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(Galois connections
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Definition of a Galois connection

aec (A is increasing
(O, T) < Y (A, <) 2 ve A-=(C ?Sincreasing
o Y o (x is an upper closure
Qv o 7y is a lower closure

e equivalently

VeeC.VyeA.az)xy = xCv(y)

e Galois retraction: « is surjective

ICALP, 2022/08/06 3 © P. Cousot, NYU



Hybrid Semantics
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Trajectory
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Time, states, flows, time intervals

* Time: . set Ry of all positive reals.

e Set of states: S

e Flows: fEF=R5q—+S

+ Timeintervals: i € | = {[t1,t2] | t1 € Rsg Aty € RygU{oo} Aty +( < to}
(infinitesimal ¢ > 0, so non-zeno)

b([t1,ta]) =
e([t1,ta]) = to
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Configurations

e Configurations:

ce CE{{f,i)eFxI|Vtei. f(t)eS}

* Final configurations are closed:

cl([tr, ta]) 2 [t1,ta] if ta # o
C|°([t1,OO-) — [tl,OO[

cl(l) = {cl(@) | i € I}

cec(Q) = {{f, i) eFxcl)|Vtei. f(t) €S}
b(c) = b(i)

e(c) = e(1)
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Trajectories, Hybrid semantics

e Trajectories:
T¢={oce€[0,n] > C|blog) =0AViec[0,n].e(o;) =b(o;11) Ao, €cl(C)}
finite trajectories o € T¢ of length |o| =n+1, n e N

TS = U Tc finite nonempty trajectories
neN
T =2{ceN—->C|b(og) =0AVieN.e(o;) =b(o;11)}
infinite trajectories o € T of length |o| = o0
Téoo = Tér JTe trajectories (15)

* Hybrid semantics:

Sc € p(TE™)
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Example: water tank specification

Y U
" / /
s €S =R x{open, shut}

F‘
S\

S'2 {0 c {0} - Cle(oy) =00 Plog)}

Plo) =Vt €ERsg.0< o(t)y <3 AVt >t >0.
Vit € [t1,ta] . o(t).v = open = o (t1).y > o(ta).y A
Vit € [t1,ta] . o(t).v = shut = o(t1).y < o(ta).y A
Vt€Rsp.0(t)y=0= o(t+¢).y >0 U
i-?-

O
O

Thomas A. Henzinger and Pei-Hsin Ho. A note on abstract interpretation strategies
for hybrid automata. In Hybrid Systems, volume 999 of Lecture Notes in Computer
Science, pages 252—-264. Springer, 1994.
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Time evolution law abstraction (as in dynamic systems)

* Duration: 51 2 N e(0;) — b(0;) = e(0,)  when o€ T2 (16)
k=0
= Z e(o;) —b(o;) = when o€ T (nonzeno hypothesis)
k=0

» Time evaluation law (in dynamic systems theory): a¢-(0) € R>g — S

dom(ay,. (o)) = [0, o] (by convention, excluding oo if ||| = o0)
o (0)(t) = f(t) such that 3k € [0, |o|[ . o = (f, i) At € i (17)
or = oy (0) () (abbreviated notation)
* Abstraction: -

(p(TEX), C) &—= (p(R>o — S), C)

Xt
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Hybrid transition system
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Hybrid transition system

+ Transition system: (C, C°, 7)
. configurations C

. initial configurations C"
. 7€ p(Cx (Cud(Q)))
* initial configurations C” C{ce C|b(c) =0} (22)

consecutiveness Vie, ¢y eT.ce CAe(c) =b(c)
closeness of final configurations  Ve. (V¢ . {c, ¢') € 7) <= ¢ € cl(C)
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Example: water tank automaton

S = {open, shut} x R x R
CH 2 {(f, [ta,ta]) | Fz,y . VE € [t ] . f(2)
)

= (shut, x(t), y(t)) N
r(t) <3N (x(t) =3 =1t =15)

coren £ {<f7 [tlthD | dx,y .Vt € [t17t2] f( ) <0p6n7 ZL‘(t
=t = 2(t) = 0) A y(t) > 0 A (1
Aa(t) = 1 AG(t) = —2)

C A Cshut ) Copen
C' £ {(f, [0,t]) € C"* |t >0ATx < 3. f(0) = (shut, , 0)}
T2 & (CSMUt 5 COPE) | (COPe™ x CSMUt) as restricted by (22) (25)
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Hybrid semantics generated by a transition system

. [(C, CY, 7)] abbreviated [7]

o ﬂTﬂné{UETg L 0g € COAVi e 0,n|. (0, 0ijx1) ETAVc. {(on, ¢) & T}

71" 2 U

el é?a cTE |og e CPAVieN. (04, 0411) €T}
[7] £ [7]" U [7]> (23)
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Example: trajectory of the water tank automaton
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Example: water tank implementation

off shut on  open  off shut on_open off shut on open oﬁ‘ shut on
S S P PP PPPPRIIISTTN N S S PSP P | PR O NI S NSRRI S Sl O SRR @ [ R PPRPRRRIN S D G SRR O . >
A
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State/configuration based
correspondences between
hybrid semantics
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Relation between states and configurations

e Relation between states:

r & Q}QH@(ng)

* Relation between configurations:
v(r) = {{f ), (f,a) [ini £ DAVt eind. (f(t), f(t) € r(t)}

 EqQuivalence:

a(R) = At-{(f(t), f(t)) | Fi,i .t einin({f, 9), (f, i) € R}

Re 2 {R € p(C x (CUC(Q) | V((f, i), (. 1)) € R.iNG+ 0}

(Re, ©) & - s (R>o — 9(S x S), C)

84
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Relations between trajectories (using states)

° A_Y)(T) = {<Uv E> ‘ Vi € [Ovmin(ﬂgﬂv ”EH)[ <Ut7 Et> S T(t)}

 Example:

-----------

g0 O1 02 O3
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Relations between trajectories (using configurations)
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20

a0 71 02
fo1 f12 = fo3
t to t t3
) ()
Jo J12 fos ur J34 .-
é . . Et E
0 t1 to t3 t4
00 o1 02 o3
— 00 o1 02
Ol 1 — 1 v ...
A tr ',"‘ ~~~~~~ to oA i3
L) e () )
O L L | “ay TR L T
0 g0 1 01 2 g9 3 g3 t4
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Relations between trajectories (using configurations)

* same correspondance between trajectories using configurations:

7(r) =7
Ve(r) = {(o, 7) | Vi <o . (e(0;) < [o]) = (3k <[o] . (0;, Tk) € ¥(r))}
Va(r) = {(0, 7) | Yk < o] . (e(G%) < [o]) = (Fj <ol . (o, T&) € 7(r))}

01 © P. Cousot, NYU
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Relation between hybrid semantics

(T, T) | T C pre[R]T'}
(T, T\ |YoeT.35cT. (0,5 € R}

V(R) =

1
1

e abstraction:

Qi =

(T, T) € p(TET) @ p(TE™) [ T=0=T =0}, 2) —= (p(T¢™ x TL™), 2)
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Example: The water tank automaton is a state-based refinement of the specification

rO () £ {({v, 7, ), (v, y)) | v € {shut, open} A,y € R}

- ([77], §%) e 7(F ()

e yis always between 0 and 3
e |f the valve Is shut the level y goes up

o |f the valve Is open the level y goes down

e cannot stay zero more than ¢
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Correspondance between
hybrid semantics defined by
a correspondance between

transition systems
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Examples for discrete trace semantics

e Homomorphisms
e Simulations
 Bisimulations

* Preservation and progress (for type soundness)

and for hybrid semantics

* Discretization/sampling
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Simulation
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* empty configuration:

e = (0, 0)

Notations

b(g) = 400 and e(¢)

e consecutive configurations concatenation;

(F,3) s (f, 7Y 2 (f”. i Ud') where {

(f, i) e =e3(f, i) = (f, i)

e configuration slice:

of 2
ol

t17t2l)é <f7 Zm
t1, t2( = (f, i N

:tly t2

:tly t2

€(lt1, tQI) - 8(]t1, fg(] - E.

ICALP, 2022/08/06
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e(z R :fl, 752:)
e(z ) :tl, t2 )
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Discrete simulation

Ve,e,c¢ .3 . ({e,e) e RN ({e, Y e T) =
(e, d)eT AN (,C) € R)

Robin Milner. An algebraic definition of simulation between programs. In Pro-
ceedings IJCAI 1971, pages 481-489, 1971.
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Asynchronous hybrid simulation

Ve,e,c’ .3 . ({e,e) e RA({(e, Y eTV =¢) =
— C

(e, @) eTVE =¢) A (c5(min(b(c’), b(c")), min(e(c'), e(c'))),
¢ ¢ (min(b(c’), b(¢")), min(e(c’), e(c')))) € R)

.............. 9 §, fv\‘é’ > E;f’ (t2, t3)
F fr
[ > | :fs
R R

[1 {2 §t3 {2 (3
. ......... > 23\ A'Cv’ . ................. > c;c'([tz,ED
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Asynchronous hybrid simulation

¢.3¢ .((c,e)e RAN({e,YeTV =¢)) =
=¢) A (¢ (min(b(c'),b(¢")), min(e(c'), e(c))),
¢3¢ (min(b(c’),b(¢")), min(e(c'),e(d))]) € R)

C /T\;E' C ;7\ -
—t— —a— c'=¢
R R
T e(@)<e(o) T e(d)<e(®)
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Ve, e, c .

e example:
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Synchronous hybrid simulation

* well-nesting: the abstract time line is included Iin the concrete time line

3¢ . ({e,e) € RA({c, ) € 1)) =

(((e, @) eTVve =e)AN{(, E(b(c),e(d))) € R)

shut open shut open shut open shut

4 .................................................... N ..................... .><. ....................... >E<. .......... N ................................... N .............. .}4. ............................. .»
y_) 7 / 7
- — X /i / /
/ / /
/ / /
_ / : / /
N\ 7 / /
-\ - /
7" : \”
/i P/ / B
—— — ¢ > 1
—_— ), A r(t F 1 r(t
y ( ) v ! ( ) / /7 /7
- - y / / /
/ / / /
5 ’ / ’
: / S /
i\ 7 P/ /
y i/ /
/ L /! _
0 ¢ 3 t 6 9 12
<.>< ....................................... ><.N ..................... ".N ........ .’4.»4. ........... »‘.N .................... <.N ................ ><.N ............... »4..’
off shut on open off shut on open off shut on open off shut on
31
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Simulation between transitions extends to hybrid semantics

Theorem 4. If the timed relation r between states in (29) is such that its ex-
tension y(r) to configurations in (30) is a simulation (51) between (C, C°, T)
and (C, C°, T) satisfying the initialization hypothesis

Vee CY.Fee C. (c ¢ € v(r)
and the blocking hypothesis
Ve, . ((e, ¢) e y(r) AV (e, )Y E1)= (V¢ . (¢, @) &T)
then
7], I7]) e (7 (7))

(that is, by (37), Yo € |r] . do € |[T] . (0, &) € F(r) and so, by (34), Vt €
0, min({|a|], |Z]])] Ndom(r) . (o, T¢) € r(t)).

ICALP, 2022/08/06 32 © P. Cousot, NYU



Asynchronous simulations may not compose

. We may have (T, T) € ¥(7.(r1)) and (T, T) € 7(7.(r2)) but not
(T, T) € (¥ .(r1 o 72))

- _= gl

oel 1 p 4 /
e ey |

cgeT — 71072 7?7

ceT E E E ol

0ET =73 = —= S
ri 7"1 ' 11 ,-" ri ol ??

5‘ET:I - = A > ...
rai "rior2?? 1’1?1’2 L7,

O-ETI Y i A 5 0y y {-----.

Non-nested intervals
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Synchronous simulations do compose

* This holds for synchronous hybrid simulations:

Theorem 5. I[f T € T, T € T, T e T%O are well-nested, (T, T) € ¥(7.(r1))
and (T, T) € (7 (r2)) then (T, T) € 7(T (r1 o r2)).

 Example: this holds for the water tank
implementation o automaton o specification

NUP NG
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What ?

 The implementation has y = 0 for time ¢

e The specification says y cannot stay 0 for more than ¢
e What ife> { ?7?7?
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What ?

 The implementation has y = 0 for time ¢

e The specification says y cannot stay 0 for more than ¢
e What ife> { ?7?7?
e NOT A CONTRADICTION since

r o 1O & {(my, w1, o), (M, T0)) | 3t ta € [, Tl - £ € [t1, t2 A

P(BS)(mta Lt, yt7t17t27mt7 xtagtazh%Q)}

By definition (53), this expresses that the height 7, of the water in the specifi-
cation when the valve is off for € units of time is equal to the time x; > 0, not
to the level of water y; = 0 in the implementation.
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The composition of specifications is incomplete

.................. shut |, open, shut open shut  open shut
. Specification =
N .~ (constraining tank emptyness) At <Sh7/lt, yt, t1>
7
0 3 6 9 12 \
(39)
shut open shut open shut  open shut =

e ————— o S RIS s o TR R A SRR P aerrerennmmrennnannisssananns >,

Automaton \
(not constraining tank emptyness) 3 }\t'<ShT/lt, kt’ j}tzt-tl, t1>

0 3 6 9 19

| 39
e RG3) _ r(3e R
ojj” on off on off on  off on ~
<3hut ........... > o 4,;hzzz,5pe;z e Open‘ﬁghu > \ /
Implementation

(not constraining tank emptyness) }"t.<0]% Xt’ O’ t1>

3=’t = t-ty not 0 for any time t larger than t;
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Discretization
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Example: discretization

e 0 > 0 be a sampling interval

+ hs(o)
(x5 (T)
(p(TER), C) s (p(TE™), C)

A

= {hs(o) |oc €T}

— <0n57 ne€NAn < HUH> (using the time evolution abstraction)

* Not definable using a discretization of the transition relation:
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trajectory discretization

transition-generated trajectory

transition configuration
discretization
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Discretization

* The discretization of an hybrid simulation may not be a discrete simulation

* \We have studied sufficient conditions to satisfy this goal.
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Conclusion
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Conclusion

* All hybrid simulations, bisimulations, preservation with progress, and
discretization are Galois connections

~
o

 Can be composed with further abstractions of the relation between
trajectories for the static analysis of hybrid systems

(T, T) € p(TET) @ p(TE™) | T =0 =T =0}, 2) —= (p(T™ x T£™), 2)

 However, except for the synchronous case, this composition may not
correspond to the composition of the relations between states (or

configurations)

 Not a problem in Milner’s definition which makes no difference between
states and configurations and trajectories are traces i.e. synchronous
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The End, Thank You
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