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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do 21:do

2: do 22: do

3: r[] Rl0 latch0 23: r[] Rl1 latch1

4: while (Rl0=0) 24: while (Rl1=0)

5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 26: r[] Rf1 flag1

7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi
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� �������������������int x;

� �����������������������������������������������������x�
�����������������������������������������

� valueof(x) 
� 𝑥

� ���������������������������������������������������x�
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:

��

����������������

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�����������������������Sinv

algorithm A

invariant
specification of A

Sinv

communication
specification of A

Scom

consistency
hypothesis of A

Hcom

consistency
model M

conditional
invariance proof
Scom ⇒ Sinv

inclusion proof
Hcom ⇒ Scom

consistency proof
M ⇒ Hcom

algorithm A proved
correct w.r.t.
Hcom and Sinv

Hcom ⇒ Sinv

algorithm A proved
correct w.r.t.
M and Sinv

M ⇒ Sinv

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: ¬at{28} 28: ¬at{8}
(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:
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rf

11:,r2=0

12:,r2=1

13:,r2=1

1:,r1=0

0:, start

2:,r1=1

3:,r1=1

��
w0

�! "# $
� � �;

w0
�! "# $

� � �→

r11�! "# $
������ �� �→

w12
�! "# $

������ � �−→

w2
�! "# $

����� � �−→

r1�! "# $
����� �� �−→

π = ς × π × rf

• ς is the computation
• π is the cut sequence
• rf is the communication

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������

algorithm A

invariant
specification of A

Sinv

communication
specification of A

Scom

consistency
hypothesis of A

Hcom

consistency
model M

conditional
invariance proof
Scom ⇒ Sinv

inclusion proof
Hcom ⇒ Scom

consistency proof
M ⇒ Hcom

algorithm A proved
correct w.r.t.
Hcom and Sinv

Hcom ⇒ Sinv

algorithm A proved
correct w.r.t.
M and Sinv

M ⇒ Sinv

�� ����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

���������������

� �������������������������������ℓ ��������������� 𝑝
� ����������

� ������������������������������������� 𝜅 
� �������𝜃�����������������

� �������������������������������� 𝜌 
� �����������������𝜈
� ����������������rf�
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k0 kn−1⟩, kp, k1

(τstart × π × rfς =

κ0,k0 , θ0,k0 , ρ0,k0 , ν0,k0 κn−1,kn−1 , θn−1,kn−1 , ρn−1,kn−1 , νn−1,kn−1

, θp,kp , ρp,kp , νp,kp ,ℓ}

τpτ0 τ1 τn−1
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rf⟨xθ, ⟨ℓ:, θ′, v⟩⟩
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Γ ∈ Γ ,
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RL0i
ji ! {rf⟨L0iji , ⟨0:, , 0⟩⟩, rf⟨L0iji , ⟨5:, i5, 0⟩⟩, rf⟨L0iji , ⟨30:, ℓ30, 1⟩⟩ | i5 ∈ N ∧ ℓ30 ∈ N}

{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:
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RL0i
ji ! {rf⟨L0iji , ⟨0:, , 0⟩⟩, rf⟨L0iji , ⟨5:, i5, 0⟩⟩, rf⟨L0iji , ⟨30:, ℓ30, 1⟩⟩ | i5 ∈ N ∧ ℓ30 ∈ N}

RF0i ! {rf⟨F0i, ⟨0:, , 0⟩⟩, rf⟨F0i, ⟨8:, i8, 0⟩⟩, rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ | i8 ∈ N ∧ ℓ29 ∈ N}
RL1ℓ

mℓ
! {rf⟨L1ℓmℓ

, ⟨0:, , 1⟩⟩, rf⟨L1ℓmℓ
, ⟨25:, ℓ25, 0⟩⟩, rf⟨L1ℓmℓ

, ⟨10:, i10, 1⟩⟩ | ℓ25 ∈ N ∧ i10 ∈ N}
RF1ℓ ! {rf⟨F1ℓ, ⟨0:, , 1⟩⟩, rf⟨F1ℓ, ⟨28:, ℓ28, 0⟩⟩, rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ | ℓ28 ∈ N ∧ i9 ∈ N}

Γ = {{rl0i
ji , rf0i, rl1ℓ

mℓ
, rf1ℓ | i ∈ N ∧ ji ∈ [0, ki] ∧ ℓ ∈ N ∧ j ∈ [0, nℓ]} | ∀i ∈ N . ∀ji ∈ [1, ki] .

rl0i
ji ∈ RL0i

ji ∧ rf0i ∈ RF0i ∧ ∀ℓ ∈ N . ∀mℓ ∈ [1,mℓ] . rl1ℓ
mℓ

∈ RL1ℓ
mℓ

∧ rf1ℓ ∈ RF1ℓ}

Γ ∈ Γ

Γ ∈ Γ , Γ ⊆ Γ



������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

��������������������Sind

algorithm A

invariant
specification of A

Sinv

communication
specification of A

Scom

consistency
hypothesis of A

Hcom

consistency
model M

conditional
invariance proof
Scom ⇒ Sinv

inclusion proof
Hcom ⇒ Scom

consistency proof
M ⇒ Hcom

algorithm A proved
correct w.r.t.
Hcom and Sinv

Hcom ⇒ Sinv

algorithm A proved
correct w.r.t.
M and Sinv

M ⇒ Sinv
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� Sind�������������������������������Scom ���������������

Scom����������

� Sind ����������������������������������������

� ����Sind �����������������������������������������������
�������������������������������������������

� ��

��

Sinv ���������������������� Scom 
Sind     Sinv
�

Scom     Sinv�
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}
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�������������������
{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

Possible 

communications 
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

Register assignment of 

the Pythia variable 

after read event
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

Possible values of Pythia variables depending on communications

r0Rl0i
ji [Γ ] ! (rf⟨L0iji , ⟨0:, , 0⟩⟩ ∈ Γ ∧ L0iji = 0) ∨ (∃i5 ∈ N . rf⟨L0iji , ⟨5:, i5, 0⟩⟩ ∈ Γ ∧ L0iji = 0)

r1Rl0i
ji [Γ ] ! (∃ℓ30 ∈ N . rf⟨L0iji , ⟨30:, ℓ30, 1⟩⟩ ∈ Γ ∧ L0iji = 1)

�������������������
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� �������������r(0|1)R(l,f)(0|1)

��

�������������������

r0Rl0i
ji [Γ ] ! (rf⟨L0iji , ⟨0:, , 0⟩⟩ ∈ Γ ∧ L0iji = 0) ∨ (∃i5 ∈ N . rf⟨L0iji , ⟨5:, i5, 0⟩⟩ ∈ Γ ∧ L0iji = 0)

r1Rl0i
ji [Γ ] ! (∃ℓ30 ∈ N . rf⟨L0iji , ⟨30:, ℓ30, 1⟩⟩ ∈ Γ ∧ L0iji = 1)

r0Rf0i[Γ ] ! (rf⟨F0i, ⟨0:, , 0⟩⟩ ∈ Γ ∧ F0i = 0) ∨ (∃i8 ∈ N . rf⟨F0i, ⟨8:, i8, 0⟩⟩ ∈ Γ ∧ F0i = 0)

r1Rf0i[Γ ] ! (∃ℓ29 ∈ N . rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ F0i = 1)

r0Rl1ℓ
mℓ

[Γ ] ! (∃ℓ25 ∈ N . rf⟨L1ℓmℓ
, ⟨25:, ℓ25, 0⟩⟩ ∈ Γ ∧ L1ℓmℓ

= 0)

r1Rl1ℓ
mℓ

[Γ ] ! (rf⟨L1ℓmℓ
, ⟨0:, , 1⟩⟩ ∈ Γ ∧ L1ℓmℓ

= 1) ∨ (∃i10 ∈ N . rf⟨L1ℓmℓ
, ⟨10:, i10, 1⟩⟩ ∈ Γ ∧ L1ℓmℓ

= 1)

r0Rf1ℓ[Γ ] ! (∃m28 ∈ N . rf⟨F1ℓ, ⟨28:, m28, 0⟩⟩ ∈ Γ ∧ F1ℓ = 0)

r1Rf1ℓ[Γ ] ! (rf⟨F1ℓ, ⟨0:, , 1⟩⟩ ∈ Γ ∧ F1ℓ = 1) ∨ (∃i9 ∈ N . rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ ∈ Γ ∧ F1ℓ = 1)
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algorithm A

invariant
specification of A

Sinv

communication
specification of A

Scom

consistency
hypothesis of A

Hcom

consistency
model M

conditional
invariance proof
Scom ⇒ Sinv

inclusion proof
Hcom ⇒ Scom

consistency proof
M ⇒ Hcom

algorithm A proved
correct w.r.t.
Hcom and Sinv

Hcom ⇒ Sinv

algorithm A proved
correct w.r.t.
M and Sinv

M ⇒ Sinv
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(¬Sinv (Γ, Γ)) ∧ Sind (Γ, Γ)

! at{8} ∧ at{28} ∧ Sind (Γ, Γ) !def. invariance specification Sinv "
⇒ at{8} ∧ at{28} ∧ (∃i, ki, ℓ, nℓ ∈ N . Γ ∈ Γ ∧ r1Rl0iki

[Γ ] ∧
r1Rf0i[Γ ] ∧ r1Rl1ℓnℓ

[Γ ] ∧ r1Rf1ℓ[Γ ]) !by invariant Sind (Γ, Γ)"
⇒ at{8} ∧ at{28} ∧

!
∃i, ki, ℓ, nℓ, ℓ30, ℓ29 ∈ N . Γ ∈ Γ ∧ (rf⟨L0iki

,

⟨30:, ℓ30, 1⟩⟩ ∈ Γ ) ∧ (rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ) ∧ (rf⟨L1ℓnℓ
,

⟨0:, , 1⟩⟩ ∈ Γ ) ∧ (rf⟨F1ℓ, ⟨0:, , 1⟩⟩ ∈ Γ )
"
∨!

∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i9 ∈ N . Γ ∈ Γ ∧ (rf⟨L0iki
, ⟨30:, ℓ30,

1⟩⟩ ∈ Γ ) ∧ (rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ) ∧ (rf⟨L1ℓnℓ
, ⟨0:, ,

1⟩⟩ ∈ Γ ) ∧ (rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ ∈ Γ )
"
∨!

∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i10 ∈ N . Γ ∈ Γ ∧ (rf⟨L0iki
, ⟨30:, ℓ30,

1⟩⟩ ∈ Γ ) ∧ (rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ) ∧ (rf⟨L1ℓnℓ
, ⟨10:, i10,

1⟩⟩ ∈ Γ ) ∧ (rf⟨F1ℓ, ⟨0:, , 1⟩⟩ ∈ Γ )
"
∨!

∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i10, i9 ∈ N . Γ ∈ Γ ∧ (rf⟨L0iki
, ⟨30:, ℓ30,

1⟩⟩ ∈ Γ ) ∧ (rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ) ∧ (rf⟨L1ℓnℓ
, ⟨10:, i10,

1⟩⟩ ∈ Γ ) ∧ (rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ ∈ Γ )
"

!def. r1Rl0iki
[Γ ], r1Rf0i[Γ ], r1Rl1ℓnℓ

[Γ ], and r1Rf1ℓ[Γ ], rf⟨xθ,

⟨ℓ:, θ′, v⟩⟩ implies that xθ = v, A ∧ (B ∨ C) = (A ∧B) ∨
(A ∧ C), ∃ distributes over ∨, and (∃x . A(x)) ∧ B = ∃x .
(A(x) ∧B) when x is not free in B"

⇒ at{8} ∧ at{28} ∧ (¬Scom1 (Γ, Γ)∨¬Scom2 (Γ, Γ)∨¬Scom3 (Γ, Γ)∨
¬Scom4 (Γ, Γ))

⇒ ¬Scom (Γ, Γ)

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

� �����

� ������������Scom���������������������������

� �����������������������Scom�������������Scom��������
����������������������������������������

��

Scom1 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29 ∈ N . Γ ∈ Γ ∧ rf⟨L0iki
, ⟨30:,

ℓ30, 1⟩⟩ ∈ Γ ∧ rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ rf⟨L1ℓnℓ
,

⟨0:, , 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨0:, , 1⟩⟩ ∈ Γ

Scom2 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i9 ∈ N . Γ ∈ Γ ∧ rf⟨L0iki
, ⟨30:,

ℓ30, 1⟩⟩ ∈ Γ ∧ rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ rf⟨L1ℓnℓ
,

⟨0:, , 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ ∈ Γ

Scom3 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i10 ∈ N . Γ ∈ Γ∧rf⟨L0iki
, ⟨30:,

ℓ30, 1⟩⟩ ∈ Γ ∧ rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ rf⟨L1ℓnℓ
,

⟨10:, i10, 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨0:, , 1⟩⟩ ∈ Γ

Scom4 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i10, i9 ∈ N . Γ ∈ Γ ∧ rf⟨L0iki
,

⟨30:, ℓ30, 1⟩⟩ ∈ Γ ∧ rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧
rf⟨L1ℓnℓ

, ⟨10:, i10, 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ ∈ Γ

�������������������������������������������������������

Scom (Γ, Γ) ! (at{8} ∧ at{28}) =⇒ (Scom1(Γ, Γ) ∧ Scom2(Γ, Γ) ∧ Scom3(Γ, Γ) ∧ Scom4(Γ, Γ))
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������������������������������Scom1

��

{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Γ ∈ Γ ∧ Rl0 = L0iji

∧
(r0Rl0i

ji
[Γ] ∨ r1Rl0iji

[Γ])}
24: {Γ ∈ Γ ∧ Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γ] ∨ r1Rl1ℓ

mℓ
[Γ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0iki

[Γ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓnℓ
[Γ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0iki
[Γ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓnℓ

[Γ]}
r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}

7: {Γ ∈ Γ ∧ r1Rl0iki
[Γ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γ] ∨ r1Rf0i[Γ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓnℓ

[Γ] ∧ Rf1 = F1ℓ

(r0Rf1ℓ[Γ] ∨ r1Rf1ℓ[Γ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0iki
[Γ] ∧ r1Rf0i[Γ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓnℓ

[Γ] ∧ r1Rf1ℓ[

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0iki
[Γ] ∧ r1Rf0i[Γ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓnℓ

[Γ] ∧ r1Rf1ℓ[

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0iki
[Γ] ∧ r1Rf0i[Γ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓnℓ

[Γ] ∧ r1Rf1ℓ[

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0iki
[Γ] ∧ r1Rf0i[Γ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓnℓ

[Γ] ∧ r1Rf1ℓ[

fi fi
12: {Γ ∈ Γ} 32: {Γ ∈ Γ}

while true while true
13:{false} 33:{false}

���
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�������������������������
� Scom��������������������������������������

��

(¬Sinv (Γ, Γ) ∧ Sind (Γ, Γ)) =⇒ ¬(Scom (Γ, Γ))

=⇒ Scom (Γ, Γ) =⇒ (Sinv (Γ, Γ) ∨ ¬Sind (Γ, Γ)) !contraposition"
=⇒ Scom (Γ, Γ) =⇒ (Sind (Γ, Γ) =⇒ Sinv (Γ, Γ)) !implication"
=⇒ (Scom (Γ, Γ) ∧ Sind (Γ, Γ)) =⇒ Sinv (Γ, Γ) !implication"
=⇒ Scom (Γ, Γ) ⇒ Sinv (Γ, Γ) !since Scom (Γ, Γ) ⇒ Sind (Γ, Γ)"

Γ
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algorithm A

invariant
specification of A

Sinv

communication
specification of A

Scom

consistency
hypothesis of A

Hcom

consistency
model M

conditional
invariance proof
Scom ⇒ Sinv

inclusion proof
Hcom ⇒ Scom

consistency proof
M ⇒ Hcom

algorithm A proved
correct w.r.t.
Hcom and Sinv

Hcom ⇒ Sinv

algorithm A proved
correct w.r.t.
M and Sinv

M ⇒ Sinv
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�����������������ℓ ��𝜅�����𝑝 ��𝑞
{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

For a read instruction κ : r[ts] R x κ′: (read)
PREℓ,κ

p,r[θr, ρr, νr, rf]∧ rf [w(⟨q, ℓ′, w[ts] x r-value, θ′⟩, v),
r(⟨r, ℓ, r[ts] R x, θr⟩, xθr )] ∈ rf

⇒ POSTℓ,κ′
p,r [ρr ← ρr[R := xθr ], νr ← νr[xθr := v]]
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

For a test instruction κ : b[ts] operation lt κ′: (test)
PREℓ,κ

p,r[ρr, νr]∧sat(E!operation"(ρr, νr) ̸= 0) ⇒ POSTℓ,lt
p,r

PREℓ,κ
p,r[ρr, νr]∧sat(E!operation"(ρr, νr) = 0) ⇒ POSTℓ,κ′

p,r

�����������������ℓ ��𝜅�����𝑝 ��𝑞
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�����������������ℓ ��𝜅�����𝑝 ��𝑞
{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

For local side-effect free marker instructions κ : instr κ′

where instr = f[ts]
"
{l01 . . . lm1 } {l02 . . . lq2}

#
, w[ts] x r-value,

beginrmw[ts] x, endrmw[ts] x: (marker)
PREℓ,κ

p,r ⇒ POSTℓ,κ′
p,r
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

��������������������������������"�
���������������Γ���������������������
�����������������������������������
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

• Communication condition
COMℓ

p[rf] ! Sind p(ℓ)[rf] ∧ Scomp(ℓ)[rf]
meaning that read write instruction ℓ of
• A read event can read from only one write event.

COMℓ
p[rf] ∧ rf [r, w1] ∈ rf ∧ rf [r, w2] ∈ rf (singleness)

⇒ w1 = w2 .

�
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

• All process read instructions ℓ : r[ts] R x ℓ′ must read either from
an initial or a reachable program write, allowed by the communica-
tion hypothesis (∃∃∃P[X1, . . . , Xm] means that all free variables in

COMℓ
p[θp, rf] ∧ rf ̸=∅ ⇒ ∃ rf [w(⟨q, ℓq, w[ts] x r-value, θ′⟩, v),

r(⟨p, ℓ, r[ts] R x, θp⟩, xθp)] ∈ rf . (satisfaction)
((q ∈ Pi ∧ ∃∃∃PRE

ℓq
q [θq ← θ′, rf]) ∨ (q = start ∧ v = 0)) .

r0Rf0i[Γ ] ! (rf⟨F0i, ⟨0:, , 0⟩⟩ ∈ Γ ∧ F0i = 0) ∨ (∃i8 ∈ N . rf⟨F0i, ⟨8:, i8, 0⟩⟩ ∈ Γ ∧ F0i = 0)

r1Rf0i[Γ ] ! (∃ℓ29 ∈ N . rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ F0i = 1)

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�������������������
{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {Γ ∈ Γ} 21:{Γ ∈ Γ}

do {i} do {ℓ}
2: {Γ ∈ Γ} 22: {Γ ∈ Γ}

do {ji} do {mℓ}
3: {Γ ∈ Γ} 23: {Γ ∈ Γ}

r[] Rl0 latch0 {❀ L0iji} r[] Rl1 latch1 {❀ L1ℓmℓ
}

4: {Γ ∈ Γ ∧ Rl0 = L0iji ∧ (r0Rl0i
ji [Γ ] ∨ r1Rl0i

ji [Γ ])} 24: {Γ ∈ Γ∧Rl1 = L1ℓmℓ
∧(r0Rl1ℓ

mℓ
[Γ ]∨r1Rl1ℓ

mℓ
[Γ ])}

while (Rl0=0) {ki} while (Rl1=0) {nℓ}
5: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ]} 25: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

w[] latch0 0 w[] latch1 0

6: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ]} 26: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ]}

r[] Rf0 flag0 {❀ F0i} r[] Rf1 flag1 {❀ F1ℓ}
7: {Γ ∈ Γ ∧ r1Rl0i

ki
[Γ ] ∧ Rf0 = F0i

∧ (r0Rf0i[Γ ] ∨ r1Rf0i[Γ ])}
27: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ Rf1 = F1ℓ

∧ (r0Rf1ℓ[Γ ] ∨ r1Rf1ℓ[Γ ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 28: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 29: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] flag1 1 w[] flag0 1

10: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 30: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

w[] latch1 1 w[] latch0 1

11: {Γ ∈ Γ ∧ r1Rl0i
ki
[Γ ] ∧ r1Rf0i[Γ ]} 31: {Γ ∈ Γ ∧ r1Rl1ℓ

nℓ
[Γ ] ∧ r1Rf1ℓ[Γ ]}

fi fi

12: {Γ ∈ Γ} 32: {Γ ∈ Γ}
while true while true

13:{false} 33:{false}

r0Rf0i[Γ ] ! (rf⟨F0i, ⟨0:, , 0⟩⟩ ∈ Γ ∧ F0i = 0) ∨ (∃i8 ∈ N . rf⟨F0i, ⟨8:, i8, 0⟩⟩ ∈ Γ ∧ F0i = 0)

r1Rf0i[Γ ] ! (∃ℓ29 ∈ N . rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ F0i = 1)

• The values v allowed to be read by the communication hypo-
thesis must originate from reachable program write instructions
ℓ : w[ts] x r-value ℓ′:

∀rf . ∀ rf [w(⟨q, ℓq, w[ts] x r-value, θp⟩, v), r] ∈ rf .(match)
COMℓ

p[θq, ρq, νq, rf] ⇒ v = E!r-value"(ρq, νq)
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algorithm A

invariant
specification of A

Sinv

communication
specification of A

Scom

consistency
hypothesis of A

Hcom

consistency
model M

conditional
invariance proof
Scom ⇒ Sinv

inclusion proof
Hcom ⇒ Scom

consistency proof
M ⇒ Hcom

algorithm A proved
correct w.r.t.
Hcom and Sinv

Hcom ⇒ Sinv

algorithm A proved
correct w.r.t.
M and Sinv

M ⇒ Sinv
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Hcom (Γ, Γ) ⇒ Scom (Γ, Γ) ���� ¬Scom (Γ, Γ) ⇒ ¬Hcom (Γ, Γ)

Hcom (Γ, Γ)

Scom (Γ, Γ) ! (at{8} ∧ at{28}) =⇒ (Scom1(Γ, Γ) ∧ Scom2(Γ, Γ) ∧ Scom3(Γ, Γ) ∧ Scom4(Γ, Γ))

!
at{8} ∧ at{28} ∧

4"

i=1

¬Scomi(Γ, Γ)
#
=⇒

4"

i=1

¬Hcomi(Γ, Γ)
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:

Scom1 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29 ∈ N . Γ ∈ Γ ∧ rf⟨L0iki
, ⟨30:,

ℓ30, 1⟩⟩ ∈ Γ ∧ rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ rf⟨L1ℓnℓ
,

⟨0:, , 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨0:, , 1⟩⟩ ∈ Γ
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:

���

Scom2 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i9 ∈ N . Γ ∈ Γ ∧ rf⟨L0iki
, ⟨30:,

ℓ30, 1⟩⟩ ∈ Γ ∧ rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ rf⟨L1ℓnℓ
,

⟨0:, , 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ ∈ Γ

����������������������������������������
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:

���

Scom3 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i10 ∈ N . Γ ∈ Γ∧rf⟨L0iki
, ⟨30:,

ℓ30, 1⟩⟩ ∈ Γ ∧ rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ ∧ rf⟨L1ℓnℓ
,

⟨10:, i10, 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨0:, , 1⟩⟩ ∈ Γ
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Scom4 ! ¬(∃i, ki, ℓ, nℓ, ℓ30, ℓ29, i10, i9 ∈ N . Γ ∈ Γ ∧ rf⟨L0iki
,

⟨30:, ℓ30, 1⟩⟩ ∈ Γ∧rf⟨F0i, ⟨29:, ℓ29, 1⟩⟩ ∈ Γ∧rf⟨L1ℓnℓ
,

⟨10:, i10, 1⟩⟩ ∈ Γ ∧ rf⟨F1ℓ, ⟨9:, i9, 1⟩⟩ ∈ Γ

{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:
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rf
w

r

✗

✓

w
rf

(no prophecy)
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: f[cut] 28: f[cut]

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:

cut
po

po

rf

enum fences = ’cut
instructions F[{’cut}]

let cut = (tag2events(’cut) * tag2events(’cut)) & ext
irreflexive rf; po; cut; po
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: f[cut] 28: f[cut]

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:

cut
po

po

rf

1

34

2
�������

{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: do {i} 21:do {ℓ}
2: do {ji} 22: do {mℓ}
3: r[] Rl0 latch0 {! L0iji

} 23: r[] Rl1 latch1 {! L1ℓmℓ
}

4: while (Rl0=0) {ki} 24: while (Rl1=0) {nℓ}
5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 {! F0i} 26: r[] Rf1 flag1 {! F1ℓ}
7: if (Rf0̸=0) then 27: if (Rf1̸=0) then

8: f[cut] 28: f[cut]

(* critical section *) (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

11: fi 31: fi

12:while true 32:while true

13: 33:

cut
po

po

rf

1

24

3
�����

irreflexive rf; po; cut; po

�

�

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

��������������

��

������������������������������������������������������������������������������������������������������������������������������������ ���������������������������������������������������������������������������������������������

������������������������������������

� ��������������������������������������������
���������������������������������� 
 
 
 
 
 
 
 
⟹������������������������������������������ 
⟹�������������������������������������������������

�� ����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�������������������������������
� �����������������������������������������������������

���������rf 
� ��������������������������������������������Γ����
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}
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Γrf�
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� ���latch1��������������������
������������������������

� ���latch1 ��������������
�������������

���������������������������������������

falsefalse

✘

✔
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}
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Γrf�
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}

false false
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Γrf�
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}

false false
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Γrf�
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}

false false
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Γrf�
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}

false false
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}

false

false
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{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}
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� ������������������������������������������������

�������������������������������������������������������
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������������P1��������������������
� ����������������������������

�����������������������������
Γrf�

� P1������������������������������
������������������

� ����������Rl1����������������
���

� ��������Rf1�����������������
� ����������������������������
� ����������������������������

����

{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {true} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

6: {r1Rl0i
ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}

false
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� ������������������
� ��������Rl0����������������������
� ������������������������������������

������
� ��������Rf0����������������������

�������������������

false

{0: latch0 = 0; flag0 = 0; latch1 = 1; flag1 = 1; }
1: {true} 21:{true}

do {i} do {ℓ}
2: {Γrf} 22: {true}

do {ji} do {mℓ}
3: {true} 23: {true}

r[] Rl0 latch0 {! L0iji
} r[] Rl1 latch1 {! L1ℓmℓ

}
4: {Rl0 = L0iji

∧
(r0Rl0i

ji
[Γrf ] ∨ r1Rl0iji

[Γrf ])}
24: {Rl1 = L1ℓmℓ

∧
(r0Rl1ℓ

mℓ
[Γrf ] ∨ r1Rl1ℓmℓ

[Γrf ])}
while (Rl0=0) {ki} while (Rl1=0) {nℓ}

5: {r1Rl0i
ki
[Γrf ]} 25: {r1Rl1ℓ

nℓ
[Γrf ]}

w[] latch0 0 w[] latch1 0

{r1Rl0i
ki
[Γrf ]}

f[fdep] {3} {6}
6: {r1Rl0i

ki
[Γrf ]} 26: {r1Rl1ℓ

nℓ
[Γrf ]}

r[] Rf0 flag0 {! F0i} r[] Rf1 flag1 {! F1ℓ}
7: {r1Rl0i

ki
[Γrf ] ∧ Rf0 = F0i ∧

(r0Rf0i[Γrf ] ∨ r1Rf0i[Γrf ])}
27: {r1Rl1ℓ

nℓ
[Γrf ] ∧ Rf1 = F1ℓ ∧

(r0Rf1ℓ[Γrf ] ∨ r1Rf1ℓ[Γrf ])}
if (Rf0̸=0) then if (Rf1̸=0) then

8: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 28: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

(* critical section *) (* critical section *)
w[] flag0 0 w[] flag1 0

9: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 29: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] flag1 1 w[] flag0 1

10: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

f[flw] {29} {30}
30: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

w[] latch1 1 w[] latch0 1

11: {r1Rl0i
ki
[Γrf ] ∧ r1Rf0i[Γrf ]} 31: {r1Rl1ℓ

nℓ
[Γrf ] ∧ r1Rf1ℓ[Γrf ]}

fi fi
12: {true} 32: {true}

while true while true
13:{false} 33:{false}
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 fre

fences

fences

withco 
let l-fencerel(S) =  
          ((po&(_*S));po)&fromto(S) 
let Fdep = F & tag2events('fdep) 
let deps = l-fencerel(Fdep) & (R*_) 
let Flw = F & tag2events('flw) 
let flw = l-fencerel(Flw) 
let fences = deps | flw 
let fre = (rf^-1;co) & ext 
irreflexive fre;fences;rfe;fences
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Γrf�

� ���latch0�����������������
latch1������������

� ���latch0�����������������
��������������

� ���10: w latch1 1��������
���������������������������
�����������������������������
�����������������������������

� ����3: Rl0 latch0 0����
�������������

� ���30: w latch0 1�������
�����������������������������
���������������������
�����������������������
�����������������

� ��������������������
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{0: w latch0 0; w latch1 1;

w flag0 0; w flag1 1;}
... ... ... ...

3: r Rl0 latch0 1 23: r Rl1 latch1 1

5: w latch0 0 25: w latch1 0

6: r Rf0 flag0 1 26: r Rf1 flag1 1

8: (* critical section *) 28: (* critical section *)

w flag0 0 w flag1 0

f[flw] {25:} {29:}
9: w flag1 1 29: w flag0 1

f[bar] {5:} {10:}
10: w latch1 1 30: w latch0 1

... ... ... ...

3: r Rl0 latch0 1 23: r Rl1 latch1 1

5: w latch0 0 25: w latch1 0

6: r Rf0 flag0 1 26: r Rf1 flag1 1

8: (* critical section *) 28: (* critical section *)

w flag0 0 w flag1 0

f[bar] {25:} {29:}
9: w flag1 1 29: w flag0 1

f[bar] {5:} {10:}
10: w latch1 1 30: w latch0 1

... ... ... ...

3: r Rl0 latch0 0 23: r Rl1 latch1 0

3: r Rl0 latch0 0 23: r Rl1 latch1 0

... ... ... ...

bar bar

co
f[bar]
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{0: w latch0 0; w latch1 1;

w flag0 0; w flag1 1;}
... ... ... ...

3: r Rl0 latch0 1 23: r Rl1 latch1 1

5: w latch0 0 25: w latch1 0

6: r Rf0 flag0 1 26: r Rf1 flag1 1

8: (* critical section *) 28: (* critical section *)

w flag0 0 w[] flag1 0

9: w flag1 1 29: w[] flag0 1

10: w latch1 1 30 w[] latch0 1

... ... ... ...

3: r Rl0 latch0 1 23: r Rl1 latch1 1

5: w latch0 0 25: w latch1 0

6: r Rf0 flag0 1 26: r Rf1 flag1 0

8: (* critical section *) ... ...

w flag0 0 23: r Rl1 latch1 1

9: w flag1 1 25: w latch1 0

10: w latch1 1 26: r Rf1 flag1 0

... ...

3: r Rl0 latch0 0 ... ...

3: r Rl0 latch0 0

3: r Rl0 latch0 0 ... ...

... ...
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{0: w[] latch0 0; w[] latch1 1;

w[] flag0 0; w[] flag1 1;}
... ... ... ...

3: r[] Rl0 latch0 1 23: r[] Rl1 latch1 1

5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 1 26: r[] Rf1 flag1 1

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30 w[] latch0 1

... ... ... ...

3: r Rl0 latch0 1 23: r[] Rl1 latch1 1

5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 1 26: r[] Rf1 flag1 0

8: (* critical section *) 28: (* critical section *)

w[] flag0 0 23: w[] flag1 0

9: w[] flag1 1 29: w[] flag0 1

10: w[] latch1 1 30: w[] latch0 1

... ... ... ...

3: r[] Rl0 latch0 1 23: r[] Rl1 latch1 1

5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 0 26: r[] Rf1 flag1 0

... ... ... ...

3: r[] Rl0 latch0 1 23: r[] Rl1 latch1 1

5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 0 26: r[] Rf1 flag1 0

... ... ... ...

3: r[] Rl0 latch0 1 23: r[] Rl1 latch1 1

5: w[] latch0 0 25: w[] latch1 0

6: r[] Rf0 flag0 0 26: r[] Rf1 flag1 0

... ... ... ...
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