is not a CPO as the glb descending
chain!' ! , %" N" is ' which is not in ! Q. For this reason,
another application of! ! would be necessary.

1.1.4 Frontiers abstraction and frontiers existent hyperproperties.We can construct a class hyper-
properties called lower-frontiers existent hyperproperties even weaker than#-CPO hyperproperties.
Let us! rst clarify what it means by frontiers.P is called frontiers when where distinct elements
are mutually incomparable.

( F ! ! P .{ # " P #! #! " P . # # #! ! # = #!}

T"( F # ! ! P .! #,#! " P . # %#! ! # = #! (10)

A hyperpropertyP is lower-frontiers existent if for all element# in it, there exist some lower-
frontier ) in ( F (P) such that) %#.

T"( "
F # ! ! P .! # " P . ) ) " ( F (P) . ) %#

O"( "
F # ! !T"( F #, $, " , L, $, %" (11)

L!""# 1.6. O"( "
F #is a well-de! ned semi-lattice that is closed under! nite union

, Vol. 1, No. 1, Article . Publication date: June 2024.

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�-	k	s	s	g �������������"' ! ! ! ! (%( �,)) , %, #, �,, ! " �J�T �B �K�P�J�O �T�F�N�J�M�B�G�J�D�F��

������������ �" �'�S�P�O�U�J�F�S �$�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G �U�I�F �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O��

�-	k	s	s	g �������������"' �K�F�S�F �J�T �B �(�B�M�P�J�T �J�T�P�N�P�S�Q�I�J�T�N!! " ! (%( �,)) , %" (((( !"!##" ((((
#!

# !

! ! ! (%( �,)) , &! " �B�O�E

!! ! (%( �,)) , &! , ) ! " �J�T �B �K�P�J�O �T�F�N�J �M�B�G�J�D�F �X�J�U�I, &! - # (! " ( , ) %! " (- )) �B�O�E, ) ! - # ! ! (! " ( , ) !
! " (- )) ��

�%�F
W�O�F$" (, ) # { , " ! �, #, " " , } �� 	_�F �G�P�M�M�P�X�J�O�H �M�F�N�N�B�����������J�T �B �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G! " ! (%( �,))
�U�I�B�U �D�P�S�S�F�D�U�M�Z �H�F�O�F�S�B�M�J�[�F�T �<�����
 �1�S�P�Q�P�T�J�U�J�P�O ���>��

�-	k	s	s	g �������������"' �*�GP ! ! " ! (%( �,)) �U�I�F�OP = !
$ ##! ( P )

$" ( , ) ��

�������� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O

������������ �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T���"�O�P�U�I�F�S �Q�P�T�T�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �P�S�E�F�S
�J�E�F�B�M �B�C�T�U�S�B�D�U�J�P�O�T �X�P�V�M�E �C�F �C�Z �M�J�N�J�U�T �P�G �D�I�B�J�O�T�� �%�F
W�O�F

! ! (P) # { "
"#�.

, " # !, ", ) ! �. " ! P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�O%�J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP �C�F �U�I�F �T�F�U �P�G �F�M�F�N�F�O�U�T �P�G �B�M�M �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T
{ !* " %, ) ! �. ! " # . ! �. ! } ��! ! (P) �J�O�D�M�V�E�F�TP �B�O�E �U�I�F�J�S �H�S�F�B�U��
�F�T�U �M�P�X�F�S �C�P�V�O�E�T!+", ) ! �. ! " �C�V�U �O�P�U �U�I�F �J�O
W�N�V�N* �� 	_�F �O�F�Y�U
�J�U�F�S�B�U�J�P�O �J�O�D�M�V�E�F�TP�
 �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E�T! ! (P) �P�G �J�U�T
�E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T�
 �B�O�E �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E* �P�G �B�M�M �U�I�F �E�F��
�D�S�F�B�T�J�O�H �D�I�B�J�O�T{ !* " %, ) ! �. ! " +!+&, / $ )" #. ! �. ! } �P�G! ! (P) ��
	_�J�T �J�T �U�I�F �M�F�B�T�U 
W�Y�Q�P�J�O�U �P�G! * ��P ! ! ! (* ) �� $

���� �"�O�P�O�Z�N�P�V�T �� �B�O�E �"�O�P�O�Z�N�P�V�T ��

�*�U �G�P�M�M�P�X�T �G�S�P�N �U�I�F�P�S�F�N���������U�I�B�U �U�I�F �M�P�H�J�D �Q�S�P�P�G �T�Z�T�U�F�N �P�G �U�I�F�P�S�F�N�������J�T �B�Q�Q�M�J�D�B�C�M�F �U�P �U�I�F �V�Q�Q�F�S

�B�C�T�U�S�B�D�U �M�P�H�J�D�-
!
( ø! ) �	�B�O�E �E�V�B�M�M�Z �U�I�F�P�S�F�N�������G�P�S �U�I�F �M�P�X�F�S �B�C�T�U�S�B�D�U �M�P�H�J�D�
��

�*�O �D�P�O�D�M�V�T�J�P�O �P�G �U�I�J�T �Q�B�S�U �*�*�
 �B�M�U�I�P�V�H�I �U�I�F �B�C�T�U�S�B�D�U�J�P�O�T �P�G �U�I�F �T�F�N�B�O�U�J�D�T�
�Q�P�T�U�
�1�P�T�U�
 �B�O�E �M�P�H�J�D�T
�I�B�W�F �C�F�F�O �T�I�P�X �U�P �C�F �F�R�V�B�M�M�Z �F�Y�Q�S�F�T�T�J�C�M�F �G�P�S �F�Y�B�D�U �B�C�T�U�S�B�D�U�J�P�O�T�
 �U�I�F�Z �E�P �O�P�U �T�P�M�W�F �U�I�F �Q�S�P�C�M�F�N
�P�G �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �P�G �U�I�F �S�F�T�V�M�U�J�O�H �M�P�H�J�D�
 �X�I�J�D�I �T�U�J�M�M �I�B�T �U�P �I�B�O�E�M�F �F�Y�B�D�U�M�Z �U�I�F �	�B�C�T�U�S�B�D�U�
 �T�F�N�B�O�U�J�D�T
�P�D�D�V�S�J�O�H �J�O �U�I�F �	�I�Z�Q�F�S�
 �Q�S�P�Q�F�S�U�J�F�T��

�1�•�ž�  �*�*�*�� �" �)�•�‘�ž�•�ž�•�”�¥ �›�’ �4�‘�™�•�š� �•�• �	�)�¥�œ�‘�ž�
 �-�›�“�•�•�Ÿ
	_�F �Q�S�P�C�M�F�N �X�J�U�I �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �T�U�V�E�J�F�E �J�O �Q�B�S�U�T �* �B�O�E �*�* �J�T �U�I�B�U �G�P�S �B �Q�S�P�H�S�B�N �U�P �T�B�U�J�T�G�Z �B �	�I�Z�Q�F�S�


�Q�S�P�Q�F�S�U�Z�
 �J�U�T �T�F�N�B�O�U�J�D�T �N�V�T�U �F�Y�B�D�U�M�Z �P�D�D�V�S �J�O �U�I�F �Q�S�P�Q�F�S�U�Z�� �4�P �	�I�Z�Q�F�S�
 �Q�S�P�P�G�T �D�B�O�O�P�U �N�B�L�F �P�W�F�S �P�S
�V�O�E�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �U�I�F �T�F�N�B�O�U�J�D�T�
 �X�I�F�S�F�B�T �U�I�J�T �D�B�O �B�O�E �N�V�T�U �C�F �E�P�O�F �J�O �)�P�B�S�F �M�P�H�J�D �P�S �J�U�T
�E�V�B�M �U�P �H�F�U �T�J�N�Q�M�F �Q�S�P�P�G�T�� �*�O �U�I�J�T �Q�B�S�U �*�*�*�
 �X�F �T�U�V�E�Z �B�C�T�U�S�B�D�U�J�P�O�T �U�P �E�F�S�J�W�F �T�J�N�Q�M�F�S �M�P�H�J�D�T �G�P�S �M�F�T�T
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�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $
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�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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" " ! (P) " ! $
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$ P # #" ! ($ ) ! �E�F�G��#" ! " !

�&�Y�B�N�Q�M�F ����������	_�F �I�Z�Q�F�S �U�S�B�D�F �Q�S�P�Q�F�S�U�J�F�T �J�O! ( ! ( ! +# )) �D�B�O �C�F �B�C�T�U�S�B�D�U�F�E �U�P �U�S�B�D�F �Q�S�P�Q�F�S�U�J�F�T

�J�O! ( ! +# ) �C�Z"! ( ! ( ! +# ), ##"""" !"!#""""""
! #

" #
"! ( ! +# )) , ##�X�J�U�I" $ (%) = # %�B�O�E#$ ($ ) = ! ($ ) �B�T �E�P�O�F

�J�O �<�����
 �T�F�D�U�J�P�O ���
 �Q�� �������> �X�I�J�D�I �J�T �U�I�F �T�U�B�S�U�J�O�H �Q�P�J�O�U �P�G �<���> �U�P �S�F�D�P�W�F�S �)�P�B�S�F �M�P�H�J�D �B�O�E �J�U�T �W�B�S�J�B�O�U�T��$

���� �$�M�P�T�V�S�F �"�C�T�U�S�B�D�U�J�P�O�T

�-�F�U"&, " #�C�F �B �Q�P�T�F�U�� 	_�F" ���D�M�P�T�V�S�F �B�C�T�U�S�B�D�U�J�P�O �P�O"! (&), ##�J�T

" ! (P) ! { %$&! %%%$P , %%" %} "! (&), ##"""" !"!#""""""
! !

��
"! (&), ##

�X�I�F�S�F�� �J�T �U�I�F �J�E�F�O�U�J�U�Z �G�V�O�D�U�J�P�O��" ! �J�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �	�J�O�D�S�F�B�T�J�O�H�
 �F�Y�U�F�O�T�J�G�
 �B�O�E �J�E�F�N��
�Q�P�U�F�O�U�
 �B�O�E �.�P�S�H�B�O �8�B�S�E�Ý�T �<�����
 �U�I�F�P�S�F�N �������>�
"" ! ( ! (&)) , #, &, &, ' , ( #�J�T �B �D�P�N�Q�M�F�U�F �M�B	R�J�D�F��" "

�J�T �E�F
W�O�F�E �E�V�B�M�M�Z��
�-�F�U"&, " #�C�F �B �Q�P�T�F�U �X�J�U�I �Q�B�S�U�J�B�M�M�Z �E�F
W�O�F�E �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E �	�H�M�C�
) �� �%�F
W�O�F

" ! (P) ! { $
##�.

%# ! "%#, ' $ �. #$P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �X�F�M�M���E�F
W�O�F�E �H�M�C}

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�O�F ����������

�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

! ! �J�O! �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U�� �#�Z �<���
 �M�F�N�N�B ���������>�


ö! ! (P) " �M�G�Q! ! " ��P ! ! ! (" )

�J�T �U�I�F �T�N�B�M�M�F�T�U �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �Q�P�J�O�U�X�J�T�F �H�S�F�B�U�F�S �U�I�B�O �P�S �F�R�V�B�M �U�P! ! �� �#�Z �.�P�S�H�B�O �8�B�S�E�Ý�T
�<�����
 �U�I�F�P�S�F�N �������>�
! ö! ! ( " (#)) , ! , # , #, ! , $" �J�T �B �D�P�N�Q�M�F�U�F �M�B	R�J�D�F��! " �B�O�Eö! " �B�S�F �E�F
W�O�F�E �E�V�B�M�M�Z��

�5�0 �%�0
�5�0 �%�0

! " (P) " { Q #P ! Q} �	�����


! ! (P) " { Q #Q ! P} �	�����


! " (P) " {$ #%%#P . %$! $ } �	�����


! ! (P) " {$ #%%#P . $ $! %}

�1�P�T�U! !
(&)P " ! " ( �1�P�T�U! (&)P) = {$ #%%#P &�Q�P�T�U! (&)%$! $ } = {$ #%%#P &${ %$} �5${ $ $}}

�1�P�T�U! "
(&)P " ! ! ( �1�P�T�U! (&)P) = {$ #%%#P &$ $! �Q�P�T�U! (&)%} = {$ #%%#P & ${ % $} �5 ${ $ $} }

�	�����


�	�����


���� �3�F�M�B�U�F�E �8�P�S�L

	_�F �J�E�F�B �P�G �I�B�O�E�M�J�O�H �M�P�H�J�D�T �B�M�H�F�C�S�B�J�D�B�M�M�Z �H�P�F�T �C�B�D�L �U�P �<�����
 �T�F�D�U�J�P�O ���> �J�U�T�F�M�G �S�P�P�U�F�E �J�O �U�I�F �J�E�F�B �P�G
�Q�S�P�H�S�B�N �T�D�I�F�N�F�T �<���
�����
�����>

	_�J�T �O�F�D�F�T�T�B�S�Z �E�J�T�U�J�O�D�U�J�P�O �C�F�U�X�F�F�O �D�P�N�Q�V�U�B�U�J�P�O�B�M �B�O�E �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H�T 
W�S�T�U �B�Q�Q�F�B�S�F�E �J�O �T�U�S�J�D�U��
�O�F�T�T �B�O�B�M�Z�T�J�T �	�V�T�J�O�H �4�D�P	R �Q�B�S�U�J�B�M �P�S�E�F�S �G�P�S �D�P�N�Q�V�U�B�U�J�P�O�B�M �P�S�E�F�S�J�O�H �B�O�E �J�O�D�M�V�T�J�P�O �G�P�S �M�P�H�J�D�B�M �P�S�E�F�S��
�J�O�H �<�����>�
 �B�O�E �J�T �D�P�N�N�P�O �J�O �B�C�T�U�S�B�D�U �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �T�J�O�D�F �U�I�F�O��

���� �$�P�O�D�M�V�T�J�P�O

�5�S�B�O�T�G�P�S�N�B�U�J�P�O�B�M �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �I�B�W�F �U�S�B�E�J�U�J�P�O�B�M�M�Z �C�F �C�B�T�F�E �P�O �U�S�B�O�T�G�P�S�N�F�S�T �U�I�F�N�T�F�M�W�F�T �F�R�V�J�W�B�M�F�O�U
�U�P �B�O �P�Q�F�S�B�U�J�P�O�B�M �T�F�N�B�O�U�J�D�T�� �8�I�F�O �D�P�O�T�J�E�F�S�J�O�H �O�P�O�U�F�S�N�J�O�B�U�J�P�O�
 �P�U�I�F�S �T�F�N�B�O�U�J�D�T �M�J�L�F �E�F�O�P�U�B�U�J�P�O�B�M
�T�F�N�B�O�U�J�D�T �B�S�F �S�F�M�F�W�B�O�U�
 �C�V�U �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T �B�S�F �B �T�F�Q�B�S�B�U�F �X�P�S�M�E �<���>�� �*�O �B�O �B	R�F�N�Q�U �U�P
�E�F�T�J�H�O �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �W�B�M�J�E �G�P�S �W�B�S�J�P�V�T �	�B�C�T�U�S�B�D�U�
 �T�F�N�B�O�U�J�D�T�
 �X�F �I�B�W�F �E�F
W�O�F�E �B�O �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T
�J�U�T �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T�
 �J�U�T �I�Z�Q�F�S �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T �B�O�E �U�I�F �W�B�S�J�P�V�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T

�3�F�G�F�S�F�O�D�F�T
�<���>�4�B�N�T�P�O �"�C�S�B�N�T�L�Z�� ���������� �%�P�N�B�J�O 	_�F�P�S�Z �J�O �-�P�H�J�D�B�M �'�P�S�N���"�O�O�� �1�V�S�F �"�Q�Q�M�� �-�P�H�������
 ������ �	���������
�
 ���×�������I�U�U�Q�T�������E�P�J���P�S�H��

�����������������������������������	�����
�������������5
�<���>�1�F�U�F�S �"�D�[�F�M�� ���������� �"�O �*�O�U�S�P�E�V�D�U�J�P�O �U�P �*�O�E�V�D�U�J�W�F �%�F
W�O�J�U�J�P�O�T�� �*�O�)�B�O�E�C�P�P�L �P�G �.�B�U�I�F�N�B�U�J�D�B�M �-�P�H�J�D�
 �+�P�I�O �#�B�S�X�J�T�F �	�&�E���
��

�/�P�S�U�I�×�)�P�M�M�B�O�E�
 �"�N�T�U�F�S�E�B�N�
 �$�I�B�Q�U�F�S ���
 �������×��������
�<���>�.�P�V�O�J�S �"�T�T�B�G�
 �%�B�W�J�E �"�� �/�B�V�N�B�O�O�
 �+�V�M�J�F�O �4�J�H�O�P�M�F�T�
 �&�S�J�D �5�P�U�F�M�
 �B�O�E �'�S�©�E�©�S�J�D �5�S�P�O�F�M�� ���������� �)�Z�Q�F�S�D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T

�B�O�E �J�U�T �B�Q�Q�M�J�D�B�U�J�P�O �U�P �T�U�B�U�J�D �B�O�B�M�Z�T�J�T �P�G �J�O�G�P�S�N�B�U�J�P�O 
X�P�X�� �*�O�1�0�1�-�� �"�$�.�
 �������×���������I�U�U�Q�T�������E�P�J���P�S�H����������������������������������
��������������

�<���>�.�B�O�G�S�F�E �#�S�P�Z�
 �.�B�S�U�J�O �8�J�S�T�J�O�H�
 �B�O�E �1�F�U�F�S �1�F�Q�Q�F�S�� ���������� �0�O �U�I�F �"�M�H�F�C�S�B�J�D �%�F
W�O�J�U�J�P�O �P�G �1�S�P�H�S�B�N�N�J�O�H �-�B�O�H�V�B�H�F�T���"�$�.
�5�S�B�O�T�� �1�S�P�H�S�B�N�� �-�B�O�H�� �4�Z�T�U�����
 �� �	���������
�
 �����×�������I�U�U�Q�T�������E�P�J���P�S�H��������������������������������������

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O�
 �#�F�S�O�E �'�J�O�L�C�F�J�O�F�S�
 �.�B�T�P�V�E �,�P�M�F�J�O�J�
 �,�S�J�T�U�P�Q�I�F�S �,�� �.�J�D�J�O�T�L�J�
 �.�B�S�L�V�T �/�� �3�B�C�F�
 �B�O�E �$�©�T�B�S �4�¡�O�D�I�F�[��
���������� �5�F�N�Q�P�S�B�M �-�P�H�J�D�T �G�P�S �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T�� �*�O�1�0�4�5 �	�-�F�D�U�V�S�F �/�P�U�F�T �J�O �$�P�N�Q�V�U�F�S �4�D�J�F�O�D�F�
 �7�P�M�� ���������
�� �4�Q�S�J�O�H�F�S�
 �������×��������
�I�U�U�Q�T�������E�P�J���P�S�H�����������������������������������������������������@����

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O �B�O�E �'�S�F�E �#�� �4�D�I�O�F�J�E�F�S�� ���������� �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T���+�� �$�P�N�Q�V�U�� �4�F�D�V�S�������
 �� �	���������
�
 ���������×�����������I�U�U�Q�T��
�����E�P�J���P�S�H�������������������+�$�4��������������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� ���������� �$�P�O�T�U�S�V�D�U�J�W�F �%�F�T�J�H�O �P�G �B �)�J�F�S�B�S�D�I�Z �P�G �4�F�N�B�O�U�J�D�T �P�G �B �5�S�B�O�T�J�U�J�P�O �4�Z�T�U�F�N �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F��
�U�B�U�J�P�O���K�F�P�S�� �$�P�N�Q�V�U�� �4�D�J���������
 ���×�� �	���������
�
 �����×���������I�U�U�Q�T�������E�P�J���P�S�H�������������������4�������������������	�����
��������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� �����������1�S�J�O�D�J�Q�M�F�T �P�G �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O�	�� �F�E���
�� �.�*�5 �1�S�F�T�T��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�O�F ����������

�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

! ! �J�O! �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U�� �#�Z �<���
 �M�F�N�N�B ���������>�


ö! ! (P) " �M�G�Q! ! " ��P ! ! ! (" )

�J�T �U�I�F �T�N�B�M�M�F�T�U �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �Q�P�J�O�U�X�J�T�F �H�S�F�B�U�F�S �U�I�B�O �P�S �F�R�V�B�M �U�P! ! �� �#�Z �.�P�S�H�B�O �8�B�S�E�Ý�T
�<�����
 �U�I�F�P�S�F�N �������>�
! ö! ! ( " (#)) , ! , # , #, ! , $" �J�T �B �D�P�N�Q�M�F�U�F �M�B	R�J�D�F��! " �B�O�Eö! " �B�S�F �E�F
W�O�F�E �E�V�B�M�M�Z��

�5�0 �%�0
�5�0 �%�0

! " (P) " { Q #P ! Q} �	�����


! ! (P) " { Q #Q ! P} �	�����


! " (P) " {$ #%%#P . %$! $ } �	�����


! ! (P) " {$ #%%#P . $ $! %}

�1�P�T�U! !
(&)P " ! " ( �1�P�T�U! (&)P) = {$ #%%#P &�Q�P�T�U! (&)%$! $ } = {$ #%%#P &${ %$} �5${ $ $}}

�1�P�T�U! "
(&)P " ! ! ( �1�P�T�U! (&)P) = {$ #%%#P &$ $! �Q�P�T�U! (&)%} = {$ #%%#P & ${ % $} �5 ${ $ $} }

�	�����


�	�����


���� �3�F�M�B�U�F�E �8�P�S�L

	_�F �J�E�F�B �P�G �I�B�O�E�M�J�O�H �M�P�H�J�D�T �B�M�H�F�C�S�B�J�D�B�M�M�Z �H�P�F�T �C�B�D�L �U�P �<�����
 �T�F�D�U�J�P�O ���> �J�U�T�F�M�G �S�P�P�U�F�E �J�O �U�I�F �J�E�F�B �P�G
�Q�S�P�H�S�B�N �T�D�I�F�N�F�T �<���
�����
�����>

	_�J�T �O�F�D�F�T�T�B�S�Z �E�J�T�U�J�O�D�U�J�P�O �C�F�U�X�F�F�O �D�P�N�Q�V�U�B�U�J�P�O�B�M �B�O�E �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H�T 
W�S�T�U �B�Q�Q�F�B�S�F�E �J�O �T�U�S�J�D�U��
�O�F�T�T �B�O�B�M�Z�T�J�T �	�V�T�J�O�H �4�D�P	R �Q�B�S�U�J�B�M �P�S�E�F�S �G�P�S �D�P�N�Q�V�U�B�U�J�P�O�B�M �P�S�E�F�S�J�O�H �B�O�E �J�O�D�M�V�T�J�P�O �G�P�S �M�P�H�J�D�B�M �P�S�E�F�S��
�J�O�H �<�����>�
 �B�O�E �J�T �D�P�N�N�P�O �J�O �B�C�T�U�S�B�D�U �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �T�J�O�D�F �U�I�F�O��

���� �$�P�O�D�M�V�T�J�P�O

�5�S�B�O�T�G�P�S�N�B�U�J�P�O�B�M �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �I�B�W�F �U�S�B�E�J�U�J�P�O�B�M�M�Z �C�F �C�B�T�F�E �P�O �U�S�B�O�T�G�P�S�N�F�S�T �U�I�F�N�T�F�M�W�F�T �F�R�V�J�W�B�M�F�O�U
�U�P �B�O �P�Q�F�S�B�U�J�P�O�B�M �T�F�N�B�O�U�J�D�T�� �8�I�F�O �D�P�O�T�J�E�F�S�J�O�H �O�P�O�U�F�S�N�J�O�B�U�J�P�O�
 �P�U�I�F�S �T�F�N�B�O�U�J�D�T �M�J�L�F �E�F�O�P�U�B�U�J�P�O�B�M
�T�F�N�B�O�U�J�D�T �B�S�F �S�F�M�F�W�B�O�U�
 �C�V�U �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T �B�S�F �B �T�F�Q�B�S�B�U�F �X�P�S�M�E �<���>�� �*�O �B�O �B	R�F�N�Q�U �U�P
�E�F�T�J�H�O �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �W�B�M�J�E �G�P�S �W�B�S�J�P�V�T �	�B�C�T�U�S�B�D�U�
 �T�F�N�B�O�U�J�D�T�
 �X�F �I�B�W�F �E�F
W�O�F�E �B�O �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T
�J�U�T �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T�
 �J�U�T �I�Z�Q�F�S �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T �B�O�E �U�I�F �W�B�S�J�P�V�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T

�3�F�G�F�S�F�O�D�F�T
�<���>�4�B�N�T�P�O �"�C�S�B�N�T�L�Z�� ���������� �%�P�N�B�J�O 	_�F�P�S�Z �J�O �-�P�H�J�D�B�M �'�P�S�N���"�O�O�� �1�V�S�F �"�Q�Q�M�� �-�P�H�������
 ������ �	���������
�
 ���×�������I�U�U�Q�T�������E�P�J���P�S�H��

�����������������������������������	�����
�������������5
�<���>�1�F�U�F�S �"�D�[�F�M�� ���������� �"�O �*�O�U�S�P�E�V�D�U�J�P�O �U�P �*�O�E�V�D�U�J�W�F �%�F
W�O�J�U�J�P�O�T�� �*�O�)�B�O�E�C�P�P�L �P�G �.�B�U�I�F�N�B�U�J�D�B�M �-�P�H�J�D�
 �+�P�I�O �#�B�S�X�J�T�F �	�&�E���
��

�/�P�S�U�I�×�)�P�M�M�B�O�E�
 �"�N�T�U�F�S�E�B�N�
 �$�I�B�Q�U�F�S ���
 �������×��������
�<���>�.�P�V�O�J�S �"�T�T�B�G�
 �%�B�W�J�E �"�� �/�B�V�N�B�O�O�
 �+�V�M�J�F�O �4�J�H�O�P�M�F�T�
 �&�S�J�D �5�P�U�F�M�
 �B�O�E �'�S�©�E�©�S�J�D �5�S�P�O�F�M�� ���������� �)�Z�Q�F�S�D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T

�B�O�E �J�U�T �B�Q�Q�M�J�D�B�U�J�P�O �U�P �T�U�B�U�J�D �B�O�B�M�Z�T�J�T �P�G �J�O�G�P�S�N�B�U�J�P�O 
X�P�X�� �*�O�1�0�1�-�� �"�$�.�
 �������×���������I�U�U�Q�T�������E�P�J���P�S�H����������������������������������
��������������

�<���>�.�B�O�G�S�F�E �#�S�P�Z�
 �.�B�S�U�J�O �8�J�S�T�J�O�H�
 �B�O�E �1�F�U�F�S �1�F�Q�Q�F�S�� ���������� �0�O �U�I�F �"�M�H�F�C�S�B�J�D �%�F
W�O�J�U�J�P�O �P�G �1�S�P�H�S�B�N�N�J�O�H �-�B�O�H�V�B�H�F�T���"�$�.
�5�S�B�O�T�� �1�S�P�H�S�B�N�� �-�B�O�H�� �4�Z�T�U�����
 �� �	���������
�
 �����×�������I�U�U�Q�T�������E�P�J���P�S�H��������������������������������������

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O�
 �#�F�S�O�E �'�J�O�L�C�F�J�O�F�S�
 �.�B�T�P�V�E �,�P�M�F�J�O�J�
 �,�S�J�T�U�P�Q�I�F�S �,�� �.�J�D�J�O�T�L�J�
 �.�B�S�L�V�T �/�� �3�B�C�F�
 �B�O�E �$�©�T�B�S �4�¡�O�D�I�F�[��
���������� �5�F�N�Q�P�S�B�M �-�P�H�J�D�T �G�P�S �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T�� �*�O�1�0�4�5 �	�-�F�D�U�V�S�F �/�P�U�F�T �J�O �$�P�N�Q�V�U�F�S �4�D�J�F�O�D�F�
 �7�P�M�� ���������
�� �4�Q�S�J�O�H�F�S�
 �������×��������
�I�U�U�Q�T�������E�P�J���P�S�H�����������������������������������������������������@����

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O �B�O�E �'�S�F�E �#�� �4�D�I�O�F�J�E�F�S�� ���������� �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T���+�� �$�P�N�Q�V�U�� �4�F�D�V�S�������
 �� �	���������
�
 ���������×�����������I�U�U�Q�T��
�����E�P�J���P�S�H�������������������+�$�4��������������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� ���������� �$�P�O�T�U�S�V�D�U�J�W�F �%�F�T�J�H�O �P�G �B �)�J�F�S�B�S�D�I�Z �P�G �4�F�N�B�O�U�J�D�T �P�G �B �5�S�B�O�T�J�U�J�P�O �4�Z�T�U�F�N �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F��
�U�B�U�J�P�O���K�F�P�S�� �$�P�N�Q�V�U�� �4�D�J���������
 ���×�� �	���������
�
 �����×���������I�U�U�Q�T�������E�P�J���P�S�H�������������������4�������������������	�����
��������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� �����������1�S�J�O�D�J�Q�M�F�T �P�G �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O�	�� �F�E���
�� �.�*�5 �1�S�F�T�T��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�O�F ����������

�*�U�F�S�B�U�J�P�O �P�G! ! �	�Q�P�T�T�J�C�M�Z �U�S�B�O�T
W�O�J�U�F�M�Z�

!! ! (P) # �M�G�Q" ! * ��P ! ! ! (* ) �	�����
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Chain limit order ideal abstraction (cont’d)
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�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F�, �P�O �U�I�F �S�J�H�I�U��
�-�F�UP = {$ ! " ! #, %> 0} �� �8�F �I�B�W�F! ! (P) = {$ ! " ! #, %> 0} ! {&! ! #> 0} ��
�8�F �I�B�W�F" {&! ! #> 0} = " �T�P! ! (! ! (P)) = {$ ! " ! #, %> 0} ! {&! ! #>
0} ! { " } $ ! ! (P) ��
�.�P�S�F�P�W�F�S!! ! (Q! ) " !! ! (#( �,)) �
#> 0 �C�V�U# !>0

!! ! (Q! ) $" !! ! (#( �,)) �� $

2

! ! ! let "! ! ! # .{
!

!$ ! , %" N" # !$ ! , %" N" is descending chain in# } in lfp
.
!

.
"! (7)

T"! ! # ! ! P .! !$ ! , %" N",( ! %" N . $ ! # $ !+1) !
!

!$ ! , %" N" " P (8)

O"! ! # ! !T"! ! #, $, " , #(L), $! , %" (9)

A hyperpropertyP is a"-CPO hyperproperty when the upper-bounds for all%-ascending chain
in P is also in#.

L!""# 1.3. ! ! is closure operator andT"! ! # is a well-de! ned complete lattice, where! !
! ! ! $! !

! ! ( ! ! ! ! $! ) . For! nite join! ! = ! holds.

Fig. 1. The La! ice of counterexamples for
Remark1.4 and 1.5. The circles represent
the elements in the la! ice while the! is the
partial order ! , indicating the descending
chains. The do! ed line with P , "! (P ) , and
" 2
! (P ) are the counterexample for Remark

1.4. The red line with shadowedQ is the one
for Remark1.5.

R!"#$% 1.4. Intuitively one may think "! is a closure by its
nature. However, it is increasing, extensive, but not idem-
potent. Consider the counterexample in! gure (1) where a
complete lattice is de! ned asL ! {$ ! " #%, &> 0} $ { ' ! #%>
0} $ { &, ' } with &and' being top and bottom of the lattice.
For all other elements,#! { !$ ! ",$ ! "!

" #%> 0( && &!} ${ !$ ! ",
' ! " #%, &> 0} ${ !' ! , ' ! !

" #%! > %} . Now let# ! {$ ! " #%, &> 0} .
We have"! (#) = {$ ! " #%, &> 0} $ { ' ! #%> 0} . We notice
that !' ! , %> 0" is also a descending chain with the glb

$
!' ! ,

%> 0" = ' . Thus, " 2
! (#) = {$ ! " #%, & > 0} $ { ' ! #%>

0} $ { ' } ' "! (#) . As a result, it is necessary to de! ne ! ! to
be the! xpoint of "! .

R!"#$% 1.5. Notice thatT"! ! # may not be closed under
in! nite union. The counterexample uses the same lattice
as Remark1.4 in ! gure1. We LetQ ! { Q! #%" N} where
Q! ! { $ ! " #&" N} $ { ' ! } is CPO. However,! Q = {$ ! " #
%, &" N} $ { ' ! #%" N} is not a CPO as the glb descending
chain!' ! , %" N" is ' which is not in ! Q. For this reason,
another application of! ! would be necessary.

1.1.4 Frontiers abstraction and frontiers existent hyperproperties.We can construct a class hyper-
properties called lower-frontiers existent hyperproperties even weaker than#-CPO hyperproperties.
Let us! rst clarify what it means by frontiers.P is called frontiers when where distinct elements
are mutually incomparable.

( F ! ! P .{ # " P #! #! " P . # # #! ! # = #!}

T"( F # ! ! P .! #,#! " P . # %#! ! # = #! (10)

A hyperpropertyP is lower-frontiers existent if for all element# in it, there exist some lower-
frontier ) in ( F (P) such that) %#.

T"( "
F # ! ! P .! # " P . ) ) " ( F (P) . ) %#

O"( "
F # ! !T"( F #, $, " , L, $, %" (11)

L!""# 1.6. O"( "
F #is a well-de! ned semi-lattice that is closed under! nite union
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�-	k	s	s	g �������������"' ! ! ! ! (%( �,)) , %, #, �,, ! " �J�T �B �K�P�J�O �T�F�N�J�M�B�G�J�D�F��

������������ �" �'�S�P�O�U�J�F�S �$�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G �U�I�F �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O��

�-	k	s	s	g �������������"' �K�F�S�F �J�T �B �(�B�M�P�J�T �J�T�P�N�P�S�Q�I�J�T�N!! " ! (%( �,)) , %" (((( !"!##" ((((
#!

# !

! ! ! (%( �,)) , &! " �B�O�E

!! ! (%( �,)) , &! , ) ! " �J�T �B �K�P�J�O �T�F�N�J �M�B�G�J�D�F �X�J�U�I, &! - # (! " ( , ) %! " (- )) �B�O�E, ) ! - # ! ! (! " ( , ) !
! " (- )) ��

�%�F
W�O�F$" (, ) # { , " ! �, #, " " , } �� 	_�F �G�P�M�M�P�X�J�O�H �M�F�N�N�B�����������J�T �B �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G! " ! (%( �,))
�U�I�B�U �D�P�S�S�F�D�U�M�Z �H�F�O�F�S�B�M�J�[�F�T �<�����
 �1�S�P�Q�P�T�J�U�J�P�O ���>��

�-	k	s	s	g �������������"' �*�GP ! ! " ! (%( �,)) �U�I�F�OP = !
$ ##! ( P )

$" ( , ) ��

�������� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O

������������ �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T���"�O�P�U�I�F�S �Q�P�T�T�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �P�S�E�F�S
�J�E�F�B�M �B�C�T�U�S�B�D�U�J�P�O�T �X�P�V�M�E �C�F �C�Z �M�J�N�J�U�T �P�G �D�I�B�J�O�T�� �%�F
W�O�F

! ! (P) # { "
"#�.

, " # !, ", ) ! �. " ! P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�O%�J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP �C�F �U�I�F �T�F�U �P�G �F�M�F�N�F�O�U�T �P�G �B�M�M �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T
{ !* " %, ) ! �. ! " # . ! �. ! } ��! ! (P) �J�O�D�M�V�E�F�TP �B�O�E �U�I�F�J�S �H�S�F�B�U��
�F�T�U �M�P�X�F�S �C�P�V�O�E�T!+", ) ! �. ! " �C�V�U �O�P�U �U�I�F �J�O
W�N�V�N* �� 	_�F �O�F�Y�U
�J�U�F�S�B�U�J�P�O �J�O�D�M�V�E�F�TP�
 �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E�T! ! (P) �P�G �J�U�T
�E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T�
 �B�O�E �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E* �P�G �B�M�M �U�I�F �E�F��
�D�S�F�B�T�J�O�H �D�I�B�J�O�T{ !* " %, ) ! �. ! " +!+&, / $ )" #. ! �. ! } �P�G! ! (P) ��
	_�J�T �J�T �U�I�F �M�F�B�T�U 
W�Y�Q�P�J�O�U �P�G! * ��P ! ! ! (* ) �� $

���� �"�O�P�O�Z�N�P�V�T �� �B�O�E �"�O�P�O�Z�N�P�V�T ��

�*�U �G�P�M�M�P�X�T �G�S�P�N �U�I�F�P�S�F�N���������U�I�B�U �U�I�F �M�P�H�J�D �Q�S�P�P�G �T�Z�T�U�F�N �P�G �U�I�F�P�S�F�N�������J�T �B�Q�Q�M�J�D�B�C�M�F �U�P �U�I�F �V�Q�Q�F�S

�B�C�T�U�S�B�D�U �M�P�H�J�D�-
!
( ø! ) �	�B�O�E �E�V�B�M�M�Z �U�I�F�P�S�F�N�������G�P�S �U�I�F �M�P�X�F�S �B�C�T�U�S�B�D�U �M�P�H�J�D�
��

�*�O �D�P�O�D�M�V�T�J�P�O �P�G �U�I�J�T �Q�B�S�U �*�*�
 �B�M�U�I�P�V�H�I �U�I�F �B�C�T�U�S�B�D�U�J�P�O�T �P�G �U�I�F �T�F�N�B�O�U�J�D�T�
�Q�P�T�U�
�1�P�T�U�
 �B�O�E �M�P�H�J�D�T
�I�B�W�F �C�F�F�O �T�I�P�X �U�P �C�F �F�R�V�B�M�M�Z �F�Y�Q�S�F�T�T�J�C�M�F �G�P�S �F�Y�B�D�U �B�C�T�U�S�B�D�U�J�P�O�T�
 �U�I�F�Z �E�P �O�P�U �T�P�M�W�F �U�I�F �Q�S�P�C�M�F�N
�P�G �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �P�G �U�I�F �S�F�T�V�M�U�J�O�H �M�P�H�J�D�
 �X�I�J�D�I �T�U�J�M�M �I�B�T �U�P �I�B�O�E�M�F �F�Y�B�D�U�M�Z �U�I�F �	�B�C�T�U�S�B�D�U�
 �T�F�N�B�O�U�J�D�T
�P�D�D�V�S�J�O�H �J�O �U�I�F �	�I�Z�Q�F�S�
 �Q�S�P�Q�F�S�U�J�F�T��

�1�•�ž�  �*�*�*�� �" �)�•�‘�ž�•�ž�•�”�¥ �›�’ �4�‘�™�•�š� �•�• �	�)�¥�œ�‘�ž�
 �-�›�“�•�•�Ÿ
	_�F �Q�S�P�C�M�F�N �X�J�U�I �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �T�U�V�E�J�F�E �J�O �Q�B�S�U�T �* �B�O�E �*�* �J�T �U�I�B�U �G�P�S �B �Q�S�P�H�S�B�N �U�P �T�B�U�J�T�G�Z �B �	�I�Z�Q�F�S�


�Q�S�P�Q�F�S�U�Z�
 �J�U�T �T�F�N�B�O�U�J�D�T �N�V�T�U �F�Y�B�D�U�M�Z �P�D�D�V�S �J�O �U�I�F �Q�S�P�Q�F�S�U�Z�� �4�P �	�I�Z�Q�F�S�
 �Q�S�P�P�G�T �D�B�O�O�P�U �N�B�L�F �P�W�F�S �P�S
�V�O�E�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �U�I�F �T�F�N�B�O�U�J�D�T�
 �X�I�F�S�F�B�T �U�I�J�T �D�B�O �B�O�E �N�V�T�U �C�F �E�P�O�F �J�O �)�P�B�S�F �M�P�H�J�D �P�S �J�U�T
�E�V�B�M �U�P �H�F�U �T�J�N�Q�M�F �Q�S�P�P�G�T�� �*�O �U�I�J�T �Q�B�S�U �*�*�*�
 �X�F �T�U�V�E�Z �B�C�T�U�S�B�D�U�J�P�O�T �U�P �E�F�S�J�W�F �T�J�N�Q�M�F�S �M�P�H�J�D�T �G�P�S �M�F�T�T
�H�F�O�F�S�B�M �Q�S�P�Q�F�S�U�J�F�T �C�V�U �T�U�J�M�M �X�J�U�I �T�P�V�O�E �B�O�E �D�P�N�Q�M�F�U�F �Q�S�P�P�G �T�Z�T�U�F�N�T��

���� �&�Y�F�D�V�U�J�P�O �1�S�P�Q�F�S�U�Z �"�C�T�U�S�B�D�U�J�P�O

�*�O �B�C�T�U�S�B�D�U �E�P�N�B�J�O�T�$! �P�G �E�F
W�O�J�U�J�P�O�������X�I�J�D�I �B�S�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F�T�
 �P�S �U�I�F�J�S �B�C�T�U�S�B�D�U�J�P�O�T �C�Z �E�F�G��
�J�O�J�U�J�P�O�������
 �X�I�J�D�I �B�S�F �B�M�T�P �D�P�N�Q�M�F�U�F �M�B�U�J�J�D�F�T�
 �U�I�F �F�Y�F�D�V�U�J�P�O �Q�S�P�Q�F�S�U�Z �B�C�T�U�S�B�D�U�J�P�O" " ! (P) ! ! ! P
�B�C�T�U�S�B�D�U�T �T�F�N�B�O�U�J�D �Q�S�P�Q�F�S�U�J�F�T �J�O! ( �,! ) �J�O�U�P �F�Y�F�D�V�U�J�P�O�T �J�O�,! �� �%�F
W�O�J�O�H �U�I�F �D�P�O�D�S�F�U�J�[�B�U�J�P�O#" ! ($ ) !
{ %! %" ! $ } �
 �X�F �H�F�U �B �(�B�M�P�J�T �S�F�U�S�B�D�U�J�P�O

"! ( �,! ), ##""""" !"!#"""""""
! " !

" " !
"�,! , " ! # �	�����


�8�J�U�I �U�I�J�T �B�C�T�U�S�B�D�U�J�P�O�
 �U�I�F �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H �	�J�N�Q�M�J�D�B�U�J�P�O�
 �J�T �B�M�T�P �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�B�M �P�S�E�F�S�J�O�H �J�O
�M�F�N�N�B�������X�I�F�S�F�B�T�
 �J�O �H�F�O�F�S�B�M�
 �G�P�S �U�I�F �H�F�O�F�S�J�D �B�M�H�F�C�S�B�J�D �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�B�M
�P�S�E�F�S�J�O�H" ! �B�O�E �U�I�F �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H �B�O�E# �B�S�F �O�P�U �S�F�M�B�U�F�E��

�1	x	u	u	l 	u	l �	�����
��

" " ! (P) " ! $

$ " ! P " ! $ ! �E�F�G��" " ! "

$ #%$P . %" ! $ ! �E�F�G�� �M�F�B�T�U �V�Q�Q�F�S �C�P�V�O�E"
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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W�O�J�U�J�P�O�T�� �*�O�)�B�O�E�C�P�P�L �P�G �.�B�U�I�F�N�B�U�J�D�B�M �-�P�H�J�D�
 �+�P�I�O �#�B�S�X�J�T�F �	�&�E���
��

�/�P�S�U�I�×�)�P�M�M�B�O�E�
 �"�N�T�U�F�S�E�B�N�
 �$�I�B�Q�U�F�S ���
 �������×��������
�<���>�.�P�V�O�J�S �"�T�T�B�G�
 �%�B�W�J�E �"�� �/�B�V�N�B�O�O�
 �+�V�M�J�F�O �4�J�H�O�P�M�F�T�
 �&�S�J�D �5�P�U�F�M�
 �B�O�E �'�S�©�E�©�S�J�D �5�S�P�O�F�M�� ���������� �)�Z�Q�F�S�D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T

�B�O�E �J�U�T �B�Q�Q�M�J�D�B�U�J�P�O �U�P �T�U�B�U�J�D �B�O�B�M�Z�T�J�T �P�G �J�O�G�P�S�N�B�U�J�P�O 
X�P�X�� �*�O�1�0�1�-�� �"�$�.�
 �������×���������I�U�U�Q�T�������E�P�J���P�S�H����������������������������������
��������������

�<���>�.�B�O�G�S�F�E �#�S�P�Z�
 �.�B�S�U�J�O �8�J�S�T�J�O�H�
 �B�O�E �1�F�U�F�S �1�F�Q�Q�F�S�� ���������� �0�O �U�I�F �"�M�H�F�C�S�B�J�D �%�F
W�O�J�U�J�P�O �P�G �1�S�P�H�S�B�N�N�J�O�H �-�B�O�H�V�B�H�F�T���"�$�.
�5�S�B�O�T�� �1�S�P�H�S�B�N�� �-�B�O�H�� �4�Z�T�U�����
 �� �	���������
�
 �����×�������I�U�U�Q�T�������E�P�J���P�S�H��������������������������������������

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O�
 �#�F�S�O�E �'�J�O�L�C�F�J�O�F�S�
 �.�B�T�P�V�E �,�P�M�F�J�O�J�
 �,�S�J�T�U�P�Q�I�F�S �,�� �.�J�D�J�O�T�L�J�
 �.�B�S�L�V�T �/�� �3�B�C�F�
 �B�O�E �$�©�T�B�S �4�¡�O�D�I�F�[��
���������� �5�F�N�Q�P�S�B�M �-�P�H�J�D�T �G�P�S �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T�� �*�O�1�0�4�5 �	�-�F�D�U�V�S�F �/�P�U�F�T �J�O �$�P�N�Q�V�U�F�S �4�D�J�F�O�D�F�
 �7�P�M�� ���������
�� �4�Q�S�J�O�H�F�S�
 �������×��������
�I�U�U�Q�T�������E�P�J���P�S�H�����������������������������������������������������@����

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O �B�O�E �'�S�F�E �#�� �4�D�I�O�F�J�E�F�S�� ���������� �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T���+�� �$�P�N�Q�V�U�� �4�F�D�V�S�������
 �� �	���������
�
 ���������×�����������I�U�U�Q�T��
�����E�P�J���P�S�H�������������������+�$�4��������������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� ���������� �$�P�O�T�U�S�V�D�U�J�W�F �%�F�T�J�H�O �P�G �B �)�J�F�S�B�S�D�I�Z �P�G �4�F�N�B�O�U�J�D�T �P�G �B �5�S�B�O�T�J�U�J�P�O �4�Z�T�U�F�N �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F��
�U�B�U�J�P�O���K�F�P�S�� �$�P�N�Q�V�U�� �4�D�J���������
 ���×�� �	���������
�
 �����×���������I�U�U�Q�T�������E�P�J���P�S�H�������������������4�������������������	�����
��������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� �����������1�S�J�O�D�J�Q�M�F�T �P�G �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O�	�� �F�E���
�� �.�*�5 �1�S�F�T�T��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�O�F ����������

�*�U�F�S�B�U�J�P�O �P�G! ! �	�Q�P�T�T�J�C�M�Z �U�S�B�O�T
W�O�J�U�F�M�Z�

!! ! (P) # �M�G�Q" ! * ��P ! ! ! (* ) �	�����


�Z�J�F�M�E�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S��

�-	k	s	s	g �������������"' !%( �,), %" (((( !"!#((((((
!# !

��
! !! ! (%( �,)) , %" �B�O�E! !! ! (%( �,)) , %, #, �,, ! * ��!! ! (# * ), $ "

�J�T �B �D�P�N�Q�M�F�U�F �M�B�G�J�D�F��

�-	k	s	s	g �������������"' , P ! %( �,) . ! ! ( !! ! (P)) = !! ! (P) ��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�M�Z ����������

�-	k	s	s	g �����������"% "#( �,), ##&&&&!"!#&&&&&&
!#!

��
" !! ! (#( �,)) , ##�B�O�E" !! ! (#( �,)) , #, ' , �,, ! $ ��!! ! (# $ ), $ #�J�T

�B �D�P�N�Q�M�F�U�F �M�B�G�J�D�F��

�-	k	s	s	g �����������"% ( P " #( �,) . ! ! ( !! ! (P)) = !! ! (P) ��

�-	k	s	s	g �����������"% �'�P�S �B�M�MP " #( �,) �
! ! (P) = P �J�N�Q�M�J�F�T!! ! (P) = P��

! " �J�T �E�F
W�O�F�E%�E�V�B�M�M�Z�
 �B�O�E!! " (P) ! �M�G�Q! ! $ ��P ! ! " ($ ) �J�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S��

�������� �'�P�S�B�M�M �&�Y�J�T�U�T �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T

�"�T�T�V�N�J�O�H �U�I�B�U"�,, %#= "#( ! ), ##�	�X�I�F�S�F �F���H��! = " +! �J�T �B �T�F�U �P�G �U�S�B�D�F�T�
() �I�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T �I�B�W�F
�U�I�F �G�P�S�N

AEH ! {{ " " #( ! ) ! ( ' 1 " " . ) ' 2 " " . "' 1, ' 2#" ( } ! ( " #( ! * ! )} �	�����

�	�U�I�J�T �F�B�T�J�M�Z �H�F�O�F�S�B�M�J�[�F�T �U�P( ' 1, . . . ,' $ " " . ) ' "

1, . . . ,' "
% " " . "' 1, . . . ,' $, ' "

1, . . . ,' "
%#" ( �<�����>�
��

�&�Y�B�N�Q�M�F �������� �	�(�F�O�F�S�B�M�J�[�F�E �O�P�O���J�O�U�F�S�G�F�S�F�O�D�F�
���" �U�Z�Q�J�D�B�M �G�P�S�B�M�M �F�Y�J�T�U�T �I�Z�Q�F�S�Q�S�P�Q�F�S�U�Z �J�T �H�F�O�F�S�B�M�J�[�F�E
�O�P�O �J�O�U�F�S�G�F�S�F�O�D�F �<�����
�����
�����> �G�P�S �U�I�F �U�S�B�D�F �T�F�N�B�O�U�J�D�T �P�G �B�Q�Q�F�O�E�J�Y�#�� �-�F�UL " �8�C�F �B �M�P�X �W�B�S�J�B�C�M�F �B�O�E
H" �8 �C�F �B �I�J�H�I �W�B�S�J�B�C�M�F�
 �X�F �I�B�W�F

�(�/�* ! { " " #( " +) ! ( ) 1' 1)
"
1,) 2' 2)

"
2 " " . ) ) 3' 3)

"
3 " " . () 1(L) = ) 2(L)) $ �	�����


() 3(L) = ) 1(L) + ) 3(H) = ) 2(H) + ) "
3(L) = ) "

1(L))} $

�"�T�T�V�N�J�O�H �D�I�B�J�O���D�P�N�Q�M�F�U�F �M�B	R�J�D�F�T �J�O���������"�B�O�E���������$�
 �D�I�B�J�O �M�J�N�J�U �D�M�P�T�F�E �T�F�N�B�O�U�J�D �Q�S�P�Q�F�S�U�J�F�T �J�O
!! " (#(#( ! ))) �T�V�C�T�V�N�F() �I�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T �J�OAEH �J�O �U�I�B�U�"%

AEH # !! " (#(#( ! ))) �	�����


���� �$�I�B�J�O �-�J�N�J�U �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O

�������� �$�I�B�J�O �-�J�N�J�U �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T

�%�F
W�O�F
! " " ! ! " # ! " �B�O�E !! " " (P) ! �M�G�Q! ! $ ��P ! ! " " ($ ) �	�����


�U�P �H�F�U �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �	�T�J�O�D�F! " " �J�T �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�Q�B�O�T�J�W�F �B�M�U�I�P�V�H�I �O�P�U �J�E�F�N�Q�P�U�F�O�U�
��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������%�F
W�O�F"�,, %#= "#( �. ), ##�B�O�EN ! { �. , { * } ! * " �. } " #( �. ) �U�P �C�F �U�I�F �T�F�U
�P�G �B�M�M �T�F�U�T�. �X�J�U�I �P�O�F �N�J�T�T�J�O�H �F�M�F�N�F�O�U�� �4�J�O�D�F �B�O�Z �U�X�P �E�J
V�F�S�F�O�U �F�M�F�N�F�O�U�T �P�GN �B�S�F#�� �J�O�D�P�N�Q�B�S�B�C�M�F�


�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

���������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

���� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O

�������� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T

�"�O�P�U�I�F�S �Q�P�T�T�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �P�S�E�F�S �J�E�F�B�M �B�C�T�U�S�B�D�U�J�P�O�T �X�P�V�M�E �C�F �C�Z �M�J�N�J�U�T �P�G �D�I�B�J�O�T�� �%�F
W�O�F

! ! (P) ! { !
! ! �.

" ! ! "" ! , #" �. #" P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�T# �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U �B�T �T�I�P�X�O �C�Z �D�P�V�O�U�F�S �F�Y�B�N�Q�M�F��������
�C�F�M�P�X�� 	_�F �J�U�F�S�B�U�J�P�O �P�G! ! �	�Q�P�T�T�J�C�M�Z �U�S�B�O�T
W�O�J�U�F�M�Z�


!! ! (P) ! �M�G�Q! ! $ ��P ! ! ! ($ ) �	�����

�Z�J�F�M�E�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �<�����
 �M�F�N�N�B ���������>��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F�, �P�O �U�I�F �S�J�H�I�U��
�-�F�UP = {$ ! " ! #, %> 0} �� �8�F �I�B�W�F! ! (P) = {$ ! " ! #, %> 0} ! {&! ! #> 0} ��
�8�F �I�B�W�F" {&! ! #> 0} = " �T�P! ! (! ! (P)) = {$ ! " ! #, %> 0} ! {&! ! #>
0} ! { " } $ ! ! (P) ��
�.�P�S�F�P�W�F�S!! ! (Q! ) " !! ! (#( �,)) �
#> 0 �C�V�U# !>0

!! ! (Q! ) $" !! ! (#( �,)) �� $

2

! ! ! let "! ! ! # .{
!

!$ ! , %" N" # !$ ! , %" N" is descending chain in# } in lfp
.
!

.
"! (7)

T"! ! # ! ! P .! !$ ! , %" N",( ! %" N . $ ! # $ !+1) !
!

!$ ! , %" N" " P (8)

O"! ! # ! !T"! ! #, $, " , #(L), $! , %" (9)

A hyperpropertyP is a"-CPO hyperproperty when the upper-bounds for all%-ascending chain
in P is also in#.

L!""# 1.3. ! ! is closure operator andT"! ! # is a well-de! ned complete lattice, where! !
! ! ! $! !

! ! ( ! ! ! ! $! ) . For! nite join! ! = ! holds.

Fig. 1. The La! ice of counterexamples for
Remark1.4 and 1.5. The circles represent
the elements in the la! ice while the! is the
partial order ! , indicating the descending
chains. The do! ed line with P , "! (P ) , and
" 2
! (P ) are the counterexample for Remark

1.4. The red line with shadowedQ is the one
for Remark1.5.

R!"#$% 1.4. Intuitively one may think "! is a closure by its
nature. However, it is increasing, extensive, but not idem-
potent. Consider the counterexample in! gure (1) where a
complete lattice is de! ned asL ! {$ ! " #%, &> 0} $ { ' ! #%>
0} $ { &, ' } with &and' being top and bottom of the lattice.
For all other elements,#! { !$ ! ",$ ! "!

" #%> 0( && &!} ${ !$ ! ",
' ! " #%, &> 0} ${ !' ! , ' ! !

" #%! > %} . Now let# ! {$ ! " #%, &> 0} .
We have"! (#) = {$ ! " #%, &> 0} $ { ' ! #%> 0} . We notice
that !' ! , %> 0" is also a descending chain with the glb

$
!' ! ,

%> 0" = ' . Thus, " 2
! (#) = {$ ! " #%, & > 0} $ { ' ! #%>

0} $ { ' } ' "! (#) . As a result, it is necessary to de! ne ! ! to
be the! xpoint of "! .

R!"#$% 1.5. Notice thatT"! ! # may not be closed under
in! nite union. The counterexample uses the same lattice
as Remark1.4 in ! gure1. We LetQ ! { Q! #%" N} where
Q! ! { $ ! " #&" N} $ { ' ! } is CPO. However,! Q = {$ ! " #
%, &" N} $ { ' ! #%" N} is not a CPO as the glb descending
chain!' ! , %" N" is ' which is not in ! Q. For this reason,
another application of! ! would be necessary.

1.1.4 Frontiers abstraction and frontiers existent hyperproperties.We can construct a class hyper-
properties called lower-frontiers existent hyperproperties even weaker than#-CPO hyperproperties.
Let us! rst clarify what it means by frontiers.P is called frontiers when where distinct elements
are mutually incomparable.

( F ! ! P .{ # " P #! #! " P . # # #! ! # = #!}

T"( F # ! ! P .! #,#! " P . # %#! ! # = #! (10)

A hyperpropertyP is lower-frontiers existent if for all element# in it, there exist some lower-
frontier ) in ( F (P) such that) %#.

T"( "
F # ! ! P .! # " P . ) ) " ( F (P) . ) %#

O"( "
F # ! !T"( F #, $, " , L, $, %" (11)

L!""# 1.6. O"( "
F #is a well-de! ned semi-lattice that is closed under! nite union
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
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P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $
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P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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 �������×��������
�I�U�U�Q�T�������E�P�J���P�S�H�����������������������������������������������������@����

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O �B�O�E �'�S�F�E �#�� �4�D�I�O�F�J�E�F�S�� ���������� �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T���+�� �$�P�N�Q�V�U�� �4�F�D�V�S�������
 �� �	���������
�
 ���������×�����������I�U�U�Q�T��
�����E�P�J���P�S�H�������������������+�$�4��������������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� ���������� �$�P�O�T�U�S�V�D�U�J�W�F �%�F�T�J�H�O �P�G �B �)�J�F�S�B�S�D�I�Z �P�G �4�F�N�B�O�U�J�D�T �P�G �B �5�S�B�O�T�J�U�J�P�O �4�Z�T�U�F�N �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F��
�U�B�U�J�P�O���K�F�P�S�� �$�P�N�Q�V�U�� �4�D�J���������
 ���×�� �	���������
�
 �����×���������I�U�U�Q�T�������E�P�J���P�S�H�������������������4�������������������	�����
��������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� �����������1�S�J�O�D�J�Q�M�F�T �P�G �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O�	�� �F�E���
�� �.�*�5 �1�S�F�T�T��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�O�F ����������

�*�U�F�S�B�U�J�P�O �P�G! ! �	�Q�P�T�T�J�C�M�Z �U�S�B�O�T
W�O�J�U�F�M�Z�

!! ! (P) # �M�G�Q" ! * ��P ! ! ! (* ) �	�����


�Z�J�F�M�E�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S��

�-	k	s	s	g �������������"' !%( �,), %" (((( !"!#((((((
!# !

��
! !! ! (%( �,)) , %" �B�O�E! !! ! (%( �,)) , %, #, �,, ! * ��!! ! (# * ), $ "

�J�T �B �D�P�N�Q�M�F�U�F �M�B�G�J�D�F��

�-	k	s	s	g �������������"' , P ! %( �,) . ! ! ( !! ! (P)) = !! ! (P) ��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�M�Z ����������

�-	k	s	s	g �����������"% "#( �,), ##&&&&!"!#&&&&&&
!#!

��
" !! ! (#( �,)) , ##�B�O�E" !! ! (#( �,)) , #, ' , �,, ! $ ��!! ! (# $ ), $ #�J�T

�B �D�P�N�Q�M�F�U�F �M�B�G�J�D�F��

�-	k	s	s	g �����������"% ( P " #( �,) . ! ! ( !! ! (P)) = !! ! (P) ��

�-	k	s	s	g �����������"% �'�P�S �B�M�MP " #( �,) �
! ! (P) = P �J�N�Q�M�J�F�T!! ! (P) = P��

! " �J�T �E�F
W�O�F�E%�E�V�B�M�M�Z�
 �B�O�E!! " (P) ! �M�G�Q! ! $ ��P ! ! " ($ ) �J�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S��

�������� �'�P�S�B�M�M �&�Y�J�T�U�T �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T

�"�T�T�V�N�J�O�H �U�I�B�U"�,, %#= "#( ! ), ##�	�X�I�F�S�F �F���H��! = " +! �J�T �B �T�F�U �P�G �U�S�B�D�F�T�
() �I�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T �I�B�W�F
�U�I�F �G�P�S�N

AEH ! {{ " " #( ! ) ! ( ' 1 " " . ) ' 2 " " . "' 1, ' 2#" ( } ! ( " #( ! * ! )} �	�����

�	�U�I�J�T �F�B�T�J�M�Z �H�F�O�F�S�B�M�J�[�F�T �U�P( ' 1, . . . ,' $ " " . ) ' "

1, . . . ,' "
% " " . "' 1, . . . ,' $, ' "

1, . . . ,' "
%#" ( �<�����>�
��

�&�Y�B�N�Q�M�F �������� �	�(�F�O�F�S�B�M�J�[�F�E �O�P�O���J�O�U�F�S�G�F�S�F�O�D�F�
���" �U�Z�Q�J�D�B�M �G�P�S�B�M�M �F�Y�J�T�U�T �I�Z�Q�F�S�Q�S�P�Q�F�S�U�Z �J�T �H�F�O�F�S�B�M�J�[�F�E
�O�P�O �J�O�U�F�S�G�F�S�F�O�D�F �<�����
�����
�����> �G�P�S �U�I�F �U�S�B�D�F �T�F�N�B�O�U�J�D�T �P�G �B�Q�Q�F�O�E�J�Y�#�� �-�F�UL " �8�C�F �B �M�P�X �W�B�S�J�B�C�M�F �B�O�E
H" �8 �C�F �B �I�J�H�I �W�B�S�J�B�C�M�F�
 �X�F �I�B�W�F

�(�/�* ! { " " #( " +) ! ( ) 1' 1)
"
1,) 2' 2)

"
2 " " . ) ) 3' 3)

"
3 " " . () 1(L) = ) 2(L)) $ �	�����


() 3(L) = ) 1(L) + ) 3(H) = ) 2(H) + ) "
3(L) = ) "

1(L))} $

�"�T�T�V�N�J�O�H �D�I�B�J�O���D�P�N�Q�M�F�U�F �M�B	R�J�D�F�T �J�O���������"�B�O�E���������$�
 �D�I�B�J�O �M�J�N�J�U �D�M�P�T�F�E �T�F�N�B�O�U�J�D �Q�S�P�Q�F�S�U�J�F�T �J�O
!! " (#(#( ! ))) �T�V�C�T�V�N�F() �I�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T �J�OAEH �J�O �U�I�B�U�"%

AEH # !! " (#(#( ! ))) �	�����


���� �$�I�B�J�O �-�J�N�J�U �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O

�������� �$�I�B�J�O �-�J�N�J�U �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T

�%�F
W�O�F
! " " ! ! " # ! " �B�O�E !! " " (P) ! �M�G�Q! ! $ ��P ! ! " " ($ ) �	�����


�U�P �H�F�U �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �	�T�J�O�D�F! " " �J�T �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�Q�B�O�T�J�W�F �B�M�U�I�P�V�H�I �O�P�U �J�E�F�N�Q�P�U�F�O�U�
��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������%�F
W�O�F"�,, %#= "#( �. ), ##�B�O�EN ! { �. , { * } ! * " �. } " #( �. ) �U�P �C�F �U�I�F �T�F�U
�P�G �B�M�M �T�F�U�T�. �X�J�U�I �P�O�F �N�J�T�T�J�O�H �F�M�F�N�F�O�U�� �4�J�O�D�F �B�O�Z �U�X�P �E�J
V�F�S�F�O�U �F�M�F�N�F�O�U�T �P�GN �B�S�F#�� �J�O�D�P�N�Q�B�S�B�C�M�F�


�1�S�P�D�� �"�$�. �1�S�P�H�S�B�N�� �-�B�O�H���
 �7�P�M�� ���
 �/�P�� �1�0�1�-�
 �"�S�U�J�D�M�F ������ �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�B�O�V�B�S�Z ����������

���������� �1�� �$�P�V�T�P�U �B�O�E �+�� �8�B�O�H

���� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O

�������� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T

�"�O�P�U�I�F�S �Q�P�T�T�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �P�S�E�F�S �J�E�F�B�M �B�C�T�U�S�B�D�U�J�P�O�T �X�P�V�M�E �C�F �C�Z �M�J�N�J�U�T �P�G �D�I�B�J�O�T�� �%�F
W�O�F

! ! (P) ! { !
! ! �.

" ! ! "" ! , #" �. #" P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�T# �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U �B�T �T�I�P�X�O �C�Z �D�P�V�O�U�F�S �F�Y�B�N�Q�M�F��������
�C�F�M�P�X�� 	_�F �J�U�F�S�B�U�J�P�O �P�G! ! �	�Q�P�T�T�J�C�M�Z �U�S�B�O�T
W�O�J�U�F�M�Z�


!! ! (P) ! �M�G�Q! ! $ ��P ! ! ! ($ ) �	�����

�Z�J�F�M�E�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �<�����
 �M�F�N�N�B ���������>��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F�, �P�O �U�I�F �S�J�H�I�U��
�-�F�UP = {$ ! " ! #, %> 0} �� �8�F �I�B�W�F! ! (P) = {$ ! " ! #, %> 0} ! {&! ! #> 0} ��
�8�F �I�B�W�F" {&! ! #> 0} = " �T�P! ! (! ! (P)) = {$ ! " ! #, %> 0} ! {&! ! #>
0} ! { " } $ ! ! (P) ��
�.�P�S�F�P�W�F�S!! ! (Q! ) " !! ! (#( �,)) �
#> 0 �C�V�U# !>0

!! ! (Q! ) $" !! ! (#( �,)) �� $

2

! ! ! let "! ! ! # .{
!

!$ ! , %" N" # !$ ! , %" N" is descending chain in# } in lfp
.
!

.
"! (7)

T"! ! # ! ! P .! !$ ! , %" N",( ! %" N . $ ! # $ !+1) !
!

!$ ! , %" N" " P (8)

O"! ! # ! !T"! ! #, $, " , #(L), $! , %" (9)

A hyperpropertyP is a"-CPO hyperproperty when the upper-bounds for all%-ascending chain
in P is also in#.

L!""# 1.3. ! ! is closure operator andT"! ! # is a well-de! ned complete lattice, where! !
! ! ! $! !

! ! ( ! ! ! ! $! ) . For! nite join! ! = ! holds.

Fig. 1. The La! ice of counterexamples for
Remark1.4 and 1.5. The circles represent
the elements in the la! ice while the! is the
partial order ! , indicating the descending
chains. The do! ed line with P , "! (P ) , and
" 2
! (P ) are the counterexample for Remark

1.4. The red line with shadowedQ is the one
for Remark1.5.

R!"#$% 1.4. Intuitively one may think "! is a closure by its
nature. However, it is increasing, extensive, but not idem-
potent. Consider the counterexample in! gure (1) where a
complete lattice is de! ned asL ! {$ ! " #%, &> 0} $ { ' ! #%>
0} $ { &, ' } with &and' being top and bottom of the lattice.
For all other elements,#! { !$ ! ",$ ! "!

" #%> 0( && &!} ${ !$ ! ",
' ! " #%, &> 0} ${ !' ! , ' ! !

" #%! > %} . Now let# ! {$ ! " #%, &> 0} .
We have"! (#) = {$ ! " #%, &> 0} $ { ' ! #%> 0} . We notice
that !' ! , %> 0" is also a descending chain with the glb

$
!' ! ,

%> 0" = ' . Thus, " 2
! (#) = {$ ! " #%, & > 0} $ { ' ! #%>

0} $ { ' } ' "! (#) . As a result, it is necessary to de! ne ! ! to
be the! xpoint of "! .

R!"#$% 1.5. Notice thatT"! ! # may not be closed under
in! nite union. The counterexample uses the same lattice
as Remark1.4 in ! gure1. We LetQ ! { Q! #%" N} where
Q! ! { $ ! " #&" N} $ { ' ! } is CPO. However,! Q = {$ ! " #
%, &" N} $ { ' ! #%" N} is not a CPO as the glb descending
chain!' ! , %" N" is ' which is not in ! Q. For this reason,
another application of! ! would be necessary.

1.1.4 Frontiers abstraction and frontiers existent hyperproperties.We can construct a class hyper-
properties called lower-frontiers existent hyperproperties even weaker than#-CPO hyperproperties.
Let us! rst clarify what it means by frontiers.P is called frontiers when where distinct elements
are mutually incomparable.

( F ! ! P .{ # " P #! #! " P . # # #! ! # = #!}

T"( F # ! ! P .! #,#! " P . # %#! ! # = #! (10)

A hyperpropertyP is lower-frontiers existent if for all element# in it, there exist some lower-
frontier ) in ( F (P) such that) %#.

T"( "
F # ! ! P .! # " P . ) ) " ( F (P) . ) %#

O"( "
F # ! !T"( F #, $, " , L, $, %" (11)

L!""# 1.6. O"( "
F #is a well-de! ned semi-lattice that is closed under! nite union
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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A hyperpropertyP is a"-CPO hyperproperty when the upper-bounds for all%-ascending chain
in P is also in#.

L!""# 1.3. ! ! is closure operator andT"! ! # is a well-de! ned complete lattice, where! !
! ! ! $! !

! ! ( ! ! ! ! $! ) . For! nite join! ! = ! holds.

Fig. 1. The La! ice of counterexamples for
Remark1.4 and 1.5. The circles represent
the elements in the la! ice while the! is the
partial order ! , indicating the descending
chains. The do! ed line with P , "! (P ) , and
" 2
! (P ) are the counterexample for Remark

1.4. The red line with shadowedQ is the one
for Remark1.5.

R!"#$% 1.4. Intuitively one may think "! is a closure by its
nature. However, it is increasing, extensive, but not idem-
potent. Consider the counterexample in! gure (1) where a
complete lattice is de! ned asL ! {$ ! " #%, &> 0} $ { ' ! #%>
0} $ { &, ' } with &and' being top and bottom of the lattice.
For all other elements,#! { !$ ! ",$ ! "!

" #%> 0( && &!} ${ !$ ! ",
' ! " #%, &> 0} ${ !' ! , ' ! !

" #%! > %} . Now let# ! {$ ! " #%, &> 0} .
We have"! (#) = {$ ! " #%, &> 0} $ { ' ! #%> 0} . We notice
that !' ! , %> 0" is also a descending chain with the glb

$
!' ! ,

%> 0" = ' . Thus, " 2
! (#) = {$ ! " #%, & > 0} $ { ' ! #%>

0} $ { ' } ' "! (#) . As a result, it is necessary to de! ne ! ! to
be the! xpoint of "! .

R!"#$% 1.5. Notice thatT"! ! # may not be closed under
in! nite union. The counterexample uses the same lattice
as Remark1.4 in ! gure1. We LetQ ! { Q! #%" N} where
Q! ! { $ ! " #&" N} $ { ' ! } is CPO. However,! Q = {$ ! " #
%, &" N} $ { ' ! #%" N} is not a CPO as the glb descending
chain!' ! , %" N" is ' which is not in ! Q. For this reason,
another application of! ! would be necessary.

1.1.4 Frontiers abstraction and frontiers existent hyperproperties.We can construct a class hyper-
properties called lower-frontiers existent hyperproperties even weaker than#-CPO hyperproperties.
Let us! rst clarify what it means by frontiers.P is called frontiers when where distinct elements
are mutually incomparable.

( F ! ! P .{ # " P #! #! " P . # # #! ! # = #!}

T"( F # ! ! P .! #,#! " P . # %#! ! # = #! (10)

A hyperpropertyP is lower-frontiers existent if for all element# in it, there exist some lower-
frontier ) in ( F (P) such that) %#.

T"( "
F # ! ! P .! # " P . ) ) " ( F (P) . ) %#

O"( "
F # ! !T"( F #, $, " , L, $, %" (11)

L!""# 1.6. O"( "
F #is a well-de! ned semi-lattice that is closed under! nite union
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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�-	k	s	s	g �������������"' ! ! ! ! (%( �,)) , %, #, �,, ! " �J�T �B �K�P�J�O �T�F�N�J�M�B�G�J�D�F��

������������ �" �'�S�P�O�U�J�F�S �$�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G �U�I�F �0�S�E�F�S �*�E�F�B�M �"�C�T�U�S�B�D�U�J�P�O��

�-	k	s	s	g �������������"' �K�F�S�F �J�T �B �(�B�M�P�J�T �J�T�P�N�P�S�Q�I�J�T�N!! " ! (%( �,)) , %" (((( !"!##" ((((
#!

# !

! ! ! (%( �,)) , &! " �B�O�E

!! ! (%( �,)) , &! , ) ! " �J�T �B �K�P�J�O �T�F�N�J �M�B�G�J�D�F �X�J�U�I, &! - # (! " ( , ) %! " (- )) �B�O�E, ) ! - # ! ! (! " ( , ) !
! " (- )) ��

�%�F
W�O�F$" (, ) # { , " ! �, #, " " , } �� 	_�F �G�P�M�M�P�X�J�O�H �M�F�N�N�B�����������J�T �B �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G! " ! (%( �,))
�U�I�B�U �D�P�S�S�F�D�U�M�Z �H�F�O�F�S�B�M�J�[�F�T �<�����
 �1�S�P�Q�P�T�J�U�J�P�O ���>��

�-	k	s	s	g �������������"' �*�GP ! ! " ! (%( �,)) �U�I�F�OP = !
$ ##! ( P )

$" ( , ) ��

�������� �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O

������������ �$�I�B�J�O �-�J�N�J�U �"�C�T�U�S�B�D�U�J�P�O �%�F�G�J�O�J�U�J�P�O �B�O�E �1�S�P�Q�F�S�U�J�F�T���"�O�P�U�I�F�S �Q�P�T�T�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �P�S�E�F�S
�J�E�F�B�M �B�C�T�U�S�B�D�U�J�P�O�T �X�P�V�M�E �C�F �C�Z �M�J�N�J�U�T �P�G �D�I�B�J�O�T�� �%�F
W�O�F

! ! (P) # { "
"#�.

, " # !, ", ) ! �. " ! P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �F�Y�J�T�U�J�O�H �H�M�C} �	�����


! ! �J�O%�J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP �C�F �U�I�F �T�F�U �P�G �F�M�F�N�F�O�U�T �P�G �B�M�M �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T
{ !* " %, ) ! �. ! " # . ! �. ! } ��! ! (P) �J�O�D�M�V�E�F�TP �B�O�E �U�I�F�J�S �H�S�F�B�U��
�F�T�U �M�P�X�F�S �C�P�V�O�E�T!+", ) ! �. ! " �C�V�U �O�P�U �U�I�F �J�O
W�N�V�N* �� 	_�F �O�F�Y�U
�J�U�F�S�B�U�J�P�O �J�O�D�M�V�E�F�TP�
 �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E�T! ! (P) �P�G �J�U�T
�E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T�
 �B�O�E �U�I�F �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E* �P�G �B�M�M �U�I�F �E�F��
�D�S�F�B�T�J�O�H �D�I�B�J�O�T{ !* " %, ) ! �. ! " +!+&, / $ )" #. ! �. ! } �P�G! ! (P) ��
	_�J�T �J�T �U�I�F �M�F�B�T�U 
W�Y�Q�P�J�O�U �P�G! * ��P ! ! ! (* ) �� $

���� �"�O�P�O�Z�N�P�V�T �� �B�O�E �"�O�P�O�Z�N�P�V�T ��

�*�U �G�P�M�M�P�X�T �G�S�P�N �U�I�F�P�S�F�N���������U�I�B�U �U�I�F �M�P�H�J�D �Q�S�P�P�G �T�Z�T�U�F�N �P�G �U�I�F�P�S�F�N�������J�T �B�Q�Q�M�J�D�B�C�M�F �U�P �U�I�F �V�Q�Q�F�S

�B�C�T�U�S�B�D�U �M�P�H�J�D�-
!
( ø! ) �	�B�O�E �E�V�B�M�M�Z �U�I�F�P�S�F�N�������G�P�S �U�I�F �M�P�X�F�S �B�C�T�U�S�B�D�U �M�P�H�J�D�
��

�*�O �D�P�O�D�M�V�T�J�P�O �P�G �U�I�J�T �Q�B�S�U �*�*�
 �B�M�U�I�P�V�H�I �U�I�F �B�C�T�U�S�B�D�U�J�P�O�T �P�G �U�I�F �T�F�N�B�O�U�J�D�T�
�Q�P�T�U�
�1�P�T�U�
 �B�O�E �M�P�H�J�D�T
�I�B�W�F �C�F�F�O �T�I�P�X �U�P �C�F �F�R�V�B�M�M�Z �F�Y�Q�S�F�T�T�J�C�M�F �G�P�S �F�Y�B�D�U �B�C�T�U�S�B�D�U�J�P�O�T�
 �U�I�F�Z �E�P �O�P�U �T�P�M�W�F �U�I�F �Q�S�P�C�M�F�N
�P�G �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �P�G �U�I�F �S�F�T�V�M�U�J�O�H �M�P�H�J�D�
 �X�I�J�D�I �T�U�J�M�M �I�B�T �U�P �I�B�O�E�M�F �F�Y�B�D�U�M�Z �U�I�F �	�B�C�T�U�S�B�D�U�
 �T�F�N�B�O�U�J�D�T
�P�D�D�V�S�J�O�H �J�O �U�I�F �	�I�Z�Q�F�S�
 �Q�S�P�Q�F�S�U�J�F�T��

�1�•�ž�  �*�*�*�� �" �)�•�‘�ž�•�ž�•�”�¥ �›�’ �4�‘�™�•�š� �•�• �	�)�¥�œ�‘�ž�
 �-�›�“�•�•�Ÿ
	_�F �Q�S�P�C�M�F�N �X�J�U�I �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �T�U�V�E�J�F�E �J�O �Q�B�S�U�T �* �B�O�E �*�* �J�T �U�I�B�U �G�P�S �B �Q�S�P�H�S�B�N �U�P �T�B�U�J�T�G�Z �B �	�I�Z�Q�F�S�


�Q�S�P�Q�F�S�U�Z�
 �J�U�T �T�F�N�B�O�U�J�D�T �N�V�T�U �F�Y�B�D�U�M�Z �P�D�D�V�S �J�O �U�I�F �Q�S�P�Q�F�S�U�Z�� �4�P �	�I�Z�Q�F�S�
 �Q�S�P�P�G�T �D�B�O�O�P�U �N�B�L�F �P�W�F�S �P�S
�V�O�E�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �U�I�F �T�F�N�B�O�U�J�D�T�
 �X�I�F�S�F�B�T �U�I�J�T �D�B�O �B�O�E �N�V�T�U �C�F �E�P�O�F �J�O �)�P�B�S�F �M�P�H�J�D �P�S �J�U�T
�E�V�B�M �U�P �H�F�U �T�J�N�Q�M�F �Q�S�P�P�G�T�� �*�O �U�I�J�T �Q�B�S�U �*�*�*�
 �X�F �T�U�V�E�Z �B�C�T�U�S�B�D�U�J�P�O�T �U�P �E�F�S�J�W�F �T�J�N�Q�M�F�S �M�P�H�J�D�T �G�P�S �M�F�T�T
�H�F�O�F�S�B�M �Q�S�P�Q�F�S�U�J�F�T �C�V�U �T�U�J�M�M �X�J�U�I �T�P�V�O�E �B�O�E �D�P�N�Q�M�F�U�F �Q�S�P�P�G �T�Z�T�U�F�N�T��

���� �&�Y�F�D�V�U�J�P�O �1�S�P�Q�F�S�U�Z �"�C�T�U�S�B�D�U�J�P�O

�*�O �B�C�T�U�S�B�D�U �E�P�N�B�J�O�T�$! �P�G �E�F
W�O�J�U�J�P�O�������X�I�J�D�I �B�S�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F�T�
 �P�S �U�I�F�J�S �B�C�T�U�S�B�D�U�J�P�O�T �C�Z �E�F�G��
�J�O�J�U�J�P�O�������
 �X�I�J�D�I �B�S�F �B�M�T�P �D�P�N�Q�M�F�U�F �M�B�U�J�J�D�F�T�
 �U�I�F �F�Y�F�D�V�U�J�P�O �Q�S�P�Q�F�S�U�Z �B�C�T�U�S�B�D�U�J�P�O" " ! (P) ! ! ! P
�B�C�T�U�S�B�D�U�T �T�F�N�B�O�U�J�D �Q�S�P�Q�F�S�U�J�F�T �J�O! ( �,! ) �J�O�U�P �F�Y�F�D�V�U�J�P�O�T �J�O�,! �� �%�F
W�O�J�O�H �U�I�F �D�P�O�D�S�F�U�J�[�B�U�J�P�O#" ! ($ ) !
{ %! %" ! $ } �
 �X�F �H�F�U �B �(�B�M�P�J�T �S�F�U�S�B�D�U�J�P�O

"! ( �,! ), ##""""" !"!#"""""""
! " !

" " !
"�,! , " ! # �	�����


�8�J�U�I �U�I�J�T �B�C�T�U�S�B�D�U�J�P�O�
 �U�I�F �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H �	�J�N�Q�M�J�D�B�U�J�P�O�
 �J�T �B�M�T�P �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�B�M �P�S�E�F�S�J�O�H �J�O
�M�F�N�N�B�������X�I�F�S�F�B�T�
 �J�O �H�F�O�F�S�B�M�
 �G�P�S �U�I�F �H�F�O�F�S�J�D �B�M�H�F�C�S�B�J�D �B�C�T�U�S�B�D�U �T�F�N�B�O�U�J�D�T �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�B�M
�P�S�E�F�S�J�O�H" ! �B�O�E �U�I�F �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H �B�O�E# �B�S�F �O�P�U �S�F�M�B�U�F�E��

�1	x	u	u	l 	u	l �	�����
��

" " ! (P) " ! $

$ " ! P " ! $ ! �E�F�G��" " ! "

$ #%$P . %" ! $ ! �E�F�G�� �M�F�B�T�U �V�Q�Q�F�S �C�P�V�O�E"

$ P # { %! %" ! $ } ! �E�F�G��#"

$ P # #" ! ($ ) ! �E�F�G��#" ! " !

�&�Y�B�N�Q�M�F ����������	_�F �I�Z�Q�F�S �U�S�B�D�F �Q�S�P�Q�F�S�U�J�F�T �J�O! ( ! ( ! +# )) �D�B�O �C�F �B�C�T�U�S�B�D�U�F�E �U�P �U�S�B�D�F �Q�S�P�Q�F�S�U�J�F�T

�J�O! ( ! +# ) �C�Z"! ( ! ( ! +# ), ##"""" !"!#""""""
! #

" #
"! ( ! +# )) , ##�X�J�U�I" $ (%) = # %�B�O�E#$ ($ ) = ! ($ ) �B�T �E�P�O�F

�J�O �<�����
 �T�F�D�U�J�P�O ���
 �Q�� �������> �X�I�J�D�I �J�T �U�I�F �T�U�B�S�U�J�O�H �Q�P�J�O�U �P�G �<���> �U�P �S�F�D�P�W�F�S �)�P�B�S�F �M�P�H�J�D �B�O�E �J�U�T �W�B�S�J�B�O�U�T��$

���� �$�M�P�T�V�S�F �"�C�T�U�S�B�D�U�J�P�O�T

�-�F�U"&, " #�C�F �B �Q�P�T�F�U�� 	_�F" ���D�M�P�T�V�S�F �B�C�T�U�S�B�D�U�J�P�O �P�O"! (&), ##�J�T

" ! (P) ! { %$&! %%%$P , %%" %} "! (&), ##"""" !"!#""""""
! !

��
"! (&), ##

�X�I�F�S�F�� �J�T �U�I�F �J�E�F�O�U�J�U�Z �G�V�O�D�U�J�P�O��" ! �J�T �B�O �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �	�J�O�D�S�F�B�T�J�O�H�
 �F�Y�U�F�O�T�J�G�
 �B�O�E �J�E�F�N��
�Q�P�U�F�O�U�
 �B�O�E �.�P�S�H�B�O �8�B�S�E�Ý�T �<�����
 �U�I�F�P�S�F�N �������>�
"" ! ( ! (&)) , #, &, &, ' , ( #�J�T �B �D�P�N�Q�M�F�U�F �M�B	R�J�D�F��" "

�J�T �E�F
W�O�F�E �E�V�B�M�M�Z��
�-�F�U"&, " #�C�F �B �Q�P�T�F�U �X�J�U�I �Q�B�S�U�J�B�M�M�Z �E�F
W�O�F�E �H�S�F�B�U�F�T�U �M�P�X�F�S �C�P�V�O�E �	�H�M�C�
) �� �%�F
W�O�F

" ! (P) ! { $
##�.

%# ! "%#, ' $ �. #$P �J�T �B �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O �X�J�U�I �X�F�M�M���E�F
W�O�F�E �H�M�C}

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�O�F ����������

�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

! ! �J�O! �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U�� �#�Z �<���
 �M�F�N�N�B ���������>�


ö! ! (P) " �M�G�Q! ! " ��P ! ! ! (" )

�J�T �U�I�F �T�N�B�M�M�F�T�U �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �Q�P�J�O�U�X�J�T�F �H�S�F�B�U�F�S �U�I�B�O �P�S �F�R�V�B�M �U�P! ! �� �#�Z �.�P�S�H�B�O �8�B�S�E�Ý�T
�<�����
 �U�I�F�P�S�F�N �������>�
! ö! ! ( " (#)) , ! , # , #, ! , $" �J�T �B �D�P�N�Q�M�F�U�F �M�B	R�J�D�F��! " �B�O�Eö! " �B�S�F �E�F
W�O�F�E �E�V�B�M�M�Z��

�5�0 �%�0
�5�0 �%�0

! " (P) " { Q #P ! Q} �	�����


! ! (P) " { Q #Q ! P} �	�����


! " (P) " {$ #%%#P . %$! $ } �	�����


! ! (P) " {$ #%%#P . $ $! %}

�1�P�T�U! !
(&)P " ! " ( �1�P�T�U! (&)P) = {$ #%%#P &�Q�P�T�U! (&)%$! $ } = {$ #%%#P &${ %$} �5${ $ $}}

�1�P�T�U! "
(&)P " ! ! ( �1�P�T�U! (&)P) = {$ #%%#P &$ $! �Q�P�T�U! (&)%} = {$ #%%#P & ${ % $} �5 ${ $ $} }

�	�����


�	�����


���� �3�F�M�B�U�F�E �8�P�S�L

	_�F �J�E�F�B �P�G �I�B�O�E�M�J�O�H �M�P�H�J�D�T �B�M�H�F�C�S�B�J�D�B�M�M�Z �H�P�F�T �C�B�D�L �U�P �<�����
 �T�F�D�U�J�P�O ���> �J�U�T�F�M�G �S�P�P�U�F�E �J�O �U�I�F �J�E�F�B �P�G
�Q�S�P�H�S�B�N �T�D�I�F�N�F�T �<���
�����
�����>

	_�J�T �O�F�D�F�T�T�B�S�Z �E�J�T�U�J�O�D�U�J�P�O �C�F�U�X�F�F�O �D�P�N�Q�V�U�B�U�J�P�O�B�M �B�O�E �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H�T 
W�S�T�U �B�Q�Q�F�B�S�F�E �J�O �T�U�S�J�D�U��
�O�F�T�T �B�O�B�M�Z�T�J�T �	�V�T�J�O�H �4�D�P	R �Q�B�S�U�J�B�M �P�S�E�F�S �G�P�S �D�P�N�Q�V�U�B�U�J�P�O�B�M �P�S�E�F�S�J�O�H �B�O�E �J�O�D�M�V�T�J�P�O �G�P�S �M�P�H�J�D�B�M �P�S�E�F�S��
�J�O�H �<�����>�
 �B�O�E �J�T �D�P�N�N�P�O �J�O �B�C�T�U�S�B�D�U �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �T�J�O�D�F �U�I�F�O��

���� �$�P�O�D�M�V�T�J�P�O

�5�S�B�O�T�G�P�S�N�B�U�J�P�O�B�M �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �I�B�W�F �U�S�B�E�J�U�J�P�O�B�M�M�Z �C�F �C�B�T�F�E �P�O �U�S�B�O�T�G�P�S�N�F�S�T �U�I�F�N�T�F�M�W�F�T �F�R�V�J�W�B�M�F�O�U
�U�P �B�O �P�Q�F�S�B�U�J�P�O�B�M �T�F�N�B�O�U�J�D�T�� �8�I�F�O �D�P�O�T�J�E�F�S�J�O�H �O�P�O�U�F�S�N�J�O�B�U�J�P�O�
 �P�U�I�F�S �T�F�N�B�O�U�J�D�T �M�J�L�F �E�F�O�P�U�B�U�J�P�O�B�M
�T�F�N�B�O�U�J�D�T �B�S�F �S�F�M�F�W�B�O�U�
 �C�V�U �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T �B�S�F �B �T�F�Q�B�S�B�U�F �X�P�S�M�E �<���>�� �*�O �B�O �B	R�F�N�Q�U �U�P
�E�F�T�J�H�O �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �W�B�M�J�E �G�P�S �W�B�S�J�P�V�T �	�B�C�T�U�S�B�D�U�
 �T�F�N�B�O�U�J�D�T�
 �X�F �I�B�W�F �E�F
W�O�F�E �B�O �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T
�J�U�T �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T�
 �J�U�T �I�Z�Q�F�S �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T �B�O�E �U�I�F �W�B�S�J�P�V�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T

�3�F�G�F�S�F�O�D�F�T
�<���>�4�B�N�T�P�O �"�C�S�B�N�T�L�Z�� ���������� �%�P�N�B�J�O 	_�F�P�S�Z �J�O �-�P�H�J�D�B�M �'�P�S�N���"�O�O�� �1�V�S�F �"�Q�Q�M�� �-�P�H�������
 ������ �	���������
�
 ���×�������I�U�U�Q�T�������E�P�J���P�S�H��

�����������������������������������	�����
�������������5
�<���>�1�F�U�F�S �"�D�[�F�M�� ���������� �"�O �*�O�U�S�P�E�V�D�U�J�P�O �U�P �*�O�E�V�D�U�J�W�F �%�F
W�O�J�U�J�P�O�T�� �*�O�)�B�O�E�C�P�P�L �P�G �.�B�U�I�F�N�B�U�J�D�B�M �-�P�H�J�D�
 �+�P�I�O �#�B�S�X�J�T�F �	�&�E���
��

�/�P�S�U�I�×�)�P�M�M�B�O�E�
 �"�N�T�U�F�S�E�B�N�
 �$�I�B�Q�U�F�S ���
 �������×��������
�<���>�.�P�V�O�J�S �"�T�T�B�G�
 �%�B�W�J�E �"�� �/�B�V�N�B�O�O�
 �+�V�M�J�F�O �4�J�H�O�P�M�F�T�
 �&�S�J�D �5�P�U�F�M�
 �B�O�E �'�S�©�E�©�S�J�D �5�S�P�O�F�M�� ���������� �)�Z�Q�F�S�D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T

�B�O�E �J�U�T �B�Q�Q�M�J�D�B�U�J�P�O �U�P �T�U�B�U�J�D �B�O�B�M�Z�T�J�T �P�G �J�O�G�P�S�N�B�U�J�P�O 
X�P�X�� �*�O�1�0�1�-�� �"�$�.�
 �������×���������I�U�U�Q�T�������E�P�J���P�S�H����������������������������������
��������������

�<���>�.�B�O�G�S�F�E �#�S�P�Z�
 �.�B�S�U�J�O �8�J�S�T�J�O�H�
 �B�O�E �1�F�U�F�S �1�F�Q�Q�F�S�� ���������� �0�O �U�I�F �"�M�H�F�C�S�B�J�D �%�F
W�O�J�U�J�P�O �P�G �1�S�P�H�S�B�N�N�J�O�H �-�B�O�H�V�B�H�F�T���"�$�.
�5�S�B�O�T�� �1�S�P�H�S�B�N�� �-�B�O�H�� �4�Z�T�U�����
 �� �	���������
�
 �����×�������I�U�U�Q�T�������E�P�J���P�S�H��������������������������������������

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O�
 �#�F�S�O�E �'�J�O�L�C�F�J�O�F�S�
 �.�B�T�P�V�E �,�P�M�F�J�O�J�
 �,�S�J�T�U�P�Q�I�F�S �,�� �.�J�D�J�O�T�L�J�
 �.�B�S�L�V�T �/�� �3�B�C�F�
 �B�O�E �$�©�T�B�S �4�¡�O�D�I�F�[��
���������� �5�F�N�Q�P�S�B�M �-�P�H�J�D�T �G�P�S �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T�� �*�O�1�0�4�5 �	�-�F�D�U�V�S�F �/�P�U�F�T �J�O �$�P�N�Q�V�U�F�S �4�D�J�F�O�D�F�
 �7�P�M�� ���������
�� �4�Q�S�J�O�H�F�S�
 �������×��������
�I�U�U�Q�T�������E�P�J���P�S�H�����������������������������������������������������@����

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O �B�O�E �'�S�F�E �#�� �4�D�I�O�F�J�E�F�S�� ���������� �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T���+�� �$�P�N�Q�V�U�� �4�F�D�V�S�������
 �� �	���������
�
 ���������×�����������I�U�U�Q�T��
�����E�P�J���P�S�H�������������������+�$�4��������������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� ���������� �$�P�O�T�U�S�V�D�U�J�W�F �%�F�T�J�H�O �P�G �B �)�J�F�S�B�S�D�I�Z �P�G �4�F�N�B�O�U�J�D�T �P�G �B �5�S�B�O�T�J�U�J�P�O �4�Z�T�U�F�N �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F��
�U�B�U�J�P�O���K�F�P�S�� �$�P�N�Q�V�U�� �4�D�J���������
 ���×�� �	���������
�
 �����×���������I�U�U�Q�T�������E�P�J���P�S�H�������������������4�������������������	�����
��������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� �����������1�S�J�O�D�J�Q�M�F�T �P�G �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O�	�� �F�E���
�� �.�*�5 �1�S�F�T�T��

�
 �7�P�M�� ���
 �/�P�� ���
 �"�S�U�J�D�M�F �� �1�V�C�M�J�D�B�U�J�P�O �E�B�U�F�� �+�V�O�F ����������

�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

! ! �J�O! �J�O�D�S�F�B�T�J�O�H �B�O�E �F�Y�U�F�O�T�J�W�F �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�E�F�N�Q�P�U�F�O�U�� �#�Z �<���
 �M�F�N�N�B ���������>�


ö! ! (P) " �M�G�Q! ! " ��P ! ! ! (" )

�J�T �U�I�F �T�N�B�M�M�F�T�U �V�Q�Q�F�S �D�M�P�T�V�S�F �P�Q�F�S�B�U�P�S �Q�P�J�O�U�X�J�T�F �H�S�F�B�U�F�S �U�I�B�O �P�S �F�R�V�B�M �U�P! ! �� �#�Z �.�P�S�H�B�O �8�B�S�E�Ý�T
�<�����
 �U�I�F�P�S�F�N �������>�
! ö! ! ( " (#)) , ! , # , #, ! , $" �J�T �B �D�P�N�Q�M�F�U�F �M�B	R�J�D�F��! " �B�O�Eö! " �B�S�F �E�F
W�O�F�E �E�V�B�M�M�Z��

�5�0 �%�0
�5�0 �%�0

! " (P) " { Q #P ! Q} �	�����


! ! (P) " { Q #Q ! P} �	�����


! " (P) " {$ #%%#P . %$! $ } �	�����


! ! (P) " {$ #%%#P . $ $! %}

�1�P�T�U! !
(&)P " ! " ( �1�P�T�U! (&)P) = {$ #%%#P &�Q�P�T�U! (&)%$! $ } = {$ #%%#P &${ %$} �5${ $ $}}

�1�P�T�U! "
(&)P " ! ! ( �1�P�T�U! (&)P) = {$ #%%#P &$ $! �Q�P�T�U! (&)%} = {$ #%%#P & ${ % $} �5 ${ $ $} }

�	�����


�	�����


���� �3�F�M�B�U�F�E �8�P�S�L

	_�F �J�E�F�B �P�G �I�B�O�E�M�J�O�H �M�P�H�J�D�T �B�M�H�F�C�S�B�J�D�B�M�M�Z �H�P�F�T �C�B�D�L �U�P �<�����
 �T�F�D�U�J�P�O ���> �J�U�T�F�M�G �S�P�P�U�F�E �J�O �U�I�F �J�E�F�B �P�G
�Q�S�P�H�S�B�N �T�D�I�F�N�F�T �<���
�����
�����>

	_�J�T �O�F�D�F�T�T�B�S�Z �E�J�T�U�J�O�D�U�J�P�O �C�F�U�X�F�F�O �D�P�N�Q�V�U�B�U�J�P�O�B�M �B�O�E �M�P�H�J�D�B�M �P�S�E�F�S�J�O�H�T 
W�S�T�U �B�Q�Q�F�B�S�F�E �J�O �T�U�S�J�D�U��
�O�F�T�T �B�O�B�M�Z�T�J�T �	�V�T�J�O�H �4�D�P	R �Q�B�S�U�J�B�M �P�S�E�F�S �G�P�S �D�P�N�Q�V�U�B�U�J�P�O�B�M �P�S�E�F�S�J�O�H �B�O�E �J�O�D�M�V�T�J�P�O �G�P�S �M�P�H�J�D�B�M �P�S�E�F�S��
�J�O�H �<�����>�
 �B�O�E �J�T �D�P�N�N�P�O �J�O �B�C�T�U�S�B�D�U �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �T�J�O�D�F �U�I�F�O��

���� �$�P�O�D�M�V�T�J�P�O

�5�S�B�O�T�G�P�S�N�B�U�J�P�O�B�M �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �I�B�W�F �U�S�B�E�J�U�J�P�O�B�M�M�Z �C�F �C�B�T�F�E �P�O �U�S�B�O�T�G�P�S�N�F�S�T �U�I�F�N�T�F�M�W�F�T �F�R�V�J�W�B�M�F�O�U
�U�P �B�O �P�Q�F�S�B�U�J�P�O�B�M �T�F�N�B�O�U�J�D�T�� �8�I�F�O �D�P�O�T�J�E�F�S�J�O�H �O�P�O�U�F�S�N�J�O�B�U�J�P�O�
 �P�U�I�F�S �T�F�N�B�O�U�J�D�T �M�J�L�F �E�F�O�P�U�B�U�J�P�O�B�M
�T�F�N�B�O�U�J�D�T �B�S�F �S�F�M�F�W�B�O�U�
 �C�V�U �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T �B�S�F �B �T�F�Q�B�S�B�U�F �X�P�S�M�E �<���>�� �*�O �B�O �B	R�F�N�Q�U �U�P
�E�F�T�J�H�O �	�I�Z�Q�F�S�
 �M�P�H�J�D�T �W�B�M�J�E �G�P�S �W�B�S�J�P�V�T �	�B�C�T�U�S�B�D�U�
 �T�F�N�B�O�U�J�D�T�
 �X�F �I�B�W�F �E�F
W�O�F�E �B�O �B�M�H�F�C�S�B�J�D �T�F�N�B�O�U�J�D�T
�J�U�T �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T�
 �J�U�T �I�Z�Q�F�S �D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T �B�O�E �U�I�F �W�B�S�J�P�V�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �M�P�H�J�D�T

�3�F�G�F�S�F�O�D�F�T
�<���>�4�B�N�T�P�O �"�C�S�B�N�T�L�Z�� ���������� �%�P�N�B�J�O 	_�F�P�S�Z �J�O �-�P�H�J�D�B�M �'�P�S�N���"�O�O�� �1�V�S�F �"�Q�Q�M�� �-�P�H�������
 ������ �	���������
�
 ���×�������I�U�U�Q�T�������E�P�J���P�S�H��

�����������������������������������	�����
�������������5
�<���>�1�F�U�F�S �"�D�[�F�M�� ���������� �"�O �*�O�U�S�P�E�V�D�U�J�P�O �U�P �*�O�E�V�D�U�J�W�F �%�F
W�O�J�U�J�P�O�T�� �*�O�)�B�O�E�C�P�P�L �P�G �.�B�U�I�F�N�B�U�J�D�B�M �-�P�H�J�D�
 �+�P�I�O �#�B�S�X�J�T�F �	�&�E���
��

�/�P�S�U�I�×�)�P�M�M�B�O�E�
 �"�N�T�U�F�S�E�B�N�
 �$�I�B�Q�U�F�S ���
 �������×��������
�<���>�.�P�V�O�J�S �"�T�T�B�G�
 �%�B�W�J�E �"�� �/�B�V�N�B�O�O�
 �+�V�M�J�F�O �4�J�H�O�P�M�F�T�
 �&�S�J�D �5�P�U�F�M�
 �B�O�E �'�S�©�E�©�S�J�D �5�S�P�O�F�M�� ���������� �)�Z�Q�F�S�D�P�M�M�F�D�U�J�O�H �T�F�N�B�O�U�J�D�T

�B�O�E �J�U�T �B�Q�Q�M�J�D�B�U�J�P�O �U�P �T�U�B�U�J�D �B�O�B�M�Z�T�J�T �P�G �J�O�G�P�S�N�B�U�J�P�O 
X�P�X�� �*�O�1�0�1�-�� �"�$�.�
 �������×���������I�U�U�Q�T�������E�P�J���P�S�H����������������������������������
��������������

�<���>�.�B�O�G�S�F�E �#�S�P�Z�
 �.�B�S�U�J�O �8�J�S�T�J�O�H�
 �B�O�E �1�F�U�F�S �1�F�Q�Q�F�S�� ���������� �0�O �U�I�F �"�M�H�F�C�S�B�J�D �%�F
W�O�J�U�J�P�O �P�G �1�S�P�H�S�B�N�N�J�O�H �-�B�O�H�V�B�H�F�T���"�$�.
�5�S�B�O�T�� �1�S�P�H�S�B�N�� �-�B�O�H�� �4�Z�T�U�����
 �� �	���������
�
 �����×�������I�U�U�Q�T�������E�P�J���P�S�H��������������������������������������

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O�
 �#�F�S�O�E �'�J�O�L�C�F�J�O�F�S�
 �.�B�T�P�V�E �,�P�M�F�J�O�J�
 �,�S�J�T�U�P�Q�I�F�S �,�� �.�J�D�J�O�T�L�J�
 �.�B�S�L�V�T �/�� �3�B�C�F�
 �B�O�E �$�©�T�B�S �4�¡�O�D�I�F�[��
���������� �5�F�N�Q�P�S�B�M �-�P�H�J�D�T �G�P�S �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T�� �*�O�1�0�4�5 �	�-�F�D�U�V�S�F �/�P�U�F�T �J�O �$�P�N�Q�V�U�F�S �4�D�J�F�O�D�F�
 �7�P�M�� ���������
�� �4�Q�S�J�O�H�F�S�
 �������×��������
�I�U�U�Q�T�������E�P�J���P�S�H�����������������������������������������������������@����

�<���>�.�J�D�I�B�F�M �3�� �$�M�B�S�L�T�P�O �B�O�E �'�S�F�E �#�� �4�D�I�O�F�J�E�F�S�� ���������� �)�Z�Q�F�S�Q�S�P�Q�F�S�U�J�F�T���+�� �$�P�N�Q�V�U�� �4�F�D�V�S�������
 �� �	���������
�
 ���������×�����������I�U�U�Q�T��
�����E�P�J���P�S�H�������������������+�$�4��������������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� ���������� �$�P�O�T�U�S�V�D�U�J�W�F �%�F�T�J�H�O �P�G �B �)�J�F�S�B�S�D�I�Z �P�G �4�F�N�B�O�U�J�D�T �P�G �B �5�S�B�O�T�J�U�J�P�O �4�Z�T�U�F�N �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F��
�U�B�U�J�P�O���K�F�P�S�� �$�P�N�Q�V�U�� �4�D�J���������
 ���×�� �	���������
�
 �����×���������I�U�U�Q�T�������E�P�J���P�S�H�������������������4�������������������	�����
��������������

�<���>�1�B�U�S�J�D�L �$�P�V�T�P�U�� �����������1�S�J�O�D�J�Q�M�F�T �P�G �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O�	�� �F�E���
�� �.�*�5 �1�S�F�T�T��

�
 �7�P�M�� ���
 �/�P�� ���
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!# !

��
! !! ! (%( �,)) , %" �B�O�E! !! ! (%( �,)) , %, #, �,, ! * ��!! ! (# * ), $ "

�J�T �B �D�P�N�Q�M�F�U�F �M�B�G�J�D�F��

�-	k	s	s	g �������������"' , P ! %( �,) . ! ! ( !! ! (P)) = !! ! (P) ��

�
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�$�B�M�D�V�M�B�U�J�P�O�B�M �%�F�T�J�H�O �P�G �)�Z�Q�F�S�M�P�H�J�D�T �C�Z �"�C�T�U�S�B�D�U �*�O�U�F�S�Q�S�F�U�B�U�J�P�O����

�0�C�T�F�S�W�F �U�I�B�U! ! ! �J�E�F�N�Q�P�U�F�O�U �C�V�U �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �J�O�D�S�F�B�T�J�O�H �P�S �F�Y�U�F�O�T�J�W�F��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �����������$�P�O�T�J�E�F�S�, = { !" , #" ## ! �. } ! { !$, %" #% ! �. } �X�J�U�I!&, #" " !' ,
%" # & = ' " # $ % �C�F �U�X�P �J�O�D�P�N�Q�B�S�B�C�M�F �J�O
W�O�J�U�F �E�F�D�S�F�B�T�J�O�H �D�I�B�J�O�T���, $%! ! ! ( �,) = # �� �5�B�L�FP = { !" ,
#" ## ! �. } ! { !$, 0"} �U�P �U�I�B�UP %�, �C�V�U! ! ! (P) = { !$, %" #% ! �. } $%! ! ! ( �,) = # �� $

! ! ! (%( �,)) �J�T �O�P�U �D�M�P�T�F�E �C�Z �J�O�U�F�S�T�F�D�U�J�P�O��

�$�P�V�O�U�F�S �F�Y�B�N�Q�M�F �������������$�P�O�T�J�E�F�S �U�I�F �D�P�N�Q�M�F�U�F �M�B	R�J�D�F �P�O �U�I�F
�S�J�H�I�U�� �-�F�UP1 = { ( " #) ! �. ! } ! { * " #) ! �. ! } �X�J�U�I �G�S�P�O�U�J�F�S
F1 = { * " #) ! �. ! } �B�O�EP2 = { ( " #) ! �. ! } ! {+" #) ! �. ! } �X�J�U�I
�G�S�P�O�U�J�F�SF2 = {+" #) ! �. ! } ��P1 &P2 = { ( " #) ! �. ! } �I�B�T �G�S�P�O�U�J�F�S
{ ( " #) ! �. ! } �X�I�F�S�F�B�TF1 &F2 �J�T �F�N�Q�U�Z�� $

3

P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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P!""# "# L$%%&(1.6) . For P and Q in T!! !
F ". Let the frontierFP and FQ be the corre-

spendent existent lower-frontier. Let us de! neF = ! F (FP ! FQ ), and unfold its de! nition.

F = { " ! FP ! FQ ! " " " ! FP ! FQ . " " " " ! " " = " } (12)

F is a frontier hyperproperties. We claim thatF is the existent lower-frontier forP ! Q
For an arbitrary element# in P ! Q, supposed it is inP without loss of generality, then there

exists$! in FP such that$! " # . Now consider two cases

(a) # not in Q: then that no$" in FQ such that$" " $! , which means that$! is in F
(b) # also inQ, then consider the non empty setM # FQ # ! ! (# ) , which is the set of existent

frontiers in FQ that is smaller than#
i) " $" ! M . $" "$ $! : this is similar to the case (a)
ii) $$" ! M . $" $ $! . In this case, every distinct element inFQ is incomparable to$" . This

is no element inFP which is smaller than$" :(suppose for the sake of contradiction, some
element$" ! FP such that$" $ $" , then we would have$" $ $! which contradict that fact
that FP is a frontier.) Thus,$" would in F .

As a result,P ! Q is also lower frontiers existent !

R$%&!' 1.7. We notice thatO!! !
F " is not

closed under! nite intersection. Consider the
following example in! gure2. LetP = {%# !
& ! N} ! { # # ! & ! N} and Q = {%# ! & !
N} ! { ' # ! &! N} . BothP andQ are frontier
existent as the lower-frontiers are{# # ! &! N}
and { ' # ! &! N} respectively. However, the
intersectionP # Q = {%# ! &! N} is a non-
noetherian chain without frontier. Fig. 2. Counterexample for the remark1.7.

L$%%&1.8. All "-CPO hyperproperties are lower-frontier existent:T! ! !
F " %T! ( ! "

P!""# "# L$%%&(1.8) . This is directly implied by Zorn Lemma. !

We realize that the lower-frontiers existent properties are all constructed sets, and it is not
a complete lattice as the join for arbitrary subset may not exist.! F is contractive, idempotent
but not increasing, meaning that it is not a closure operator. Therefore, it is impossible to have
a Galois connection from generic hyperproperties%(L) , as the best approximation doesnÕt exist.
However, it is possible to abstract any lower-frontiers existent hyproperperties to other stronger
hyperproperties, e.g."-CPO closure and" -closure.

1.2 Dual of closures

Figure3 shows a set of Galois connections of closure domains we have introduced. Now, let us
de! ne their dual closures. We de! ne dual closure in(1.1) , the domain is de! ned respectively in
appendix) .1.

1.3 Refining Hyper-domains by merging

It turned out that some interesting hyperproperties can be seen as strengthening/weakening forms
of the combination of two or more dual properties.
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(upper closure operator hence G.C.)

(extensive, increasing, not idempotent)



Google, 2025/09/17                                                                                                                                                                                                                                           © P. Cousot

Conclusion of Part II

￼99
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Conclusion of Part II (cont’d)
• We have introduced a new algebraic semantics (instantiable 

to any classic semantics)

• We have considered programs (i.e. their semantics) as 

properties

• We have designed by calculus a general algebraic logic 

(sound & complete and generalizing POPL 2024) 

• We have designed by calculus a general algebraic hyperlogic 

(sound & complete but unmanageable in practice)

• All this for terminating and nonterminating executions 
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Conclusion of Part II (cont’d)
• We have considered abstractions of algebraic 

hyperproperties :

• less expressive than general hyperproperties

• but with sound and complete hyperlogics using only 

approximations of the program semantics

• This was illustrated by an algebraic generalization of ∀*∃* 

hyperproperties
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More in the POPL25 paper

• Various instanciations of the algebraic semantics

• Abstractions of the algebraic semantics leading to complete 

hyperlogics

• A dozen of other abstractions of hyperproperties

• Including algebraic generalizations of ∃*∀* as well as ∀*∀* 

hyperproperties

• Correction of errors and generalizations of results in the literature

• etc
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Conclusion of the conclusion

A transformational [hyper]logic 

is 


an abstract interpretation 

of 


an [hyper]transformer 

of 


an instantiation 

of


an algebraic semantics.
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(Conclusion of the conclusion)-1

A [hyper]logic is 

another (complicated) way 


of defining

an abstract interpretation 


of 

an instantiation 


of

an algebraic semantics.
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The End,  Thank You


