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We study transformational program logics for correctness and incorrectness that we extend to explicitly
handle both termination and nontermination. We show that the logics are abstract interpretations of the
right image transformer for a natural relational semantics covering both finite and infinite executions. This
understanding of logics as abstractions of a semantics facilitates their comparisons through their respective
abstractions of the semantics (rather that the much more difficult comparison through their formal proof
systems). More importantly, the formalization provides a calculational method for constructively designing
the sound and complete formal proof system by abstraction of the semantics. As an example, we extend
Hoare logic to cover all possible behaviors of nondeterministic programs and design a new precondition
(in)correctness logic.
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1 INTRODUCTION

In verification, the focus is on which program properties can be expressed and proved. We discuss
transformational (or Hoare’s style) logics characterized by formulas expressing program properties
that relate initial/input values of variables to their final/output values, nontermination, or runtime
errors (or inversely final to initial) and a Hilbert-style proof system [Hilbert and Ackermann 1959,
§10] to prove that a program has a property expressed by a formula of the logic (but not that a
given program does not have a property expressed by a formula of the logic or that no program
can have this property [Kim et al. 2023]). Examples are Hoare’s logic [Hoare 1969] and the reverse
Hoare logic [de Vries and Koutavas 2011] aka incorrectness logic [O’Hearn 2020].

1.1 The Classic Proof-Theoretic Approach

The “classic approach” to the design of a Hoare style logic follows the proof-theoretic semantics
in logic originated by Hilbert, Gentzen, Prawitz, and others [Piecha and Schroeder-Heister 2019].
The true program properties are the provable ones, which is also the idea of “axiomatic seman-
tics” [Winskel 1993], that is, Floyd’s idea that a program proof method is “Assigning Meaning to
Programs” [Floyd 1967]. First the syntax of program properties is defined (e.g. P{C}Q, {P}C{Q},
[P]C[Q]). Then proof rules are postulated (e.g. “If - P{Q}R and + R > S then + P{Q}S” [Hoare
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1969, page 578]). Finally, soundness and completeness theorems are proved to relate the logic prop-
erties to a more concrete/refined semantics (e.g. years after its design, Hoare logic [Hoare 1969]
was proved sound by Donahue [Donahue 1976] (with respect to a denotational semantics) and
sound and relatively complete by Pratt [Pratt 1976] (with respect to a relational semantics exclud-
ing nontermination) and Cook [Cook 1978, 1981] (with respect to an operational trace semantics)).
This design method has perdured over time, even if, nowadays, soundness and completeness proofs
are often published together with the logic (e.g. [Bruni et al. 2023; Dardinier 2023; de Vries and
Koutavas 2011; Gotsman et al. 2011; Moller et al. 2021; O’Hearn 2020; Vanegue 2022; Zhang et al.
2022; Zhang and Kaminski 2022; Zilberstein et al. 2023] a.0.). Therefore, in this “classic approach”
the program properties of interest (partial correctness, total correctness, incorrectness, etc) are the
one provable by the proof system, while soundness and completeness theorems aims at connecting
the provable properties to the program semantics.

1.2 The Model-Theoretic Semantic Abstraction Approach

In this paper, we consider an alternative “semantic abstraction approach” which is based on Tarski’s
truth paradigm [Tarski 1933] in model theory and the abstract interpretation of the semantics of
languages [Cousot 2021; Cousot and Cousot 1977]. First, a formal semantics is specified for the lan-
guage (preferable using structural fixpoints or deductive proof systems). This induces a collecting
semantics defining the strongest (hyper) property of programs. Then the program properties of
interest for the logic are specified by a Galois connection abstracting the collecting (hyper) prop-
erties. The abstraction is usually the composition of several primitive ones, in the spirit of [Cousot
and Cousot 2014]. Varying the primitives and their composition yields different logics. At this
point, the logic is precisely and fully determined since all expressible properties of all programs
have been formally specified. For example, the logic can be compared and combined with other
logics (see e.g. Figs. 1, 2, 3 and the taxonomy in Sect. 1.3.14). Finally the rules of the proof system
are designed by calculus using fixpoint abstraction (Sect. II.2), fixpoint induction principles (Sect.
I1.3), and Peter Aczel [Aczel 1977] construction of deductive rule-based systems from fixpoints, or
conversely (Sect. IL.5).

The advantage is that reasoning on abstractions of program properties is much more concise
and easy than reasoning on proof systems. This clearly appears e.g. in Fig. 2 comparing 40 logics
by combining only 8 abstractions (plus one, common to all logics defining “transformational”).
Fig. 2 is itself part of the lattice of abstract interpretations of [Cousot and Cousot 1977, section
8] including many logics whose abstraction is given in this paper. Another advantage is that the
proof system is derived by calculus so sound and complete by construction.

1.3 The Structure of the Paper

The paper has two main parts. In the first part, we characterize the semantics of a transformational
logics, i.e. the true formulas (a theory in logic), as an abstract interpretation of the program (collect-
ing) semantics. This allows us to provide a taxonomy of transformational semantics by comparing
their abstractions, without referring to their proof systems.

After showing that theories of logics are set abstractions of the program (collecting) semantics
in the first part, we have to design the corresponding proof systems in the second part.

Aczel has shown that deductive rule-based systems and set-theoretic fixpoint definitions are
equivalent [Aczel 1977]. Therefore we first define the program semantics in fixpoint form, then
abstract this semantics to get a fixpoint definition of the theory of the logic, and finally apply
Aczel’s method to derive the equivalent proof system. The proof system is then sound and complete
by construction.

Hyper references @ refer to the full paper on Zenodo [Cousot 2024]. 10.5281/zenodo.10439108
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Part I: Design of the Theory of Logics by Abstraction of the
Program Semantics

In part I, we show that the theory (or semantics) of transformational logics are abstractions of
the relational semantics of programs, which leads to a taxonomy of transformational logics, as
well as, to their combinations. The meaning or semantics of a logic is the set of true formulas of
that logic which is also called the theory of the logic. So we use “theory” for the meaning of a logic
and “semantics” for the meaning of a program or a programming language.

1.1 RELATIONAL SEMANTICS

“Relational” means that the semantics defines a relation between initial states of executions and
final states or L to denote nontermination (as conventional in denotational semantics [Scott and
Strachey 1971]). Our notations on relations are classic and defined in the appendix @.

1.1.1 Structural Deductive Definition of the Natural Relational Semantics

We consider an imperative language S with assignments, sequential composition, conditionals,
and conditional iteration with breaks. The syntax is S € S=:=x = A | x = [a,b] | skip | $;S |
if (B) S else S | while (B) S | break. The nondeterministic assignment x = [a, b] with a ¢
Zu{-oco}andbeZuU{oo}, —00 —1=-00, 00 + 1 = 0o may be unbounded. break is a simple form
of exception (to answer a question on exceptions by Matthias Felleisen at POPL 2014 [Cousot and
Cousot 2014]).

States 0 € = = X — V (also called environments) map variables x € X to their values o(x) in V
including integers, Z € V. We let 1 ¢ 3 denote nontermination with 3, =3 u {1}.

We deliberately leave unspecified the syntax and semantics of arithmetic expressions A[A] €
3 — V and Boolean expressions B[B] € p(X) ~ = — {true, false}. The only assumption on expres-
sions is the absence of side effects.

The relational semantics [S], of a command S € S is an element of (3 x 2, ). Formally, (o,
c') € [S] . means that an execution of the nondeterministic command S from initial state o € ¥ may
terminate in final state ¢’ € ¥ or may not terminate when ¢’ = 1. (The relational semantics could
have been proven to be the abstraction of a finite and infinite trace semantics [Cousot 2021].) The
right-image Ao+ {c’ € 2, | (0, o’} € [S].} of the natural relational semantics [S], is isomorphic
to Plotkin’s natural denotational semantics [Plotkin 1976]. Such natural relational semantics have
been originated by Park [Park 1979].

We partition the relational natural semantics into the semantics [S]¢ € (2 x 3) of statement
S terminating/ending normally, the semantics [S]® € p(Z x %) of statement S terminating by a
break statement, and the semantics [S]* € @(2 x {1}) of nontermination 1. Therefore [S], =
[s]€ u [s]® u [s]*. The angelic semantics

[s] ¢ [sI°Vls® = [sl.n(ZxZ) (1
ignores non termination.

We follow the tradition established by Plotkin [Plotkin 2004a,b] to define the program semantics
by structural induction (i.e. by induction on the program syntax) using a deductive system of
rules. We extend the semantics of the deductive system using bi-induction combining induction
for terminating executions and co-induction for nonterminating ones [Cousot and Cousot 1992,
1995, 2009].

b
Let us write judgements ¢ - S = ¢’ for (o, o) € [S]¢, o - S = ¢ for (o, o’) € [5]”, and

o~ S = for (o, L) € [S]*. Moreover, for the conditional iteration statement W = while (B) S, we
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write 0 — W = ¢’ to mean that if o is a state before executing W, then ¢’ is reachable after 0 or more
iterations of the loop body (so o = ¢’ for 0 iterations, before entering the loop in case (2.a)). We

have the axiom and inductive rule for iterations W

i BlBlo, o+s= o o W= o
@ orW=o (b) [e]

l. @)
o-W=d"
The following axioms define termination (these are axioms since the precondition has been previ-

ously established either by = or by structural induction). (3.b) is for termination by a break.

: . )
crW=o/, B[-8]o’ c-W=o', B[Blo’, o rs=>o"

(a) (b)

e 2 ®)
o-W=o' o-W=o"

The following axiom and co-inductive rule define nontermination (the left rule is an axiom since

the precondition has already been defined either by = or by structural induction). Rule (4.b) right-
marked oo is co-inductive.

(a)

1 oo e oo
orW=d', B[Blo, o+s= B[slo, oc+S=0o, o' +wW=
(b) oo (4)

oo oo
oFW= oF-W=

1.1.2 State Properties, Semantics Properties, and Collecting Semantics

We define properties in extension as the set of elements of a universe U that have this property. So
false is @, true is U, logical implication is S, disjunction is U, conjunction is N, negation is -P £ U\P
and (p(U), @, U, U, N, =) is a complete Boolean lattice [Gritzer 1998].

For example, properties of states o € 3, (considered to be the universe) belong to (3, ). The
singleton {1} is the property “not to terminate”, @ is “false”, {01, ..., 0,} S X is “to terminate with
any one of the states oy,...,0, € 3%, {01,...,04, L} is © “to terminate with any one of the states
01,...,0p € X or not to terminate”, 3 is to terminate, 3, is “true” i.e. “to terminate with any state
in X or not to terminate” (the common alternative to terminate with an error is assumed to be
encoded with some specific values in the set 3 of states).

Let [[S]. € p(Zx3,) be the natural relational semantics of programs S € S in Sect. I.1.1. When de-
fined in extension, semantic properties belong to g (p (3 x X, )). The program collecting semantics
{s.} = {[s.]} e p(p(= x Z,)) is the strongest (hyper) property of program S.

1.2 GALOIS CONNECTIONS

Galois connections [Cousot 2021, Ch. 11] are used throughout the paper. They formalize correspon-
dences between program properties which preserve implication and one is less precise/expressive
than the other. The interest is that proofs in the abstract are valid in the concrete (or equivalent
in case of Galois isomorphisms). Moreover, there is a most precise way to abstract any concrete
property or logic, which provides a guideline for calculational design of logics from a program
semantics. The definition and properties of Galois connections are recalled in the appendix @.

1.3 THE DESIGN OF A NATURAL TRANSFORMATIONAL LOGIC THEORY BY
COMPOSING ABSTRACTIONS OF THE NATURAL RELATIONAL SEMANTICS

A program logic consists of formal statements some of which are true and constitute the theory
of the logic. Our objective in this section is to characterize the theory of transformational log-
ics by abstraction of the natural relational collecting semantics. This abstraction is obtained by
composition of basic Galois connections and functors introduced in this section.

Example1.3.1. The body fact = while (n!=0) { f = f x n; n = n - 1;} of the factorial f = 1;
fact can be specifiedas {n = nAf =1} fact {(n 2 0Af =ln)v(n < 0An = f = 1)} where, following
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Manna [Manna 1971], x or xo denotes the initial value of variable x in the postcondition. When
later incorporating break statements, the specification willbe {n = nAf = 1} fact {ok : (n 2 OAf =
Im)v(n<0An=f=1), br:false}.

Assuming P + & (false) and 1 ¢ Q, {P}S{Q} specifies total correctness, as does Manna and Pnueli
logic [Manna and Pnueli 1974]. {P}S{ 1} specifies definite non termination. Otherwise, when 1 € Q,
{P}s{Q} expresses partial correctness, as does Hoare logic [Hoare 1969].

By adding auxiliary variables (see Sect. E.1 in the appendix), this specification can also be par-
tially formulated by two Hoare triples {n = n > 0 A f = 1} fact {f =!n} (although not ensuring
termination) and {n < 0 A f = 1} fact {false} (ensuring nontermination) but the conjunction of
Hoare triples is not a Hoare triple and anyway the partial specification cannot preclude nontermi-
nation when n > 0.

This specification cannot be expressed by Manna and Pnueli [Manna and Pnueli 1974] logic
since the program is not totally correct.

The theory of the adequate logic (that we call the natural transformational over approximation
logic) will be formally specified in (13) as {P}S{Q}, P € p(Zx2), Q € p(E x 3, ) if and only if ¥{(g,
ag)eP . Vo' . (o, o')e[s]. = (o, 0’} € Q. The proof system of this logic is designed in Sect. I1.8.1.
u

1.3.1 Collecting Semantics to Semantics Abstraction

The collecting semantics of a program component is its strongest property, so transformational
logic statements are weaker abstract properties that we specify by composition of Galois connec-
tions. The first abstraction ¢ abstracts hyper properties into properties.

Let D be aset (e.g. D = Zx 3, for the natural relational semantics of Sect. I.1.1). There is a Galois
ronmection (6(p(D). €) == (p(D), <) ©)
where ac(P) £ UP is surjective and yc(S) = p(S) is injective (since ac(P) € S <= UP c S <
Pcp(S) < Pcyc(S)).

Example 1.3.2. If D is a set of finite or infinite traces, [S], defines the finite or infinite execution
traces of S, {|S[}, is the strongest hyper property of program s [Clarkson and Schneider 2010], and
ac({sf},) = [s]. is the strongest semantic property of S (called a trace property in [Clarkson and
Schneider 2010]). [ |

Our first abstraction is therefore ac({sf},) = ac({[s].}) = [S]. where this natural relational
semantics defines in Sect. I.1.1 specifies the program properties of interest.

1.3.2 Semantics to Relational Postcondition Transformer Post Abstraction

While the natural relational semantics establishes a relation between initial and final states or
nontermination, the postcondition transformers establish a relation between properties of initial
states and properties of final states or nontermination. The postcondition may be an assertion
on final states only (as in Hoare partial correctness logic [Hoare 1969]) or a relation between
initial and final states (as in Manna partial correctness [Manna 1971]). The postcondition may also
include nontermination. Although Hoare logic is assertional, the initial values of variables can be
recorded into auxiliary variables (see Sect. E.1 in the appendix). We start with the relational case
since assertional property transformers are abstractions of relational ones (as shown in Sect. 1.3.6).

The relational postcondition transformer Post is also called the relational forward/right-image/
post-image/strongest consequent/strongest post condition.

Post P(XxY) > p(Z2xX) > p(ZxX)
Post(r)P {{00, o’) | 3o . {00, c) € PA {0, 0') €1} (6)

m

13
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Post(ac({s[},))P = Post[S] . P is a relation between initial states ¢ related to oy satisfying the
precondition P and final states ¢’ related to oy upon termination of S or ¢’ = 1 in case of nonter-
mination. This is the basis for the natural relational transformational logic (as in example 1.3.1 and
Sect. I1.8.1), except for the use of a transformer instead of logic triples. We will later prove in (35)
that Post is the lower adjoint of a Galois connection.

Example 1.3.3. Incrementation is characterized by Post(x = x+1)(x = x¢) = (x = x¢ + 1) which,
representing the semantics and relational properties as sets, is Post({{x, x + 1) | x € Z}){(xo,
x)|x=x0€Z}={{x0,x") | Ix . (x0,x) € {{x0,x) | x =x0 € Z}A{x,x") € { {3, x+1) | x € Z}} = {{x0,
Xo + 1) | xo € Z}. Here, oy is the initial value of the variables before the assignment but, in general,
this initial relation can be arbitrary. More generally, Floyd’s strongest postcondition for assignment
x := A [Floyd 1967] is Post[x := A]P = {{0o, ¢’} | 3o . (00, 0) € PA o’ = o[x « A[A]c]}. ]

1.3.3 Relational Postcondition Transformer to Antecedent/Consequent Pairs

Transformational logic triples {P}s{Q} associate pairs (P, Q) of predicates to each program com-
mand S € S. So the theory of the logic is the set {(P, Q) | {P}s{Q}} for each statement S. For
the natural transformational logic, this theory contains the graph of the Post([S], ) function. Con-
versely, from this graph, we can recover the strongest valid triples {P}s{Q}. (Notice that we say
“contains” not “is” and “strongest” since, in absence of a consequence rule, the graph does not
contain all valid triples, only the {P}s{Post([[S] )P} ones. Consequence rules will be introduced
thanks to another abstraction discussed in next Sect. 1.3.4.)

More generally, a function f € X — ) is isomorphic to its graph ag(f) = {{x, f(x)) | x € X}.

This graph ag(f) is a functional relation. We have the Galois isomorphism ®
¥G
(X =V, =) — (prun(X x V), =) ™)
where yG(r) 2 Ax « (y such that (x, y) € r) is uniquely well-defined since r is a functional relation.

We have ®
ag(Post(ac({sl},))) = {(P, {{ov, ¢') |30 (00, 6) e PA (0, o) € [S]1}) [Pep(ExZ)} (8)

So ag(Post(ac({s]},))) is the set of pairs (P, Q) such that Q is the strongest relational postcondi-
tion of P for the natural relational semantics [S] ;. It is not a program logic since, as was the case
for transformers, it is missing a consequence rule.

Example1.3.4. Floyd/Hoare logic rules [Hoare 1978] provide the strongest assertional post-condi-
tion except for the iteration and consequence rule, e.g., {P}skip{P} is {P}skip{post([skip])P}
(see (10) below for the classic definition of post). But excluding the consequence rule and using
the following iteration rule (for bounded nondeterminism)

=P, VYneN.{I"aB}s{I"!} 0
{P}while (B) S{3neN.I* A =B} ©)
would yield the strongest post condition in all cases. [ ]

1.3.4 Weakening and Strengthening Abstractions

Following [Burstall 1969] to make program proofs using the natural relational semantics proof
rules 2-4, or, by (8), the transformer Post([S].) or, isomorphically by (7), its graph {{P, {{ov,
o'y | 3o . {00, ) ePA{o, 0"V e[S].}) | Pep(Zx2)} ep(p(Zx32) xp(T x2,)) is inadequate
since the semantics describes executions exactly, without any possibility of approximation.

In contrast, as first shown by Turing [Morris and Jones 1984; Turing 1950], using executions
properties is the basis for elegant and concise program correctness proofs since it allows for ap-
proximations.
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This is even implicitly acknowledged by the most enthusiastic supporter of transformers. Edsger
W. D. Dijkstra in [Dijkstra 1976] has chapters 0 to 4 defining predicate transformers until chapter
5 introducing properties weakening by implication (i.e. one form of approximation) as well as
the “Fundamental Invariance Theorem for Loops” (i.e. fixpoint induction Th. I1.3.1 replacing the
strongest loop invariant by weaker ones). Moreover, in chapter 6, it is explained how “to choose
an appropriate proof for termination” (for bounded nondeterminism). Iterative program design
and proofs are only considered after over approximation (invariance) and under approximation
(for termination) have been introduced, from chapter 7 on. We have to do the same, but for any
transformer (including Post[S],).

For that purpose, we introduce weakening and strengthening abstractions. Consequence rules,
understood as an abstraction losing precision on program properties, will be a specific instance
for a specific transformer. We also need compatible general induction principles to handle loops
(of which invariance and (non)termination will be specific instances). Such induction principles
are not relative to expressivity but to proofs, and so will be considered in part 2 of the paper.

1.3.4.1 The Over Approximation Abstraction. Pairs of properties (P, Q) € R € p(p(X) xp(Y)) can
be approximated by weakening or strengthening P and/or Q. For Hoare logic [Hoare 1969], we
can strengthen P by P’ € P and weaken Q by Q’ such that Q € Q'. This is the over approximation
abstraction post(2,C)R = {(P/, Q') | 3(P, Q) e R. (P, Q) 2,c (P!, Q')} = {{P’, O’} | 3(P, Q) € R.
PoP'AQc Q' ={(P, Q)| 3P, Q) eR.P' cPAQcQ'} by defining the classic assertional
right image transformer (denoted Xr in [Pratt 1976])

post(r)X = {y|3xeX.(x, y)er} (10)
and the component wise ordering &, < on pairs
(v, yye,<(x,y) =2 xcx'Ay=<y (11)
If r € (X x V), we have the classic Galois connection
P(X). 9 == (), ) (12

where pre(r)Q = {x | Vy . (x, y) e r = y € Q} (see example C.1 in the appendix). The theory of
the natural transformational over approximation logic is therefore @

post(2,€)(ac(Post[s].)) = {(P. Q)| Post[s].P < Q} (13)

= {(P. Q)| ¥{on, o) e P. Vo' . (0, o) € [s]. = (00, 0’) € O}

that is, for any initial state o related to oy by the precondition P and any final state ¢’ of S, possibly
1, the pair {0y, o) satisfies the postcondition Q, as considered in example 1.3.1. The difference with
the interpretation of Manna and Pnueli total correctness logic [Manna and Pnueli 1974] is that we
may have (o9, 1) € Q thus allowing possible nontermination for some initial pair of states (o, o)
of P. Therefore we can both express both total and partial correctness plus nontermination when
Q = 3 x {1}. With this convention, only one of Dijkstra’s weakest preconditions transformers
[Dijkstra 1975, 1976; Dijkstra and Scholten 1990] is needed since wlp(S,Q) = wp(s,Q u {L}).
This is similar to the classic characterization of Hoare logic by a forward transformer, {P}s{Q}
if and only if post[S]P = Q given by [Pratt 1976, equation (S), p. 110] or, equivalently by (12),
P = pre[S]Q [Pratt 1976, equation (w), p. 110] (except that in (13), P and Q are relational and take
nontermination into account). By (12), the abstraction post(2, <) is the lower adjoint of a Galois
connection.

1.3.4.2  The Under Approximation Abstraction. For the natural transformational under approxima-
tion logic, as well as reverse Hoare logic [de Vries and Koutavas 2011] aka incorrectness logic
[O’Hearn 2020], we can weaken P by P’ 2 P and strengthen Q by Q' such that Q 2 Q’. This is the
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under approximation abstraction post(S,2)R = {{(P’, Q") | (P, Q) e R . (P, Q) c,2 (P!, Q')} =
{(P, QY| (P, Q)eR.PCP AQ2Q"} ={(P, Q")| I(P, Q) e R.Pc P AQ' € Q} which is the
consequence rule called Symmetry in [O’Hearn 2020, Fig. 1] and Consequence in [O'Hearn 2020,

Fig. 2].
The theory of the natural transformational under approximation logic is therefore @
post(S,2)(ag(Post[s].)) = {(P, Q)[Q < Post[s].P} (14)

{P, Q)| VY{(0oo, 6) e P. V5" . {00, ') € Q= (0, &) e [S].}

that is, for any initial state o related to oy satisfying the precondition P and any final state ¢’ related
to g, possibly 1, if the pair (oy, o’} satisfies the postcondition Q then there exists an execution
of S from o to ¢’ (possibly non termination). The difference with reverse Hoare logic [de Vries
and Koutavas 2011] aka incorrectness logic [O’Hearn 2020] is that we may have (o, 1) € Q thus
allowing possible nontermination for some initial states (o9, o) of P so we can both express total
and partial correctness plus nontermination when Q = 3 x {1}.

Up to the use of relations instead of assertions and the consideration of nontermination L, this is
similar to the classic characterization of reverse Hoare logic aka incorrectness logic by a forward
transformer, {P}s{Q} if and only if Q = post([S])P given by [de Vries and Koutavas 2011, section
5] and [O’Hearn 2020, Lemma 3.(2)], showing that both logics have the same semantics/theory
(again up to nontermination and relational postconditions). By (12), the abstraction post(g,2) is
the lower adjoint of a Galois connection.

1.3.4.3  The Incorrectness Logic is Insufficient to Prove That All Alarms in Static Analysis Are True
or False Alarms. Incorrectness logic [O’Hearn 2020] “was motivated in large part by the aim of
providing a logical foundation for bug-catching program analyses” [Le et al. 2022]. In particular
incorrectness logic is useful to prove that alarms in static analyzers are true alarms. This consists
in showing that the alarm is definitely reachable from some input. However, not all alarms are
reachable from initial states since static analyses are over approximating reachable states so that
unreachable code under the precondition may produce false alarms.

Example 1.3.5. Consider the factorial of example 1.3.1 specified by {f = 1} fact {f > 0}. This con-
tract is obviously satisfied since on exit f =!n > 0. However, an interval analysis of this program
with initially n € Z is totally imprecise and will produce an alarm on program exit with postcon-
dition Q = f < 0. This is a false alarm since the loop exit is unreachable. This unreachability is not
provable by incorrectness logic. This is provable by Hoare logic as {n < 0 A f = 1} fact {false}
but then we don’t want to use two different logics to prove incorrectness, the main motivation
for recent work on combining logics (e.g. [Bruni et al. 2023; Maksimovic et al. 2023; Milanese and
Ranzato 2022; Zilberstein et al. 2023], etc). This is also provable by the natural transformational
under approximation logic which extends incorrectness logic to nontermination, that is, in the
assertional form of Sect. 1.3.6, { L} € Post[fact] {n <0 A f = 1}, see example 11.8.2. ]

1.3.5 To Terminate or Not to Terminate Abstraction for Properties

Total correctness excludes nontermination while partial correctness allows it. This corresponds to
different abstractions of the natural relational semantics.

1.3.5.1 The Termination Exclusion Abstraction. We can exclude the possibility of nontermination
by the abstraction

aj(R) = {(P.Q)[(P.Q)eRAQN(Ex{1}) =2} (15)

excluding | from the postcondition. This is an abstraction by the Galois connection
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(p(p(Ex ) xp(3 x51)). €) = (p(p(Ex 2) xp(3 ¥ 5)), <) (16)
oy
with y3(R') =R' U {{P, Q)| @ (2 x {1}) # &} ®.

Example 1.3.6 (Manna and Pnueli total correctness logic). By eliminating the nontermination pos-
sibility from the postcondition of the natural transformational over approximation logic (13), we
get Manna and Pnueli logic [Manna and Pnueli 1974] with theory @

aj(post(2,€) (ac(Post[s]1))) = {(P, @~ (Ex{1}))[Post[s[,PcO~(Ex{1})} (17)
that is, for any initial state (o9, o) satisfying the precondition P, execution terminates in a final

state ¢’ such that the pair (og, 0’) satisfies the postcondition Q N3 x %). This is relational total
correctness since nontermination is excluded. ]

Another abstraction to specify total correctness is to consider a transformer for a modified se-
mantics [S|U{{ao, ') | (o, 1) € [S]L A0’ € £} returning any possible result in case of nontermina-
tion [Plotkin 1979] using Smyth powerdomain [Smyth 1978] so that it is impossible to make any
conclusion on final values in case of possible nontermination for an initial state. However, this is
an impractical basis for static analysis since the abstraction introduces great imprecision.

1.3.5.2  The Termination Inclusion Abstraction. We can include the possibility of nontermination

by the abstraction
d(R) = {(P.Qu(Ex{1}))|(P.Q)eR} (18)

allowing the possibility of nontermination for all input states by adding | to the postcondition.

This is an abstraction by a Galois connection @

2
L

Plp(Ex2) xp(Ex21)), €) =—= (p(p(2 x %) xp(2x2,)), €) (19)

2
ay

with y2(R) = {(P. Q) [ (P. Qu (2 x {1})) € R'}.
Example 1.3.7 (Manna relational partial correctness logic). Manna’s relational partial correctness
logic [Manna 1971] includes the nontermination possibility for all input states. Its theory is @

at (post(2.€)(ac(Post[s].))) = {(P. Qu(Zx{L}))]|Post[s].Pc Q} (20)
which is {(P, Q) e p(Z xZ) x p(Ex2) | V{09, o) € P. Yo' . (0, ') € [S] = (00, 0’} € O} when
using the angelic semantics [[S] i.e. any terminating execution started within P satisfies Q. [ ]

So to prove partial correctness, we essentially add the possibility of nontermination to postcon-
ditions in p(Z x X, ). However, for partial correctness, postconditions are traditionally chosen in
©(Z x 2) not p(X x X ). This equivalent alternative uses the Galois connection @

27
I
(P x3) xp(Ex31)), €) =——= (p(p(E x 2) xp(2 x %)), €) (21)
with , S ,
af (R) = {(P.QN(Zx2))[(P.Q)eR}  yI(R) = {{P.Q)[({P.QN(2x3))eR’}

Example 1.3.8 (Manna relational partial correctness logic, continuing example 1.3.7). In that case,

the theory of Manna’s logic is @

ai,(post(g, S)(ag(Post[s].))) = {(P,ONn(ZxX))|Post[s].PcQ} (22) ]

1.3.6 Relational to Assertional Abstraction

Since they relate initial pairs {0y, o) to final pairs {9, 0’), op € X, 0 € ), and ¢’ € Z, relational
logics have their theory in a set p(p(X x V) x p(X x Z)) while assertional logic theories are in
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p(p(Y) x p(Z)) where e.g. the postcondition is on final states and unrelated to the initial ones.
This is an abstraction by projection on the second component @

(P(X %), €) =5 (oY), ). (p(p(X x V) xp(X x 2)). &) = (ple () xp(2)). ©) (29

with e
ap(P) = {o]|30y. (00, 0) € P} yi(Q) = X xQ (24)
ap(R) = {{ap(P), @:2(Q)) [(P, Q) eR} Ye(R) = {{y2(P'), yp2(Q") [ (P, Q") € P}
Example .3.9. At this point we have got the theory of Hoare logic as the abstraction
relational
nontermination graph  semantics
| trans- collecting
assertional consequence former | semantics
i l l l l l !
O{H({]SI}L) = ap o a2 o post(2,€) ° ag © Post o ac({|S|}J_) (25)

{{(P, Q) |VoeP.Vo' .{(0,0')e[s].=0c"eQu{L}}
The set of valid Hoare triples {P}S{Q} is the set of pairs (P, Q) in a; ([S] 1) such that any execution
started in a state o of P, that terminates, if ever, does terminate in a state ¢’ of Q. ]

Example 1.3.10. Similarly the assertional abstraction 2 of Manna and Pnueli logic (17) yields
Apt and Plotkin generalization of Hoare logic to total correctness [Apt and Plotkin 1986, equation
(6), page 749] (generalizing [Harel 1979] using naturals to unbounded nondeterminism using or-
dinals, equivalently a variant function in well-founded sets, as first considered by Turing [Turing
1950] and Floyd [Floyd 1967]). [ |

Similarly, we can define an abstraction by projection on the first component
al(r) = r! ap = apoa! ypo 2 a oy (26)
so that by composition of Galois connections and isomorphisms (proposition B.1) and by the forth-
coming (27), we have Galois connection similar to (23) for (a1, y;1).
One may wonder why, for such a well-known result, we have considered so many successive
abstractions (six when including the abstraction (5) of the collecting semantics into the relational
semantics). There are three main reasons.

(1) The composition of Galois connections and isomorphisms is a Galois connection (Prop. B.1 in
the appendix). Since abstractions preserves existing joins and concretizations preserve existing
meets, we get “healthiness conditions” (such as [Hoare 1978, (H2), page 469]) as theorems,
not hypotheses. In absence of a Galois connection, there would be no unique, most precise
approximation, of the collecting semantics by a formula of the logic (e.g. [Gotsman et al. 2011]);

(2) By varying slightly the abstractions, we get a hierarchy of transformational logics (which ex-
tends the hierarchy of semantics in [Cousot 2002]), that we can compare without even knowing
their proof systems. This is the objective for the rest of this part I on the theories of logics;

(3) Knowing the program semantics and its abstraction to the theory of a logic, we can construc-
tively design, by calculus, a sound and complete proof system for this logic. This will be devel-
oped in part IL

1.3.7 The Forward Transformational Logics Hierarchy

We have built the theories of logics in Fig. 1 by composition of abstractions. The relational and as-
sertional logics are considered equivalent in practice by using an auxiliary program with phantom
variables recording the values of the initial or final variables (see Sect. E.1 in the appendix). By
allowing the explicit use of nontermination 1 in the postcondition, the over/under approximating
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antecedent/consequent logics subsume their approximations by a? or @ and «/: (including the
logics marked by circled numbers that do not look to have been considered in the literature).

Relational  Assertional

I 1
Manna & Pnueli ~ Apt & Plotkin
relational over approximating ~total correctness total correctness
antecedent/consequent logic o a2
L

Manna partial correct-

@ ness %2 Hoare partial
correctness

post(2, <)
ac Post aG

post(<, 2)
collecting relational postcondition

semantics semantics transformer antecedent/ .
{]Sil} [[SL] consequent pairs

reverse Hoare aka
incorrectness logic

relational under approximation
antecedent/consequent logic

Fig. 1. Forward semantics and logics

1.3.8 Singularities of Logics

1.3.8.1 Emptiness Versus Universality. The same way that false is satisfied by no element of the
universe in logic, some transformational logics have this emptiness property, meaning that some
programs satisfy no formula of the logic. This is the case of a nonterminating program for Manna
and Pnueli total correctness logic [Manna and Pnueli 1974]. Emptiness may look awkward since
using the deductive system to prove any specification will always fail.

The same way that true is satisfied by all elements of the universe in logic, transformational
logics may have the universality property, meaning that there exist programs for which any pair
(P, Q) for that program is in the logic (i.e. is satisfied in logical terms). For example, in Hoare logic,
{P}while (true) skip{Q} is satisfied for all P and Q. [P] S [false] is always true in incorrectness
logic [O’Hearn 2020]. Universality may look awkward since using the deductive system to prove
this obvious fact may be very complicated.

These phenomena have been criticized (e.g. emptiness for necessary preconditions [Cousot et al.
2013, 2011] in [O’Hearn 2020, section, page 10:28]) but are inherent to semantic approximation.

1.3.8.2  Correctness Versus Incorrectness. The use of a logic to prove correctness or incorrectness
is not intrinsic but depending upon the application domain. For example, termination is required
for most programs so that Manna and Pnueli logic is a correctness logic [Manna and Pnueli 1974].
However, operating systems should not terminate, and proving the contrary by Manna and Pnueli
logic [Manna and Pnueli 1974] would make it an incorrectness logic. Another example is the in-
correctness logic [O'Hearn 2020] which has the same theory as the reverse Hoare logic used by
[de Vries and Koutavas 2011] to prove correctness. The qualification of under or over approxima-
tion instead of correctness or incorrectness logics looks more independent of specific applications,
as suggested by [Maksimovic et al. 2023].

1.3.9 Backward Logics

Backward logics originates from the inversion abstraction (using the inverse program semantics
([s].)™") or the dual complement abstraction (stating the impossibility of the negation of a prop-
erty, which is called the duality principle for programs by Pratt [Pratt 1976, p. 110]) and the conju-
gate in [Dijkstra and Scholten 1990, equation (2) page 82]. They correspond to the commutative
diagram of [Cousot and Cousot 1977, page 241], also found on [Cousot and Cousot 1982, page 98]
(where inversion is ~! and complement is ~), diagrams which are extended to Fig. 2.
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1.3.9.1 The Inversion Abstraction. As noticed by [Pratt 1976, section 1.2], the inversion isomor-
phism transforms forward antecedent-consequent logics into backward consequent-antecedent
logics. For that purpose, let us define the relation isomorphic abstraction & !, its pointwise exten-

. -—1 . . e
sion @ , and the inverse transformer abstraction a~'.

at(r) = ! &(f) 2 atofoa N T) = d  oToa™ (27)
so that we have the following Galois isomorphisms &
-1
(p(X % V), €) == (p(Y x X), )
a4
(P(ZxX) > p(ZxV), &) = (p(X x Z) > p(V x Z), €) (28)

21

(P(X x V) > p(2xX) > p(Z2xD), &) === (p(V x X) > p(X x Z) > p(¥ x Z), €)

N

Using these Galois isomorphisms (28), we define the precondition transformer &
Pre = @ '(Post) = Ar-AQ-{(c, or) |30’ . {0, 0')ern(d’, or) € Q)} (29)

so that Pre(r)Q is the set of initial states o related to oy from which it is possible to reach a final
state ¢’ related to of satisfying the consequent Q through a transition by r.

1.3.9.2 The Complement Abstraction. The complement abstraction is useful to express that a pro-
gram property does not hold (e.g. to contradict a Hoare triple).

Let X be a set and X € p(X'). The complement abstraction is a(X) = =X (where =X = X' \ X
when X € p(X)). We have the Galois isomorphisms

(p(X), &) == (p(X),2) and  (p(X) 2) = (p(X), ) (30)

(which follow from X € Y < -X 2 =Y and --X = X and 1mphes De Morgan laws a~(UX) =
Na™(X) and a”(NX) = Ua"(X) since, in a Galois connection, a preserves existing joins and y
preserves existing meets).

1.3.9.3 The Emptiness and Non-Emptiness Abstraction. Negation is sometimes equivalent to an
emptiness or non-emptiness check. For example, —=(A € B) <> An-B # &. These are abstractions.

Emptiness Non-emptiness (31)
@)+ (P, Q)| 0ne(P) - 2) (@) 2 a0 d () = (1P, Q)| QN e(P) £ 2)
a?(r) =a ' (@?(r)) = {(P. Q) [Pn2(Q) =@} a®(r) 2a ' (a®(7)) = {(P. Q) | PN 7(Q) * &}
We have ® . YB

(2] =), €) == (p(¥ > ). ) (32)

o

and similarly Galois connections for the other cases ag a® and a®

1.3.9.4  The Complement Dual Abstractions. Pratt’s “Duality Principle for Programs” [Pratt 1976,
section 1.2], is similar the complement duality in classical logic i.e. something not false is true.

This can be stated for functions f by defining the complement dual abstraction a™ of functions
and its pointwise extension @ below, which yields the Galois connections as follows @

a(f) = —eofe- a (F) = Ax-a”(F(x)) (33)

with connections @ (p(X) = p()), €) Z«:»: ((X) = (), 2)
(P(2) > p(X) > (V).

IN-

) <= (p(2) > p(X) > p(¥), 3)

¢4

IN:
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where C is the pointwise extension of ¢, thatis, f € g <> VX € X' . f(X) € g(X), € is the pointwise
extension of C, etc.

Using this Galois connection (33), we define the dual complement transformers @

Post = a (Post) = Ar<AP-{(cy, ¢’)|Vo. (o, ') er = (oy, o) € P} (34)
Pre = & (Pre) = Ar-AQ-{(o, ar)|Vo' . (0, o')er= (o', or) € Q}
Ifrep(X x))then ®
o (Pre(r)) &' (Post(r))
(p(ZxX), <) (P(Z2xD),€) (p(XxZ2) <) (p(Yx2), <) (39)

Post(r) Pre(r)

1.3.10 The Hierarchical Taxonomy of Forward and Backward Transformational Logics

The composition of abstractions applied to Post[S], of Fig. 1 can also be applied to Post[s],,
Pre[s] ., and Pre[s], to get Fig. 2. Fig. 1 can be recognized at the bottom right of Fig. 2. We get

Assertional  Relational Relational ~ Assertional

1 az

2
o “
z
a, o) post(2,€) . post(2,€) % az
a ag
@ o < | prefs]. Post[s], o &
> post(c,2) post(<,2) =
a; s : apz
) @ . 9O @ @
% o s
IZ2 ai
@ L post(2,€) post(2,€) @ a2
N Pre[s], Post[s], a !
a .  — L0 o« O
“ s i3
> post(S,2) [[S]IL post(S,2) o]
a; 4 : ® 2
i P ®
S
1

Fig. 2. Hierarchical taxonomy of transformational logics

40 transformational logics with 40 different proof systems which understanding is reduced to the
composition of 9 abstractions (plus 2 to get Post[[S], by abstraction of the collecting semantics).
Adding the negation abstraction (30), we obtain 40 more logics to disprove program properties (see
sections [.3.14.6 to 1.3.14.6 and D.1 to D.6 for assertional logics), 160 logics with symbolic inversion
in Sect. 1.3.16, etc.

1.3.11

Theories of forward assertional logics in Fig. 1 are abstractions of theories of relational logics by a2
(and backward ones by a:). The more classic view [Pratt 1976] and recent followers a.o. [de Vries
and Koutavas 2011; O’Hearn 2020; Zhang and Kaminski 2022] directly abstract the program seman-
tics by the assertional transformer post (10) which is the abstraction of the relational transformer
post (6), as follows

B (0) 2 apoboys vi2A0eypo00au(Q) & (0) 2 Ar-af(O(r) ¥, = Ar-yi(r) (36)
a(0) 2 apofoyy yi 2 A0y o00an(Q) 6)(0) = Areaf(O(r)) ¥y = Areyi(r)

we have Galois connections' @

Abstraction for Assertional Logics

1 . i c uowon r . . . . .. . L
We write —, —, —>, —>, —>, and — respectively for increasing, continuous, non-empty join, arbitrary join (in-

cluding empty), non-empty meet, and arbitrary meet preserving functions.
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) é (p(X) > p(P). €) (37)
) s (p(X x D) (&) > p(D), €)

[¢4

n-

(P(Zx X) 5 p(Z2x V),

IN:

(P(X x D) > p(Z x X) —> p(Zx ),

2
These abstractions of the relational transformers yield the following generalization of the classic

predicate transformers p(Z) — p () [Pratt 1976], by extension to nontermination L. ®

post = d?(post) = Ar<AQ+{c'|3o.0cePA{c, d')er}, as in (10)

post = d‘:(FT(;sjc) = & opost = Ar+AP-{d'|Vo.(0,0')er=o0¢P} (38)
pre = d‘f(Pre) = & 'opost = Ar-AQ-{c|3d’ . (0, o')ernc €Q}
pre = df(lsre) = & opre = Ar-AQ-{c|Vd .{o,d')er=0"€Q}

The classic transformers (38) are illustrated by Fig. 4 in the appendix @.
Given a relation r € (X x )), in addition to (12), these classic transformers are also connected
as follows [Cousot 2021, Chapter 12], (d) is proved in sect. C of the appendix @

@ (p(X V). ) == (1) =p().©) B (p(2).9) ppor:t((:))

© (p(X ¥ Y). ©) = (p(X) > (V). €) (@ post(RIPNQ#2 < Ppre(RIQ +

post_1

(p(V). c)  (39)

Example 1.3.11. Hoare incorrectness logic is ~({P} S{Q}) < —=(post[S]P ¢ Q) <> post[S]P n
Q@< 3JdoecP .3 ¢0. (0, d)¢c][s] < Pnprefs]-Q # @ by. This is different from
incorrectness logic [O’Hearn 2020], that is [P]S[Q] < -Q < post[S]P < Vo' ¢ O . o € P . {a,
a') € [S]. The incorrectness Hoare logic is designed in Sect. .1 in the appendix. ]

All transformers in (35), (12), and (39) inherit the properties of Galois connections. For example,
the lower adjoint preserves arbitrary joins and dually the upper adjoint preserves arbitrary meets.
This implies, for example, the healthiness conditions postulated for transformers [Dijkstra and
Scholten 1990; Hoare 1978].

REMARK 1.3.12. By (12), pre preserves joins (U) but maybe not meets (n). Same for post. @ m

1.3.12 To Terminate or Not to Terminate Abstraction for Transformers

We have shown in Sect. 1.3.5 that we can abstract antecedant-consequence pairs by (15) or (18) to
take nontermination into account (e.g. total correctness) or not (partial correctness). An equivalent
alternative uses the natural semantics [S]], or the angelic one [S] in (1). We can also abstract
transformers, which we do in the assertional case, by

G(P) £ PN {1} GO) a0 TO) = 6oy, (40)
ri(Q) = QuilL} Vi(0) = vy 0 Yi(0) = 00 (41)

which yield Galois connections @ R
(p(2). ) S5 (0(E).€) (X = p(E). €) =5 (X > p(2). ©) (42)

< %

- N7 ; .
(P(Z1) = p(2), &) == (p(2) —p(2), €)
y
1.3.13 Abstract Logics

Finally logics may refer to any abstraction of the antecedents and consequents of a transforma-
tional logics. For example, [Cousot et al. 2012] is an abstraction of Hoare logic such that {P} s {Q}
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means Hoare triple {y;(P)} S{y2(Q)}. Without appropriate hypotheses on the abstraction, some
rules of Hoare logic like disjunction and conjunction may be invalid in the abstract, see counter-
examples and sufficient hypotheses in [Cousot et al. 2012, pages 219-221]. Similarly, [Gotsman
et al. 2011] provides a counterexample showing the unsoundness of the conjunction rule. This is
an argument for the use of a principled method for designing logics.

Another abstract logic [Bruni et al. 2023] combines an over approximation (for correctness) and
an under approximation (for incorrectness) in the same abstract domain. The “(relax)” rule requires
that the under approximation uses abstract properties a(P) that exactly represent concrete prop-
erties P by requiring that y o a(P) = P. This restricts the concrete points that can be used in
the under approximation, and will be a source of incompleteness and imprecision for most static
analyses.

Under approximation is the order semidual of an over approximation, with abstraction (p (=, ),
<) % (A, 2) exploited e.g. in [Ball et al. 2005]. The study by [Ascari et al. 2022] provides a number
of classic abstract domain examples showing the imprecision of such under approximation static
analyses, but for few exceptions like [Asadi et al. 2021; Miné 2014].

These under approximation approaches are based on Th. I1.3.6 for fixpoint under approximation
by transfinite iterates. Termination proofs do not use an under approximation but instead an over
approximation and a variant function as, e.g., in Th. I1.3.8. Alternatively, over approximating static
analysis is classic and variant functions can also be inferred by abstract interpretation [D’Silva and
Urban 2015; Urban 2013, 2015; Urban et al. 2016; Urban and Miné 2014a,b, 2015].

1.3.14 The Subhierarchy of Assertional Logics

Comparing logics means comparing their theories, that is their expressivity, through their respec-
tive abstractions of the collecting semantics (as formalized by fixpoint abstraction in Sect. II.2), and
comparing the induction principles induced by their abstractions (as formalized in Sect. IL.3 by fix-
point induction). For example, figure 3 shows that Hoare logic and subgoal induction are different
but equivalent abstractions of the collecting semantics so have the same theory and equivalent but
different proof systems.
These abstractions yield the hierarchical 4 Home ogssmnesslogie @

taxonomy of assertional transformational ! 9:\?6&5
logics of Fig. 3, which is a subset of Fig. 2. tsniqazmmor /7 ]

@ Doris Jr.and Wegbeeit 1977

. post(2,€) ° ag
T a . post[s]
[Hoarg 1969] g
e d Cusot 1982, )]/ 4
ousot and Cqus (n)]/ &

post(<.2) o ag

Fig. 3, with a larger instance in the appen- [Cousot g Covsot 158, (1) , - ®
i i post(2,€) ° a 7 0st(2,€) o ao\__/ o
dix @), is commented thereafter. o i N
We use universal to mean for all initial ]\'<> pos(2.2) o
. . [Zilberstein et al. 2023] @~ -
or final states and existential to mean there Dijotra 1982 @ Qe Viesand Koutavas 011 @

[Cousot and Cousot 1982, [O’Hearn 2020] x

(i
[Ascari et al. 2023, (SIL)]

exists at least one initial or final state. We 29 postls].
.. ey 77 ore| ost(<, 2) © a

use reachability (often forward) for initial o \
to final states and accessibility (often back- @ ; D ®
ward) for final to initial states. We use defi- po(ae) eeoN\(| P AN VZ

. « . » . pre[S]. —X post[s],
nite to mean “for all executions” and possible e L. e \<)
to mean “for some execution” (maybe none). Ot A ®

(application 2)

In both cases, the qualification does not ex-
clude possible nontermination or blocking
states, which is emphasized by partial. We Fig. 3. Taxonomy of assertional logics

use total to mean that all executions must

be finite. We use blocking to mean a state, which is not final, but from which execution cannot go
on. No such blocking states exist in the semantics [S], of statements S in Sect. 1.1.1 and IL.1 but
would correspond e.g. to an aborted execution after a runtime error (like a division by zero).

777777777777777 Galois connection (different logics to prove the same property)
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The taxonomy for direct proofs (the hypothesis implies the conclusion) is illustrated in Fig. 3.

1.3.14.1  Partial Definite Accessibility of Some Final State From All Initial States post[S]P ¢ Q <>
P c pre[s]Q, P, Q € (). Partial correctness, allowing blocking states, characterizes executions
starting from any initial state in P, which, if terminating normally, do terminate in a state of Q
and no other one. So blocking states are not excluded. This is Naur [Naur 1966], Hoare [Hoare
1969] partial correctness, and Dijkstra weakest liberal preconditions [Dijkstra 1976] and the partial
correctness part of Turing [Turing 1950] and Floyd [Floyd 1967] total correctness.

post(2,S) o ag(post[S]) = {(P, Q) € p(Z) x p(2) | post[S]P c Q} yields the theory of Hoare
logic [Hoare 1969]. This claim can be substantiated by (re)constructing Hoare logic by abstracting
the angelic relational semantics [[S] = a*([S].) by post(2, <) ¢ ag ° post. This has been done, e.g.,
in [Cook 1978, Theorem 1, page 79] (modulo a later correction in [Cook 1981]) as well as in [Cousot
2021, Chapter 26], although using the intermediate abstractions into an equational semantics and
then verification conditions to explain Turing-Floyd’s transition based invariance proof method.
By Galois connection (12), post(S,2) o ag(pre[s]) = {(P, Q) € p(Z) x () | P ¢ pre[s]Q} is
equivalent and yields the theory of a logic axiomatizing subgoal induction [Morris Jr. and Wegbreit
1977] or necessary preconditions [Cousot et al. 2013, 2011].

Hoare and subgoal induction logics can be used to prove universal partial correctness (Q is good,
as in static accessibility analysis [Cousot and Cousot 1977]) and universal partial incorrectness (Q
is bad, as in necessary preconditions analyses [Cousot et al. 2013, 2011]). Both logics can be also
used to prove bounded termination, by introducing a counter incremented in loops and proved
to be bounded [Luckham and Suzuki 1977]. However, this is incomplete for unbounded nondeter-
minism. post[S]P € @ <> P ¢ pre[s]@ < P ¢ -pre[S]Z <> pre[S]= € —P is definite nontermination
from all initial states (executions from any initial state of P do not terminate).

Subgoal induction is exploited in necessary preconditions analyses [Cousot et al. 2013, 2011].
Finding P such that post[S]P ¢ Q is equivalent to finding P such that P ¢ pre[s]Q for the given
error postcondition Q, which the necessary precondition analysis does by under approximating
pre[[s] defined structurally on the programming language and using fixpoint under approximation
to handle iteration and recursion.

1.3.14.2  Total Definite Accessibility of Some Final States From All Initial States post[[S],P € Q <
P c pre[s]LQ, P,Q € p(2). Total correctness, allowing blocking states, characterizes executions
from any initial state in P that do terminate normally in a final state satisfying Q or block. Taking
Q =3 is universal definite termination.

(@ The Turing [Turing 1950] & Floyd [Floyd 1967] proof method uses an invariant and a variant
function into a well-founded set. The abstraction post(2,<) o ag(post[s].) = {(P, Q) € p(Z) x
©(Z) | post[s].P ¢ Q} yields the theory of Apt and Plotkin [Apt and Plotkin 1986] logic in the
assertional case (and that of Manna & Pnueli logic [Manna and Pnueli 1974] in the relational case).
This claims follows from [Apt and Plotkin 1986] for an imperative language and [Cousot 2002] for
arbitrary transition systems. The logic can be used to prove definite correctness or incorrectness.

1.3.14.3  Partial Possible Accessibility of All Final States From Some Initial State Q C post[[S],.P <
Q < post[S]P, P,Q € p(3). This means that for any final state ¢’ in Q there exists at least one
initial state o in P and an execution from ¢ that will terminate in state ¢’. Blocking states ¢ may
be included in P. Moreover, this does not preclude executions from ¢ to make nondeterministic
choices terminating normally with -Q or do not terminate at all.

By [de Vries and Koutavas 2011, Definition 1], post(S, 2) e ag(post[S]) is the theory of De Vries
and Koutavas reversed Hoare logic. This is also confirmed by the soundness and completeness
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proofs in [de Vries and Koutavas 2011, section 6] based on a “weakest postcondition calculus”
defined in [de Vries and Koutavas 2011, section 5] as “wpo(P, c¢), [is] the weakest postcondition
given a precondition P and program c”. So “wpo” is nothing other than post and “(P) ¢ (Q) is a
valid triple if and only if Q = wpo(P,c)”.

By [O’Hearn 2020, FAacT 13], this is also incorrectness logic requiring any bug in Q to be possibly
reachable in finitely many steps from P thus discarding infinite executions as possible errors.

The difference is in the examples handled where Q is “good” for De Vries and Koutavas and
“bad” for O’'Hearn.

1.3.14.4  Partial Possible Accessibility of Some Final State From All Initial States P < pre[[S]Q, P,Q €
©(2). This prescribes that all initial states in P have at least one execution that does reach Q.

Dijkstra [Dijkstra 1982] shown the equivalence of post[S]|P ¢ Q (that is, Turing-Floyd-Naur-
Hoare partial correctness and P < pre[[S]Q (that is, Morris and Wegbreit subgoal induction, claim-
ing “subgoal induction is indeed the next variation on an old theme”). By (12) this should have
been P ¢ pre[S]Q in general, but Dijkstra considers total deterministic programs for which pre =
pre. This is also the incorrectness part of the outcome logic [Zilberstein et al. 2023], the induction
principle (i™") of [Cousot and Cousot 1982, p. 100], and (SIL) in [Ascari et al. 2023].

1.3.14.5 Possible Accessibility of Some Final State or Nontermination From All Initial States P
pre[s].Q, P € p(2),Q € p(=.). For Q = %, this is possible termination from all initial states @). For
Q = {1}, this is possible nontermination from all initial states. Similarly, @ is P € pre[S]Q, named
(NC) in [Ascari et al. 2023].

This logic will be formally developed by calculus in Sect. IL.8.2.

We can also consider disproofs of program properties by the abstraction ™ (30) of the theory
of a program logic.

1.3.14.6  Partial Possible Accessibility of Some Final States (or Nontermination) From Some Initial
States post[S]P N Q # & for P,Q € p(Z) (or post[s].P N Q # & for Q € p(Z,)). This means that at
least one execution from at least one initial state in P does terminate in a final state satisfying Q.
Taking Q = X is possible termination from some initial states.

@) Disproving a Hoare triple using the proof system would require to show that no proof does
exist for this triple, a method no one ever consider. One can use incorrectness logic [O’'Hearn
2020] or provide a counter-example (not supported by a logic). The Hoare incorrectness logic @3)
can be used to prove that a Hoare specification is violated with a possible counter-example, since
-({P}s{Q}) = =(post[S]P < Q) = post[S[P n —Q # @. It’s nothing but debugging in logic form.
This is weaker that the requirements of incorrectness logic, for which the principle of denial
[O’Hearn 2020, Fig. 1] states that if Q € post[S]P A =(Q € Q') then Q n =Q’ # @ and therefore
post[S|P N ~Q’ + @ that is, -({P}s{Q’}). However the converse is not true since the violation of
{P}s{Q} only require one state of P definitely reaches one state not satisfying Q.
Other contrapositive logics or logics for disproving program properties are considered in the
appendix ®.
1.3.15 The Combination of Logics
Program logics are generally composite that is, the result of combining elementary logics which
are different abstractions of program executions e.g. [Bruni et al. 2023; Zilberstein et al. 2023].

1.3.15.1  The Conjunction/Disjunction of Logics. We have wlp(s,Q) = pre[s]Q n pre[s]Q while
wp(S, Q) = pre[[s] . Qnpre[s] . O since blocking states must be prevented as well as nontermination
for wp, see Fig. 4 in the appendix. The relevant abstractions of transformers 7;, 7, are @
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a1y, 2)r 2 1i(r) N 2(r) meet (or conjuncti(;)n) where 6(x) = (x, x) is duplication (43)
((P(X xY) > (p(X) = (V)% 2) == (p(X x V) > (p(X) > p()). 2)

a (1, 2)r = 11(r) Urz(r)  join (or disjunctlon)

(P(X xP) > (p(X) > p (V)% &) === (p(X x V) ~ (p(X) > p(I)), E)

1.3.15.2  The Product of Logics. One can imaglne a Cartesian product {DT, PT, NT}${Q, R} mean-
ing that every execution of S starting with an initial state of DT will definitely terminate in a final
state in Q, every execution of S starting with an initial state of PT will either terminate in a final
state in R or not terminate, and every execution of S starting with an initial state of NT will never
terminate. Q and R could further be decomposed into a product of good and bad states.

Similarly, [O’'Hearn 2020, section 4] uses the notation [p]C[ok : g][er : r] as a shorthand for
[p]C[ok : q] and [p]C[er : r] resulting in a single deductive system instead of two independent
ones. The definition of the relational semantics in (54) will use such a grouping to set apart breaks.

The relevant Cartesian abstraction o™ merges two transformers into a single one. We assume
that (X — ), €1) and (X — ), 5;) are posets, 7 € X > Yy and . € X — Vo ®

(11, ©2)(P) = (r1(P), r2(P)) Cartesian product  (44)
)/X('Z_') ()LP-let <P1, P2> = ‘[_'(P) il’lPl, AP - let <P1, P2> = ‘[_'(P) ian)

><

with Galois connection (X >V x X =YV, E1.5,) == (X = (V1 xI2), (E1,E2))

a
Example 1.3.13. We mentioned the origin [Park 1979] of relational semantics that Park encodes
by o (at, AS - OF((ét_1 (post))(S){L}))[s]. i.e. the input-output relation [S] computed by S and
the definite termination domain of S which is the complement of possible nontermination. ]

Example 1.3.14. Dijkstra’s Weakest precondition wp(S Q) [Dijkstra 1976] is AQ +a" (pre[s] .,

pre[s].), with Q € p(2), pre = & (post) and pre pre =a~ (pre). The weakest liberal condition
wip(s, Q) is AQ - " ((pre[s].) o a*, (pre[s].)  a*) = a"(pre[s], pre[s]). u
1.3.15.3  The Reduced Product of Logics. The components are usually not independent. For example
one uses invariants of Hoare logic to prove termination, or definite termination implies possible
termination. Another example is adversarial logic [Vanegue 2022] to describe the possible interac-
tion between a program and an attacker. These are reductions (45) that have been studied in the
context of program analysis [Cousot 2021, chapter 29] but also apply to any abstraction, including
logics, e.g. [Bruni et al. 2023].

The functor «®, inspired by the reduced product in abstract interpretation [Cousot and Cousot
1979b, section 10.1], is the Cartesian product where the information of one component is prop-
agated, in abstract form, to the other. This is useful for combining program logics dealing with
properties that are not independent.

Assume two abstractions of a (collecting) semantics in (S, c) into different transformers (S,

£) =5 (X > Yy, Er)and (S, €) = (X > V), &), Assume that (X > (V1 x V), (£1/%2), 1)
is a complete lattice.

The reduced product combines two abstractions of the semantics S into transformers 7; and 7,
into an abstraction of the semantics S into a single transformer with a®™ 2 p o a* where the
reduction operator is p(7) = [ {7’ | let (r1, ©2) = y*(%) and (7], 73) = y* (&) in y1(71) Ny2(r) E
y1(t))Ay1(71)Ny2(2) E y2(73) }- By [Cousot 2021, Theorem 36.24], we have the Galois connection

X

(X > Y1 x X > Vo, 51 .55) Y:>X (X > (V1 xV2), (E1,52)) (45)

poa

1> 1>
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Example 1.3.15. Continuing example 1.3.1, the reduced product of Hoare logic [Hoare 1978] (ab-
stracting post) and subgoal induction logic [Morris Jr. and Wegbreit 1977] (in Dijkstra’s version
[Dijkstra 1982] abstracting pre) for the factorial with consequent specification f =!nis {n = n >
OAf=1}fact{n>0Af =In}. ]

1.3.16 Symbolic Inversion

Let us consider one more useful abstraction of transformers allowing for their inversion using
symbolic execution. This reversal abstraction = from [Cousot 1981, Theorem 10-13] allows to
prove backward properties using a forward proof system by using auxiliary variables for initial
values of variables (as in symbolic execution) and conversely (as an inverse symbolic execution
starting with symbolic final values of variables). Given D 2 (X x V) - (p(X) » p())), D' =
(X xY) = (p(Y) = (X)), and 7 = post, we have ® (and similarly for 7 € {pre, post, Pre})

a”(2)(r)P 2 {0’ |FoeP.ocer(r'){c|c=0"}} (D, €) == (D', &) (46)

P

Example 1.3.16. Consider the straight-line program x = x+y; y = 2xx+y. A forward symbolic
execution post[s[{o | ox = o, A 0y = 0, } with Hoare logic for initial auxiliary variables x, y is
{x=xAry=y} x=x+y; {x=x+yry=y} y = 2xxty; {x=x+yAy=2x+3y}
This information can be inferred automatically by forward static analyses using affine equalities
[Karr 1976] or inequalities [Cousot and Halbwachs 1978]. This can be used to get a precondition
pre[S]Q ensuring that a postcondition Q holds be defining pre[S]Q = {o | 3o € Q . 7 € post[S]{c |
ox = g, Aoy = g, } } which, in our example, is {(x, y) | 3(X, J) € QAX = x +y Ay = 2x + 3y} so that,
e.g., for Q = {(x, §) | x = 7} stating that x = y on exit, we get the precondition {(z, —z/3) | z € Z}.
Inversely, using subgoal induction, a backward execution pre[S]{c | ox = ox Aoy =Gy} is
{x=3%x-YAy=9-2x} x=x+y; {x=XAy=y-2x} y=2*x+y; {x=XAy=7}
This information can be used to get a postcondition post[S]P hence holding for states reachable
from the precondition P as {o | 3o € P . ¢ € pre[s]{o | ox = 6x A 0y = Gy} }. For our example, we
get {{x, y) | Ix, y) e P. x=3x—y Ay =y - 2x} which, e.g., for P = {{x, y) | x = y}, yields {(x,
y) | 5x = 2y}. This calculation is mechanizable using the operations of the abstract domains for
affine equalities [Karr 1976] or inequalities [Cousot and Halbwachs 1978]. ]

Part II: Design of the Proof Rules of Logics by Abstraction of
Their Theory

Given the theory a([[s],) of a logic defined by an abstraction « of the natural relational seman-
tics [[S] ., we now consider the problem of designing the proof/deductive system for that logic. The
abstraction a can be decomposed into a, o a; where a; abstracts the natural relational semantics
[s]L) into an exact transformer (isomorphically its antecedant-consequent graph) which is then
over or under approximated by «,.

We first express the natural relational semantics in structural fixpoint form in Sect. IL.1. Then
we use fixpoint abstraction of Sect. IL.2 and structural induction to express the exact transformer
a:([S]L) in structural fixpoint form. The approximation abstraction ¢, is then handled using the
fixpoint induction principles of Sect. I3 to under or over approximate the transformer by «, °
a: ([S]L)- [Aczel 1977] has shown that set theoretic fixpoints can be expressed as proof/deductive
systems and conversely. We recall his method in Sect. IL.5. This yields a method of designing proof
system by calculus in Sect. I1.5.3. This is applied to two new example logics. The first example in
section I1.8.1 is a forward transformational logic to express correct reachability of a postcondition
(as in Hoare and Manna partial correctness logics), termination (as in Apt & Plokin and Manna &
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Pnueli logics) as well as nontermination, all cases being expressible by a single formula of the logic
(depending on initial values). The second example in section I1.8.2 is a backward transformational
logic to express correct accessibility of a postcondition or nontermination.

I.L1  STRUCTURAL FIXPOINT NATURAL RELATIONAL SEMANTICS

We define the relational natural semantic [S], € @(Z x 2,) of statements S by structural in-
duction on the program syntax and iteration defined as extremal fixpoints of increasing (mono-
tone/isotone) functions on complete lattices [Tarski 1955].

The definition is in Milner/Tofte style [Milner and Tofte 1991], except that finite behaviors in
p(Z xX) are in inductive style with least fixpoints (Ifp) and infinite behaviors in p(Z x {1}) are in
co-inductive style with greatest fixpoints (gfp), as in [Cousot and Cousot 1992, 2009]. Milner/Tofte
define both finite and infinite behaviors in co-inductive style [Leroy 2006; Milner and Tofte 1991],
which looks more uniform. However, some fixpoint approximation techniques are more precise
for least fixpoints than for greatest fixpoints [Cousot 2021, Chapter 18], which will be essential to
prove completeness of proof methods?.

Given the assignment o[x < v] of value v € V to variable x € X in state ¢ € £ £ X — V and the
identity relation id £ {{o, o) | o € 3, }, the basic statements have the following semantics. They
all terminate and do not exit loops, but for break, that exits the closest outer loop (which existence
must be checked syntactically) without changing the values of variables.

[x = Al 2 {{0, o[x < A[A]o]) | o €2} [x=Al" = @ [x = Al* 2 @

[x = [a, b1]¢ = {(0, o[x < i])|oceZA [x = [a,b]]” 2 @ [x = [a,b]]* £ & (47)
[oreak]® = @ a-l<i<b+1} [break]® = id [break]* = @
[skip]€ = id [skip]® + @ [skip]* = @

For the conditional, we let [B] = {(o, o) | o € B[B]} be the relational semantics of Boolean
expressions. We define (5 is the composition of relations, see Sect. A.1 in the appendix)

[S1;52]¢ = [S1]°5[S2]¢ [if (B) S1 else S2]¢ = [B] s[s1]¢ v [-8B] 5 [S:]°
[s1552]" = [s1]” v ([51]° 5 [s2]") [if ® s1 else So]” = [B] 5 [s1]" v [-8] 5 [S2]”  (48)
[s1;820" 2 [sa]* v ([s1]° 5 [sa]*) [if ®) s1 else sp]* = [B] 5 [s:]" v [-B] s [s]"
For iteration, we define
FO(X) = idu([B]3[s]°s(X~Zx{1})), Xep(Ex(Zu{L})) (49)
F(X) = [B]3[s]*sX, Xep(Ex{L}) (50)
[while (B) S]¢ = Ifp Fs5([-8] u[B]3[s]®) (51)
[while 8) S| = o (52)
[while B) s]* = (Ifp=F°s[B]s[s]*)ugfp F* (53)

The transformers are defined on complete lattices, F¢ on (p(X x 3), €, @, £ x %, U, N) and F* on
(p(ZL x{1}), S, @, %0, U, N) with 60 £ 3 x {1} and are C-increasing, so do exist [Tarski 1955].
Moreover, the natural transformer F¢ in (49) preserves arbitrary joins, so is continuous. By Scott-
Kleene fixpoint theorem [Scott and Strachey 1971], its least fixpoint is the reflexive transitive clo-
sure Ifp= F¢ = Uyso ([B] 5 [S]¢)" = ([B] ¢ [S]¢)". So Ifp F€ is a relation between initial states before
entering the loop and successive states at loop reentry after any number n > 0 of iterations. If,

ZFor example, Park induction Th. I1.3.1 can be used to over approximate least fixpoints with an invariant only while ap-
proximating greatest fixpoints in the dual of Th. II.3.8 involves a variant function.
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after n iterations, the test B ever becomes false then [B] = @ and so all later terms in the infinite
disjunction are empty.

Then composing Ifp< F¢ = ([B] ¢ [s]¢)” with [-8] u [B] 5 [S]? in (51) yields the relation between
initial and final states in case of termination or in case of a break when excuting the loop body S.
(52) states that a break exits the immediately enclosing loop, not any of the outer ones.

Composing IfpS F¢ = ([8] 5 [s]¢)" with [B] ¢ [S]* in (53) yields the possible cases of nontermi-
nation when the loop body S does not terminate after finitely many finite iterations in the loop.

Finally, the term gfp® F* in (53) represents infinitely many iterations of terminating body exe-
cutions. Again if B becomes false after finitely many iterations then [B] = @ so that this infinite
iteration term is @ (since @ is absorbant for ). As shown by [Cousot 2002, Example 22], F* may
not be co-continuous when considering unbounded nondeterminism so that transfinite decreas-
ing fixpoint iterations from the supremum might be necessary [Cousot and Cousot 1979a]. The
following lemma makes clear that gfp© F* characterizes (non)termination @

LEMMA IL.1.1 (TERMINATION). gfp“F* =@ < {ce N >3 |VieN. (0}, 0i11) € [B] §[5°]} = @.
Since L ¢ %, ([s]¢u[s]*)nZ = [s]¢ and ([s]¢u[s]*)n{L} = [S]*, the semantics can be defined

[s]. ([s] U [s]* [s]°) € p(Ex3.)xp(ExX) natural semantics (54)
[s] ([s]° [s]®) € p(Ex3)xp(EZx3) angelic semantics

where (p(Zx3,), 5, 2 x {1}, Zx 3, U, N) is a complete lattice for the computational ordering

XeY2(XnExI))c(YnExINDAXn(Ex{1}))2(Yn(Zx{1})). It follows that the

definition of termination on normal exit or nontermination can be defined by a single transformer

[Cousot 2002, Theorem 9] (but termination [S]¢ and break [s]® cannot be mixed without losing
information).

This relational natural semantics can be extended to record a relation between the initial and

current values of variables. This consists in considering the Galois connections (a2, y ) for asser-

as

13

13

tions and (&2, ¥ 12) for relations in (24). This can be implemented using auxiliary variables without
modification of the semantics @).
Nondeterminism can be unbounded, as discussed in the appendix @.

1.2 FIXPOINT ABSTRACTION

We recall classic fixpoint abstraction theorems [Cousot 2002], [Cousot 2021, Ch. 18] to abstract the
fixpoint definition of the program relational semantics into a fixpoint definition of transformers
(or their graph). Abstraction can also be applied to deductive systems @).

Y
THEOREM I1.2.1 (FIXPOINT ABSTRACTION [CousoT AND Cousor 19798]). If(C, £) = (A, <) is

a Galois connection between complete lattices (C, €) and (A, <), f € C —> C and f € A — A are

increasing and commuting, that is, a o f = f o a, then a(Ifp= f) = Ifp* f (while semi-commutation
ao f < foaimpliesa(Ifp= f) < Ifp™ f).
As a simple application, we will need the following corollary @®.

COROLLARY I1.2.2 (POINTWISE ABSTRACTION). Let (L, S, T, u) and (L, €/, T/, ) be complete
lattices. Assume that F € (L - L') — (L — L') is increasing and that forallQ € L, Fg € L' — L' is

increasing. AssumeVQ € L .VfeL - L . F(f)Q =Fo(f(Q)). ThenVQ¢€L. (pré, F)Q = Ifp®’ Fo.

When the abstraction involves the negation abstraction a~, Park’s classic fixpoint theorem [Park
1979, equation (4,1,2)] is useful (and generalizes to complete Boolean lattices).
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TueoReM 11.2.3 (COMPLEMENT DUALIZATION). If X isasetand f € p(X) LN p(X) is C-increasing
thenlfp=a™(f) = a”(gfp= f).

1.3 FIXPOINT INDUCTION

Least or greatest fixpoint definitions of the graph of transformers provide strongest or antecedent-
consequent (or weakest consequent-antecedent) pairs. Then we need to take into account conse-
quence rules, that is, approximations discussed in Sect. 1.3.4. In this section, and in addition to
[Cousot 2019b] and [Cousot 2021, Ch. 24], we introduce fixpoint induction methods to handle
such approximations post(2, €), post(S, 2), etc. In this section I1.3, 1 is the infimum of a poset and
possibly unrelated to nontermination.

I1.3.1 Least Fixpoint Over Approximation

The classic least fixpoint (Ifp) over approximation theorem (and order dually over approximation of
greatest fixpoints (gfp)), called “fixpoint induction”, is due to Park [Park 1969] and follows directly
from Tarski’s fixpoint theorem [Tarski 1955], Ifp= f =[[{x € L | f(x) c x}.

TuEOREM I1.3.1 (LEAST FIXPOINT OVER APPROXIMATION). Let (L, C, 1, T, U, M) be a complete
lattice, f € L —> L be increasing, and p € L. Then IfpS f  p ifand only if Jie L. f(i)Sinicp.

Example I1.3.2. An invariant of a conditional iteration while(B) S with precondition P must sat-
isfy IfpS AX « P U post[S](Bn X) ¢ I. The proof method provided by Park’s Th. 11.3.1is 3] . P €
J A post[S](BnJ) € J A J < I which is Turing [Turing 1950]/Floyd [Floyd 1967] invariant proof
method. [ ]

By order-duality, this is sound and complete greatest fixpoint under approximation p ¢ gfp= f
proof method. i is called an invariant (a co-invariant for greatest fixpoints).

Example I1.3.3. Continuing example 11.3.2, by contraposition, the invariant must satisfy —I ¢
lfpS AX « P U post[S] (B n X) thatis —I € gfp= AX « =P N post[S] (=B u X) by Park’s Th. I1.2.3. The
dual of Th. I1.3.1 suggest the proof method 3] . J € =P A J € post[S](=Bu J) A I € =] which is
methods (i™!) and (I"!) of [Cousot and Cousot 1982]. [ |

11.3.2 Ordinals

We let (O, €, @, O, U, n) be the von Neumann’s ordinals [von Neumann 1923], writing the more
intuitive < for €, 0 for @, + 1 for the successor function, sometimes max for U, min for N, and w for
the first infinite limit ordinal. If necessary, a short refresher on ordinals is given in Sect. H of the
appendix @).

11.3.3 Over Approximation of the Abstraction of a Least Fixpoint

To solve the problem a(lfp=F) © P where « is a function on the domain of F, we can try to
use fixpoint abstraction Th. I1.2.1 to get a(Ifp= F) = Ifp= F and then check Ifp® F = P by fixpoint
induction Th. I1.3.1. But Th. I.2.1 requires a to preserves joins, which is not always the case (for
the dual problem « = pre in remark 1.3.12 is a counter-example). If @ does not preserves joins, we
can nevertheless use the following theorem @®.

THEOREM I1.3.4 (OVERAPPROXIMATION OF A LEAST FIXPOINT IMAGE). Let (L, c, 1, l_l) and (i, g,
= - . 1 1 F . . . =
T, 0) be complete lattices®, F € L —> L and « € L — L be increasing functions, and P € L.

Then a(Ifp= F) € P if and only if there exists I € L such that (1) a(L)EI (2)VX eL.a(X)EI=
a(F(X)) €I, (3) for any S-increasing chain (X°, & € O) of elements X° € Ifp=F, VA< 1. a(XP)ET
implies ar(| gz XPYET, and (4)IE P.

30r CPOs.
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Let (F, § € 0) be the increasing iterates of F from L ultimately stationary at rank e [Cousot and
Cousot 1979a]. Then condition II.3.4.(2) in is only necessary for all X = F%, 8 < e while condition
(3) is only necessary for (X°, § < €) = (F®, § < €). These weaker conditions are assumed to prove
completeness (“only if” in Th. 11.3.4).

11.3.4 Fixpoint Under Approximation by Transfinite Iterates

For under approximation of least fixpoints (or order dually over approximation of greatest fix-
points), we can use the generalization [Cousot 2019b] of Scott-Kleene induction based on transfi-
nite induction when continuity does not apply and follows directly from the constructive version
of Tarski’s fixpoint theorem [Cousot and Cousot 1979a].

Definition I1.3.5 (Ultimately Over Approximating Transfinite Sequence). We say that “the transfi-
nite sequence (X°, § € 0) of elements of poset (L, ) for f € L — L ultimately over approximates
P e L”if and only if X° = 1, X! € £(X?) for successor ordinals, | Js.) X° exists for limit ordinals
A such that X* | |5, X% and 36 € O . P £ X?.

The condition can equivalently be expressed as V8 € O . X° € f(L s X* + 1) which avoids to
have to make the distinction between successor and limit ordinals @®).

THEOREM I1.3.6 (FIXPOINT UNDER APPROXIMATION BY TRANSFINITE ITERATES). Let f € L N §
be an increasing function on a cpo (L, &, 1, U) (i.e. every increasing chain in L has a least upper
bound in L, including 1 = u@). P € L is a fixpoint underapproximation, i.e. P c Ifp= f, if and only
if there exists an increasing transfinite sequence (X°, & € O) for f ultimately over approximating P
(Def. 11.3.5).

Notice that ordinals are an abstraction (IBf, <) é» (O, <) of well-founded sets by their rank
p, so that Th. I1.3.6 could have assumed the existence of a well-founded set to replace the ordinals.
The hypothesis that (X, § € 0) is increasing is necessary in a cpo but not in a complete lattice, in
which case this non-increasing sequence can be used to build an increasing one @®.

LemMA I1.3.7. Let (X°, § € 0) be a sequence in a complete lattice satisfying the hypotheses of Def.
I1.3.5, then there is an increasing one satisfying these same hypotheses.

11.3.5 Fixpoint Under Approximation by Bounded Iterates

For iterations, under approximations such as P ¢ post[[S],Q (incorrectness logic), P ¢ pre[S].Z
(possible termination), P ¢ —pre[S], {1} = pre[s].Z (definite termination), and P < pre[s],.Q N
pre[s]LO (weakest precondition, starting from any initial state of P, S, “is certain to establish
eventually the truth of” Q [Dijkstra 1976, page 17]) are fixpoint under approximations. Program-
mers almost never use Th. I1.3.6 for proving termination using ordinals (or a well-founded set).
They cannot use Hoare logic either since nontermination {P}s{false} is provable by the logic but
its negation —~({P}s{false}) is not in the logic. A first method for bounded iteration uses a loop
counter incremented on each iteration and an invariant proving that the counter is bounded (“time
clocks” in [Knuth 1997], [Luckham and Suzuki 1977; Sokolowski 1977]). This is sound but incom-
plete for unbounded nondeterminism. The most popular method uses well-founded sets, which
can be generalized to fixpoints @.

THEOREM I1.3.8 (LEAST FIXPOINT UNDER APPROXIMATION WITH A VARIANT FUNCTION). We
assume that (1) f is increasing on a cpo (L, 5, L, U); (2) that P € L; (3) that there exists a se-
quence (X°, § € 0) of elements of L such that X° = 1, X®*! € f(X%) for successor ordinals, and
X c Llg<a XP for limit ordinals A; and (4) that there exists a well-founded set (W, <) and a variant
function v e {X®| 5§ € 0} - W such that for all f < 8, we have P & XP implies v(XF) > v(X?).

Hypotheses(1) to (4) imply that 36 < w . P X° © f° c Ifp* f.
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Because § < w in Th. I1.3.8, the proof method is sound but incomplete, as shown by the following
counter example where the property holds but the proof method of Th. I1.3.8, is inapplicable.

Example I1.3.9. Consider the complete lattice (p(Z), C). Define f € p(Z) — p(Z) by f(X) =
{0} u{x € Z | x -1 € X}. The iterates are f° = @, f" = {k € N | 0 < x < n}. The limit is
F9 =Unen f™ = N =Ifp® f. Take P = N such that P ¢ Ifp® f. Then Vn e N . P ¢ f". It follows that
Def. 1.3.8 is infeasible since Vn € N . P ¢ f™ implies for all § < § that v(X?) > v(X?). This infinite
strictly decreasing chain is in contradiction with the well-foundness hypothesis. [ ]

11.3.6 Void Intersection With Fixpoint Using Variant Functions

Turing and Floyd [Floyd 1967; Turing 1950] method for unbounded nondeterminism, uses reduc-
tio ad absurdum, proving that nontermination is impossible. This idea can also be generalized to
fixpoints.

An atom of a poset (L, ) is either a minimal element of L if L has no infimum or covers the
infimum 1 otherwise. So the set of atoms of a poset (L, £) is atoms(L) 2 {a€L| Ax' €L .x' ca}
if L has no infimum and atoms(L) 2 {a€ L |A x' € L. 1 c x’ © a} if 1 is the infimum of L. The
atoms of an element x of L are atoms(x) = {a € atoms(L) | a € x}. A poset is atomic if the atoms of
any element x of L have a join which exists and is x, that is, Vx € L . x = | |atoms(x). Co-atomicity
is c-order-dual. We have ®

THEOREM I1.3.10 (VOID INTERSECTION WITH LEAST FIXPOINT). We assume that (1) (L, &, 1, T, r,
U) is an atomic complete lattice; (2) f € L — L preserves non-empty joins; (3) there exists an invariant
I € Loff (ie such that f(I) c I); (4) that there exists a well-founded set (W, <) and a variant
functionv € I - W such that Vx € atoms(I) . (x # f(x)) = (v(x) > v(f(x))); (5) Q € L; and (6)
Vx e atoms(I) . (v(x) # v(f(x))) = (x 1 Q = L). Then, hypotheses (1) to (6) imply Ifp= fnQ = 1.

Th. I1.3.10 is useful, in particular, to prove Ifp=f = L for Q = T.If L = p(Z,) then P € Q is
P n-Q = @, another possible use of this theorem.

The proof method of Th. I1.3.10 is incomplete, as shown by counter-example H.1 in the appendix.
The completeness of Turing/Floyd variant function method is due to the additional property that
the inverse of the transition relation of a terminating program is well-founded ® (see example
H.2 in the appendix).

TueoREM I1.3.11 (TURING/FLOYD). Letr € p(X x X') be a relation on a set X and P € p(X). Then
{xeX|JoeN—>X.op=x€ecPAVieN.{(0}, 0141) €T} =@
< {xeX|xePAIW,<)eBWf.Aep(X).Pupost(r)ICIndvel > W.
Vyel . Vy e Xy, y'Yer=v(y)>v(y)}
Notice that the soundness proof given in the appendix uses (the dual of) Th. I1.3.8 which shows
that it is a generalization for Turing/Floyd variant method. Notice that if the intersection of gfp= f
with Q is empty (L in the lattice) then so is the intersection of Ifp® f with Q but not conversely, so
in addition to theorem II.3.10, we also need the following @

TueOREM 11.3.12 (VOID INTERSECTION WITH GREATEST FIXPOINT). We assume that (1) (L, &, 1,
T, M, U) is a coatomic complete lattice; (2) f € L — L preserves non-empty meets; (3) there exists a
coinvariant I € L of f (i.e. such that I € f(I)); (4) that there exists a well-founded set (W, <) and
a variant function v € I — W such that Vx € coatoms(I) . (x = f(x)) = (v(x) > v(f(x))); (5)
Q € L;and (6) Vx € coatoms(I) . (v(x) # v(f(x))) = (xnQ = 1). Then, hypotheses (1) to (6) imply
gfp"fnQ=L1

Notice that Th. I.3.12, as well as its proof in Sect. H of the appendix, are not the order dual of Th.
I1.3.10 since (6) have the same conclusion x M Q = 1 and the dual of the conclusion Ifp= fnQ = 1
would be gfp® fuQ =T.
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11.3.7 Fixpoint Non Emptiness
Another result to handle greatest fixpoints, e.g. to prove definite nontermination, is the following
theorem @®).

THEOREM I1.3.13 (GREATEST FIXPOINT NON EMPTINESS). Let f € L L, Lbean increasing function
of a complete lattice (L, ¢, 1, T, U, N) and P e L~ {1}. Then gfp= f NP # 1 ifand only if VX € L.
(gfpfeXAf(X)eXAXNP+1)=(f(X)NP=+1).

A fixpoint induction principle H.3 for a(Ifp= f) P # 1 in (39.d) is given in the appendix. @

1.4 DEDUCTIVE SYSTEMS OF PROGRAM LOGICS

Logics define the valid properties of a program as all provable facts by the formal proof system of
the logic. These formal systems, introduced by Hilbert [Hilbert and Ackermann 1938, § 5], are “a
system of axioms from which the remaining true sentences may be obtained by means of certain
rules”. Such a formal system is a finitely presented set of axioms ¢ and rules % where the axioms
and conclusions c of the rules are terms with variables and the premisses P are formulas of a logic.

The semantics/interpretation of the logic maps logical terms to elements of a mathematical struc-
ture with universe Y. Logical formulas are interpreted as the subsets of I/ of elements satisfying
the formulas. Therefore logical implication is subset inclusion € in the complete Boolean lattice
(), €, @, U, U, N, =) where @ is false, U true, U disjunction, N conjunction, and - negation.
The semantics/interpretation of the formal rules is a deductive system R = {% ie A} where
P; € p(U) is the finite premise and ¢; € U the conclusion of the rule. The axioms have P; = & (false)
as premises. We have R € p(p(U) x U) where pairs (P, c) are conventionally written g.

neQO
n+2¢O
on universe N) has the interpretation {2} U {% | n € N}. For example if 2 € N is odd then 4 is
odd. To prove that 2 is odd, the only way is to prove that 0 is odd which is not an axiom nor the

conclusion of a rule, proving 2 not to be odd. ]

Example I1.4.1. The formal system 1 € O and inductive rule (defining the odd naturals O

1.5 THE SEMANTICS OF DEDUCTIVE SYSTEMS

Aczel [Aczel 1977] has shown that there are two equivalent ways of defining the subset o (R) of
the universe ¢ defined by a deductive system R = {% i€ A}.

1.5.1 Proof-Theoretic Semantics of Deductive Systems

In the proof-theoretic approach, aZ(R) is the set of provable elements where a formal proof is
a finite sequence t;... f, of terms (i.e. elements of the universe i) such that any term is the
conclusion of a rule which premise is implied by (i.e. included in C) the set of previous terms in
the sequence (which have been already proved, starting with axioms). Therefore a” (R) = {t, e U |
by, ..ty €U .V €[1,n]. EI% €R.PC{t,...,tx_1} Aty = c} (this requires P to be finite).

T

It follows that there is a Galois connection {p(p(U) x U), <) (p(U), ) where a7 is

aI

C-increasing (the more rules the larger is the defined set) and yZ(X) = {% | Pep(UU)nceX}
including axioms % collecting all elements c of X. (As discussed thereafter, there are other, more
natural and effective, possible deductive systems. Proof systems are not unique.)

1.5.2 Model-Theoretic Semantics of Deductive Systems

In the model-theoretic approach, the same a”(R) is defined as aZ(R) = Ifp<af (R) where the
consequence operator is af (R)X = {c | 3% ¢ R . P c X}. a"(R)X is the set of consequences
derivable from the hypotheses X € o(U/) by one application of an axiom (with P = @) or a rule of

the deductive system. af (R) € p(U) = p(U) preserve nonempty joins and so is increasing. The
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least fixpoint Ifp© &’ (R) of the consequence operator is well-defined [Tarski 1955] and is the set
of all provable terms, that is, a” (R). For example 11.4.1, O = lIfpSAX - {1} u {n+ 2| {n} c X}.
11.5.3 Equivalence of the Two Definitions of the Semantics of Deductive Systems

The definitions of a subset of the universe by a deductive system or by a fixpoint are equivalent
[Aczel 1977]. We have recalled that a deductive system can be expressed in fixpoint form. Con-
versely, given any increasing operator F on (U, c), the terms provable by the deductive system
yP(F)={2|PepU)rce F(P)} (or {& |PepU)rce F(P)AVP ep(U).ce F(P') = Pc P'})

are exactly its least fixpoint Ifp© F. This yields a Galois connection between deductive systems and
F

increasing consequence operators {g(p(U) x U), <) L,H—F (W) - e(U), ) where € is c,

pointwise. Note that there is also a Galois connection between increasing operators and fixpoints
i . AysAxe(xcy?ysU)
{pU) — pU), <)

two Galois connections.

The order dual of this result is defined by co-induction leading to greatest fixpoints (g (i) L
. AysAx-(x2y?y:@)
pU),c) (p(U), ), we get the coinductive interpretation of proof systems.
gfp=

It can also be biinductive, a mix of the two, taking the Ifp of af (R) restricted to a subset of V ¢
of the universe and gfp on af (R) restricted to the complement ¢/ \ V [Cousot and Cousot 1992,
1995, 2009].

More generally, the results hold for any complete lattice (L, <) thus generalizing the powerset
case (p(U), ) and its order dual [Cousot and Cousot 1995].

The take away is that, knowing the fixpoint semantics of the logic, there is a method for con-
structing the deductive system for that logic, which is both sound and complete, by construction.
An example I.1 is given in the appendix showing how to construct the deductive natural relational
semantics Sect. I.1.1 from its fixpoint definition of Sect. II.1 @.

(p(U), €) such that a? is the composition of these

c

Ifp=

1.6 CALCULATIONAL DESIGN OF PROOF SYSTEMS

After defining the theory of a logic by abstraction a, o a;([S].) of the relational semantics [S],,
we use the fixpoint abstraction theorems of Sect. I1.2 to provide a fixpoint definition of a;([S].),
which is most often a transformer or its graph. Then to handle @,, which is an approximation
abstraction like post(C,2) or post(2,<), we use the fixpoint induction theorems of Sect. IL.3 to
provide a set-theoretic of the theory of the logic which is then translated in a proof system by
Aczel method of Sect. I1.5.3.

Example 11.6.1. Assume that a;([S].) = Ifp® Fp and that we must derive the abstract theory
T =ag 0 a([S].) = {(P, Q) | Ifp= Fp € Q} (e.g. to handle the C part in post(S,2) = post(=,2) o
post(<, =) or post(2, €), the other part 2 being dual). By Th. 11.3.1, T = {(P, Q) | 3 . Fp(I) cIAI C

Q}. By Sect. I1.5.2. this set T is defined by the axiom % ]

REMARK I1.6.2. (On abstraction versus induction) Hoare logic is the post(S,2) and it’s reverse
is the post(2,<) abstraction of the transformer graph T = {(P, post[S]|P) | P € p(Z)}. Both
proof systems can be designed, by the rules for T plus the consequence rules for post(S,2) and
post(2,€). By (51), the theory T of the conditional iteration W without breaks would involve T =
{(P, post(Ifp= F¢)P) | P € p(2)}. The rule would be (9), using ordinals for unbounded nondeter-
minism. So to prove {P}S{Q}, P # @, we would have to find a postcondition Q’, prove that it is
the strongest, and then use the consequence rule to prove that Q' ¢ Q/ This is sound and com-
plete but much too demanding. The fixpoint induction theorems of Sect. I.3 solve this problem
by weakening the rules for iteration while preserving soundness and completeness. Contrary to
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fixpoint abstraction, fixpoint induction allows us to take the consequence rule into account in the
design of proof rules for fixpoint semantics. So partial correctness need not be a consequence of
total correctness and nontermination. ]

1.7 ON THE COMPARISON OF LOGICS

To compare logics, we first relate their theories, that is compare their expressivity, through their
respective abstractions of the collecting semantics (as formalized by fixpoint abstraction in Sect.
I.2). Different abstractions yield different logics, compared though their relation by Galois con-
nections. The logics are equivalent when their theories are linked by a Galois isomorphism. An
example is given in Sect. 1.3.14.4 where Hoare logic and subgoal induction have the same theory
but different proof method (as shown in figure 3).

The proof system of a logic is entirely determined by its theory (as proved in Sect. 11.4), but
up to an equivalence, since different induction principles may be used, as formalized in Sect. IL.3,
to exploit approximation so as to simplify induction. This is exemplified by Rem. I1.6.2. Which
induction principle is used is the second characteristic to compare logics.

1.8 APPLICATIONS

The development of Hoare incorrectness logic in Ex. 1.3.11 is relegated to the appendix @.

11.8.1 Application I: Calculational Design of a New Forward Logic for Termination
with Correct Reachability of a Postcondition or Nontermination

Using 1 to denote nontermination, we write O, = QU {1} and Q; = Q \ {L}. The semantics and

predicates/assertions are relational. They can establish a relation between initial and final values of

aloop body to show that a variant function in a well founded set is decreasing (as in Turing/Floyd

method formalized by Th. I1.3.11). See example 1.3.1.

The language includes a break out of the closest enclosing loop, so the specifications have the
form {P}s{ok : Q,br : T} meaning that any execution of S started in a state of P will terminate
in a state of Q 1> or not terminate if 1 € Q, or break out of S to the closest enclosing loop in a state
satisfying T. So Q = {1} and T = @ would mean definite non termination (when P + @).

To design the logic, we first formally define the meaning of specifications as an abstraction of
post. Then we proceed by structural induction on the syntax of the language. Using fixpoint over
approximation Th. I1.3.1, the iteration rule is (3 is > extended to an auxiliary variable in X for each

variable in %) ® {oep(E)|og=oxnoxePycl {B[B]nI;}s{ok:Rbr:T}
Rycl (B[-BJnI)cQ TcQ R, SQ
(L¢Q)= (W, <) eWf.Ivel >W .V(g, o) el.v(a)>v(c"))

55

{P}while (B) s{ok:Q,br:T} (59

Example I1.8.1. For factorial fact, we choose the invariant [ = I; I, with[; = {n=nAf =
1}u{n>nz>0nf =Tl%,i} with [[@ = 1 for termination and I, = {n < n < 0A f =

1} for nontermination, (W, <) = (N, <) € f, v(n,n) = n. We have B[B] = n # 0 so that
{B[B] nI;}f = fxn; n=n-1;{ok : Rbr : T}is{(n =n#0Af=1)v(n>n>0nAf=
[T%, i)} f = fxn; n = n-1; {ok :Rbr: @} withR=R; = (n=n-1#0Af=n)v(n>n>0Af=
[1%,i) €I,R, = @ and T = @ by termination and absence of break. ]

11.8.2 Application lI: Calculational Design of a New Program Logic for possible
Accessibility of a Postcondition or Nontermination

As a second example, we design a logic {P} S {ok : Q,br : T} for the language of Sect. 11.1 with
natural semantics (54). A quadruple {P}S{ok : Q,br : T} means that for any state in P there
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exists at least one execution from that state that terminates in a state of Q, or T through a break,
or does not terminate (contrary to incorrectness logic [O’Hearn 2020] requiring termination). For
example if Q is bad, 1 ¢ Q, and T = & then from any state of P there must be a finite execution
reaching a bad state in Q (unless all executions from that state in P do not terminate or P is empty),
which corresponds to the incorrectness component of the outcome logic [Zilberstein et al. 2023]
in case L ¢ Q. {P} s {ok : {1},br : @} stipulates that any initial state in P can lead to at least one
nonterminating execution (as opposed to the extended Hoare specification {P} S {ok : {1},br : @}
stating that no execution from P can terminate). Formally,
{P}s{ok:Q,br:T} = (P, Q, T)¢eape([s].) (56)
where the abstraction apr([S].) is
{(P. Q. T) ep(2) xp(21) xp(2) | (P cpre([s] L [s])Q) v (P < pre([s]*)T)}  (57)
thatis ape([sL) = {(P, Q. T)|Pcpre([s°ULS])Q} (&) (59)
u{(P, O, T)| P cpre([s]®)T} (B) { def. union U
We proceed by structural induction on statements (details are found in the appendix ®). We con-
sider the iteration while(B) S which is the most difficult case. Let us start with the easy case (B)
of (58) for the iteration while(B) S.
{(P, O, T) | P c pre([while(B) s]*)T}
= {(P,Q, T)|Pcpre(@)T}={(P, Q, T)|Pc @} [def (52)of [while(B) S|’ and (38) of pre§
= {3, 0, T)|Qep(Z)ATep(2)} {def. inclusion ¢ and empty set &§
Following Sect. 11.5, (A) u (B) can be defined by a deductive system with separate rules for (A)

and (B). With notation (56), the deductive system for (B) of (58) for the iteration while(B) S is the
axiom & (59)

{@}while(B) s{ok:Q,br:T}
meaning that if you never execute a program you can conclude anything on its executions. This
is also valid in Hoare logic but is not given as an explicit axiom since it can be derived from other
rules (by an extensive induction on all program statements).

We now have to consider case (A) of (58) for the iteration while(B) S. This is more difficult and
requires three pages of calculation plus two pages of auxiliary propositions, too much for most
readers. So we will sketch the main steps of this calculation for a global understanding and refer
to Sect. J.4 of the appendix for all further details.

Starting from {(P, Q, T) | P < pre([while(B) S]¢u [while(B) S]*)Q} we get

{(P*UP*, Q. T)| P < (pre(Ifp” F 5 [-B])Q, u pre(Ifp= F* 5 [B] 5 [S]*) Q) A
Pt c (pre(Ifp” F* 5 [B] 5 [s]*){L | L € Q} upre(gfp™ F*){L | L€ 0}))}
by case analysis and expanding definitions (51) and (53) of the semantics. For states in P¢ there is
an execution terminating in Q; = Q \ {1}, possibly by a break. For states in P;; there is an infinite
execution consisting of zero or more finite iterations followed by a nonterminating execution of
the loop body. Finally, for states in P; there is an execution consisting of infinitely many finite
iterations. These cases are not exclusive and might be empty.
Grouping the cases P = P U P;, we get (by case analysis and pre(r)a = @)
{(PUP;, Q. T) | P Ifp= AX -+ (pre[-8]Q;) U (pre([8] 5 [s]")Q;) u (pre([B] 3 [s[*){1 | L € Q}) U
(pre([B] 5 [s]°)X) A (1 €Q 2 Py < pre(gfp™ F'){L} s Py = &)}
We must now handle fixpoint under approximations using induction principles. Since the pre trans-

former preserves arbitrary joins, its least fixpoint iterations are stable at w. So the hypotheses of
Th. I1.3.6 for P ¢ Ifp= AX « AU pre(r)X become
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W neN). P=@gAVneN.I"cI"™ cAupre(r)["A3teN.PcI’ (60)
Since pre does not preserve meets, we cannot use the dual of the fixpoint abstraction Th. 11.2.1
to express pre(gfp= F*){L | L € Q} in fixpoint form and then use the dual of fixpoint induction
Th. I1.3.4. This is where the order dual Th. I.3.4 is useful to under approximate the image of the
greatest fixpoint gfp= F* by Ar« pre(r){1 | L € Q}. The dual hypotheses of Th. I1.3.4 are that there
exists J € p(2,) such that, after simplifications for that particular case, are
37 ep(31) . (1eQ 7 pre([8] s [SI)(J) € J A B} € J s true) (61)
so that, by (60), (61), and pre([B])R = B[B] N R, we get
{(PUPF, Q. T)|3(I", neQ).I°=aAVneN.I"cI"" c (B[-B] n Q) u (B[] n pre([[S]]b)Ql)
u (B[B] npre[s]*{1]|LeQ})u([B] npre[s[¢(I"))AFteN.PcI'AFJep(Z,).(LeQ?
B[] npre([s[)(J) cJ AP <] s Py =2}
Since we proceed by structural induction, we have, by definition (56), to make the under approxi-
mations of pre[S] for the loop body S to appear explicitly in the calculations, as follows
{(PuPf, Q. T) | IR" . R” c pre([s]")Q; A IR* . (RY, {L | L € Q}, @) € apre([[S].) A I,
neQ).I"=@AvneN. 3RS . (RS I, @) € ape([S]L) AI" € I™ < (B[-B] n Q) u([B] nR") U
(Bl nRY)U(B]NR)ATEeN.PcI AT ep(S,). 3Ry . (R, ], @) € apre([S]) A (L EQ 7
BB NnR; cJAP;c]sPf=a)}
Following Sect. IL.5 and using the notation (56), the theory ape([while(B) S],) canbe equivalently
defined by the following deductive system of the logic.
=g {R}s{ok:@br:Q;} {R'}s{ok:{L|L1eQ}br:o}
VneN. {R¢}[s] {ok: I, br: &}
et c (B[-8]nQy)u(BBINnR") u(B[B]nR*)u(B[B]NR:) 3reN.PcI
(LeQ?{R;}[s] {ok: J,br: @} A B[8] NR; S JAP} C Py =g)
{PUP}}while(B) s{ok:Q,br: @} (62)
Example I1.8.2. Continuing Ex.1.3.1 and 1.3.5, consider the factorial with postcondition contract
f > 0. An interval analysis produces an alarm Q = Q; = f <0 where 1L ¢ QO s0 Q, = @ and Py =2.
Take R* = R = & since the loop body terminates with no break. Let I* = n < kA f < 0 and Ry = &1
so that {R{} [f = f*n; n = n-1;] {ok : I* br : @}. Take P = I”!. By (62), {P} fact {0k : Q,br : &}
But P implies f < 0 in contradiction {@} f=1; {ok : P,br : @} with the initialization f=1 proving
the unreachable alarm to be false, which [O’Hearn 2020; Zilberstein et al. 2023] cannot do. ]

1.9 CONCLUSION

Related work was moved to the appendix Sect. K @. We have shown that the theory of abstract
interpretation can be used to design program transformational logics, including (non)termination,
by defining their theory as an abstraction of the programming language fixpoint natural relational
semantics and then their proof system (useful to support mechanization) by fixpoint induction
and Aczel correspondence between set-theoretic fixpoint definitions and deductive systems [Aczel
1977]. The approach applies to all other abstractions of the collecting semantics into a relation, not
necessarily into a logic. For future work, this same principled approach can be used to design hyper
logics [Dardinier 2023], including dependency logics [Cousot 2019a], to include meta information
in predicates with an instrumented semantics (e.g. [Vanegue 2022; Zhang and Kaminski 2022; Zil-
berstein et al. 2023]), and to extend temporal logics like [Pnueli 1979] to programming languages
by structural induction and local invariants [Bubel et al. 2023].
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A AUXILIARY MATERIAL FOR SECTION I.1 (RELATIONAL SEMANTICS)

A.1 Relations

The Cartesian product of sets X and Y is X x Y = {(x, y) | x € X Ay € V}. The Cartesian power is X" = {{x{,
s, xn) | Vie[Ln], x; € X}, neN, with X% = @ and X! = X. The powerset p(X) of a set X is the set of
all subsets of X. A relation r on sets X’ and ) is a set of pairs in their Cartesian product so r € p(X x )).
Its domain is dom(r) = {x | Jy . (x, y) € r} and its codomain is codom(r) = {y | 3x . (x, y) € r}. The
inverse of a relation r is ™' = {(y, x) | (x, y) € r}. The left composition of relations is r; §r2 = {(x,
z) | Jy . (x, y) € r1 A(y, z) € ry}. The composition of functions is g o f £ Ax + g(f(x)) which, for their graphs,
is the functional relation {(x, f(x)) | x € dom(f)} s {(y, g(y)) | y € dom(g)}. A relation is functional
if it is the graph of a total function. Therefore, the set of functional relations between X" and ) is defined
as the set of relations such that any element of their domain has a unique image in the codomain, that is,
Prun(X x V) 2{ree(X xY)|VxeX . Jyel . (x, y)eravVyzeY . (x,y)ern{x, z)er=y=z}
We extend the definition of the left relation composition § to nontermination 1 by r § ' 2 {(x, 1) | (x,
Deryu{{xy)| Bze X ~{1}.(x, z) erA{z, y) e r'}. The conditional with several alternatives, a la C, is
(...?...]-.-%...[-..5...) where [ is the optional “else if”.

B AUXILIARY MATERIAL FOR SECTION 1.2 (GALOIS CONNECTIONS)

Formally, a Galois connection (C, £) % (A, <) is apair (o, y) of functions between posets (C, £) and (A, <)
satisfying Vx € C. Vy e A. a(x) =y < x c y(y). We use a double headed arrow —» to indicate surjection
and *—; for bijections. We use classic properties of Galois connections for which proofs are found in [Cousot
2021, Ch. 11] and [Denecke et al. 2003]. In particular, the abstraction « preserves existing arbitrary joins (so
in strict and increasing) and dually the concretization y preserves existing arbitrary meets.

ProrosITION B.1. The composition of Galois connections with Galois connections and isomorphisms is a Galois
connection.

Proor oF (B.1). — Assume that (X, £) Z:ll (Y, <) and (Y, <) Z‘:,Z (Z, <). Then

azoai(x) <y
= a1(x) < y2(y) (by (V. <) = (2, <)
< xSy op(y) Lby (X, g),<;—ll_><y, <)$
proving (X, &) Z:Z (Z, <).

-1

— Assume that (X, =) «aa— (Y, =) and (Y, <) Z‘:,z (Z, <). Define the partial order (X, ) by x c y
< a(x) < a(y).

azoa(x)<y
= a(x) < y2(y) by (V. ) = (2. <)
< a(x)zaca oyp(y) Iby (X, =) V. =)§
exca oy(y) {def. 5

-1
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-1
. a oy
proving (X, &) Cavu (Z, <).

v ! yiea™

— The proof that (X, c) %1 (Y, <) and (), =) «Ja—* (Z, =) implies (X, ) ; - (Z, <) where
1 ooy

x<y<a '(x)<a (y) is similar. ]

Y
While a Galois connection (C, ) — (A, <) is appropriate for over approximation, a semidual Galois

Y B
correspondence (C, ) — (A, =) (as originally defined by Evariste Galois for € £ < £ <) is convenient for
under approximation (as discussed e.g. by [Ascari et al. 2022]). The dual (A, >) % (C, 2) may also be useful

(e.g. to approximate greatest rather that least fixpoints).
By Prop. B.1, the composition of Galois connections (with corresponding partial orders) is a Galois connec-
tion. We will compose Galois connections to show that all known transformational logics are abstractions of

the natural relation semantics.

C AUXILIARY MATERIAL FOR SECTION 1.3 (THE DESIGN OF A NATURAL
TRANSFORMATIONAL LOGIC THEORY BY COMPOSING ABSTRACTIONS OF THE

NATURAL RELATIONAL SEMANTICS)
Proor oF (7).
ag(f) =r
< {{x, f(x))[xeX}=r
< VxeX . f(x) = (y such that (x, y) € r)
< f = Ax+(y such that (x, y) €r)
< f=ys(r)

PROOF OF (8).
ag(Post(ac({sf},)))

= ag(Post([S].1))

= {(P, Post([S]1))P) | Pep(Z)}

= {(P. {{o0. o'} | 30 (00, 0) € PA (0, 0") € [S]1}) | Pep(2)}

{assuming r € pg,n (X x Y)§
(def. a (1)}

{r is a functional relation §

{ def. function equality §

{def. yg(r)§ O

{from Sect. 1.3.1§
Zdef. OZGS

{def. (6) of Post§ ]

Example C.1. Continuing example 1.3.3, instead of Floyd’s verification condition {P}S{post[S]P} [Floyd
1967], Hoare logic [Hoare 1969] uses {pre[S]Q}S{Q} that is, {{c | o[x « A[A]o € O} }S{Q}, in syntactic
form {Q[A/x]}S{Q} where Q[A/x] is Q where A is substituted for x. By (12), the two verification conditions

for assignment are equivalent.

PRrOOF OF (13).
post(2, ) (ag(Post([S].)))

N e(2e)}

post(2, €) ({{P, Post([S].)P) | P € (3 x %)})
post(2,S)({(P, {{00, 0’} | 3o . (00, ) € PA (0, ') € [S]L}) | Pep(=x 2)})
{y | 3x e {(P, {{00, 0’| Fo . (00, 5) € P A {0,

{def. (13) of consequence§
{def. ag§
{ def. (6) of Post§

o) e[S} [ Pep(Ex2)} . (x. y) e (2,9)}
{def. (10) of post§

{(P". Q") | 3(P, Q) € {{P, {(00, 0") | 30 . {00, 0) € PA {0, 0') € [S]L}) | P e (2 xZ)} . ((P, Q), (P,

ly=(P, QY ep(Ex32) xp(Ex2)andx=(P, Q) ep(ExT) xp(ZxZ;) §
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(P', Q") | 3(P, Q) € {{P, {{00, 0"} | 3o . (00, 0) € PA {0, 6"y € [S]L}) | Pep(Ex%)}.P2P AQcQ'}

{
L
= {(P', Q") |3Pecp(=Zx%).P cPA{{o cr)|EIU (00, 6) € PA{o, ') e [S]L} < Q') {def. €§
{(P,Q"Y|3Pep(2x%).P cPAVay 0.0 . ({00, ) ePA(a, o) e[S]L) = ({00, ') € Q)}

PN / / / ’ / Zdef‘ gs
= {(P, Q)| Vop,0,0 . ({00, o) € P A{o, 0 )€ [S]L) = ({00, o) € Q")
(S) If (a9, o) € P, then (og, ) € P since P’ ¢ P which implies {0y, ¢’) € Q' by hypothesis.
Otherwise, (g, o) ¢ P', and false = ({0, ') € Q).
(2) Take P = P’ and reflexivity §

= {(P, Q)| V{00, ¢’} . (35 . (00, 6) € PA {0, 0’ ) € [S]L) = ({00, 0’) € Q)} {def. =, renaming§
= {(P. Q) [ {{00. '} | 30 (00, ) € PA (0, 0”) € [S].} € Q} {def. €§
= {(P. Q) | Post([S]L)P < Q} {def. (6) of Post§ O

PROOF OF (14).

post(<,2)(ag(Post([S]L1))) {def. (13) of consequence§
= post(S,2) ({(P, Post([S]L)P) | Pep(ExZ)}) {def. aG§
= post(S,2)({(P, {(00, ') | Jo. (00, o) e P A (0, &' € [S]L}) | Pep(Z x2)}) {def. (6) of Post§

= {y|3x e {(P, {{00, 0') | Fo . (00, o) e PA (o, o' ) € [S]L}) | Pep(Ex2)}. (x, y) € (5,2)}
{def. (10) of post§
= {p P’ Q') | 3(P, Q) € {(P, {{00, o'} | 3o (00, o) € P A (0, ') € [S]1}) | P e p(Ex )} . (P, Q). (P,
Q') (C 2)}
L= (P, Q') ep(3x5) xp(5x5,) and x = (P, Q) € p(3x Z) x p(3 x 3)S
= %(P', Q')S\ 3(P, Q) € {(P, {{00, 0’} | 3o . (00, 6} € PA{c, o’ ) € [S]L}) |Pep(Ex2)} .PcP AQ 20}
def. 2,
= {(P,Q")|3Pcp(=x3%).PcP A{{0p, 0')|3o. (00, ) €PA (o, ' )e[S].} 20"} {def. €
= {(P, Q)| 3P ep(=x3).PcP AV(op 0'). ({00, o) € Q) = (3o . (00, o) e PA (0, ') € [S]1)}{def.
= ({P. @) ¥(on. ) . (o0, o) € Q') = (30 (v, @) € P' n (0, o') e [S].L)}
() {00, o) € P and P ¢ P’ implies {9, o) € P’
(2) Take P’ = P and reflexivity §
= {(P, Q)| Q< {{00, 6")| 5. (00, ) €PA {0, o' ) e[S]L}} {def. € and renaming§
= {(P, Q)| Q < Post([S].)P} {def. (6) of Post§ u]

PROOF OF (16).

ai(R) cR (Rep(p(Ex3)xp(Ex31))and R € p(p (= x Z) x p(= x £)) by hypothesis §
< {(P,Q)|(P,Q)eRAQN(Ex{1})=a}cK {def. (15) of &7 §
= VP,0.((P,Q)eRAQN(Zx{1})=2) = ((P, Q) eR") {def. subset c§
< VP,Q.({(P,Q)eR) = ((On(=x{L})=2) = ((P, Q) €R")) { def. implication = §
< Rc{(P, Q)| (0n(=x{1})=2)= ((P, Q) eR)} { def. subset c§

< RcRU{(P,Q)|0N(Ex{L})+ o)}
{(=) Assume (P, Q) e RIfQ € X xS then Qn (T x {L}) = @ so (P, Q) € R by hypothesis.
Otherwise QN (X x {1}) # @s0 (Qn (T x {1}) = @) = ((P, Q) € R') is true, in which case

Re{(P, Q)[Qn(Ex{L})# 2}
(<) If(P,Q)eRand Qn (Zx{1}) =@ then (P, Q)R §
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< Reyj(R)

PROOF OF (17).
o (post(2,€) (e (Post([S]1))))
= aj({(P, Q) | Post([s].)P < O})

{
{(P. Q) [ Post([S[L)PcQAQN (Ex{L}) =2}
= {(P, O~ (Zx{1})) | Post([S[L)P O~ (Zx{1})}

PRrOOF OF (19).

(R)cR
< {(P,QU(Ex{1}))|(P,Q)eR}cF
< V(P,Q)eR.(P,QuU(Zx{L}))eR
<R {(P, Q) [ (P, Qu(Zx{1}))eR}
= Rcyi(R)

PROOF OF (20).

o} (post(2, ) (ac (Post([S]1))))
= @i ({{P, Q) | Post([s].)P < Q})
{(P. Qu (Zx{1})) [ (P, Q) € {(P, Q) | Post([S].)P c Q}}
{(P, Qu (Z x{1})) | Post([S].)P < Q}

PROOF OF (21).

& (R) R
< {(P,ON(Zx3%))|(P.Q)eR} R
< V(P,Q)eR.(P,ON(=x3))eR
<R {(P, Q)| (P, QN (Zx3))eR'}
=Reyl'(R)

PROOF OF (22).

o (post(2,) (g (Post([S]1))))
= &' ({{P, Q) | Post([S].)P < 0})

{(P, 0N (ExZ)) | (P, Q) € {(P, Q) | Post([S].)P < Q}}
{(P, 0N (£ %)) | Post([S].)P € O}

PROOF OF (23).
— ap(P)cQ
< {0 |30y . (00, 0) P} cQ
< Vo.(3og.{(0p, o) € P) = (0€Q)
< VYo .Voy. ({00, o) €P) = (c€Q)

(P, Q) [ (P, Q) € {{P, Q) [ Post([S[L)P € QA QN (2x{1}) =2}}

Patrick Cousot

{ def. yis m]

{by (13)§

{def. (15) of ai 5

{def. €§

{since Q e p(T xZu{1})§ o

{def. (18) of a* §
{def. subset ¢ §
{def. subset §

{def. concretization y? § u]

{by (13)§
{def. (18) of a? §
{def. €§ o

ldef. (22) of &2'§

{def. c§

{def. c§

ldef. 22) of y2'§ O

{by (13)§
ldef. (22) of &*'§
{def. €§ u]

{def. (24) of a2 §
{def. c§
{def. =§
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< Yoy .Vo. ({00, o) €P) = ({09, 0) € X x Q) {def. ¥V and o € X'§
<= Pc(XxQ) {def. c§
< Pcy;2(0) {def. (24) of y 2 §
— ap(R)c R

o {{ap(P), ap(Q)| (P, Q) e R} K (def. &2
< {{({c"|3o. (0, 0")ep}, {o |Fo.(0,0")cQ}) | (P, Q) R} c K {def. a2 §
= V(P,Q)eR.({o"|3o.(0, 0"y eP}, {0 |30 . (0, 0') € Q}) e R’ {def. c§
< Rc{(P,Q)|{({c"|30.(0,0"YeP}eR, {6’ |3o.(0, ') € Q} €R) {def. c§
<Rc{(P,Q)| 3P, Q"VR.P ={6"|30.(0,6"VeP}nQ ={d"|30o. (0, 6’} eQ}} {def. €§
<R {(ZxP =xQ)| (P, Q)eR} {since P = % x P’ by o € %, same for Q§
= Re {{y2(P), y2(Q)) [P, Q') € R} {def.y)2§
< RcV2(R) ldef.y 2§ O

ProoF oF (28). We write /= to either stand for ¢ (in the Galois connection proof) or = (in the isomorphism
proof), everywhere in the proof.

— ot_l(r) c/= r’

=ritei=r {def. (27) of & '§
e ()= {def. inverse ~'§
orc/= e {def. inverse _13
< rc/= a_l(r,) {def. (27) of & '§
— & (g

< Vx. @ (f)(x) ¢/=g(x) {pointwise def. <§
< Vx.a (fla ' (x))) g/=g(x) {def. (27) of &' §

< Vy. o (fla (@ () </= 9(a ()
US) letting x = a (y)
@ y= a’! (x), Galois isomorphism (28) for 0(_18

< Vy. f(y) c/=a (g(a (y))) { Galois isomorphism (28) for ™! §
< Vx. f(x)c/= d_l(g) (x) {pointwise def. (27) of d_lj
= fel=d"(g) {pointwise def. §
—aimée=T

wa oToa /=T {def. (28) of 31§
< Vr. éc_l(T(a_l (M) ¢/=T'(r) {pointwise def. € and def. function composition ©§
< v a (T (a1 ())) &= T (a 1)) Uetting r = ™ (r)§
= v d_l(T(r')) ¢/=T'(a7'(+")) { Galois isomorphism (28) for a™* §
< vr.vQ. d_l(T(r'))Q c/=T'(a" ' (+'))Q {pointwise def. £/=§
<V V0. a N (T(")Q) g/=T (' (r'))Q {pointwise def. (27) of d_lj
<V vQ.T(roc/=a (T (' (r'))Q) { Galois isomorphism (27) for a™ ' §
<V V0. T(Oo /=& (T (a1 (+)))0 {def. (27) of &' §
v T() ¢/= d_l(T'(a_l(r’)))Q {pointwise def. C§
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.. -1 _
<Tc/=a oT og7!

= TE/=a (T')

PROOF OF (29).
@ ' (Post)

= & oPostoa!

= Ared "(Post(a”\(r)))

= Ared ' (Post(r™'))

= Ar-o’til(AP- {{c0, ¢'Y| 3o . (00, ) € P A (o, 0’y er 1))

= AreAP-a ' ({{og, o) | 3o . (0, 0p) € a Y (P)A (o, o'y er )
= Ar<AP-a ({{00, ') | Fo . (0, oo) e a " (P) A (0, o) € 7)})

= AreAP-a *({{00, &’) | 3o . (o', o) er A (0, 7o) € & 1(P))})

= Ar-AP-a”'({{o7. o'} | 3o . (¢, o) er A {0, op) e (P))})
= Ar-AP-a'({{o7. 0) |36’ (0. ') ern(d’ op) ea” (P)})

= Ar-AQ-{(a, of) | 30’ (0, 0"y ern(d, or)€Q)}

= Pre

PROOF OF (32).

— ag(%ri)
= {(P, Q)I(L{Ti)(P)EﬂQ}

Patrick Cousot

{def. fonction composition o and pointwise def. C§

{def. (28) of ™' O

{def. (28) of G §

{def. function composition ©§
{def. (27) of & '§

{def. (6) of Post§

{pointwise def. of &', def. ats§
{def. inverse r§

{A commutative§

{renaming oy into o §

{renaming ¢ into ¢’ and vice-versa§
{def. (27) of & '§
{def. (29) of Pre§ O

[def. 31) of () = {(P, Q) | QN 7(P) = @} = {{P. Q) | 1(P) = ~Q}§

= {{(p, Q)I(_L{Tz(P))EﬂQ}
= {(P,Q)|VieA.u(P)c-Q}
- NP QN n(P) <=0}

- NP

ieA

«— <«

{pointwise def. J§

{pointwise def. |J and ¢§
{def. NS

{def. (31) of aéj

— The other a2, ¢, and a® follow from proposition B.1 by composition of the Galois connection (32) for

2 and those (30) for ™ and (26) for o™ 1.

PRrOOF OF (33).

— @ (f)l=g
= VX ep(X) . a” ()X /= g(X)

[m]

{pointwise def. € or =§

= VX ep(X).~ofo-(X)c/=9(X) {def. o™ §
< VX ep(X). fo-(X)2/=-9(X) (AcBiff -BC -Aie. ~A2-Band A=B < -A=-B§
<= VY ep(X). f(Y)2/=-g(-Y) {letting X = =Y and - o - is the identity§
< f2f/=-o0gon {pointwise def. 2 and function composition o§
< f2a/=a"(g) {def. a™§ o
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PROOF OF (34).
— Post

= & (Post)

= Ar-
= Ar-
= Ar-
= Ar-
= Ar-
= Ar-

- Pre

a” (Post(r))

— o Post(r) o -

AP« —(Post(r)(=P))

AP« —~{(09, ¢') | 3o . {00, o) € (~P) A {0, o’) e r}
AP+ {{09, ¢’} | Vo . (00, o) ¢ (<P) V (0, ') ¢ r}
AP+ {{0y, 0} | Vo . (0, ') er = (00, o) € P}

= & (Pre)

= Ar-
= Ar-
= Ar-
= Ar.
= Ar.
= Ar.

a” (Pre(r))

— o Pre(r) o -

AQ + =(Pre(r)(-Q))

AQ«~{{o, o) | 36" . (o, o) er n {0, op) € (-Q))}
AQ -+ {(o, of) | Vo' (o, 0')¢rvid, or) € Q}
AQ+{(o, of) | Vo' (o, 0" er=(d, or) € Q}

PROOF OF (35).

Post(r)P c Q

<= {{00, ¢’} | 3o . (00, 6) € PA {0, 0’ )er}cQ

<= V(op, 0’'). (3o . (00, 6) €PA (0, 0"V er) = (00, 0') €Q

= Vop,0',0. ({00, 0) €PA (0, 0" er) = (00, 0') €Q

<= Vap,0. ({00, 0) e P = (Vo' . (0, ") er= (00, 0') €Q)

= Pc{{op, 0)| Vo' . (0,0")er=(0p o

< P c{{oy, o) | Vo' (o, 0')er= (of, o

< Pc 0(_1({(0, or) | Vo' (o, 0')er=(d, of) € a_l(Q)})

=Pca o (AQ-{(0. op) | Vo' . (0. 0')er= (o, or) €Q}) o™ (Q)
{ def. function application and composition ©§

< Pc d_l(lQ- {{a, ar) | Vo' (o, 0" er=(d, ar) € Q})Q

/

€Q}

)
"y eQ}

< Pcd (Pre(r)Q

— Pre(r)QcP
< {{o, o7) | 3’ (o, o'y ern(d, or)€Q)}cP

< Vo,07. (36" (o, 0"y ern(d, or)€Q)}) = (o, of) € P

< Vo,o0y, o (o, yern(d, or) €Q)}) = (o, op) € P

< Vo,o0y, o (o, ar) €Q) = ({0, oyer= (o o) € P)

< Yoy, o . (o, or)€Q) = (Vo . (o, o'yer= (o, o) € P)

=0

c {{d, ar) | Yo . (o, o'yer= (o, ar) € P}

{def. (34) of Post §

{pointwise def. & §

{def. &~ §

{ def. function composition o§
{def. (6) of Post§
{def.negation —§

{def. implication = and -§

{def. (34) of Pre§

{pointwise def. & §

{def. &~ §

{ def. function composition o§
{def. (29) of Pre§

{def. negation —§

{def. implication =§ ]

(.0 € p(X x X)S§
{def. (6) of Post§
{def. c§

{def. = and 3/V§
{def. = and A§
{def. c§
{renaming§

{def. (27) of & §

{def. (27) of &' §
{def. (34) of Pre§

{def. (29) of Pre§
{def. c§

{def. = and V/3§
{def. = and A
{def. = and V§
{def. c§

Proc. ACM Program. Lang., Vol. 8, No. POPL, Article 7. Publication date: January 2024.



7:42 Patrick Cousot

= Qc a_l({(af, o')|Vo. (0,0 er= (of, o) € a '(P)}) {def. (27) of & '§
<= 0ca'{{og, o) |Vo. (0, d')er= (00, o) e a (P} {renaming$§
< Qca t(Post(r)(a ' (P))) {def. (34) of Post§
< QcatoPost(r)oa ' (P) { def. function composition o§
< Qca (Post(r))P ldef. 27)of & '§ O

ProoF oF (37). This is an application of [Cousot 2021, Theorem 11.78] and [Cousot 2021, Exercise 11.21].
We provide the proof for the appendix to be self-contained.

— a©)co {where © € p(Z x X) - p(Z x V) and 0 € p(X) —> p(I)§
< a?(@)P co(P) {pointwise def. €§
< ap 0 ®oy(P)cO(P) {def. (24) of ' §
= 0@oy;(P)Cypzo0(P) { Galois connection (23)§

= 0(Q)cypofoa;:(Q)
{(=) choosing P = @|2(Q), y)2 © @2 is extensive (by the Galois connection (23) for «2), and © is
increasing by hypothesis;
(+) choosing Q = y2(P), a2 © y|2 is reductive (by the Galois connection (23) for y|2), and  is
increasing by hypothesis§

=0c yj2o00apz {pointwise def. C§
<0<y (0) {def. y5
— @ (0)E6 {where © € (X x V) > p(Z x X) - p(Z x V)§
< & (0)(r) £6(r) {pointwise def. £§
< a3'(8(r)) € 6(r) {def. (36) of &4
<0(r) ¢ Y?((’_‘)(’)) {Galois connection (37) for oz?j
= 0(r) E14(8)(r) Ldef. Vo = Ar ey (r)S
< 0c )/;((:)) {pointwise def. C§ u]

PRrROOF OF (38).

- & (post)

= Ar- a?(post(r)) {def. (36) of 02?8
= Areapz o post(r) oy {def. (36) of ' §
= Ar+AP-ap2(post(r)(y2(P))) {def. function composition ©§
= Ar«AP-a:({(00, o')| 30 . (00, o) € ¥12(P) A {0, o'yer}) {def. (10) of post§

= Ar+AP-{c’ | 30y . (00, ') € {{00, 0’} | Fo. (00, 0) €S x P A (0, 0') er}}
{def. (24) of a2 and y2 §

= Ar«AP-{c’ |30y .30 . (00, ) €S xPA (o, o )er} {def. €§
= Ar+AP-{c'|30.0€PA (0, d')er} {taking o € =§
= post {def. (10) of post§
- i (Post)

= Ar-ad (Post(r)) Ldef. (36) of &3 §
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= Areapo Post(r) o ¥)2 {def. (36) of o' §
= Areap o AP« {{0o, o')|Vo. (o, 0"y er=(0p, o) eP}o Y)2 {def. (34) of Post §
= Ar-AP-a2({(00, o'V Vo . (0, 0"y er= (o9, o) € vi2(P)}) {def. function composition o
= Ar+AP-{c’ |Vo . (0, ¢') er = (0p, 0) € X x P} {def. (24) of a2 and y 2 §
= Ar+AP-{c’' |Vo . (0, c')er=0ceP} {def. pairs and €, Q.E.D. for case post of (38)S§
= Ar+AP-~{c' |30 . (0, 0"V ernc¢P} {def. =§
= Ar«AP-—post(r)(-P) {def. (10) of post §
= Ar«AP+-o post(r) o =(P) { def. function composition o §
= Ar-a” (post(r)) {def. a”(f) = = o f o = in (33) and A-calculus§
= Ar-a” (post)(r) {pointwise def. & (post) = Ar+a” (post(r)) in (33)§
= & opost {def. function composition o and A-calculus, Q.ED. for case post of (38)§
- & (Pre)

= Ar-ad (Pre(r)) Ldef. (36) of &7 §
= Areapi o Pre(r) oy {def. (36) of af'§
= Areap 0 AQ+{{o, oy} | Vo' (o, 0')er=(d, or)€Q}toyp {def. (34) of Pre§
= Ar+AQ-a;i({{o, or) | Vo' (o, 0" er=(d, or) €y (Q)}) {def. function composition ©§
= Ar-AQ-{c| Vo' .(0,0)er=0"€Q} {def. (26) of aj1 and y|1 QED. for case pre of (38)§
= AreAQ-—={c |30’ . (0, 0"Yernd’ €-~(Q)} {def. =§
= Ar+«AP«-pre(r)(-P) {def. (38) of pre §
= Ar«AP+-opre(r) o =(P) { def. function composition o §
= Area” (pre(r)) {def. a”(f) 2 = o f o = in (33) and A-calculus§
= Ar-a (pre)(r) {pointwise def. &” (pre) = Ar-a” (pre(r)) in (33)§
=& opre {def. function composition o and A-calculus, Q.E.D. for case pre of (38)§
- d?(Pre)

= Ar-ad(Pre(r)) ldef. (36) of &}'§
= Areap o Pre(r)oyp {def. (36) of f'§
= Areap o AQ-{(o, of) | 306" (o, 0"y ern(d, or)€Q} oy {def. (34) of Pre§
= Ar-AQ-a;1({{o, of) | 306" (o, 0"y ern(d, or) ey (Q)}) {def. function composition o§
= Ar-AQ-{c |30’ . (0, 0')ernc €Q} {def. (26) of &)1 and y|1 QE.D. for case pre of (38)§
= Ar-AQ-={c| Ve . (0, 0"Yer=0"e-(Q)} {def. =§
= Ar+AP.-pre(r)(-P) {def. (38) of pre §
= Ar«AP+—-o pre(r) o =(P) { def. function composition o §
= Ar-a” (pre(r)) {def. a”(f) 2 = o f o = in (33) and A-calculus§
= Ar-a (pre)(r) {pointwise def. &” (pre) = Ar-a” (pre(r)) in (33)§
= a opre {def. function composition ¢ and A-calculus, Q.E.D. for case pre of (38)§ m]

In Fig. 4, the points e represent states, the arrows between two states or a state and L represent a pair
in [[S]]1. For the angelic semantics [S], the states and arrows marked 1 should be ignored. The consequent
states on the left are partitioned into Q and —Q. In the column for each transformer 7 in the left table, tags
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Fig. 4. lllustration of property transformers

x indicate that the antecedent state on the same line belongs to 7(Q). Similarly, the antecedent states on the
left are partitioned into Q and —-Q. In the column for each transformer 7 in the right table, consequent states
belonging to 7(Q) are tagged x on the same line.

PROOF OF (39.D). Let us show that post(R)PnQ # @< JoeP. 30" ¢ Q. (0, o’) €R
<

post(R)PNQ + &

= {c'|3oeP.(06,0)eRINQ+2 {def. post§
<30 . oc'e{d’|FoeP (0,6 )eR AG'€Q {def. nand &
<30’ .3oceP . (0,0')eRAG €Q {def. €§
< 30eP.36"€Q.(0,0')€eR { commutativity §
= 30.0eProe{o|3o’ €Q.(0,0')eR} {def. €§
=Pn{o|3c’' €Q.(0,0')eR} + & {def. n and &§
< Pnpre(R)Q + & {LEM. 6§ |

PROOF OF REMARK 1.3.12. Define t; = {(n, n+i) | n € N}. If (n, m) € Njen t; then it belongs to all #; so
Vi eN.m=n+i,a contradiction. So N;en t; = @ hence pre(Njen ti)Z = @. On the other hand, pre(t;)Z =
{n|3ImeZ.(n,m)eti}={n|ImeZ.m=n+i} =27 Obviously pre(Njenti)Z = @ *+ Z = Nien pre(ti)Z.

Taket = {(I,m) [meN}and X; = {neN|n>i}.Ifme N X; thenforalli e N, m € Xj, in contradiction
with m ¢ Xp,41 proving Njen Xi = @ so that pre(t) (Njen Xi) = &. Now pre(t)X; = {n|ImeX; . (n, m) e t;}
= {1} since no X is empty. It follows that pre(t) (Nien Xi) = @ # {1} = Nien pre()X;. m|

PROOF OF (42).

— a(P)cQ
<P~{1}cQ {def. (40) of &/ §
< PcQufl} {def. <§
<= Pcy(Q) (by defining y;(Q) = QU {1}§
— 51(9) ch
< VPeX. E:i(G)P co(P) {pointwise def. C§
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= VPeX . as(0(P))ci(P) {def. (40) of @ §
< VYPeX .0(P)c yl(é(P)) (Galois connection (ay, y;) (42)§
< 0CAP- yl(é(P)) {pointwise def. C§
<=0c ﬂ(é) {by defining ﬂ(é) éAP-y’L(é(P))S
— The compositions 7’[ and (ﬂ of increasing functions is increasing, Moreover,
w(0) €0

< VQep(Zy). (@(G)Q c9(Q) {pointwise def. ¢§
<= VQep(Z1) .Q(YJ(Q))EH_(Q) {def. (42) of‘ﬁls
> VP ep(2) . 0(y, (ay(P))) < O(ay (P)) {for 0 = a, (P)S$

= VPep(2).0(P)c0(ay(P))
{since y; © a; is extensive by Galois connection {a, y;) (42) and 6 is increasing by hypothesis

<=0c é(al) {pointwise def. C§
Conversely,
VPep(Z).0(P)c é(al(P))
~ V0 ep(31) . 0(r,(0)) < 0ty (1, (Q))) for P = y,(Q)§

= VQep(=1).0(r (Q)) 6(Q)
{since ay oy is reductive by Galois connection (ay, y;) (42) and 0 is increasing by hypothesis§ O

D THE SUBHIERARCHY OF ASSERTIONAL LOGICS, CONTINUED

Continuing Sect. 1.3.14 on “The subhierarchy of assertional logics”, we consider other contrapositive logics
or properties disproving program properties.
D.1 Partial Definite Inaccessibility of All Final States From All Non-Initial States pre[[S]Q ¢ P <
Q < post[S]P < ~P c pre[S]-Q <> pre[S]LQ € P < Q € post[S]LP < —P c pre[S].-Q,
P,Q ep(3)
This specifies the fact that any executions from initial states not in P can never reach a state in Q. This provides
anecessary precondition for partial possible accessibility of some final states from some initial states but does
not prevent nontermination. This formalizes by Galois connections the relation inductive principles (1), (I),
(1), @71y and the assertional ones (i), (i), (i™1), (i"!) of [Cousot and Cousot 1982].
Notice that complement duality can be used to perform under (respectively over) approximation by over
(respectively under) approximations of the complement.

D.2 Partial Definite Inaccessibility of Some Final State From All Non-Initial States

post[SJP N Q # & < post[S[LPNQ + @, P,Q e p(Z)
This expresses that there exists at least one state ¢’ in Q, which is not accessible by any execution from an
initial state not in P.
D.3 Partial Definite Accessibility of Some Final State From Some Initial State

pre[S][ONP + @ < pre[S]LONP+ 3, P,Q e p(2)
This indicates that there is at least one initial state in P from which there is at least one execution that does
terminate in state Q. We have -({P}S{Q}) < - (P ¢ pre[S]Q) < (Pn-(pre[S]Q)) # & < Pnpre[S]-Q # &
which is another incorrectness logic [Cousot 2021, Ch. 50].
D.4 Partial Possible Accessibility of Some Non-Final State From All Non-Initial States

pre[S]Q ¢ P < pre[[S]LQ € P <> —P < pre[[S]-Q < —P c pre[S]1-Q, P,Q € p(X)
The meaning is that executions from initial states not in P have at least one execution not reaching a state in
Q. This provides a necessary precondition for universal possible accessibility [Cousot et al. 2013].
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Hoare incorrectness logic

post(2,S) ° ag

post[s]

post(S,2) o ag

post(2,S) o ag

pre[S]

pusl(C 2)oag o ’
[Hoare 1969] Y
[Cousot and Cousot 1982, ()] s

®

-1 post(2,€) cag

[Ascari et al. 2023, (NC)] @

[Morris Jr. and Wegbreit 1977]
@ [Cousot and Cousot 1982, (i)]
[Cousot et al. 2013]

post(2,€) ° ag

@
pre[S]

a post[s]

post(S,2) o ag

post(g,2) o zxc;i -

[Zilberstein et al. 2023]
[Dijkstra 1982]
[Cousot and Cousot 1982, (1

[de Vries and Koutavas 2011] 19) @
[O’Hearn 2020] X ,

Ascari et al. 2023, (SIL . E bt —
! p(?élt(D S)oag "t post(2,€) j aG pOSt[[S]]J_
(O_(l Pre[[sﬂ L’.”. "". post(S,2) o ag (_x)’[ : post(S,2) o ag
o ‘e 1
1

.'. . [Aptand Plotkin 1986] "

~
~
~

0'[_1 post(2,€) ° ag

——————— post(S,2) o ag

Possible accessibility or
nontermination logic
(application 2)

Galois connection (different logics to prove the same property)

Fig. 3. Hierarchical taxonomy of transformational assertional logics

D.5 Partial Possible Accessibility of All Non-Final States From Some Non-Initial State
post[S]P € Q < =Q < post[[S]-P < =Q < post[S] L ~P < —Q € —post[S]LP <> post[S].P < Q

Patrick Cousot

The signification is that for any state ¢’ not in Q there exists at least one initial state o not in P and an execution
from ¢ that will terminate in state ¢”. Letting P’ = =P and Q” = -, this is partial possible accessibility of all
final states from some initial state Q' € post[[S]P’ from Sect. .3.14.3. This shows that the under approximation
Q < post[S]P is equivalent to an over approximation post[S]-P € —Q of the complement, that is, a proof by

contradiction.

D.6 Total Definite Accessibility of Some Final State From Some Initial State pre[S[Q NP + @ <

pre[S]LONP + 3, P,Q € p(X)

This states that there is at least one initial state in P from which all executions do terminate in Q.

PROOF OF (43).
- VN, )37

= am(n, )(r) 2 #(r)

{pointwise def. C§

o () anr) 220r) et o
< n(r) 21(r) Any(r) 27(r) Udef. A§
< (r1(r), =2(r)) 2 (2(r), 7(r)) {componentwise def. 2 for pairs§
<= (r1(r), 72(r)) 28(7(r)) {def. 85

Proc. ACM Program. Lang., Vol. 8, No. POPL, Article 7. Publication date: January 2024.



Calculational Design of [In]Correctness Transformational Program Logics by Abstract Interpretation 7:47

— Similarly a”(z1, 72) € 7 < (11(r), ©2(r)) € 8((r)) by S-order duality. u]

PROOF OF (44).

a(m, 1) (E1.52) ©

= VP.a"(r, ©)(P) (51,52) 7(P) {pointwise def. (£1,52)§
< VP . (11(P), 2(P)) (51,52) 7(P) {def. ™ §
< VP . (11(P), ©2(P)) (51,52) let (P1, P2} = #(P) in (Py, P;) {E(P) € V1 x V5§
< VP. let (Py, P;) =7(P) in71(P) 51 Py Aaz(P) =3 Py { componentwise def. of (51,52)§

=17 él AP« let (P], Pz) = f(P) inP1 ATy éz AP let (Pl, Pz) = ‘Z’(P) in Py
{pointwise def. £ and 5§

< letf = (),P' let <P1, Pg) = f(P) in Pl) and 7y = (),P' let <P1, Pg) = f(P) in Pg) iNT] S TIAT o Ty
{ def. let§

<> let <f1, fg) = )/X(f) iNTIE1 AR EY Zdef )/XS
= let (71, &2) =y () in (11, 72) €1.E2 (71, 2) {componentwise def. £1.5;§
= {11, 1) £1.52 (%) {def. let§ m]

ProoF oF (46). We use {¢ | ¢ = o} rather than {o} to make bindings more clear.

post(r)P
= {0 |30€eP . (0,0 )er} {def. post§
={0'|30eP.36.5=0" A (0, T) er} {def. =§
={0o'|30eP.ce{c|F5.5=0"A{0,T)er}} {def. €§
={0'|30eP.oce{o|35.5¢{c|T=0"} A {0, T) er}} {def. €§
={0'|30eP.oce{o|35.(0,T)ernce{c|c=0"}}} { commutativity A§
= {0 |3oeP.cepre(r){c|c=0"}} { def. pre§
= {0’ |3oeP.cepost(r ){c|c=0"}} {def. postS§
= o (post)(r)P {def. o™ §

The proof for pre is similar with D = (p(X x V) = (p(¥) = p(X))) = (p(X xY) = (p(Y) = p(X))).
For Post, we have

Post(r)P
= {{00, 0’)| 3o . (00, 6) € P A {0, 0') er} {def. post§
= {{00. &') |35 . (00, 6) e P A (c’, o) er '} {def. inverse r!§

= {{o0. o) | 30 (00, 0) € PA{on. o) € {{0. ¢) | 3(s0. 6) € {(50: €) |Gy =0 AT =0} . (s, 6) er ' }}Ldef.
membership €§

= {{00, 0')| 3o . (00, 6) € P A {00, 0') € Post(r_l){@o, S)|Sp=00As=0}} {def. Post§
= a" (Post)(r)P {def. a™§
where in this case, we have the definition

a”(D)(P = {{o0, 0')| 3o (00, o) € PAfov, o) er(r ) ({5 §) [ Go = 00 AT = 0})}

The case of Pre is similar with D = (p(X xY) = (p(Y*x Z) » p(X x 2))) » (p(X xY) - (p(Y*x Z) >
p(X x 2))). O
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E AUXILIARY MATERIAL FOR SECTION II.1 (STRUCTURAL FIXPOINT NATURAL
RELATIONAL SEMANTICS)

PROOF OF LEMMA IL.1.1. Let (X", n € N) be the iterates of F*(X) = [B] 3 [S]° $ X in (50) on the complete
lattice (p(= x {1}), S, @, = x {1}, U, n) from the supremum X° = = x {1}.

Assume that X" = ([B] s [S]®)" § (= x {1}) by induction hypothesis.

Then by def. (50) of F*, we have X"*! = F+(X™) = [B]3[S]®3([BI3[S]¢)"s(=x {1}) = ([BIs[S]¢) ™ 's=x{L}.

Since F* preserves joins, by [Cousot and Cousot 1979a], the limit is gfp< F* = X® = Npen X" = Nnen ([B] 3
[S°1)" 53 = {1},

For X® not to be empty, none of the iterates ([B] § [S°])" § = x {1} must be empty, meaning that Vn €
N . ([B] s [S°])" # @. By definition of the power of a relation, this implies that 30 € N - = . Vi € N . {0,
gi+1) € [B] § [S¢]- The result follows by contraposition. o

E.1 Auxiliary Variables

The relational natural semantics [S]|1 € p(ZxX ) of Sect. IL.1 can be extended to record the values of variables
of entry of statements S. The states o € 3 = X — V are extended with fresh auxiliary variables X = {% | x € X}
too € X 2 XUX - V. We define the projection on auxiliary variables as oy € X — V such that Vx € X .
07 (%) = o(x) while the projection on program variables is oy € X — V such that Vx € X . ox(x) = o(x).
A predicate P € p(2) is extended to P € p(3) = {0 | oy € P}. For initialization of fresh auxiliary variables
to the values of the program variables, we define I7(P) = {0 € 3 | oy = ox A ox € P}. The relations
r € (T x %) involved in the relational natural semantics of Sect. I.1 are extended to r € p (T x %) = {{o,
o'y | o% = oz Aoy, o%) € r} since the values of initial values are kept unchanged by program execution. We
leave implicit the fact that batches of fresh auxiliary variables can be successively added to program variables,
for example on entry of each loop body in imbricated loops.

E.2 Bounded Versus Unbounded Nondeterminism

Unbounded nondeterminism was strongly rejected by Dijkstra in [Dijkstra 1976, chapter 9] as unimple-
mentable. Park was rather critical about this restriction [Park 1969] since time is unbounded. Later Dijkstra
changed his mind [?], [Dijkstra and Scholten 1990, pages 174-180 of chapter 9] using arbitrary well-founded
sets as by Turing [Turing 1950] and Floyd [Floyd 1967]. This is the approach we use, using ordinals [Monk
1969, Ch. 2] to formalize well-founded sets used in termination proofs.

F AUXILIARY MATERIAL FOR SECTION I11.2 (FIXPOINT ABSTRACTION)
PROOF OF COROLLARY I1.2.2. Given any Q € L, define ag(f) = f(Q) andyo(y) 2 Ax-(x=Q % ysT|). We

. Y
have (L — L/, E,) a‘:,Q (L', €'Y as follows
Q

ao(f) 'y
< f(Q) <y {def. ap§
< f e Ax- (x=Q72ysT) {pointwise def. ' and 7’ is supremum for £’ §
=€ ro(y) (def. yo (y)§
We have the commutation

ao(F(f))
= F(f)(Q) {def. ap§
= Fo(f(Q)) {hypothesis§
= Fo(ap(f)) {def. ag§

By the fixpoint abstraction Th. I1.2.1 and definition of ag, we conclude that Ifp < Fo = ap(Ifp ¢! F) = (lfpél F)Q.
|

Proc. ACM Program. Lang., Vol. 8, No. POPL, Article 7. Publication date: January 2024.



Calculational Design of [In]Correctness Transformational Program Logics by Abstract Interpretation 7:49

G ABSTRACTIONS OF DEDUCTIVE SYSTEMS
In order to abstract a deductive system R, we can consider its model semantics Ifp = Fg as in Sect. I.5.2, abstract
this fixpoint into [fp< Fg by abstracting its transformer Fg into an abstract one Fg using Th. I1.2.1, and then
this abstract fixpoint back to an abstract deductive system, as explained in Sect. I.5.3. A more direct way is
as follows

THEOREM G.1 (DEDUCTIVE SYSTEM ABSTRACTION). Let S € p(X) be the set defined by the deductive system

Y - _

R. Let (p(X), <) — (p(Y), €). Let S € p(Y) be defined by the abstract deductive system R = {< éP) ’ % €
Rnacea({c})}. Then a(S) < S. For a Galois isomorphism, a(S) = S.

Proor oF TH. G.1. Consider the consequence operators Fg and Fj, of the two deductive systems R and R.
We have

a(Fr(X))
= a({c] g eRAPcX} { def. consequence operator Fg§
- a(U{{c}‘geR/\PgX}) Ldef. U§
= We({c}) | § €RAPCcX}) {in a Galois connection a preserves existing joins§
- {E‘EEa({c})/\geR/\PgX} Ldef. U§

P
c/={e|cea({c})n=eRna(P)ca(X)}
c
{for € in case of a Galois connection, « is increasing
for = in case of a Galois isomorphism such that, conversely, a(X) ¢ «(Y) implies X € Y§
= Fp(a(X)) {def. consequence operator Fy§

We conclude, by semi-commutativity and fixpoint abstraction Th. IL.2.1 that S = Ifp< Fg ¢ Ifp© Fy = § with
equality in case of a Galois isomorphism implying commutativity & o Fg = F o a. ]

H AUXILIARY MATERIAL FOR SECTION I1.3 (FIXPOINT INDUCTION)

We let (O, €, @, O, U, N) be the von Neumann’s ordinals [von Neumann 1923] (see [Monk 1969] for an
introduction). Von Neumann’s ordinals are 0 = @, 1 = {@}, 2 = {@,{@}} = {0,1},3 = {0, 1,2}, .., 6+ 1 =
{8} u 8 for successor ordinals, and A = U pes B for limit ordinals ordered by €. We let w be the first infinite
limit ordinal. For better intuition, we will denote the strict order € by <, 0 for @&, +1 for the successor function,
sometimes max for U, min for n. For this total order (0O, <) where < is < or equality, U is the least upper bound
and N is the greatest lower bound.

We let Bf be the class of all well-founded sets (W, <), that is, a set W equipped with a binary relation
<, with no infinite strictly decreasing chain for <. < is often a partial order, but this is not necessary. In that
case (W, <) is called a well-ordered set. Any well-founded sets (W, <) € W can be mapped to a unique
ordinal. Define the ranking function p(w) = Uyewaw/<w 2(W'). Notice that for minimal elements m of
W (ie. Vw' € W : w' ¢ m and there must be some by wellfoundedness), p(m) = U@ = @ that is, 0. For
any subset X € (W) define p(X) = Uwex p(w). The order of the well-founded set (W, <), is p(W). The
elements w of W are mapped to an ordinal p(w) € p(W), The crucial property, that we will use, is that
w<w = p(w) e p(w) ie p(w) < p(w'). So ordinals are a well founded set (indeed a well founded total

ordering) and any well founded set can be abstracted into an ordinal, that is (2f, c) % (O, <) where id

is the identity function and all well founded set of the same rank are abstracted to the same ordinal, while
larger well-founded sets can only be mapped to larger ordinals.

Proor oF TH. [1.3.4. Let (F 0 5e 0) be the increasing iterates of F from 1 ultimately stationary at rank
€[Cousot and Cousot 1979a].

Soundness (<=). We have «(F°) = a(L) £ I by IL3.4.(1). Assume a(F®) € I by induction hypothesis.
Then a(F5+1) = oc(F(Fa)) € I by IL3.4.(2). If A is limit ordinal and Vf < A . rx(Fﬁ) € I. Then a(F’l) =
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a(Up<a FP) € I by 11.3.4.(3). By transfinite induction V& € O . a(F®) € I. So a(IfpS F) = a(F€) €I € P by
11.3.4.(4).

Completeness (=), for the weaker condition I1.3.4.(2) and I1.3.4.(3). Assume that a(Ifp= F) € P and define
I=a(lfp=F), (X% 5 €0)=(F° §c0). Wehave1.3.4.(1) (1) € a(Ifp= F) = I since L is the infimum and « is
increasing. For I1.3.4.(2) with X = F® we have F° < Ifp= F so a(F(X)) = a(F(F®)) = a(F*') € a(Ifp= F) = I
For I1.3.4.(3) with (X%, 5 € 0) = (F®, § € O) we have Up<a XP € Ifp® F so a(Up<r Xﬁ) c a(Ifp= F) = I. Finally
11.3.4.(4), by hypothesis I = a(Ifp= F) € P. u]

Proor oF TH. I1.3.6. Since f in increasing on L, the iterates =119 = f(Ia), and I* = Upg<a 1P are an
increasing chain in L so, its cardinality being bounded by that of L, the sequence must be ultimately stationary
at rank €, to a fixpoint 19 for all § > €, which, f being increasing, is the least one [Cousot and Cousot 1979a].
By transfinite induction, (X5, § € 0) is pointwise bounded by (15, 5e0)ie Vo5eO. x% e’ Therefore,
(X‘s, & € 0) being increasing, we have 3§ € 0 . Pc X0 c 1% ¢ max(e) _ Ifp= f. Conversely, choosing (X‘S,
§¢€0)=(I° & 0)will do since P ¢ Ifp” = I°. u]

PRrOOF OF LEMMA I1.3.7. Let (X5, 5 € O) be a sequence in a complete lattice (L, &, 1, U) satisfying the
hypotheses of Def. I1.3.5. Define YO = 1, Y = f(Y(S), and Y* = Upg<a Y# which is well defined in the
complete lattice L and, by transfinite induction, increasing since for the basis X% = 1 c x! and for the
induction f is increasing [Cousot and Cousot 1979a]. To prove that this sequence (Y‘S, § € 0) is an upper
bound of (X 5, 8 € 0), observe, for the basis, that X O jcp1=Y° by reflexivity and definition of the iterates.
Assume X° ¢ Y° by induction hypothesis. Then D= f(X(S) = f(Yé) = Y°*! since f is increasing
and by definition of the iterates. Moreover, Vf§ < A . xP c P implies Vf < 1 . xP c Lg<a Y# implies
x* e <A xP c <A YA = vA by definition of the least upper bound and the iterates. By transfinite
induction, V& € O x%cyd. By hypothesis 36 ¢ O . P = X%s038' €0.Pc Y§I with &' =6, x%c Y5, and
transitivity. In conclusion, (Y5, & € 0) is well-defined, increasing, and satisfies Def. I1.3.5. O

ProoF oF TH. I13.8. Observe that, by hypothesis 11.3.8.(1), the transfinite iterates f* = 1, f(SJrl = f(f‘s),
and fA = Lp«a fﬁ of f, starting at 1, are increasing and converging at rank ¢ € O to Ifp© f [Cousot and
Cousot 1979a]. Consider (Xé, 8 < €) as defined by hypothesis I1.3.8.(3). Since f is increasing, it follows, by
transfinite induction, that V8§ < e . X% ¢ f(s. If35 € 0. P c X° then we are done since P € X° © f‘S c Ifp= f.
Otherwise, V6 € O . P ¢ X° and so, by hypothesis 11.3.8.(4), the chain (v(X%), § € 0) is strictly <-decreasing,
in contradiction with the hypothesis that (W, <) is well-founded, proving 36 € O . P © x%c f5 c Ifp= f.

Notice that, by well-foundedness, (v(X 6), 8 € O) reaches a minimal element at some rank less than o so
d<w. O

Proor oF TH. I1.3.10. By refth:Intersection-Lfp.(2), f preserves non-empty joins implies that the iterates
fO(J_) £ ] and f"+1 (L) = £(f"(1)) of f from the infimum 1 on the L form an increasing chain which limit,
by refth:Intersection-Lfp.(1) exists in the complete lattice L, and is Ifp= f = £ (1) = Lpen " (L) [Cousot and
Cousot 1979a]. Moreover, by refth:Intersection-Lfp.(3), f(I) = I implies, by recurrence, that Vn e Nu {0} .
f™(L) = I since by refth:Intersection-Lfp.(2) f preserves non-empty joins so is increasing.

If f(L) = L then obviously Ifp® f = 1 = L n Q. So in the following, we assume that 1 # f(1) that is,
L © f(1) by definition of the infimum 1.

In an atomic complete lattice, all elements have a non-empty set of atoms but 1. Since 1 # f(1), we have
atoms(f (1)) # @.

We have 1 = (1) © f1(1) = LI{f%(x) | x € atoms(f(L))} by definition of the identity f*. Assume that,
forn> 1, f"(1) = LI{f" ' (x) | x € atoms(f(L))} by recurrence hypothesis. By refth:Intersection-Lfp.(2), f
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preserves non-empty joins so /"1 (1) = f(f"(1)) = F(L{f" " (x) | x e atoms(f(1))}) = L{f (/" (x)) |
X € atz);zs()];(}i))} = L{f™(x) | x € atoms(f(L1))}. By recurrence, Vn > 1. f™(1) = U{f" *(x) | x €
atoms(f(1));.

By refth:Intersection-Lfp.(1) and definition of an atom x € atoms(f (1)), we have 1 = x © f(1) that is
(1) = f2(x) € f(1). Since, by refth:Intersection-Lfp.(2), f preserves non-empty joins it is increasing and
therefore Vn e N . f*(1) € f™(x) € f**1(1) by recurrence. By definition of a least upper bound, it follows
that [ pen (L) € Unen £ (%) € Unen f771(L) = Unen f*(L) since L € f(1) = f1(L). This implies that
v catoms(/(4) e £(3) = 1/

Because Vn > 1. f™(x) = f(f" 1(x)) € I, refth:Intersection-Lfp.(4) implies that the chain (v(f™(x)),
n > 1) in the Well-founded set (W, <) cannot infinitely decrease so is ultimately stationary at some n = fy.
By contraposition of refth:Intersection-Lfp.(4), Vy = I . (v(y) # v(f(y))) = (y = f(y)) & I so that
fi(x) = f™(x) €I for all m > fx. By refth:Intersection-Lfp.(5) and refth:Intersection-Lfp.(6), it follows that
Vmz b ff(x)nQ=1

It follows, by definition of the least upper bound, that Ifp= £ = Luen ™ = Lns1 LI{f™ ' (x) | x € atoms(f(1))}
= W{Uns1 "1 (x) | x € atoms(f(1))} = L{f*(x) | x € atoms(f(1))}. We have shown that Vx ¢
atoms(f(1)) . f*(x) N Q = Lso lfp=fnQ=L{f*(x) | x € atoms(f(L))} M Q = 1 in the atomic

complete lattice L. ]

Fig. 5. Counter-example to the completeness of Th. 11.3.10

Example H.1 (Counter-example to the completeness of Th. 113.10). The iterates (f"(1), n € N) of f from
1L are the same as those for the atoms of f(1) which are nothing but f(1) itself and are infinitely strictly
increasing, so the hypothesis (4) of Th. I.3.10 cannot be satisfied since it would imply convergence in finitely
many steps. n

Example H.2 (Transfinite variant function). The construction of the variant function v for the program
x=[0,00]; while (x>0) {x=x-1; y=[0,00]; while (y>@) y=y-1;3} withunbounded nondeterminism is
illustrated on Fig. 6. u

Proor oF TH. I1.3.11. For soundness (2), we look for P n —pre(r){L} = P n pre(r)X and apply the order
dual of Th. I1.3.8 observing that I ¢ P n pre(r)I is equivalent to P U post(r)I ¢ I.

For completeness (2), we let r* = [fpSAX +id U X o r and choose W = I = post(r*)P, v(x) = x, and
x>y 2 (xeWA(x, y) € r). We must prove the following three conditions (we write a — b for (a, b) € r).
(1) (W, <) € IBf.

By reductio ad absurdum, assume that there exists an infinite sequence strictly decreasing sequence xg >
x1 > ... of elements of W = I. By definition of W, xq € post(r* )P so that there exists a finite sequence

y1 € P,yp —r>y2 SR —r>yn 1 —r>ynwithy1 eW=1Iie[Ln],n>0(0ifxy € P)and yn —xo.
By definition of x > y implying x N y, there exists an infinite sequence y; € P, y; N Y2 LN LN
Un—1 LR X0 AR x1 ', ... in contradiction with ~(JoeN—>X .09=x€cPAVieN. (0, git1) €1).
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wx2.= v(x%) g

Fig. 6. Construction of the variant function v

(2) By the fixpoint abstraction Th. I1.2.1, the abstraction of r* = Ifp<AX-id U X o r by AX - post(X)P is
W =1=post(r*)P = IfpS AX - Pupost(r)X so that I = Pupost(r)I hence P U post(r)I € I by reflexivity.
(3) ify e W =1 = post(r*)Pand y’ € X is such that (y, y') € r theny’ € post(r*)P =1 = W.Then (y € WA (y,
y') e r) implies y > y by definition of > and therefore v(y) > v(y") by definition of v. m]

ProOF OF Th. I13.12. By (2), f preserves non-empty meets implies that the iterates f(T) = Tand f**!(1) =
f(f™(1)) of f from the supremum T on the L form an decreasing chain which limit, by (1) exists in the com-
plete lattice L, and is gfp= f = (1) = [,,en /" (T) [Cousot and Cousot 1979a]. Moreover, by (3), I = f(I)
implies, by recurrence, that Vn € Nu {w} . I © f"(T) since by (2) f preserves non-empty meets so is
increasing.

If f(T) = T then obviously gfp= f = T.By (6) VT 2 I and (v(T) > v(f(T))) implies (T Q = 1). So in the
following, we assume that T # f(T) thatis, T 3 f(T) by definition of the supremum T.

In a coatomic complete lattice, all elements have a non-empty set of coatoms but T. Since T # f(T), we
have coatoms(f(T)) # @.

We have T = f2(7) = f1(1) = [{f°(x) | x € coatoms(f(T))} by definition of the identity f°. Assume
that, for n > 1, (1) = [I{f" *(x) | x € coatoms(f(T))} by recurrence hypothesis. By (2), f preserves
non-empty meets so f"*(T) = f(f"(7)) = f(THS"™'(x) | x € coatoms(£(7))}) = [HF(f" ' (x)) | x
coatoms(f(T))} = [1{f™(x) | x € coatoms(f(T))}. By recurrence, ¥n > 1 . f(T) = L{f" '(x) | x €
coatoms(f(T))}.

By (1) and definition of a coatom x € coatoms(f(T)), we have T 3 x 3 f(T) that is f°(T) 3 f°(x) =
£(T). Since, by (2), f preserves non-empty meets it is increasing and therefore Vn € N . f(T) 2 f"(x) =2
f"*1(T) by recurrence. By definition of a greatest lower bound, it follows that [],,c,, £ (5) 2 [Tpen £ (¥) €
M ST = Mpen £(7) since j 2 £(3) = £1(4). This implies that Vx € coatoms(f(3)) - [Tyen (%) =
gfp™ f.

Because Vn > 1. f™(x) = f(f" !(x)) 2 I, (4) implies that the chain (v(f™(x)), n > 1) in the well-
founded set (W, <) cannot infinitely decrease so is ultimately stationary at some n = fx. By contraposition
of (4), Vy 2 1. (v(y) # v(f(y))) = (y = f(y)) 2 so that f*(x) = f™(x) 2 I for all m > £x. By (5) and
(6), it follows that Vm > & . f7(x) Q=1

It follows, by definition of the greatest lower bound, that gfp= f = [1,,e /™ = [ps1 M (x) | x e

atoms(f(T))} = |—|{|—|n>1f"_1(x) | x € atoms(f(T))} = [{f*> (x) | x € coatoms(f)(T)}. We have shown

that Vx € coatoms(f(T)) . f*(x) N Q = L so Ifp= fnQ = [{f™(x) | x € coatoms(f(T))} M Q = L in the
coatomic complete lattice L. O

ProoF oF Tu. I1.3.13. The transfinite iterates X° = 7, X°*! = f(X‘S), and X* = |_|ﬂ<AXﬁ of f from T are
decreasing, ultimately stationary, with limit gfp f [Cousot and Cousot 1979a], so V6 € O . gfp© f x°.
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For soundness, we have X’ P # 1 since P # L. IfX° 1P # 1 then f(X(S) = x%*1 ¢ x° implies
f(X‘s) M P # 1 by hypothesis, that is, X mp e+ If, by induction hypothesis, XP P+ 1 forall B < A then
x*np-= (|—|ﬁ</1Xﬂ) np= |_|ﬂ<A(Xﬁ nP) # 1 since (Xﬂ, B < A) is decreasing and so is (Xﬂ nP, f<A). By
transfinite induction, we conclude that V§ € 0. X° n P # 1 and so gfpsfnP=#L.

For completeness, gfp= fMP # LthenP # 1. If gfp= f £ X Af(X) S XAXNP # Lthengfp® f = f(gfp~) =
f(X) since f is increasing so gfp= f M P # L implies f(X) NP # L. o

THEOREM H.3 (NON EMPTY INTERSECTION WITH ABSTRACTION OF LEAST FIXPOINT). Assume that (1) (L, &,
L, T, 1, U) is an atomic complete lattice; (2) f € L — L preserves nonempty joins U; (3) (L, €) % (L, <, A);
(4)Q € L~ {0} where0 = a(L1); (5) There exists an inductive invariant I € L of f (i.e. f(I) € 1); (6) (W, <) is
a well-founded set and v € atoms(I) — W is a (variant) function; (7) There exists a sequence {(a; € atoms(I),

€ [1,00]) that (7.a) a1 € f(L1), (7.b) Vi € [1,00] . aj+1 € atoms(f(a;)), (7.c) Vi € [1,00] . (a; # aj4+1) =
(v(ai) > v(ai+1), (7.d) Vi € [1,00] . (v(ai) # v(ai+1) = a(a;) A Q # 0; Then, hypotheses (1) to (7) imply
a(Ifp= f) A Q # 0. Conversely (1) to (4) and Ifp= f N y(Q) # L imply (5) to (7).

Notice that if L = p(Z) then atoms(L) = {{x} | x € L} so that I € p(3) and v can be chosen in I - W
instead of {{x} |x eI} > W.

PrOOF OF TH. 6. By (1) and (2), Ifp= f = Lpen f™(L) where the iterates of f from x € L are f°(x) = x
and f"*1(x) = £(f™(x)) [Cousot and Cousot 1979a]. By (5), f(I) € I so that IfpS f € I by Tarski’s fixpoint
theorem [Tarski 1955]. Consider (a; € atoms(I), i € [1,00]). By (7.a), a1 € f(L) so aj € atoms(f(1)).
Assume ap, € atoms(f™(L)) so that a, € f™(1). By (2), f is increasing so f(an) € f(f"(1)) = f***(1). By
(7.b), ans1 € atoms(f(an)) € atoms(f"*1(L)). By recurrence Vn € N . a, € atoms(f™(L)). This implies
an S (1) € Unpen f(1) = fp= f ¢ I so that ap € atoms(I) proving that v(a,) is well-defined for all
n € N. By (6), the sequence (v(an), n € N) cannot be strictly >-decreasing. So there is some ¢ € N such that
v(ag) = v(ag+1). By (7.d), this implies that a(ag) A Q # 0. By (3), (a(L), <, 0, 1, A, V) is a complete lattice.
We have a(Ifp= ) = a(Unen £ (1)) = Y pep @(f" (1)) = a(f(1)) = a(ar) so that a(as) A Q # 0 implies
a(lfp= f)AQ #0.

Conversely assume (1) to (4) and Ifp= f ny(Q) # 1. Let xo be an atom common to Ifp® f and y(Q) so
that xo € atoms(f™(L)) for some n > 0. Assume we have constructed xo, ...,x,—j, 0 < i < n such that
Vk € [0,i] . xp € atoms(fn_k) which elements are two by two different. There are two cases.

(1) If x,—; € (1) then define the finite sequence a; = xp—j, 2 = Xp—i+1, ---» An—i+1 = Xo. Define I = Ifp= f,
(W, <) =([Ln—i+1], <), v(x) = (x = a; ?is1), which is well-founded since the elements of aj, ...,
an—i+1 are two by two different. Then (5) to (7) are satisfied, Q.E.D.

(2) Otherwise x,_; ¢ f(1) and x,,_; € atoms(f™") = atoms(f(f™""!)). Pick x,_;_1 as an atom of {1
different from xy, ..., x—;. Notice that if there no such x,_;_;, we are in the previous case (1). This extends
the sequence by one element, and we must terminate ultimately at f1(1) for which case (1) concludes. O

I AUXILIARY MATERIAL FOR SECTION I1.5 (THE SEMANTICS OF DEDUCTIVE SYSTEMS)

Example 1.1 (Design of the deductive natural relational semantics). The rule-based deductive natural rela-
tional semantics of Sect. I.1.1 is derived from its fixpoint definition of Sect. IL.1, by structural induction. The
base cases in (47) are understood as constant fixpoints S = Ifp= AX « S so that Sect. IL5.2 yields axioms. For

b
the assignment, we get o - x = A = o[x < A[A]o]. Since there are no rules for = and =, [x = A]]b and
[x = A]*° are empty.
For the induction cases, consider for example [S1;S2]¢ = [S1]° § [S2]¢ in (48). By structural induction

e e
o+S1=0’, 6'+So=0"’

hypothesis and definition of §, we get where the comma means conjunction. We are in

o+S1;S2 ot
the constant fixpoint case, so the rule is actually an axiom for S; ; Sy and, more rigorously, the premiss should

be a side condition.
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For iteration W =while (B) S, [W]®in (51)involves Ifp< F®.In (2), we write o — W = ¢’ for (0, 0) € lfp= F°.
By Fé(X) 2 idu ([B] s [S]® s (X ~ = x {1})) in (49), we decompose the union into two rules (i.e. 73(2‘;)5},

e 7 ’ L
B[B]o, o+S=o¢', o'+W=0o for

and Y) This decomposition yields the axiom o — W = o for id and

yeXU oW o7
[B] 5 [SI€ 5 (X ~ = x {1}). Then [W]¢ = Ifp=F€ 5 ([-B] u [B] 5 [S]®) in (51) is handled like the sequential
composition and union case to get (3).

For the case gfpS F* of non termination, we use the dual interpretation o (R) = gfp< ! (R) of rules
oo of (4). The other

B[B]o, o-S5o, o WS

R so that F*(X) = [B] 3 [S]° § X yields the coinductive rule

WS
o-W=o', B[B]o’, o'+5=
oW
[S]* of the union. ]

nontermination rule follows, by structural induction, from the term Ifp= F®3[B] 3

J AUXILIARY MATERIAL FOR SECTION I1.8 (APPLICATIONS)

J.1 Application 0: Calculational Design of Hoare Incorrectness Logic

We design by calculus the Hoare incorrectness logic of Ex. 1.3.11 which theory is Tip(S) = post(S,2) ca™ o
TrL(S)- The proof is by structural induction. We consider the case of the conditional iteration W =while (B)
S (without break, to simplify). All other cases are similar and simpler.

J.1.1  Strongest Postcondition Over Approximation. We start by characterizing the theory of classic Hoare
logic.

LEMMA J.1 (STRONGEST POSTCONDITION). 7 (S) = ag © post[S] = {(P, post[S]P) | P € p(Z)}.

PRrOOF OF LEM. ].1.

T(s)
- ag e post o @ o ac({[5]:}) e T
~ ag o post o ay ([5].) def. ac§
= ag ° post([S[L N (£ x X)) {def. o/ §
= ag ° post[s] {def. (1) of the angelic semantics [S] §
= {(P. post[S[P) | P e p(2)} ldef.ag§ O

LEMMA J.2 (STRONGEST POSTCONDITION OVER APPROXIMATION).
TaL(S) = post(2.c)°T(S) = {(P,Q)|post[S|[PcQ} = post(=c)°T(S)
ProOF OF LEM. ].2.

post(2.€) o T(S)

= post(2.2)(7(S)) {def. function composition o§

= Post(D-E)({(P, post[S|P) | P e p(X)}) {lem. J.1§
= {(P', Q") [ 3(P, Q) € {(P, post[SIP) | P e (%)} . (P, Q). (P', Q) e 2.} {def. (10) of post§
= {(P', Q") | 3P. ((P, post[S]P), (P, Q")) e 2.c} {def. €§
= {(P', Q)| 3P . (P, post[S]P) 2. (P', Q')} {def. €§
= {(P',Q'Y|3P.P2P Apost[s]Pc Q'} {def. 2.¢§
= {(P,Q")|3P.P cPApost[S]PcQ'} {def. 2§
= {(P", Q") | post[s]P' < Q"}

{(S) by Galois connection (12), post is increasing so that P’ ¢ P A post[S]P ¢ Q' implies post[S]P’ <
post[S]P A post[S]P € Q' hence post[S|P’ c Q’ by transitivity;
(2) take P = P'§
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= {(P,Q")|3P.P =P Apost[S]PcQ'} {def. =§
~ (P Q) 3P (P, postIS]P) = (P', 0')} {def. <5
= (P Q) | 3P (P, post[SIP), (P, Q) € =€} {def. §
- (P Q) | 3(P, Q) € {{P. postISP) | P e ()} - (P, Q), (P, Q') € =€} {def. §
- (P Q) [P, Q) e T(S) . (P, Q). (P, Q) €€} {lem. 115
= post(=,2)(T(S)) {def. (10) of post§
= post(=,S) o T(S) { def. function composition ©§ u]

J.1.2 Calculational Design of Hoare Incorrectness Logic Theory.
THEOREM J.3 (EQUIVALENT DEFINITIONS OF HL THEORIES).
Tmz(W) = post(S,2)oa o Ty (W) = a” o T (W) W=while (B) S

Observe that Th. J.3 shows that post(<,2) can be dispensed with. This implies that the consequence rule is
useless for Hoare incorrectness logic.

Proor of TH. ].3.
TrW) = post(S,2) ca” o TarL(W) (def. T §

= post((.2)(={(P, Q) | post[W]P c O})
{lem. J.2 and def. (30) of o §

= post(S,2)({(P, Q) [ ~(post[W]P < Q)}) {def. -§
= post(S,2)({(P, Q) | post[W]P N -Q = @}) {def. € and -§
= {(P. Q) |3(P. Q) € {{P. Q) | postW[P N ~Q = &} . (P, Q) .2 (P, Q')} {def. post§
= {(P", Q") | 3P, Q) . post[W[Pn-Q # @ A (P, Q) .2 (P', Q')} {def. €§
= {(P, Q") 3(P, Q) . postW[Pn-Q+ @z AP P AQ20Q"} {component wise def. of ¢, 2§
= {(P’. Q") [ 30 . postW]P' N -Q # 2 0 20"}

{(c) if P ¢ P’ then post[W]P < post[W]P’ by (12) so that post[W]Pn-Q # & implies post[W]P'n-Q #
;5
(2) conversely, if 3Q . post[W]P’, then 3P . post[W]P n —=Q # & A P ¢ P’ by choosing P = P'. §
= {(P, Q) [ post[W]P" n -Q" + &}
() if Q2 Q' then ~Q’ 2 -Q so post[W]P' n ~Q # @ implies post[W]P' n -Q" * @;
(2) conversely post[W]P' n Q" # @ implies 3Q . post[W]P' n-Q # @A Q 2 Q" by choosing Q = Q’.

)
= {(P, Q) | =(post[W[P < Q)} {def. € and —§
= a o T (W) {def. & and Ty, for Hoare logic§ O

THEOREM J.4 (THEORY OF HL).
TzMW) = {(P,Q)[3n>1.3oiel ic[L,n]).o1€PA
Vie[1,n[ . (B[B]n{oi}, ={oir1}) € T (S) Aon ¢ B[B] Aon ¢ Q}

Proor orf TH. ] .4.

T (W) ) )
= {(P, Q)| post[[_ﬁB}](prEFfa) n-Q + &} {lem. J.1, where F{(X) = P U post([B] 5 [S]®)X §
= {{P. Q) | tfp® Fp n pre[-B](-Q) * &} 1(39.d)$

= {(P,Q)| AU ep(E) . Fp(I) cIAIW, <) e Wf . Ivel >W .oy el ie[l,00]).01€Fp(@)nVie
[1,00] . 0i+1 € Fp({oi}) A Vi € [1,00] . (07 # 0ix1) = (v(07) > v(ois1) A Vi € [L,00] . (v(o7) ¥
v(oi+1) = {oi} npre[-B](-Q) # 0} {Th. H.3§
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= {(P,Q) | ep=).PcInpost([BIs[SINCIAIW, <) eWf.Ivel>W.3(ojel ie[lo0]).
o1 € PAVYie[l,00]. (0141 € PV {0141} € post([B] § [S]°){oi}) A Vie [1,00]. (07 % gis1) = (v(oy) >
v(ois1) AVie[1,00]. (v(ai) # v(ois1) = oi € pre[-B](-Q)}
{def. F§(X) = P U post([B] 5 [S]¢)X, <, and post, which is @-strict§
= {(P, Q)| ep(®).PcInpost([BIs[SIVCIAIW, <) eWf.Ivel >W .3 oyel, ie[1,00]).
o1 €PAVie[1,00]. {041} € post([B] 3 [S]°){oi} AVie[1,00]. (07 # gix1) = (v(07) > v(0i41) A Vi€
[1,00] . (v(au) # v(0is1) = oi € pre[-B](-Q)}
{since if 0j41 € P, we can equivalently consider the sequence (o €I, j € [i+1,00])§
={(P,Q)|FTep(x).PcInpost([BIs[S])YcIAndn>1.3(ojel, ic[Ln]).orePAVie[ln].
{011} < post([B] 5 [S]*){oi} A on € pre[-B] (-Q)}

S By (W, <) eWf,vel > W,Vie[l,00]. (0; # 0i+1) = (v(0i) > v(0i+1), the sequence is
ultimately stationary at some rank n. For then on, 0j,1 = 03, i > nand so v(o;) = v(0i+1). Therefore
Vie[1,00]. (v(ai) # v(oi+1) = oi ¢ Q implies that o, € pre[-B](-Q);

(2) Conversely, from (o; €I, i € [1,n]) we can define W = {o; | i € [1,n]} U{—o00} with —00 < 0; <
oir1and v(x) = (x € {o; | i € [1,n] ? x ¢ —oo ) and the sequence (oj € I, j € [1, 00]) repeats oy, ad
infimum for j > n.§

= {(P,Q) | ep=).PcInpost([B]s[SI) cIndn>1.3o;el,ie[Ln]).opePAVie[ln[.

{011} < post([B] 5 [S]*){oi} A on ¢ B[B] A on ¢ Q} {def. pre§
= {{P,Q)|3n>1.3o;elic[1,n]).01 e PAVie[1,n]. {oi+1} € post([B]3[S]®){oi} Aon ¢ B[B] Aoy ¢
0} I is not used and can always be chosen to be X §
={P,Q)|3In>1.3oyeliec[1,n]).o e PAVie[L,n[.post([B]5[S]){oi} n{ois1} * B Aon ¢
B[B] Aon ¢ O} {sincexe X < X n{x}+ 2§
= {(P,Q)|3In>1.3oyelic[1,n]).01 e PAVie[1,n[.post([B][S]®){oi} n~(~{oi+1}) + DA on ¢
B[B] Aon ¢ Q} {def. -X =3\ X§
={P,Q)|Inx>1.3oyeliec[1,n]).o e PAVie[tL,n[.~(post([B] 5 [S]){oi} € (~{0i+1})) A on ¢
B[B] A on ¢ O} (~(XcY) e (Xn-Y 3§
= {(P,Q0)|3In21.3oiel,ie[1,n]) .01 e PAVie [1,n].-(post([S]®)(B[B]n{oi}) € (~{oist1})) Aon ¢
B[B] Aon ¢ Q} {def. post, [B], and §§
={(P,Q)|3In=1.Fo;eLiec[ln]).o €PaVie[l,n[.(B[B]n{o}, ~{oit1}) € {{P, Q) |
~(post([S])P S Q)} Aon ¢ B[B] Aan ¢ O} {def. €§
={(P,Q)|3n>1.HoieLic[Ln]).orePAaVie[Ln[.(B[B]n{oi}, ~{oi+1}) € T (S) Aon ¢
B[B] A on ¢ O} ldef. T(S)§ O

J.1.3  Calculational Design of HL Proof Rules.
TuEOREM 7 (HL RULES FOR CONDITIONAL ITERATION).
Hoielie[l,n]).o1ePAVie[L,n[.(B[B]n{oi})S(-{ci+1}) Aon ¢ B[B] Aon ¢ Q
(P)while (B) S(Q)

PROOF OF (63). We write (P)S(Q) = (P, Q) € HL(S);

By structural induction (S being a strict component of while (B) S), the rule for (P) S ( Q) have already
been defined;

By Aczel method, the (constant) fixpoint Ifp< AX « S is defined by {% |ceS};

So for while (B) S we have an axiom with side condition 3(c; € I, i € [1,n]) .

(63)

%)
(P)while (B) S(Q)
opePaVie[L,n[.(B[B]n{oi})S(—-{ci+1}) A on ¢ B[B] A on ¢ O where (B[B] n{i})S(-{0i+1}) is
well-defined by structural induction;

Traditionally, the side condition is written as a premiss, to get (63). O

This is nothing but debugging formalized as a logic since (0; € I, i € [1,n]) is a finite iteration in the
loop starting with P true and finishing with Q false, which is obviously a counter example to Hoare triple
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{P}while (B) S{Q}. Notice that recursively (B[B] n {c;}) S ({ci+1} ) enforces the execution of the loop
body S to start in state o; and terminate in state oj41.

J.2 The post image transformer with breaks
To handle breaks we extend the definition of post[[S] componentwise.

post([s]) = ({post([s]° U [S]"), post[s]”) (64)

The semantic of extended Hoare triples is

{P}s{ok:Q,br:T} = (P, Q, T)eagL(post™([S]L)) (65)

where
am(post™ ([S]1)) = {(P, Q, T)|post™[S].P € (Q. T)} (66)
= {(P, O, T)|post([S]°U[S]")PcQAn post[[S]]bP cT} {by def. of post™ §

Note that this may involve several batches of never modified auxiliary variables.
J.3 Auxiliary Propositions
We will use the following auxiliary lemmas.

e join preservation post(|J ;)0 = |Jpost(;)Q and post(r) | J Qi = | post(r)Q; (67)
ieA ieA ieA ieA
PROOF OF (67). By the Galois connections (p(X x Y), ¢) % {p(X) SN e(Y), €) and (p(X),
c) % (p(Y), c) where the lower adjoint preserves arbitrary joins. ]
e composition post(ri §r2)P = post(rz) o post(ry)P (68)
PROOF OF (68).
post(r 572)P
= {0’ eY|3oeP (0,0 )er 5} {def. (10) of post§
= {o'eY|3oeP.30" (0, 6")er n(d", o")er} { def. relation composition §§
= {0’ ev 36" (0", 0"V erynToeP (0, 0")er} {associativity of disjunction§
= {0’ ey |30" (0", 0"Verynd" e{c" |FoeP . (0,6")er}} {def. €§
= {o'ev 36" . (6", o) ery A" €post(r)P} {def. (10) of post§
= post(rz)(post(ry)P) {def. (10) of post§
= post(ry) o post(ry)P { def. function composition o
o
e Boolean postcondition post([B])P = Pn B[B] (69)
PROOF OF (69).
post([B])Q
= {o'|30eP (0, 0")c[B]} {def. (10) of post§
= {o'|3oeP.o=0" B[]} {def. [B] = {{o, o) | 0 € B[B]}§
= {o|oePnroeB[B]} { def. equality §
= PnB[B] {def. intersection N§ ]
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e commutativity IfpSF¢ = Ifp°F e (70)
F¢ = AX-idu([B]5[S]°3X), Xep(ZxX) (49)
F* = AX-idu(Xs[B]3[S]%)

PROOF OF (70). Let (X", n e N) and (X'", n € N) be the respective iterates of F¢ and F’® (which preserve
joins) starting from the infimum @. We have X° = X% so X' = X' = id = ([B] 5 [S]¢)°. Assume X" = X" =
Uk<n([B] ¢ [[s}]")k, n > 0 by induction hypothesis. Then

Xn+1
= F4(x™) {def. iterates
= idu ([B] s [S]°sXx™) {def. (49) of F€ and X n = x {1} = &§
= idu([B])s[s]®s U([B]s [S]]e)k) {induction hypothesis§

k<n
= ([8] 3 [s]*)° u (B3 [[Sﬂe)kﬂ) { def. power and relation composition §§
k<n

= U ([B]s [[S]]e)k {which is the induction hypotehsis§

k<n+1
=idu(J([B]s [[Sﬂe)k s8] 5 ISI%) {def. power and relation composition §§

k<n
= idu X" s[B] 5 [S]°) {induction hypothesis §
= F°(x™) {def. (70) of F'®§
= x™! {def. iterates
It follows that IfpS F® = Ugey X* = Uey X'* = Ifp< F'°. O
e commutation post(F'¢(X))P = Fp (post(X)P) (71)
Fp(X) = Pupost([B]5[S])X, Xep(Z)-p(2)

PROOF OF (71).

post(F'(X))P
= post(idu (X 3 [B] s [S]))P {def. (70) of F'§
= post(id)P u post(X 5 [B] 5 [S]°)P {join preservation (67)§
= Pupost(X 3 [B]s[S]°)P {def. (10) of post and def. identity relation id§
= Pupost([B] 3[S]°)(post(X)P) { composition (68)§
= Fg (post(X)P) {def. (71) of F'§ o

J.4 Design of the Extended Hoare Logic
The deductive rules of Hoare logic are derived by structural induction on the program syntax and abstraction
of the semantics for each statement S.

— Iteration while(B) S
o, (post™ ([while(B) S[1))
= {(P, O, T) | post([while(B) S]°u [while(B) S]*)P c Q A post[while(B) S]]bP cT}
{def. gy, © post™§
= {(P. Q. T) | post((Ifp" F*5 ([-8] L [B] 5 [SI*)) v (fp* F* 5 [8] 5 [S]*) L gfp™ F*)P < O a post(2)P < T}
{by definition (51), (53), and (52) of the relational semantics of [while(B) S] §
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= {(P. Q. T) | post((Ifp" F* 5 ([-B] u [8] 5 [s]")) v (fp° F* 5 [B] 5 [S]*) U gfp® F*)P < O}
{post(2)P = &§

= {(.Q.T) | post(Ifp® F*3([-8]u[8]3[S]")P < Qnpost(ifp® F*3 B3 [S]*))P € Qnpost(gfp* F)P < O}
{post preserves arbitrary joins (67), and (AUB) S g <> AcgABcqf

{(P, Q. T) | post([-8] U [B] 5 [s]")(post(fp F*)P) < Q A post([8] 3 [S] ") (post(fp F)P) < Q A
post(gfp” F*)P < 0}
{by composition (68) §

{(P, O, T) | 31 € p(31) . post(Ifp F)P < I A post([-B] u ([8] 5 [SI°))I € Q A post([B] 5 [S]*)I <
Q A post(gfpS F*)P c Q}
{introducing an over approximation I € p(Z ).
() post(r) preserves joins so is increasing and transitivity;

(2) take I = post(Ifp= F)P§
= {(P,Q, T) | I e p(=y) . post(ifpS F*)P < I A post([-B] U ([B] 3 [S]®))I < O A post([B] 3 [S]*)I <
Q A post(gfp” F*)P < Q}
by Ifp= F€ = Ifp< F'® at (70)§

— (P Q. T) | e () . 1p® FF T npost([-B] u ([8] 5 [S]°))T € O n post(IB 5 [S])T € O A (1€ 0
truesgfpS F- n(Px{1}) =)}
{— by Galois connection(12), commutativity (71), and Th. I1.2.1 for a(X) = post(X)P
—By def. (50) of F* (X) 2 [B]3[S]¢3X where X € p(2x{1}), we have gfp< F* € o(Sx{1}) and so by
def. (10) of post, we have post(r)P= {1 |3do.c€ePA{o, L) cgfp F*} ={1|gfpSFn(Px{1}) #
@}. If follows that post(gfpS F*)P ¢ Q when L € Q and otherwise gfp F* n (P x {1}) =& §
{(P,Q, T) | A ep(31) . Ifp= AX + PUpost([B] 5 [S]°)X < I A post([-B] u ([B] 5 [S]*))I < Q A post([B] 5
[SINT€QA(1¢Q) = (gfp"F 0 (Px{1}) =2)}
{— def. (71) of Fy¥
—def. conditional (... % ...s...) and implication = §
- {(P.Q.T) | 3 ep(31) . P < Inpost([B]3[S]°)1 < Inpost([-8] u ([B3 [S]"))I < QA post([B] 5[] )1 <
OA(L¢Q)=>{oeN—>2|agePAVieN. (o}, o+1) € [B] $[S°]} = &}
{~induction for fixpoint over approximation Th. I1.3.1 noting that the invariant I need not be strength-
ened since it can be always be chosen to be strong enough
—by lemma I1.1.1§
= {(P,Q, T)| I ep(21).PcInpost([B]3[S]°)I cIApost[-B]I < Qnpost([B] [[S]]b)l c QApost([B] 3
[SI)cOA(LEQ) = {oeN—-3|opePAVieN. (o5 oi41) € [B] 3 [S]} = @}
{post preserves joins and union subsumption law, (AUB) S q<> ASgABcq§

= {(P, O, T) | 31 € p(=1) . P < I A post[B](post[S]I) < I A post[-B]I € Q A post[[B]](post[[S]]bI) c
Qnpost[B](post[S]*I) € QA (L ¢ Q) = (F(W, <) e Wf . 3] e (=) . Ive J - W . Pupost([B]3[S])J €
JAVoe] . Vo' €% . (o, d')e[B] 5[] = v(a) > v(c'))}

{— composition (68)
— by Turing/Floyd Th. I1.3.11§

={(P,Q, T) | A e p(=1) . P cIApost[S]*(B[B]nI) cIA(B[-B]nI)c QA post[[S]]b(B[[B]] nI)c
O Apost[S]*(B[B] nI) QA (L¢Q) = (W, <) eWf . I ep(X).Ive] >W.PcJA(B[B]n
post([S°])J € JAVae] . Vo €% (g o) e[B] 5[] = v(c) > v(c'))}

{—Boolean composition (69)
— by composition (68), Boolean postcondition (69), and union subsumption law, (AUB) € g < A C
gABcqS
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= {((P,QT) |3 .PcI npost[S]°(BB] nI') c I' A (B[-B] nI') ¢ QA post[s]’(B[B] nI') c QA
post[S]*(B[B] nI') c QA (L ¢ Q) = (AW, <) e Wf . Ivel =W . Voel . Vo €3 . (o
o) e BI5[5] = v(0) » v(s"))}
@ takeI=J=TI
(2) take I’ to be the greatest lower bound of I and J in the complete lattice of post fixpoints of
AX « P U post[S]¢(B[B] n X), [Cousot and Cousot 1979a, Corollary 4.2]; N and post are increasing
in both of their parameters §
= {(P,Q, T) | A ep(=y) .PcInpost[S]°(B[B]nI)cIA(B[-B]JnI)cQn post[[S]]b(B[[B]] nI)c
QApost[S]*(B[B]NI) cQA(L¢Q) = (W, <) e Wf . Fvel =W . Voel. Vo epost[sS](B[B]n{c]|
s=a}).v(e) > v(s))}
{by composition (68) and Boolean postcondition (69), writing {c} = {¢ | ¢ = o} to make the binding
of o explicit§
= {(P.O. T) |3 ep(E1) . Iz(P) I Apost[S]*(B[B] nI) c I (B[-B] nI)x € QA post[[S]]b(B[[B]] Ny c
O Apost[S]*(B[B] nI)x SOA(L¢Q) = (AW, <) eWf . Ivel > W .V(0, ') € post[S](B[B] n ) .
v(a) > v(o))}
{by introducing auxiliary variables, with I = Iy §
= {(P,Q, T)| 3 ep(SL1) . Ig(P) I Apost[S]*(B[B] nI) c A (B[-B]nI)x QA post[[S]]b(B[B]] Ny c
O Apost[S]*(B[B] nD)x S QA (L¢Q) = (F(W, <) eWf . Ivel > W .V(0, ¢ )el.v(o)>v(d))}
{(©) byxeAA(ASB)= (xeB)
(2) by taking the greatest lower bound of (I) and post[S]¢(B[B] nI) in the complete lattice of post
fixpoints of X « post[S]¢ (B[B]nPnX), [Cousot and Cousot 1979a, Corollary 4.2] and increasingness

)
= {(P. Q. T) | ep(EL) . I5(P) IAIR® . post[S]*(B[B] nI) SR AR* cIA(B[-B] nI)x € QA el
post[s]*(B[B] n 1) < R® ARG < O A 3R* . post[S[*(B[B] nI) € R* ARE € QA (L ¢ Q) = (AW,
<) eWf. el >W. V(o o')el.v(o)>v(c))}
{choosing I = I and introducing possible approximationsby X €Y < 3Z . X S ZAZCY§
= {(P.Q.T) |3 €p(31) . bx(P) € In3RR” . (B[B]nI;. R R”) € aprr.(post™ [S]1) ARy € IA(B[-B]nI)x €
OARYCQARLCOA(LEQ)= (AW, <) eWf.Fvel > W . V(g o’)el.v(a)>v(c'))}
{def. (64) of post™ and (66) of apr§
={{P, O, T)| AT ecp) . {oecpl) | oz = ox Aoy € P} cIA 3R,Rb . {B[[B]]ﬁll}S{ok : Rbr:
R'y ARy I (B[-B]nI)x SQAR;SQARL CQA(LEQ) = (W, <) eWf.Ivel > W. VYo
o'yel.v(o)>v(d'))}
{def. I(P) and (65) of the semantics of Hoare triples

The computation clearly shows that Q can be chosen in (3 x 3 ) to relate initial to final states or L, in which
case we get

{(P,O, T) | A ep(ZL) {0 ep(E)|og=o0oxnoxeP cIAIRT. {B[B] n1;}s{ok : Rbr:
TyARy CIA(B[-BJNI) QAT CQARL CQA(LEQ) = (HW, <) eBWf.Tvel >W. V(g
o'Yel.v(o)>v(d"))}

(Qep(ExZ1)S

Following Sect. IL.5, this set {{(P, Q, T) | (P, Q, T) € ayr(post™ ([while(B) S].))} ={(P, Q, T) | {P} S {ok:
Q,br : T} by (65) can be equivalently defined by the following deductive system.
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{oep(®) |og=oxnogeP}cl
{BBInI }S{ok:Rbr:T}
RycI (B[[ﬁB]]mQ)gQ TcQ R . cQ
(L¢Q)= (AW, <) eWf . Ivel W . V{g, ') el.v(a) > v(d"))

72
{P}while(B) S{ok:Q,br:T} (72)
J.5 Auxiliary Propositions
We will use the following auxiliary lemmas.
e join preservation pre(lJ )0 = Upre(r;)Q and pre(r) | J Qi = | pre(r)Q; (73)
ieA ieA ieA ieA
, , pre”! 1 : post(7)
PROOF OF (73). By the Galois connections (g (XxY), ) % (p(X) — p(Y),<)and (p(X), <) ?
pre(r
Y), c) where the lower adjoint preserves arbitrary joins. m]
{p(Y). ) joint p Y]
e composition pre(ri$r2)Q = pre(ry) o pre(r2)Q (74)
PROOF OF (74).
pre(r1$72)Q
= {oeX |36 €Q. (0,0 Yeri5r} { def. (38) of pre§
= {oeX|30"€Q.36" (0,06"Ver n(d", o")er} { def. relation composition §§
= {oeX|36" (0,0 er,ndo’ €Q . (", 0') er)} {associativity of disjunction§
= {oeX|36" (0,0 erno" e{c" |36’ €Q.(d", ') er}} {def. €§
= {oeX|36" (0, 0")er nc” epre(r;)Q} {def. (38) of pre§
= pre(r;)(pre(rz)Q) {def. (38) of pre§
= pre(ry) o pre(r2)Q {def. function composition o
O
e partitioning pre(r)Q = pre(rn(Zx2))Q upre(rn (Zx{1})){L]|LeQ} (75)
PROOF OF (75).
pre(r)Q
= {o]36" . (0,0 ernd’ €Q} { def. (38) of pre§
= {o]3’ (o, Y e(rn(ExZ)urn(Ex{1}))rd €0}
lrep(Ex21), 2, =3u{L}and 1 ¢X§
= {o|3 . ({0, Yern(ExZ)v(s, o')ern(Ex{L}))rc’ €Q} {def. U§
= {o|3 . ({0, Yern(Ex2)rc" €Q)v (o, 0')ern(Ex{L}) rc’ €Q)} {distributivity §

= {o]| (@30 (o, Y ern(Ex2)rd’ €Q)v (o' . (0,0 ) ern(Ex{1})rcd’ €Q)} {associativity §
= {o]36" (0,0 ern(Ex2)rc’ €Qlu{o|3c’ . (0,6 Yern(Ex{1})rc’ €Q} {def. U§
= {o]30' (o, 0')ern(EZx3)nc’eQlu{c|30’ . (0, 0')ern(Ex{1})nc’ e{L|LeQ}}
{for the first term, o’ € X and o’ € Q s0 6’ € QN'® = Q/, while, for the second term, o’ € {1} and
o' eQsoc’ eQn{l}={L|LeQ}S
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= pre(rn(Zx2))Q upre(rn(Zx{L})){L|LeQ} {def. (38) of pre§ u]

e join covering PcAUB < dP4,Pg.P=PpUPgAP4CAAPgCB (76)
PROOF OF (76).

(=) take PA=PnAand Pg=PnBsothat PAcPNACAand PSS PNnBCB;

(<) we have P=P4 UPg C AUB. O

e Boolean precondition  pre([B])Q= B[B][nQ (77)

PROOF OF (77).

pre([B])Q
= {o]3d €Q. (0, d')e[B]} {def. (38) of pre§
= {o]|3c’€Q.0=0"eB[B]} {def. [B] = {(o, o) | o € B[B]}§
= QnB[B] { def. intersection N§ u]
e F°commutation  F®and Fyre £ AX +AQ+Q U (B[B] n pre[S]°(X(Q))) commute (78)

for a(X) = AQ « pre(X)Q

PROOF OF (78).

a(F* (X))
= pre(F°(X)) Ldef. o§
= pre(idu ([B] 5 [S]° 5 X)) {def. (49) of F*§
= pre(id) U pre([B] 5 [S]* 5 X)) {join preservation (73)§
= AQ-pre(id)Q U pre([B] 5 [S]° s X)Q {def. A notation §
= AQ-Qupre[B](pre[S]®(pre(X)Q)) { def. (38) of pre and composition (74)S§
= AQ-Qu (B[B] npre[s]*(pre(X)Q)) {Boolean precondition (77)§
= 2Q-Qu (B[B] npre[s](«(X)Q)) {def. a = pre(X)§
= Fpe(a(X)) {def. (78) of Fée§ O
e Observe that Fyre(X)Q = F5(X(Q)) by defining Fj = AX - Q u (B[B] n pre[S](X)) (79)
o F'commutation  F'and Fyre = AX «AQ - B[B] n (pre[S]°(X(Q)) commute for (80)

a(X) = AQ  pre(X)Q

PROOF OF (80).

a(F*(X))
= pre(FH(X)) (def. o
= pre([B]5[S]°5X) {def. (50) of F*§
= pre[B] o pre[S]® o pre(X) { composition (74)§
= 20-pre[8] o pre[S]° © pre(X)(Q) {def. A notationS
= 2Q-pre[B](pre[S]*(pre(X)Q) {def. function composition oS
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= AQ-B[B] n (pre[S]°(pre(X)Q)) { composition (74)§
- 20-BIE] n (prels]* («(X)0)) {def. a = pre(X)S
Fﬁre((x(X)) { def. (80) of Fyre § ]

e Let us now calculate apre([S].). We consider the case of the iteration while(B) S (which covers the
conditional and sequential composition). Let us start with the easier case (B).

{(P, Q. T)| P pre([while(8) s]")T}
= {(P,Q, T) | Pcpre(o)T} {def. (52) of the natural relational semantics §
= {{P,Q,T)|Pca} {pre preserves arbitrary joins (73), hence & §
- {(2.0.T)[Qep(i) AT ep(®)} {def. <5

which we can interpret as “if you believe that a loop breaks out of an outer loop, which is impossible, then
you can state anything on the behavior of this outer loop”.

J.6 Design of the Deductive System for Tthe iteration while(B) S in Case (A) of (58)
{(P, O, T) | P c pre([while(B) S]]e U [while(B) S]]l)Q}
= {(P, O, T) | Pc (pre([while(B) S])Qu pre([while(B) S]*)Q)} {join preservation (73)§
= {(P, Q, T) | Pc (pre([while(B) S]]e)Ql Upre([while(B) S]*){L|LeQ})}
{partitioning (75) with [while(B) S]° € p(Z x %) and [while(B) S]* e p(Z x {L})§
= {(P°UP", Q, T) | P < pre([while(B) S]*)Q; A P* < pre([while(B) S|*){L|LeQ})}
{By join covering (76) of P by the initial states P® from which executions may terminate in Q 1 and
those P with possible nonterminating executions. §
= {(P°UP*, Q, T)| P cpre(ifp F® 3 [-B] U[B] 3 [[S}]b)Ql APt cpre((IfpF® g [B] ¢ [S]*) ugfp® F*){L|
LeQ})}
{by definitions (51) and (53)§
= {{P°UP" Q. T) | P* < (pre(Ifp® F* 5 [-B])Qy U pre(ifp™ F* 5 [B] 5 [S]")Q;) A P* < (pre(1fp™ F* 5 [B] 5
[SI){L]LeQ}upre(gfp F*){L]|LeQ}))} {by join preservation (73)§
= {(PMUPPUPy UPE, Q. T) | P < pre(ifp™ F¢ 5 [-B])Q, A P < pre(1fp= F* 5 [B] 5 [S]*)Q,) A Py <
(pre(fp=F* 5 [B] 5 [S] ") {1 | L € Q}) APy < (pre(gfp F){L ] 1€ Q})}
{By join covering (76) of P® into the initial states P°% for which the loop terminates normally and
P¥" for which the loop terminates through a break and join convering of P* into the initial states

Plf from which the loop body ultimately does not terminate and Pfl from which there are infinitely
many terminating executions of the loop body§

= {(P*UP” UP} UPF, Q. T) | P*X < pre(1fp™ F®) (pre[-B]Q;) AP”" < pre(ifp® F®) (pre([B] 5 [S]")Q;) A
Py, < pre(Ifp= F*) (pre([B] s S*){1 | L € Q}) A Py < (pre(gfp® F*){L| L€ Q})}

{composition (74)§

= {(PUP}, Q. T) | P < (pre(Ifp® F*)(pre[-B[Q, ) upre(Ifp= F®) (pre([B]5[S]")Q, ) upre(Ifp™ F®) (pre([B]3

[SI“){L 11 €Q})) APy < (pre(gfp™ FF){1]|LeQ})}

{join covering (76) with P = P°K U PP" U PL§

= {(PUP{,Q.T) | P < pre(Ifp® F*) ((pre[-B]Q, )u(pre([B]3[S]")Q ) u(pre([BIS[SI"){L | L € Q}))APF <

(pre(gfp F*){L|LeQ})} {join preservation (73)§
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= {(PUPF, Q. T) | P < (Ifp Fire) ((pre[-B]Q ) L (pre([B13[5]")Q; ) u (pre([BI3 [S] ) {1 | L € u(pre([B]3
[SI9) {11 L€ Q})) APy < (pre(gfp™ FF){L] L€ Q})}
{by the Galois connection (pre, pre_l) of (12) F® and Fpre are increasing, and, by (78), they commute
so that pre(Ifp< F€) = Ifp© Fpre by the fixpoint abstraction Th. I1.2.1§

= [

L =S L
S UPOPE T | P MR R (ref-Blo, el BIISI) Q) upre(BIISI) (1le0d) * P S
(pre(gfp™ F7){L[LeQ})}
{by Fpre(X)Q = FZ) (X(Q)) at (79) and the pointwise abstraction corollary 11.2.2§

= {(PUP, Q T) | P clfp AX- (pre[-B]Q;) U (pre([B] 3 [S]")Q;) u (pre([B] 5 [S]*){L | 1 € Q}) U

(pre([B] 5 [S]°)X) A Pp < (pre(gfp=F){1 | L Q})} {def. (79) of F5§
= {(PUP;, Q. T) | P clfp=AX - (pre[-B]Q;) U (pre([B] 5 [[Sﬂb)Ql) U (pre([B] 5 [SI"){+ | L € Q}) U
(pre([B] 5 [SI)X) A (L € Q ? Py < (pre(gfp™ F*){L} ¢ P = &)} {since pre(r)a = &§

— Since we proceed by structural induction on statements, pre[S]* ({1 | L € Q}) is already determined so
can be considered to be a constant the same way that B[B] or B[-B] are. We now have to choose induction
principles to under approximate the fixpoints.

— Since pre preserves arbitrary joins, its least fixpoint iterations are stable at w. So the hypotheses of Th.
11.3.6 for P c Ifp= AX « AU pre(r)X become

" neN). I"=gavneN.I"c""!

cAupre(r)I*AdteN.Pcl (60)

since, (I", n € N) being an increasing chain for ¢, we have P € Upey I"ifand only if 3¢ e N. P ¢ I

— The hypotheses of the dual of Th. I1.3.4 to under approximate the image of the greatest fixpoint gfp< F*
by Ar«pre(r){L} are that there exists ] € p(Z,) such that

(1) pre(@){1} € J which trivially holds since pre(@){L} = @.
(2) VX ep(=x2y).pre(X){1} cJ = pre(F*(X)){L} cJ

< (LeQ? VX .pre(X){L} ¢ J = pre(F*(X)){L} € J s true) {since pre(X)o = &§
= (LeQ? VX .pre(X){1} cJ = pre([B] s [S]® s X){L} € Jstrue) {def. (50) of F*§

< (LeQ? VX .pre(X){1} cJ = pre([B] 5 [S]®)(pre(X){L}) € J s true)
{composition (74)§
= (LeQ?pre([B]3[S]°)(J) € J ¢ true)
(=) take X = {(o, 1) | o€ J} sothat pre(X){L} = J;
(<) for all X € p(= x X,), if pre(X){L} < J by hypothesis then pre([B] 3
[sI®)(pre(X)){1} < pre([B] 5 [S]®)(J) since pre(r) preserves joins so is increasing, and

therefore the hypothesis pre([B] 5 [S]®)(J) < J implies pre([B] 3 [S]¢)(pre(X){L}) € J by
transitivity. §

(3) for any c-increasing chain (X‘S, & € O) of elements x%c Ifp=F:, VB < A . pre(Xﬁ){J_} ¢ J implies
pre(Up<a Xﬂ){i} c J. The case L ¢ Q being trivially true, let us assume that pre(Xﬂ){J_} c J that is,
{o| (o, L) € XP} c J for all B < A, A limit ordinal. Then we have

pre(U X") {1} £
p<A
< {o|{o, L)e Y Xﬁ} cJ { def. (38) of pre§
p<A
< U{o| (0. 1) EXﬁ} cJ {def. union U§
p<A
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<> Vp<A.{o]|(o, L)€ Xﬁ} cJ {def. inclusion c§
<> true {by hypothesis§
@) JcP.

So the four hypotheses of the dual of Th. 11.3.4 for proving that Py ¢ (pre(gfp< F*){1} boil down to

I ep(zL) . pre([B]3[SI)(J) T AP; €] (61)
so we can go on with our formal calculation. We left it at

o ((PUPE, Q. T) | P < Ifp® AX~ (pre[-8]0,) U (pre([8] s [s1")0;) U (pre([8] 5 [SI){ | 1 € O}) U
(pre([B] 5 [SI)X) A (L €Q 7 Py < (pre(gfp™ F1){L} ¢ Py = @)}

o ((PUPt,Q.1) | (1" me Q) 1 = onYn e N. 1" € 1™ < (prel-81Q, ) pre(BIST")Q ) (pre([5]
[ST) (| € 1) u (pre(I813 SI)") A 3¢ € . P 1 £ 3] €p(3) . (1 € Q 7 pre(lBl § SI) ) €
JAPy cJsPr =g)} {by (60) and (61)§

<:>{<PUP[ O.T)| " neQ).I°=@AVneN. I" CI"“C(B[[ﬁBﬂﬁQl)U(B[[B]]mpre([S]] )Ql)U(B[[B]]m
Pre[[Sﬂ {l\lEQ})U([[B]]ﬁPre[[S]] (M)a3teN.PeI’aTfep(SL) . (1eQ 7 B[B]npre([S]°)(J) €
JAPH TP =2)} {Boolean precondition (77)§

< {(PUP}, Q. T) | H(1"neQ) . I =aAVneN . I" CI"HC(B[[ﬁBﬂle)U(B[[B]]mpre([[S]] )Ql)u(B[[B]]m
prelS] (1| 1€ Q) U ([BlprelSI* (") A 3¢ N PE ' a3 () 1€ Q 7 Bl npre((s]®) ) <
JAPy ]3Py =)}

Usince pre([S]€)(J) = pre([S[*)(J ~ {1}) by (51) and (49)§
< {(PUP}, Q T)|3R R Cpre([[S]] )0y AT "neQ) . I°=@AVneN.I" CInHC(B[[—-B]]ﬂQl)U
(BIB 0 &) 0 (B8] nprels]* {1 | 1 € Q1) u (18] nprelSI*(") a3t e P 1 23] € p(3) - (1

Q2 BB npre([S])(J) €T APy €] s Py = @)}
{by under approximation of pre( [[S]]b)Q 1 by Rb
(=) TakeR’ = pre([[S]]b)Ql;
(«) since R® c pre([[S]]b)Ql and X ¢ R” implies X ¢ pre([[S]]b)le

<= {(PuP}, 0, T)|3R R Cpre([[S]] )Ql/\EIR CRTcpre[S]*{L]|1eQ} A", neqQ). P’ =@AVne
NI CI"+1C(B[[—|B]]HQ¢)U(B[[B]]OR )u(B[[B]]mR Yu (B[B] npre[S]¢(I")) A3t eN. PcIfadje
e(21) . (LeQ? BB npre([S])(J) €T APy € Js Py = @)}

{by under approximation of pre[S]*{1| 1 € Q} by R*
(=) TakeR' = pre[S]*{L|L1eQ};
(<) since R* c pre[S]*{L| L€ Q} and X c R* implies X € pre[S]*{1| L € Q}§

<= {(PUP}, O, T)|3R R Cpre([S]] )Ql/\ﬂR RYcpre[S]u{L|LeQ A" neQ).I°=@AVne
NI CI"“C(B[[ﬁB]]le)u(B[B]]mR Yu(B[B]nR*)u ((B[B] npre[S](I"))A3teN.PcI AT €
p(21) . (LeQ 2 BB npre([S])(J) €T APy €] s Py = @)}

{def. (54) of the relational semantics and (38) of pre so that pre[S]*& = pre[S].@ and pre[S]* {1} =
pre[S[.L{1} §

= {(PUP}, Q, T)|3R R Cpre([[S]] )Ql/\ﬂR RN {1 1eQ) @) eapre([S]L) A (I neQ) . I
@/\VneN " CI"“C(B[[ﬂB]]le)U([[BﬂmR Yu ([B] nRY) u ([B] npre[S]¢(I")) A3eeN . Pc
I'AdJep(E) . (LeQ? B[] npre([S])(J) S TAP; €] s Pr =)}

{def. (57) of arpre §
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= {(PuP;, Q. T)|3R” .R” cpre([s]*)Q; A 3R* . (R*, {L| L € Q}, @) € apre([S]L) A (1", ne@). 1" =
@AYneN. 3R (R 1", @) € apre([S]L) AT € 1" < (B[-B] n Q) u([B]nR”) U ([B] nR*) U ([B] n
Ro)ATeeN.PcI AdJep(E) . (LeQ?B[B] npre([S]°)(J) S JAP; € TP} =a))}
{by under approximation Ry, of pre[S]¢(I")§
= {(PuP;, Q. T)|3R" .R” c pre([s]*)Q; A IR* . (R, {L| L € Q}, @) € apre([S[1) A H(I", ne@) . 1° =
@AYneN. 3R, . (Re, 1", @) € apre([S]L)AI" € T" ' € (B[[ﬂB]]le)u([[B]]mRb)u([[B]le)u([[B]]mR,‘i,)/\
JeeN.PcI'AdJep(S1). 3Ry . (Rf, ], @) € apre([S]) A (L€ Q 2 B[B]NR; S JAP; T e Py = @)}
{by under approximation Ry of pre([S]¢)(J)§

Following Sect. IL.5, the theory apre ([while(B) S].) can be equivalently defined by the following deductive
system.

=2
(R} {ok:@,br:Q,}
{R*Ys{ok:{L|LeQ}br:o}
VneN.{Rp}[S]{ok:I",br: @} A
" e c (B[-8] nQy)u (B[] nR®) U (B[B] nRY) U (B[B]NRE) 3eeN.PcI
(LeQ?{R;}[S]{ok:J.br: @} AB[B|nRy CJAP; CJsP; =)

{PUPt}while(B) S{ok:Q,br: o} (62)

K RELATED WORK

The paper provides ample citations in the text and mainly owes to the extensive work on Hoare logic [Apt
1981, 1984; Apt and Olderog 2019, 2021; Hoare 1969], abstract interpretation [Cousot 2021] (for the design
of semantics by abstraction [Cousot 2002] and the specification of program properties by Galois connections
[Cousot and Cousot 2014]), fixpoint induction [Cousot 2019b; Park 1969] to handle invariants and termination,
a previous study of proof methods [Cousot and Cousot 1982] (now expressed with Galois connections and
fixpoint induction), and the nonconformist idea of Derek Dreyer, Ralf Jung, and Peter O’Hearn [O’Hearn
2020] originating the interest in incorrectness e.g. [Ascari et al. 2022, 2023; Bruni et al. 2023; de Vries and
Koutavas 2011; Feng and Li 2023; Le et al. 2022; Maksimovic et al. 2023; Moller et al. 2021; Naus et al. 2023;
Poskitt and Plump 2023; Raad et al. 2020, 2022, 2023; Vanegue 2022; Yan et al. 2022; Zhang and Kaminski 2022;
Zilberstein et al. 2023].

Incorrectness has also be studied in the context of logic [Ferrand 1993; Lloyd 1995; Shapiro 1982] and
constraint programming [Berre and Tessier 1996] as well as mathematical logic. [Bergmann 1977] discusses
[in]correctness in the presence of undefined. The definition of incorrectness requires a referent [Svoboda and
Peregrin 2016], which for programming languages is their semantics.

For simplicity, we have considered antecedent and consequent to be sets of states. Using logics instead
is a further abstraction with no best abstraction (e.g. non-compact infinite disjunction in first-order logic).
This abstraction introduces incompleteness inherited by transformational logics which by themselves are
complete (under expressivity conditions of the underlying logic [Blass and Gurevich 2000; Cook 1978, 1981],
which amounts to consider the interpretation of logic formulas as sets of states).

The abstraction post(2, €) comes from the specification of reverse Hoare logic by Q € post[S]P in [de Vries
and Koutavas 2011] and then a.o. [O’Hearn 2020; Poskitt and Plump 2023; Zhang and Kaminski 2022]. [Cousot
and Cousot 1982; Pratt 1976; Yan et al. 2022; Zhang and Kaminski 2022] also consider complement dual-
ity (12) [Maksimovic et al. 2023] incorporate reasoning about non-terminating specifications. [Dardinier
2023, Section 5] expresses different (hyper) logics in a common framework. [Schmidt 2007] derives a logic
from an abstraction. In the proof theoretic approach, [Harper et al. 1993] designs deductive systems by en-
coding in the common Edinburgh Logical Framework (LF), e.g. Hoare logic [Avron et al. 1992, Sect. 6.1].
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