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h`�+2 b2K�MiB+b Q7 i?2 ;2M2`B+ �#bi`�+i BMi2`T`2i2`
• L22/ i`�+2b iQ Q#b2`p2 2pQHmiBQMb Q7 Bi2`�i2b

s0 s0 ∈ .0

. . . . . .

s0s1s2 ··· sFsF+1 sF+1 !

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

6F+1(sF) ∈ .F+1 B7 mMbi�#H2
F∧

B=0

¬*B(sB)

sℓ ∈ .ℓ B7 bi�#H2

∃ℓ " F.
ℓ−1∧

B=0

¬*B(sB) ∧ *ℓ(sℓ)

. . . . . .
s0s1 ··· sF ··· sω sω ! 6ω(⟨sF, F ∈ N⟩) ∈ .ω
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>B2`�`+?v Q7 �#bi`�+i BMi2`T`2i2`b
• h?2 b2K�MiB+b Q7 i?2 ;2M2`B+ �#bi`�+i BMi2`T`2i2` Bb �M BMbi�M+2 Q7 i?2 ;2M2`B+

�#bi`�+i BMi2`T`2i2`

• h?2 +QHH2+iBM; b2K�MiB+b Q7 i?2 ;2M2`B+ �#bi`�+i BMi2`T`2i2` Bb �M BMbi�M+2 Q7 i?2
;2M2`B+ �#bi`�+i BMi2`T`2i2`

• � bQmM/ �#bi`�+iBQM Q7 �M BMbi�M+2 Q7 i?2 ;2M2`B+ BMi2`T`2i2` Bb �M BMbi�M+2 Q7 i?2
;2M2`B+ �#bi`�+i BMi2`T`2i2`

→ i?2 ;2M2`B+ BMi2`T`2i2` +�M #2 mb2/ iQ �M�Hvx2 �M BMbi�M+2 Q7 i?2 ;2M2`B+ BMi2`T`2i2`
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>Qr Bi rQ`Fb rBi? � bBKTH2 2t�KTH2, �M�HvbBb
S`Q;`�K, t4yc r?BH2 ℓ1 Ui`m2V & t4tYkc ℓ2 '

AMi2`p�H 2[m�iBQMb,
{

s1 = 61(s1,s2) ! [0, 0] ! s2

s2 = 62(s1,s2) ! s1 ⊕ [2, 2]

C�+Q#B Bi2`�i2b UMQ rB/2MBM;V,
[
⊥
⊥

]
-
[
[0, 0]
⊥

]
-
[
[0, 0]
[2, 2]

]
-
[
[0, 2]
[2, 2]

]
- Ę-

[
[0, 2M]
[2, 2M]

]
-
[
[0, 2M]
[2, 2(M + 1)]

]
-
[
[0, 2(M + 1)]
[2, 2(M + 1)]

]
- Ę-

[
[0,∞]
[2,∞]

]
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>Qr Bi rQ`Fb rBi? � bBKTH2 2t�KTH2, J2i�@+QHH2+iBM; b2K�MiB+b
1[m�iBQMb Q7 i?2 +QHH2+iBM; b2K�MiB+b,

{
s1 = 61(s1,s2) ! s1 · ([0, 0] ! H�bi(s2))
s2 = 62(s1,s2) ! s2 · (H�bi(s1)⊕ [2, 2])

C�+Q#B Bi2`�i2b Q7 i?2 +QHH2+iBM; b2K�MiB+b,
[
⊥
⊥

]
-
[
⊥ · [0, 0]
⊥ ·⊥

]
-
[
⊥ · [0, 0] · [0, 0]
⊥ ·⊥ · [2, 2]

]
-
[
⊥ · [0, 0] · [0, 0] · [0, 2]
⊥ ·⊥ · [2, 2] · [2, 2]

]
-

[
⊥ · [0, 0] · [0, 0] · [0, 2] · [0, 2]
⊥ ·⊥ · [2, 2] · [2, 2] · [2, 4]

]
-Ę-

[
⊥ · [0, 0] · [0, 0] · [0, 2]·····[0, 2M]
⊥ ·⊥ · [2, 2] · [2, 2]···· ·[2, 2(M + 1)]

]
-

[
⊥ · [0, 0] · [0, 0] · [0, 2]·····[0, 2M] · [0, 2(M + 1)]

⊥ ·⊥ · [2, 2] · [2, 2]·····[2, 2(M + 1)] · [2, 2(M + 1)]

]
-Ę

GBKBi Q7 i?2 +QHH2+iBM; Bi2`�i2b,
[
⊥ · [0, 0] · [0, 0] · [0, 2]· ··· ·[0, 2M]· ···
⊥ ·⊥ · [2, 2] · [2, 2]· ··· ·[2, 2M]· ···

]

M≥1
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>Qr Bi rQ`Fb rBi? � bBKTH2 2t�KTH2, J2i�@�M�HvbBb
�#bi`�+iBQM /QK�BM 7Q` i?2 Bi2`�i2b,

⟨⊥, ⊥⟩

⟨−1, 1⟩ ⟨0, 0⟩

⟨0, ⊤⟩⟨−1, ⊤⟩ ⟨⊤, 1⟩ ⟨⊤, 0⟩· · · · · ·· · ·· · ·

· · · · · ·

⟨⊤, ⊤⟩

�#bi`�+iBQM,
α2(⟨s1, s2⟩) ! ⟨α(s1), α(s2)⟩

α(⊥ · [ℓ1, ?1] · [ℓ2, ?2]· ··· ·[ℓM, ?M]) ! ⟨
M⊔

B=1
ℓB,

M⊔
B=1

?B⟩

1[m�iBQMb Q7 i?2 K2i� �M�HvbBb,
{
⟨H1, ?1⟩ = 61(⟨H1, ?1⟩, ⟨H2, ?2⟩) ! ⟨H1 $ 0 $ KBM(0, H2), ?1 $ 0 $ K�t(0, ?2)⟩
⟨H2, ?2⟩ = 62(⟨H1, ?1⟩, ⟨H2, ?2⟩) ! ⟨H2 $ (H1 ⊕+ 2), ?2 $ (?1 ⊕+ 2)⟩

Ai2`�i2b Q7 i?2 K2i� �M�HvbBb,
[
⟨⊥, ⊥⟩
⟨⊥, ⊥⟩

]
-
[
⟨0, 0⟩
⟨⊥, ⊥⟩

]
-
[
⟨0, 0⟩
⟨2, 2⟩

]
-
[
⟨0, ⊤⟩
⟨2, 2⟩

]
-
[
⟨0, ⊤⟩
⟨2, ⊤⟩

] h?2 K2i�@�M�HvbBb T`QpB/2b
� rB/2MBM; 7Q` i?2 �M�HvbBb
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���� "OPO�

" "11&/%*9
"�� $BMDVMBUJPOBM EFTJHO PG UIF NFUB BCTUSBDU JOUFSQSFUFS PG 4FDUJPO �

1ॸॵॵ६� य़F +BDPCJ JUFSBUFT PG 	�
 CFMPOH UPX=

{[
⊥ · [ℓ11,h11] · [ℓ21,h21] · . . . · [ℓn1 ,hn1 ]
⊥ · [ℓ12,h12] · [ℓ22,h22] · . . . · [ℓm2 ,hm2 ]

] $$$$ n,m !

0

}
� य़F +BDPCJ JUFSBUFT PG 	�
 CFMPOH UP X =

{[
⟨ℓ1, h1⟩
⟨ℓ2, h1⟩

] $$$$ ℓ1,h1, ℓ2,h1 ∈ DD

}
� 8F IBWF UIF (BMPJT

DPOOFDUJPO ⟨X, "QG
2⟩ −−−−→←−−−−

α2
D

γ 2
D ⟨X, ⊑D2⟩�

'PS UIF TFNJ�DPNNVUBUJPO DPOEJUJPO
 MFU X ∈ X CF BO JUFSBUF PG JUFSBUFT PG 	�
�
α2
D (F (X ))

�
[
αD
(
⊥# (X 1 · ([0, 0] ) x) | X 2 = X · x )

)
αD
(
⊥# (X 2 · (x ⊕ [2, 2]) | X 1 = X · x )

)
]

!EFG� α2
D "

-FU VT DBMDVMBUF UIF ੗STU UFSN�
αD
(
⊥# (X 1 · ([0, 0] ) x) | X 2 = X · x )

)
� ⟨⊥D, ⊥D⟩ )2D αD

(
(X 1 · ([0, 0] ) x) | X 2 = X · x )

)
!JO B (BMPJT DPOOFDUJPO
 αD QSFTFSWFT FYJTUJOH KPJOT"

� αD
(
(X 1 · ([0, 0] ) x) | X 2 = X · x )

)
!EFG� JO੗NVN"

� αD
(
(X 1 · ([0, 0] ) (m = 0 ? ⊥ : [ℓm2 ,h

m
2 ]) )

)
!CZ EFG� PG UIF TFU X PG JUFSBUFT
 X 2 IBT UIF GPSN ⊥ · [ℓ12,h12] · [ℓ22,h22] · . . . · [ℓm2 ,hm2 ]
XIFSFm > 0 BOE X = ⊥ · [ℓ12,h12] · [ℓ22,h22] · . . . · [ℓm−12 ,hm−12 ]
 PS X 2 = ⊥ XJUI X = !
JT UIF FNQUZ TFRVFODF XIFOFWFSm = 0"

� αD
(
X 1

)
)2D (m = 0 ? αD

(
[0, 0] ) ⊥

)
: αD

(
[0, 0] ) [ℓm2 ,hm2 ])

)
) !EFG� αD BOE DPOEJUJPOBM"

� (m = 0 ? αD
(
X 1

)
)2D αD

(
[0, 0]

)
: αD

(
X 1

)
)2D αD

(
[NJO(0, ℓm2 ),NBY(0,hm2 )])

)
)

!EFG� JO੗NVN ⊥
 KPJO ) JO JOUFSWBMT
 BOE EFG� DPOEJUJPOBM"
⊑2D (m = 0 ? αD

(
X 1

)
)2D αD

(
[0, 0]

)
: αD

(
X 1

)
)2D αD

(
[0, 0] ) [NJO(0, ℓm2 ),NBY(0,hm2 )])

)
)

!TJODF [0, 0] ⊑ [NJO(0, ℓm2 ),NBY(0,hm2 )] BOE αD JT JODSFBTJOH"
� (m = 0 ? αD

(
X 1

)
)2D ⟨0, 0⟩ : αD

(
X 1

)
)2D ⟨0, 0⟩ )2D αD

(
[NJO(0, ℓm2 ),NBY(0,hm2 )])

)
)

!αD QSFTFSWFT FYJTUJOH KPJOT BOE EFG� αD TP UIBU αD
(
[0, 0]

)
= ⟨0, 0⟩"

� αD
(
X 1

)
)2D ⟨0, 0⟩ )2D (m = 0 ? ⟨⊥D, ⊥D⟩ : αD

(
[NJO(0, ℓm2 ),NBY(0,hm2 )])

)
)

!GBDUPSJ[JOH αD
(
X 1

)
)2D ⟨0, 0⟩ JO UIF DPOEJUJPOBM BOE ⟨⊥D, ⊥D⟩ JT UIF JO੗NVN GPS UIF MVC

)2D "
� αD

(
X 1

)
)2D ⟨0, 0⟩ )2D ( ⟨NJO(0, ℓ2), NBY(0,h2)⟩ | αD

(
X 2

)
= ⟨l2, h2⟩ )

!TJODF JG m = 0 UIFO X 2 JT ⊥ IFODF αD
(
X 2

)
= ⟨⊥D, ⊥D⟩ TP ⟨l2, h2⟩ = ⟨⊥D, ⊥D⟩ BOE

UIFSFGPSF ⟨NJO(0, ℓ2), NBY(0,h2)⟩ = ⟨⊥D, ⊥D⟩ CZ PVS DPOWFOUJPO UIBU ⊥D JT BCTPSCFOU
GPS CPUI NJO BOE NBY"

� ( ⟨l1, h1⟩ )2D ⟨0, 0⟩ )2D ⟨NJO(0, ℓ2), NBY(0,h2)⟩ | αD
(
X 1

)
= ⟨l1, h1⟩,αD

(
X 2

)
= ⟨l2, h2⟩ )

!EFG� MFU DPOTUSVDU"
� ( ⟨l1 )D 0 )D NJO(0, l2), h1 )D 0 )D NBY(0,h2)⟩ | αD

(
X 1

)
= ⟨l1, h1⟩,αD

(
X 2

)
= ⟨l2, h2⟩ )

1SPD� "$. 1SPHSBN� -BOH�
 7PM� �
 /P� �
 "SUJDMF �� 1VCMJDBUJPO EBUF� +BOVBSZ �����

����
����
����
����
����
����
����
����
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����
����
����
����

A2I � 	"CTUSBDU
2 *OUFSQSFUBUJPOT ����

!QBJSXJTF EFG� !2D JO (DD)2"
� F D

1(αD
(
X 2

)
,αD

(
X 2

)
) !EFG� F D

1 JO 	�
"

-FU VT DBMDVMBUF UIF TFDPOE UFSN�
αD
(
⊥! (X 2 · (x ⊕ [2, 2]) | X 1 = X · x )

)
� ⟨⊥D, ⊥D⟩ !2D αD

(
(X 2 · (x ⊕ [2, 2]) | X 1 = X · x )

)
!αD QSFTFSWFT FYJTUJOH KPJOT"

� αD
(
(X 2 · (x ⊕ [2, 2]) | X 1 = X · x )

)
!EFG� JO੗NVN"

� αD
(
(n = 0 ? X 2 · ⊥ : X 2 · ([ℓn1 ,hn1 ] ⊕ [2, 2]) )

)
!CZ EFG� PG UIF TFUX PG JUFSBUFT
X 1 IBT UIF GPSN⊥ · [ℓ11,h11] · [ℓ21,h21] · . . . · [ℓn1 ,hn1 ]XIFO
n > 0 BOE X = ⊥ · [ℓ11,h11] · [ℓ21,h21] · . . . · [ℓn−11 ,hn−11 ]
 PS n = 0 TP X 1 = ⊥ XJUI X = !
JT UIF FNQUZ TFRVFODF BOE ⊥ ⊕ [2, 2] = ⊥"

� αD
(
X 2 · (n = 0 ? ⊥ : ([ℓn1 + 2,hn1 + 2]) )

)
!GBDUPSJOH X 2 BOE EFG� ⊕ GPS JOUFSWBMT"

� αD(X 2) !2D (n = 0 ? ⟨⊥D, ⊥D⟩ : ([ℓn1 + 2,hn1 + 2]) )
)

!EFG� αD BOE ⊕D PO DD"
� (αD(X 2) !2D ⟨ℓ1 ⊕D 2, h1 ⊕D 2⟩ | ⟨ℓ1, h1⟩ = αD(X 1) ))

!TJODF JG n = 0 UIFOX 1 JT⊥ IFODF αD
(
X 1

)
= ⟨⊥D, ⊥D⟩ TP ⟨l1, h1⟩ = ⟨⊥D, ⊥D⟩ BOE UIFSFGPSF

⟨ℓ1 ⊕D 2, h1 ⊕D 2⟩ = ⟨⊥D ⊕D 2, ⊥D ⊕D 2⟩⟨⊥D, ⊥D⟩ TJODF ⊥D JT BCTPSCFOU GPS ⊕D"
� ( ⟨ℓ2, h2⟩ !2D ⟨ℓ1 ⊕D 2, h1 ⊕D 2⟩ | ⟨ℓ1, h1⟩ = αD(X 1), ⟨ℓ2, h2⟩ = αD(X 2) ))

!EFG� MFU DPOTUSVDU"
� ( ⟨l2 !D (l1 ⊕c 2), h2 !D (h1 ⊕c 2)⟩ | ⟨ℓ1, h1⟩ = αD(X 1), ⟨ℓ2, h2⟩ = αD(X 2) )

!QBJSXJTF EFG� !2D JO (DD)2"
� F D

2(αD
(
X 1

)
,αD

(
X 2

)
) !EFG� F D

2 JO 	�
"

(SPVQJOH UIF UXP UFSNT
 XF IBWF QSPWFE UIF TFNJ�DPNNVUBUJPO α2
D (F (X )) ⊑̇2D F D(α2

D (X ))� #Z
य़FPSFN ���
 XF DPODMVEF UIBU MGQ!QG

2

⟨⊥, ⊥⟩ F "QG
2 α2

D (MGQ
⊑̇2D
⟨⟨⊥D , ⊥D⟩, ⟨⊥D , ⊥D⟩⟩ F

D)� !

"�� 1SPPG PG 5IFPSFN ���
1ॸॵॵ६� #Z 	B

 x0 ⊑ γ 0(X 0)� #Z SFDVSSFODF f k (x0) ⊑ γ k (X k ) GPS BMM JUFSBUFT k TJODF f k+1(x0) =

f (f k (x0)) ⊑ f (γ k (X k )) ⊑ γ k+1(Fk (X k )) = γ k+1(X k+1) CZ EFG� JUFSBUFT
 NPOPUPOZ 	C

 JOEVD�
UJPO IZQPUIFTJT
 BOE TFNJ�DPNNVUBUJPO 	D
�

	B
 *G ∃n ∈ N . c(f n(x0))
 MFU n0 CF UIF TNBMMFTU POF� य़FSF BSF UXP TVCDBTFT�
	B�B
 *G ∃k ∈ N .Ck (X k )� य़FSF BSF UXP TVCDBTFT�
	B�B�B
 *G n0 # k UIFO x0 ⊑ γ k (X k ) CZ 	E
� "TTVNF f n(x0) ⊑ γ k (X k ) GPS n < n0� य़FO

f n+1(x0) = f (f n(x0)) ⊑ f (γ k (X k )) ⊑ γ k+1(Fk (X k )) = γ k+1(X k ) = γ k (X k ) CZ EFG� JUFSBUFT

NPOPUPOZ 	C

 TFNJ�DPNNVUBUJPO 	D

 BOE TUBCJMJUZ 	E
� #Z SFDVSSFODF
 XF DPODMVEFS#P$ = f n0(x0) ⊑
γ k (X k )�
	B�B�C
 0UIFSXJTF n0 < k TP CZ 	F

 S#P$ = f n0(x0) ⊑ f k (x0) ⊑ γ k (X k )�
	B�C
 0UIFSXJTF ∀k ∈ N . ¬Ck (X k )� 8F IBWF TIPXO ∀k ∈ N . f k (x0) ⊑ γ k (X k ) TP S#P$ =

f n0(x0) ⊑ f ω(
∏

k ∈N f k (x0)) ⊑ γω(Fω(∏n∈NX
k )) CZ 	৐
 BOE 	H
�

	C
 0UIFSXJTF ∀n ∈ N . ¬c(f n(x0))� य़FSF BSF UXP TVCDBTFT�
	C�B
 *G ∃k ∈ N .Ck (X k )� -FU VT QSPWF UIBU ∀n ∈ N . f n(x0) ⊑ γ k (X k )� 'PS UIF CBTJT
 XF IBWF

TIPXO UIBU ∀n $ k . f n(x0) ⊑ f k (x0) ⊑ γ k (X k )� 'PS UIF JOEVDUJPO TUFQ
 f n+1(x0) = f (f n(x0)) ⊑

1SPD� "$. 1SPHSBN� -BOH�
 7PM� �
 /P� �
 "SUJDMF �� 1VCMJDBUJPO EBUF� +BOVBSZ �����



J2i� �#bi`�+i BMi2`T`2i�iBQM
P|BM2

• #27Q`2 bi�`iBM; i?2 �M�HvbBbfbi�iB+f#27Q`2?�M/
PMHBM2

• /m`BM; i?2 �M�HvbBbf/vM�KB+fQM i?2 ~v

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ Rj Ĝ AkI: Abstractk Interpretation, POPL 2019



P|BM2 J2i� �#bi`�+i AMi2`T`2i�iBQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ R9 Ĝ AkI: Abstractk Interpretation, POPL 2019



1t�KTH2b Q7 Q|BM2 K2i� �#bi`�+i BMi2`T`2i�iBQM
• qB/2MBM; BM BMi2`p�H �M�HvbBb

� #27Q`2?�M/ +QMbi�Mi T`QT�;�iBQM K2i� �M�HvbBb /2i2`KBM2b r?B+? mMbi�#H2
BMi2`p�H #QmM/b b?QmH/ #2 rB/2M2/

• S�+FBM; BM �bi`û2

� #27Q`2?�M/ K2i� �M�HvbBb /2i2`KBM2b �i 2�+? T`Q;`�K TQBMib r?B+? T�+Fb Q7
p�`B�#H2b b?QmH/ #2 `2H�i2/ #v Q+i�;QM�H BMp�`B�Mib

o�`B�#H2b BM /Bz2`2Mi T�+Fb rBHH /2}MBi2Hv #2 MQi `2H�i2/

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ R8 Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 J2i� �#bi`�+i AMi2`T`2i�iBQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ Re Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 �#bi`�+i BMi2`T`2i2`
�k!S"(s0,αT�, γT�,.0,.1,61,*0) !

s ,4 s0c F ,4 yc s ,4 αT�(s0)c
r?BH2 U¬*F(s)V &

s ,4 6F+1(s)c F ,4 F Y Rc
s ,4 αT�(γT�(s) · s)c
⟨.F+1, 6F+1, *F⟩ ,4 J�!S"(γT�,s,.F,6F,*F−1)c

'
• �M BMbi�M+2 Q7 i?2 ;2M2`B+ �#bi`�+i BMi2`T`2i2`
• F22TBM; �M �#bi`�+iBQM s Q7 Bib Bi2`�iBQMb
• T�bb2/ iQ i?2 K2i� BMi2`T`2i2` iQ +QKTmi2 i?2 M2ti �#bi`�+i /QK�BM- i`�Mb7Q`K2`-

�M/ +QMp2`;2M+2 +`Bi2`BQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ Rd Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 �#bi`�+i BMi2`T`2i2`
�k!S"(s0,αT�, γT�,.0,.1,61,*0) !

s ,4 s0c F ,4 yc s ,4 αT�(s0)c
r?BH2 U¬*F(s)V &

s ,4 6F+1(s)c F ,4 F Y Rc
s ,4 αT�(γT�(s) · s)c
⟨.F+1, 6F+1, *F⟩ ,4 J�!S"(γT�,s,.F,6F,*F−1)c

'
• �M BMbi�M+2 Q7 i?2 ;2M2`B+ �#bi`�+i BMi2`T`2i2`
• F22TBM; �M �#bi`�+iBQM s Q7 Bib Bi2`�iBQMb
• T�bb2/ iQ i?2 K2i� BMi2`T`2i2` iQ +QKTmi2 i?2 M2ti �#bi`�+i /QK�BM- i`�Mb7Q`K2`-

�M/ +QMp2`;2M+2 +`Bi2`BQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ Rd Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
�k!S"(s0,αT�, γT�,.0,.1,61,*0) !

s ,4 s0c F ,4 yc s ,4 αT�(s0)c
r?BH2 U¬*F(s)V &

s ,4 6F+1(s)c F ,4 F Y Rc
s ,4 αT�(γT�(s) · s)c
⟨.F+1, 6F+1, *F⟩ ,4 J�!S"(s, γT�,.F,6F,*F−1)c

'
• �M BMbi�M+2 Q7 i?2 ;2M2`B+ �#bi`�+i BMi2`T`2i2`
• F22TBM; �M �#bi`�+iBQM s Q7 Bib Bi2`�iBQMb
• T�bb2/ iQ i?2 K2i� BMi2`T`2i2` iQ +QKTmi2 i?2 M2ti �#bi`�+i /QK�BM- i`�Mb7Q`K2`-

�M/ +QMp2`;2M+2 +`Bi2`BQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ Rd Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
�k!S"(s0,αT�, γT�,.0,.1,61,*0) !

s ,4 s0c F ,4 yc s ,4 αT�(s0)c
r?BH2 U¬*F(s)V &

s ,4 6F+1(s)c F ,4 F Y Rc
s ,4 αT�(γT�(s) · s)c
⟨.F+1, 6F+1, *F⟩ ,4 J�!S"(s, γT�,.F,6F,*F−1)c

'

J�!S"(s, γT�,.,6,*, ) !
X ,4 ⟨., 6, *, γT�(s)⟩c F ,4 yc
r?BH2 U¬CF

K�(X )V &
X ,4 FF+1

K� (X )c F ,4 FYRc
'
H2i ⟨., 6, *, s⟩ = X BM `2im`M ⟨., 6, *⟩c

• �M BMbi�M+2 Q7 i?2 ;2M2`B+ �#bi`�+i BMi2`T`2i2`
• +QKTmiBM; i?2 M2ti �#bi`�+i /QK�BM .- i`�Mb7Q`K2` 6- �M/ +QMp2`;2M+2 +`Bi2`BQM *

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ R3 Ĝ AkI: Abstractk Interpretation, POPL 2019



�M �TTHB+�iBQM
Q7 QMHBM2 K2i� �#bi`�+i BMi2`T`2i�iBQM

iQ
i?2 /2bB;M Q7 � rB/2MBM;

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ RN Ĝ AkI: Abstractk Interpretation, POPL 2019



Ai2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ ky Ĝ AkI: Abstractk Interpretation, POPL 2019

Ai2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`

t s0 = ⊥ s1 s2 s3 s4 F

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ ky Ĝ AkI: Abstractk Interpretation, POPL 2019

Ai2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`

t s0 = ⊥ s1 s2 s3 s4 F

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ ky Ĝ AkI: Abstractk Interpretation, POPL 2019

Ai2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`

t s0 = ⊥ s1 s2 s3 s4 F

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ ky Ĝ AkI: Abstractk Interpretation, POPL 2019



J2i�@�#bi`�+iBQM Q7 i?2 Bi2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`
• �#bi`�+i i?2 Bi2`�i2b #v bHQT2b

• �#bi`�+i b2[m2M+2b Q7 bHQT2b #v i?2`2 K�tBKmK

• 1M7Q`+2 +QMp2`;2M+2 Q7 i?2 K2i�@�#bi`�+i BMi2`T`2i2` #v � rB/2MBM;
• �M Bi2`�iBQM /2T2M/2Mi rB/2MBM; Bb /2bB;M2/ mbBM; � K2i�@rB/2MBM;

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ kR Ĝ AkI: Abstractk Interpretation, POPL 2019

Ai2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`

t s0 = ⊥ s1 s2 s3 s4 F

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ ky Ĝ AkI: Abstractk Interpretation, POPL 2019

Ai2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`

t s0 = ⊥ s1 s2 s3 s4 F

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ ky Ĝ AkI: Abstractk Interpretation, POPL 2019

Ai2`�i2b Q7 i?2 BMi2`p�H �#bi`�+i BMi2`T`2i2`

t s0 = ⊥ s1 s2 s3 s4 F

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ ky Ĝ AkI: Abstractk Interpretation, POPL 2019

Jm+? KQ`2 BM i?2 T�T2`
Ub2K�MiB+b- �#bi`�+iBQMb- rB/2MBM;b- 2i+V

D∞
↓ · · · · · · −M· · ·−2 −1 0 1 2 · · · M · · ·

↓−M. . .
↓−2

↓−1
↓0

↓1
↓2
. . .
↓M. . .

⊤

XXX

XXX

XXX

⊥

D∞
↑ · · ·· · ·M· · ·210−1−2· · ·−M· · ·

↑M. . .
↑2

↑1
↑0

↑−1
↑−2

. . .
↑−M. . .

⊤

X X X

X X X

X X X

⊥

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ k8 Ĝ AkI: Abstractk Interpretation, POPL 2019

Jm+? KQ`2 BM i?2 T�T2`
Ub2K�MiB+b- �#bi`�+iBQMb- rB/2MBM;b- 2i+V

D∞
↓ · · · · · · −M· · ·−2 −1 0 1 2 · · · M · · ·

↓−M. . .
↓−2

↓−1
↓0

↓1
↓2
. . .
↓M. . .

⊤

XXX

XXX

XXX

⊥

D∞
↑ · · ·· · ·M· · ·210−1−2· · ·−M· · ·

↑M. . .
↑2

↑1
↑0

↑−1
↑−2

. . .
↑−M. . .

⊤

X X X

X X X

X X X

⊥

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ k8 Ĝ AkI: Abstractk Interpretation, POPL 2019



�M �TTHB+�iBQM
Q7 QMHBM2 K2i� �#bi`�+i BMi2`T`2i�iBQM

iQ
`2H�iBQM�H /QK�BMb

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ kk Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
• LmK2`B+�H `2H�iBQM�H �M�Hvx2b

• *�M #2 +QbiHv UTQHvMQKB�H UQ+i�;QMbV f 2tTQM2MiB�H UTQHv?2/`�V BM i?2 MmK#2` Q7
p�`B�#H2bV

• *Qbi +�M #2 `2/m+2/ #v /2+QKTQbBiBQM BMiQ � +QMDmM+iBQM Q7 `2H�iBQMb QM T�+Fb Q7
p�`B�#H2b bm+? i?�i p�`B�#H2b BM /Bz2`2Mi T�+Fb �`2 mM`2H�i2/

• S�+Fb /2i2`KBM2/ Q|BM2 7Q` JBMûǶb Q+i�;QMb BM �bi`û2- rBi? HQbb Q7 BM7Q`K�iBQM
• S�+Fb /2i2`KBM2/ QMHBM2 7Q` >�H#r�+?b 2i �HǶb TQHv?2/`�- rBi?Qmi �Mv HQbb Q7

BM7Q`K�iBQM
• :2M2`�HBx2/ iQ Q+i�;QMb �M/ i?2M �`#Bi`�`v `2H�iBQM�H MmK2`B+�H /QK�BMb #v aBM;?-

SɃb+?2H- �M/ o2+?2p

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ kj Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
• _2H�iBQM�H �M�Hvx2b

• :2M2`�HBx2/ iQ �`#Bi`�`v `2H�iBQM�H /QK�BMb BM i?Bb T�T2`
• 1t�KTH2 Q7 /2+QKTQbBiBQM,

`1(t1, t2) → {t1, t2, t3} ⇒ `1(t1, t2)
`(t2,t4)−→ {t1, t2, t3, t4} ⇒

`(t2, t4)
∧ `′1(t1, t2)

∧ `2(t2, t3) ∧ `2(t2, t3) ∧ `′2(t2, t3)
∧ `3(t3, t1) ∧ `3(t3, t1) ∧ `3(t3, t1)
∧ `4(t4) {t4} ⇒ × `4(t4) ∧ `′4(t4)
∧ `5(t5, t6) {t5, t6} × `5(t5, t6) {t5, t6} ⇒ × `5(t5, t6)
∧ `6(t6) ⇒ ∧ `6(t6) ∧ `6(t6)

• � #2�miB7mH 2t�KTH2 Q7 QMHBM2 K2i� �#bi`�+i BMi2`T`2i�iBQM, i?2 /2+QKTQbBiBQM ?2M+2
i?2 �#bi`�+i /QK�BM �M/ i?2 #HQ+FrBb2 i`�Mb7Q`K2` +?�M;2 �i 2�+? Bi2`�iBQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ k8 Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
• _2H�iBQM�H �M�Hvx2b

• :2M2`�HBx2/ iQ �`#Bi`�`v `2H�iBQM�H /QK�BMb BM i?Bb T�T2`
• 1t�KTH2 Q7 /2+QKTQbBiBQM,

`1(t1, t2) → {t1, t2, t3} ⇒ `1(t1, t2)
`(t2,t4)−→ {t1, t2, t3, t4} ⇒

`(t2, t4)
∧ `′1(t1, t2)

∧ `2(t2, t3) ∧ `2(t2, t3) ∧ `′2(t2, t3)
∧ `3(t3, t1) ∧ `3(t3, t1) ∧ `3(t3, t1)
∧ `4(t4) {t4} ⇒ × `4(t4) ∧ `′4(t4)
∧ `5(t5, t6) {t5, t6} × `5(t5, t6) {t5, t6} ⇒ × `5(t5, t6)
∧ `6(t6) ⇒ ∧ `6(t6) ∧ `6(t6)

• � #2�miB7mH 2t�KTH2 Q7 QMHBM2 K2i� �#bi`�+i BMi2`T`2i�iBQM, i?2 /2+QKTQbBiBQM ?2M+2
i?2 �#bi`�+i /QK�BM �M/ i?2 #HQ+FrBb2 i`�Mb7Q`K2` +?�M;2 �i 2�+? Bi2`�iBQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ k8 Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
• _2H�iBQM�H �M�Hvx2b

• :2M2`�HBx2/ iQ �`#Bi`�`v `2H�iBQM�H /QK�BMb BM i?Bb T�T2`
• 1t�KTH2 Q7 /2+QKTQbBiBQM,

`1(t1, t2) → {t1, t2, t3} ⇒ `1(t1, t2)
`(t2,t4)−→ {t1, t2, t3, t4} ⇒

`(t2, t4)
∧ `′1(t1, t2)

∧ `2(t2, t3) ∧ `2(t2, t3) ∧ `′2(t2, t3)
∧ `3(t3, t1) ∧ `3(t3, t1) ∧ `3(t3, t1)
∧ `4(t4) {t4} ⇒ × `4(t4) ∧ `′4(t4)
∧ `5(t5, t6) {t5, t6} × `5(t5, t6) {t5, t6} ⇒ × `5(t5, t6)
∧ `6(t6) ⇒ ∧ `6(t6) ∧ `6(t6)

• � #2�miB7mH 2t�KTH2 Q7 QMHBM2 K2i� �#bi`�+i BMi2`T`2i�iBQM, i?2 /2+QKTQbBiBQM ?2M+2
i?2 �#bi`�+i /QK�BM �M/ i?2 #HQ+FrBb2 i`�Mb7Q`K2` +?�M;2 �i 2�+? Bi2`�iBQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ k8 Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
• _2H�iBQM�H �M�Hvx2b

• :2M2`�HBx2/ iQ �`#Bi`�`v `2H�iBQM�H /QK�BMb BM i?Bb T�T2`
• 1t�KTH2 Q7 /2+QKTQbBiBQM,

`1(t1, t2) → {t1, t2, t3} ⇒ `1(t1, t2)
`(t2,t4)−→ {t1, t2, t3, t4} ⇒

`(t2, t4)
∧ `′1(t1, t2)

∧ `2(t2, t3) ∧ `2(t2, t3) ∧ `′2(t2, t3)
∧ `3(t3, t1) ∧ `3(t3, t1) ∧ `3(t3, t1)
∧ `4(t4) {t4} ⇒ × `4(t4) ∧ `′4(t4)
∧ `5(t5, t6) {t5, t6} × `5(t5, t6) {t5, t6} ⇒ × `5(t5, t6)
∧ `6(t6) ⇒ ∧ `6(t6) ∧ `6(t6)

• � #2�miB7mH 2t�KTH2 Q7 QMHBM2 K2i� �#bi`�+i BMi2`T`2i�iBQM, i?2 /2+QKTQbBiBQM ?2M+2
i?2 �#bi`�+i /QK�BM �M/ i?2 #HQ+FrBb2 i`�Mb7Q`K2` +?�M;2 �i 2�+? Bi2`�iBQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ k8 Ĝ AkI: Abstractk Interpretation, POPL 2019



PMHBM2 K2i� �#bi`�+i BMi2`T`2i2`
• _2H�iBQM�H �M�Hvx2b

• :2M2`�HBx2/ iQ �`#Bi`�`v `2H�iBQM�H /QK�BMb BM i?Bb T�T2`
• 1t�KTH2 Q7 /2+QKTQbBiBQM,

`1(t1, t2) → {t1, t2, t3} ⇒ `1(t1, t2)
`(t2,t4)−→ {t1, t2, t3, t4} ⇒

`(t2, t4)
∧ `′1(t1, t2)

∧ `2(t2, t3) ∧ `2(t2, t3) ∧ `′2(t2, t3)
∧ `3(t3, t1) ∧ `3(t3, t1) ∧ `3(t3, t1)
∧ `4(t4) {t4} ⇒ × `4(t4) ∧ `′4(t4)
∧ `5(t5, t6) {t5, t6} × `5(t5, t6) {t5, t6} ⇒ × `5(t5, t6)
∧ `6(t6) ⇒ ∧ `6(t6) ∧ `6(t6)

• � #2�miB7mH 2t�KTH2 Q7 QMHBM2 K2i� �#bi`�+i BMi2`T`2i�iBQM, i?2 /2+QKTQbBiBQM ?2M+2
i?2 �#bi`�+i /QK�BM �M/ i?2 #HQ+FrBb2 i`�Mb7Q`K2` +?�M;2 �i 2�+? Bi2`�iBQM

SX *QmbQi- _X :B�+Q#�xxB- 6X _�Mx�iQ Ĝ k8 Ĝ AkI: Abstractk Interpretation, POPL 2019



JQ`2 BM i?2 T�T2`
Ub2K�MiB+b- �#bi`�+iBQMb- �H;Q`Bi?Kb- 2i+V
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*QM+HmbBQM
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�#bi`�+i BMi2`T`2i�iBQM
• .vM�KB+ T`Q;`�K �M�HvbBb
• ai�iB+ T`Q;`�K �M�HvbBb

• /2/m+iBp2 �M�HvbBb U2X;X >Q�`2 HQ;B+V
• /�i� ~Qr �M�HvbBb
• KQ/2H +?2+FBM;
• ivT2b
• bvK#QHB+ 2t2+miBQM
• Ę

• AMi`QbT2+iBQM, �kA
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• /2/m+iBp2 �M�HvbBb U2X;X >Q�`2 HQ;B+V
• /�i� ~Qr �M�HvbBb
• KQ/2H +?2+FBM;
• ivT2b
• bvK#QHB+ 2t2+miBQM
• Ę
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h?2 2M/- /BbiBM;mBb?2/ i?�MFb
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