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Abstract. We study abstract interpretations of a fixpoint protoderiva-
tion semantics defining the maximal derivations of a transitional seman-
tics of context-free grammars akin to pushdown automata. The result
is a hierarchy of bottom-up or top-down semantics refining the classi-
cal equational and derivational language semantics and including Knuth
grammar problem, classical grammar flow analysis algorithms, and pars-
ing algorithms.

1 Introduction

Grammar flow problems consist in computing a function of the [proto]language
generated by the grammar for each nonterminal. This includes Knuth’s gram-
mar problem [1,2], grammar decision problems such as emptiness and finiteness
[3], and classical compilation algorithms such as FIRST and ForrLow [4]. For
the later case, Ulrich Méncke and Reinhard Wilhelm introduced grammar flow
analysis to solve computation problems over context-free grammars [5,6,7], [8,
Sect. 8.2.4]. The idea is to provide two fixpoint algorithm schemata, one for
bottom-up grammar flow analysis and one for top-down grammar flow analy-
sis which can be instantiated with different parameters to get classical iterative
algorithms such as FIRST and FOLLOW.

More generally, we show that grammar flow algorithms are abstract interpre-
tations [9] of a hierarchy of bottom-up or top-down grammar semantics refining
the classical (proto-)language semantics.

Then, we apply this comprehensive abstract-interpretation-based approach
to the systematic derivation of parsing algorithms.

2 Languages and Context-free Grammars

A sentence o € A* over the alphabet A of length |o| = n > 0 is a possibly
empty finite sequence o109 ...0, of letters o1,09,...,0, € A. For n = 0, the
empty sentence is denoted € of length |e| = 0. A language X over the alphabet A
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is a set of sentences X € p(A*). We represent concatenation by juxtaposition.
It is extended to languages as X5’ = {00’ | 0 € ¥ Ao’ € X'}. For brevity, o
denotes the language {0} so that we can write Yo X’ for X{c}X’. The junction
of languages is X3 X' = {0109...0m0%...0, | 0102...0m € A dlaly.. .0l €
S Noy, = ot }. Givenaset 2 = {[, | i € A}U{], | i € A} of matching parentheses
and an alphabet A, the Dyck language Dp 4 C (PUA)* over & and A is the set
of well-parenthesized sentences over ZUA. It is pure if A = @. The parenthesized
language over & and Ais Py 4 = {[,0],|i € ANo €Dga\ {e}}.

A context-free grammar [10/11] is a quadruple G = (7, A, S, %) where
7 is the alphabet of terminals, .4 such that . N A4 = @& is the alphabet of
nonterminals, S € A is the start symbol (or aziom) and Z € (AN x ¥*) is the
finite set of rules written A — o where the lefthand side A € 4 is a nonterminal
and the righthand side o € ¥ is a possibly empty sentence over the vocabulary
¥ = 7 U.¥. By convention, € ¢ ¥.

3 Transitional Semantics of Context-free Grammars

Pushdown automata (PDA) and context-free grammars are equivalent [8, Sect.
8.2]. Inspired by PDA, we define the transitional semantics of grammars by
labelled transition systems where states are stacks, labels encode the structure of
sentences and transitions are small steps in the recursive derivation of sentences.

Stacks. Given a grammar G = (F, A, S, %), we let stacks @w € S =
(% U .M)* be sentences over rule states % = {[A — o.0'] | A — 00’ € X}
specifying the state of the derivation (¢’ is still to be derived) and markers .#
= {F, 4} where F (resp. 1) marks the beginning (resp. the end) of a sentence.
The height of a stack w is its length |w]|.

Example 1 A stack w for the gram- i

mar A — AA, A — ais HA — [A— AA)]
AA[A — A.A][A — ai). Tt records the [A— A.A]
ancestors in an infix traversal of a parse [A — ai

tree, as shown opposite. o

Labels. Welet 2 = GU% be the set of parentheses where 0 = {(A| A € A}
is the set of opening parentheses while € = {A) | A € A} is the set of closing

parentheses. We let labels ¢ € £ be parentheses or terminals so that £ = 2U.7.
A pair of parentheses (A...A) delimits the structure of a sentence deriving from
nonterminal A € .4 while terminals describe elements of the sentence.

Labelled Transition System. Given a grammar G = (7, A4, S, %), we
define a labelled transition system S'[G] = (S, £, —, F) where the initial state

is F and the labelled transition relation L, leZLis



I—ﬂ—ﬂAﬁ o, A—oex

w[A — c.a0’] % w[A — ga.o’], A — cac’ € Z

1
2

w[A—>0.BU]—>w[A—>JBU][B—>.§], A—oBo' € ZNB—cE€R
[A—>U] A—oceZ.

(1)
(2)
(3)
(4)

4 Maximal Derivations

The mazximal derivation semantics of a grammar is the set of all possible maximal
derivations for this grammar where a maximal derivation is a finite labelled trace
of maximal length generated by the transitional semantics.

Example 2 The maximal derivation for the sentence a of the grammar ({a},

(A}, A {A = AA A —al)isF Y5 414 - ) % 4[4 - a] 2L 4 while

for the sentence aa it is F o [A — .AA] . [A — AAJ[A — 0] 2

A) (A

4[4 - AAJA - a] — 4[4 - AA] —— 4[4 - AAJA — o] 2 H
[A— AAJA — a] 25 44— aa] 24, 5

Traces. Formally a trace 8 € O™ of length |#] = n+ 1, n > 0, has the

o o . v
form 0 = wy b, Wi ... Wno1 —— w, whence it is a pair § = (0, ) where
0 € [0,n] — S is a nonempty finite sequence of stacks 8, = w,, i =0,...,n and

0 €[0,n—1] — £ is a finite sequence of labels ; = ¢;, j =0,...,n — 1. Traces
0 € O are nonempty, finite, of any length so @ = Un>0 onr.
Again concatenation is denoted by juxtaposition and extended to sets. We

respectively identify a single state w and a transition w £, & with the cor-
responding traces containing only the single state w and the the transition

L 12 . eo Zn—l .
w — w'. By abuse of notation, a trace wg — wy ... Wp_1 — W, is also
. L ln—1 .
understood as the concatenation of wy, ——, @1, ..., Wn-1, — , @, Which,

informally, matches the trace pattern ¢ow . .. Gn—1@Wnsn by letting ¢p = wy i,

Lo . .
ey Snel = Wno1 224 and ¢n = €. We also need the junction of sets of traces,
as follows

TgT'é{GLwLG/|9L>w€T/\w'L>9'ET//\w=w'}.
The selection of the traces in T for nonterminal B is denoted T.B defined as

T.B={w 9|w—>9€T}

. . . . . 14 ln—1 .
For the recursive incorporation of a derivation - —— 4w ... dw,—1 — - into
another one, we need the operation

¢ boor a4 -
(w, @) Tk > ... Aoy — A= w > @'w .. w1 — @



(w, @)1 T={(w, @) 7|T€T}.

Example 3 We have (HA — .AA4], A — A.A) T+ 4, HA - ) X
A = a] 4= A4 .44 Y A - AA[A — ] e HA — AA)A -

A
@) A, 4[A — A.A] which we can recognize as the replacement of the first A
deriving into @ in the derivation for the sentence aa in Ex. o

. . . eo L -1
A derivation of grammar G is a trace wy —— W1...Wno1 — Wp, N = 0

generated by the transition system S*[G] that is Vi € [0,n — 1] : w; L, Wit
A prefiz derivation of grammar G is a derivation of grammar G starting with an
initial state wy = F. A suffiz derivation of grammar G is derivation of grammar
G ending with an final state Voo € S : V0 € £ : —(w, £, w), so that w, =
by def. of —. A maximal derivation of grammar G is both a prefix and a
suffix derivation of the grammar G.

Derivations are well-parenthesized so that the grammatical structure of sen-
tences can be described by trees. Let us define the parenthesis abstraction o for
astack @ by o (ww') = o (@')a? (w), aP(F) = a?(4) = e and o ([A — 0.0']) =
A), for a label, a”(a) Zeforallace T, aP((A) = (A and aP(A)) = A)), and for a

Ln_1

trace aP (wq Lo By wn) = aP (lo)aP(£) . ..oP (ly_1)aP (wy).

Lemma 4 For any prefiz derivation 0 of a grammar G, o (0) € Dy & is a pure

b
Dyck language. A mazimal derivation 0 = Loy B A of G

is well-parenthesized in that o () = aP ({o)aP (l1)...aP(by—1) € Dp » is a pure
Dyck language. O

5 Prefix Derivation Semantics

The prefix derivation semantics 57 [G] of a grammar G = (7, A, S, %) is the
set of all prefix derivations for the labelled transition system (S, .&, —, F),
that is

3 o
Sa[[g]]é{woz—0>w1...wn,1 i wp | n>0Awog=FA

Vie[0,n—1]: @~ wipr} .

Lemma 5 If the prefiz derivation semantics 5o [G] of a grammar G = (T, N,
S, &) contains a prefiz deriwation 01wby then

— either w =t if and only if 0 = ¢
— or the stack w has the form w = -[A1 — mA2m}][A2 — n2Asms] ... [An —
Mnan)),] where A; — m;Aian, € Z and A, — nin), € Z are grammar rules
A
and 0, =+ 4 1.
— Moreover if 6,wfy € S° [G]-A then necessarily A1 = A. 0



It has been shown in the more general context of [12, Th. 11] that we have the
following fixpoint characterization of the prefix derivation semantics

Theorem 6
7161 = " FO[9] = afp F[9]
where FO [G] € p(©) — ©(O) is a complete U and N morphism defined as

FIIGI 2 AX - {F}UX; —> . .

6 Transitional Maximal Derivation Semantics

The mazimal derivation semantics S‘i[[gﬂ € p(@) of a grammar G = (J, AN, S,
Z) is the set of maximal derivations for the labelled transition system S*[G] =

(S, &, —, ).

SUGL 2 {wo 2 w1 ... et 2wy [0 >0 A g =k A (5)

ViE[O,n—l]:wiZ—i>wi+1/\Vw€S:V€€$:ﬂ(wan)}.

Lemma 7 A mazimal derivation of the transition system S'[G] has the form

LN H[A — 0] b, Hws ... dwp_1 A where Wp_1 7 €. O

7 Bottom-Up Fixpoint Maximal Derivation Semantics

The maximal derivation semantics (5) can be expressed in fixpoint form.

Example 8 For the grammar G = ({a, b}, {A}, A, {A — aA, A — b}), we have
SIG] = 1fp~ F4[G] where

Fhm 2% 4 — ) 2 44— b 224U

S (A = ad)) < (A = a.A), A — aAl) T T.A) s (A — aAd) 25 4.
The first iterates of f)d[[g]} from ?‘io =@ are

Pl - Y a2 a0 25
Fd, = {I——>—|[A—>b]—>—|[A—>b.]—>—|
N A — 4] % H[A — a.4] 1, H[A — aAl|[A — @b —

A — aA[A — 0] 2 414 — an] 2 4y

Fi, =1fp" FI[g] o



More generally, let us define the set of traces bottom-up transformer f’d[[g]} €

P(0) — p(O) as

Figl2ar. |J +LFqa— or 2 (6)
A—ceER
where ?J[A — 0.0'] € p(O) — p(O) is defined as
FUA = 0ua0’] 2 AT+ (A — 0wa0’]) 2= FUA — sad’IT (7)
FUA = 0.Bo') 2 AT - ((H{A — 0.B0"}, H[A — 0B.0’]) 1 T.B) s FYA — 0 B.o'|T (8)
FlA - o0 2AT-(HA = o)) . (9)

Observe that ?‘f[[g]} is upper-continuous.

Lemma 9 If all traces in T C © are derivations of the transition system S'[G]

then all traces in ?J[A — 0.0'|T are generated by the transition system S*[G],
start in state (H[A — o.0’]) and end in state (H[A — o0’.]). It follows that all

traces in f)‘i[[gﬂT are derivations of the transition system S'[G].

The derivation semantics of a grammar G can be expressed in fixpoint form as

Theorem 10  S?[G] = ifp~ FI[] . o

8 Protoderivations

Prototraces (formally defined below) are traces in construction containing non-
terminal variables which are placeholders for unknown prototraces to be substi-
tuted for the nonterminal variables. Protoderivations are prototraces generated
by the grammar, initially a nonterminal variable (such as the grammar axiom),
obtained by top-down replacement of a nonterminal on the lefthand side of a
grammar rule by the corresponding righthand side, until no nonterminal variable
is left.

Example 11 A prototrace derivation for the grammar G = ({a}, {A}, A4, {4 —
AA, A — a}) is (the prototrace derivation relation is written b—=>)

-4,

_|
o=y A —aa B a4 B o oaag 2 4

o=, F Y A - A B oA Y A - oaAjA & g

HA - AAA — a] 2 44 - 44] 2 A

= b A - A4 Y A - A4)A - ] 2 A — AAJA -
a] 244 - A Y A S AAYA © ] S HA - AAJA —

a] A - oaa] 2 o .



Prototraces.  The set of nonterminal variables is .#° = {{A] | A 6 NFA
pmtotmce 7 € II" of length || = n+1, n > 0, has the form 7 = wy ~> w; ...

Kn—

Wn_1 —— w, whence is a pair 7 = (z, ) where & € [0,n] — S is a nonempty
finite sequence of stacks m; = @y, i =0,...,nand 7T € [0,n — 1] — (LU A7)
is a finite sequence of labels or nonterminal variables 7; = x4, j =0,...,n — 1.
Prototraces m € II are nonempty, finite, of any length so IT = Un>0 II™ and
6 CII.

Again prototrace pattern matching, prototrace concatenation, set of pro-
totraces concatenation, the assimilation of a single state w and a transition
w -4 @ with the corresponding prototraces, the junction g of sets of proto-
traces, the selection P.B of the prototraces in P for nonterminal B and the stack
incorporation in a prototrace (w, w’) 1 7 or a set T of prototraces (ww, w’) T T
are defined as for traces and sets of traces.

Prototrace Derivation.  The prototrace generated by a grammar rule A—
o € #is RP[A — o] where RP € # +— II is

RD[A — 7] ENIEN IED[A — 0] A, (10)
IED[A — 0wao’] = H[A — owao’] IED[A — 0a.0’]

FD[A — 0.B0’] = H4[A — 0.B0’] gD

IED[A — o] =-dA—oal.

£=24

[A — 0B.0o’]

13

The prototrace derivation relation =g € p(II x II) for a grammar G = (7, A/,
S, Z) consists in replacing one or several nonterminal variables by the prototrace
generated by a grammar rule for that nonterminal.

T D¢ it (11)
éEIn>O,q,...,§n+1,w1,...,wn+1 €8S, A1,..., A, e N, 0o1,...,00E V"
wzglwlwzgg...gnwnwn+1§n+1/\Vi€[, ] A — o, €ZN
7' =1 {w1, wa) | FVQD[Al — 01]62 - - - Sn{@n, wnt1) TR [A — OnlSni1 -

9 Maximal Protoderivation Semantics

The top-down mazimal protoderivation semantics SP[G] € N — o(II) of a
context-free grammar G is

SPIGI 2 AA{rell | (55 H) B=y 7} . (12)

where ™, n € N are the powers of relation r, r™* = Uicn ' (so that r0* = Uo =
@), rt (resp. r*) is the transitive closure (resp. reflexive transitive closure) of r.



10 Top-Down Fixpoint Maximal Protoderivation
Semantics

The protoderivation semantics can be expressed in fixpoint form, as follows
(where post € p(X) — (%) is post[r]X = {s' € ¥ |3s € X : (s, s') € r})

Theorem 12 SP [6] = lfpg FD [G] w@ere C is the pointwise extension of C
and the set of prototraces transformer FP[G] € (AN +— o(IT)) — (N — p(IT))
18

FPIGI 2 Ao+ XA« {F A, -} U post[m=>5]p(A) . O

11 Abstraction of the Top-Down Protoderivation
Semantics into the Bottom-Up Derivation Semantics

The trace derivations 0 € S‘i[[g]] A for a nonterminal A can be constructed top-

down using the prototrace derivation @:>g as (- 1N ) = 0.
Lemma 13 [fT = {rc 0|34 e 4 : (- & 4) o, 7} then Fi[A —
UU]()—{WE@|FD[A—>UU]@:>g7T} O

Lemma 14 Let F 4, be the iterates Of?‘i[[g]] from Fdy = @. We have

—freoIer -y HE :

@A, o,y o

Theorem 15 Sd[[g]] ={reO|JAec AN :(F
Let us define the abstraction a?4 2 AP+ XA+ P(A)N© which collects the ter-

minal traces (without nonterminal variables) among prototraces. This abstrac-
bd

tion defines a Galois connection [13] (A + p(IT), C) <7:» (AN — p(O),
OlDd

Q} The restriction of the top-down maximal protoderivation semantics is the
maximal derivation semantics.

Theorem 16  aP¥(SP[G]) = AA-SI[G].A . . 0

12 The Hierarchy of Grammar Semantics

Th. 16/shows that the bottom-up derivation semantics S(f[[g]} of a grammar G is,

up to an isomorphism, an abstraction of the top-down protoderivation semantics
i = N ) .

SPIG] = AA-{m eIl | (F ) B=>¢ 7} by the abstraction a”?. We now

introduce a hierarchy of abstractions of the protoderivation semantics SP[G], as

given in Fig. 1] The various semantics and abstractions in Fig. 1 (apart from
SP[G], S?[G], and aP?) are described below.



. S[G] = &' (SP[S])

top-down semantics | terminal language semantics
at at

SH[9] = a*(s°[4] - SH[91 = a*(s°[4]

protolanguage & i protolanguage semantics

semantics

S°16] 2 o*(S°[G])

syntax tree semantics

S°[9] = o*(S°[9]

protosyntax tree se-
mantics . L
S°[G] = o (S“[G])

derivation tree semantics

S°I9] 2 o*(SP[9])
protoderivation
tree semantics

) o’ o L SY[G]
S| ol derivation semantics
protoderivation se-
mantics T bottom-up semantics

Fig. 1. The hierarchy of bottom-up grammar semantics

[Proto]derivation tree abstraction a’ and a®.  [Proto]derivations can
be described by [proto]derivation trees where internal nodes are labelled with
nonterminals, leafs are labelled with terminals [or nonterminal variables] and
branches are decorated with rule states.

Example 17 One possible pro-
toderivation tree for the protosentence
AaA of the grammar ({a}, {4}, A,
{A — AA /A — a}) is given on the
right. It can be represented in paren-
thesized form through an infix traversal
as (A[A — AA] [A] [A — AA](A[A —
AANA[A — a4 — al]A4)[A —
AAJA[A — AAJA)[A — AAlA) .

Welet Z = FUN°UZ and D = (P U @)’i A protoderivation tree S is
represented by a well-parenthesized sentence over % so that 0 € P w4 D We
extend the selection to p(D) whence o(Ps4) as D.A = {(BoB) e D | B =
A} UA{[Bl € D | B = A} so that D.A is the set of protoderivation trees in D
rooted at A € .



The protoderivation tree abstraction b eIl D of protoderivations is

as(w L) = as(w)/wz‘;(r) as(—i) =
as(e)ée as(sl...sn)ésn, $1...85, €8,
o’ (F) = e n > 0, otherwise

which is extended elementwise to a® € p(II) — (D) as o®(T) 2 {ad(x) |
5

m € T} so that we get the Galois connection (p(II), C) <—L» (p(D), C
5

further extended pointwise to o € (,/V — (D)) — (AN — p( D)) as ad(¢) 2
AA-a (qS(A)) The restriction of a® to derivation trees D 2 (22U %)* where

)
U = TUR is written o’ so that (p(0), C) <L—» (p(D), C). A derivation tree
5

(03

5 is represented by a well-parenthesized sentence over U so that 6 € P PrAs D.

[Proto]syntax tree abstraction a® and a®.  [Proto]syntax trees are [proto]-
derivation trees denuded of the rule states decorating the branches. We represent
[proto]syntax trees in parenthesized form through an infix traversal. We let T
= (22U T UAN)* . A protosyntaz tree T is represented by a well-parenthesized
sentence over (.7 U .4") so that 7 € Py (7u40) C T.

Example 18 One possible protosyntax tree for
the protosentence AaA of the grammar ({a}, {A},
A, {A— AA, A — a}) is given on the right and rep-
resented as (A[Al(A(AaA)AIA)A) .

The protosyntaz tree abstraction o € D — T of protoderivation trees is

(Ae ¥, le )

o’ (o(Ao’) = ®(0) (A’ (o)) aP(0]A — ¢']0’) = a(0)a’ (o)
o’ (cA)o’) = o (o) A)a’ (o) o’ (olo’) = o (o)la’ (o)
o’ (o[Ale’) = o (o)Al (o) () = e

extended elementwise to a® € p(D) — p(T) as a*(D) = {a*(d) | § € D} so that
we get a Galois connection (p(D), C) <L—» (p(T), C) which can be extended
pointwise to (A — (D)) — (A — ;(7)) as of(¢) = AA-a®(¢(A)). The
restriction o® to syntax trees 7 = (2U.Z)* is such that (p(D), C) ;‘—i» (p(T),

«
C). A syntax tree 7 is represented by a well-parenthesized sentence over T s0
that 7 € [Pga”g cT.

Protosentence abstraction ol and &f.  The protolanguage of a grammar
G=(T, N, S, ) with ¥V 2 F U is the set of protosentences deriving from



the grammar axiom S where protosentences 7 € #* contain both terminals in .7
and nonterminals in .4 and the derivation consists in replacing a nonterminal
A by the righthand side o of a grammar rule A — o € Z.

The protolanguage abstraction o™ € T — ¥* of protosyntax trees is defined
as (we follow the tradition of confusing nonterminals A denoting the grammatical
structure and nonterminal variables [A] for protosentence substitution)

a?(aqfxa') 2 ol (0)ak ("), Aen aﬁ(aqa') 2 ol(0)aak (o), a€ T
osz(aA[)U’ 2 oL (o)l (o al(e) = e
oL (olA’) 2 oL (o) Aak (o)

extended elementwise to ol € (7)) — p(¥*) as oLzL(D) = {a Lix) | 7 € D}

so that we get a Galois connection (p(7), C) 7_<—» (p(¥™*), C) which can
OtL

be extended pointwise to ol ¢ (N = o(T)) = (N — p(¥*)) as OZL(@ =
XA« al(p(A)).

Example 19 For the protosyntax tree in Ex. [18|of the grammar ({a}, {A}, A,
{A— AA, A — a}), we have o ((A[A(A(AcA)AA)A)) = AaA . o

For syntax trees, we define the flattener o € 7 p(7™*) as
ol ((AcA)o’) = ({A} Uk (0)a (') al(ao’) 2 {a}a(o") al(e) = {e}

extended elementwise to oah € p(T) — p(¥*) as o ( ) U{a (o) | o€ X}
and pointwise to &= € (7) — (AN — @("I/*)) as &F(S) = XA+ a’(S.A) so that

we get the Galois connection (p(7), C) <W—7» (N = (™), ).
L
[e%
Terminal sentence abstraction &*.  Terminal sentence abstraction elimi-
nates the sentences of a protolanguage which are not terminal. Let us define the
eraser af € ¥* i p(.7*) as

Aoy =@ allaoc) 2 adl(o)  of(e) = e

extended to of € p(¥*) — (%) as o/ (X) = J{a(0) |0 € ¥} = ¥ n.T*
so that we get a Galois connection (p(¥™*), C) ‘L—»[ (p(7*), €) which can
be extended pointwise to & € (N = E(¥*)) = (N — p(T*)) as at(p) =
AA-al(p(A)).

13 Fixpoint Bottom-Up Abstract Semantics

All bottom-up semantics Sﬁ[[g]} € D? of context-free grammars G are instances
of the following abstract interpreter (which generalizes the bottom-up grammar



flow analysis of [8] Def. 8.2.18]).
S'G] =1 FH[G] (13)

where (D&, C, 1, 1) is a cpo/complete lattice and the transformer [ [G] € Df
D is
FAGI 2 xpe || A*(FHA—0lp) (14)
A—cEZR
[ [A = 0wac’]) 2 Ap+ [A — cwac']t [ [A — ca.c’|p
=

A= 0.Bo'| 2 Ap+[A— 0.Bo'f(p, B)§ FIA — 0cB.0']p

=P
?u[AHa]é/\p-[AHU.]&

where the abstract rooting is A* € Df — D?, [A — o aa] € D?, the abstract
concatenation is ¢ € (D x Df) s DF, [A — UBU] (Dti x ) — DF, the
abstract junction is g* € (Dﬁ X Dﬁ) — Dﬁ and [A — J] € b,

The existence of the least fixpoint is guaranteed by the following

Hypothesis 20 For all [A — 0.0'] € #", = [A—ow0'l€ (N — L)r— Lis
upper continuous for the ordering C on D3, 0

Hyp. [20 is guaranteed by the following local continuity conditions

Lemma 21 If A s continuous, £ s continuous in its second argument, [A —
o.Bo’ ] 18 continuous in its first argument, 3 st is continuous then Hyp. (20 holds.q

The hierarchy of semantics discussed in Sect.[12 is obtained by the instances
of the bottom-up abstract semantics given in Fig. Classical semantics

and flow analyzes also have the same form given in Fig.[3 (where B= {ff, tt}).

We can define the soundness of an abstract interpreter Sﬁ[[g]] with respect
to a concrete interpreter SA[G] as a(SE[G]) = Sﬂ[[g]] using a Galois connection
(LY, CF) = (Lﬁ %). This global soundness condition on the abstraction is
implied by ic)lhe rule soundness condition

a(A'(FHA — w0p)) = AF(FF[A — .olalp)) (15)

which is itself implied by the local soundness conditions on the abstract operators
(for all @, y, p € LF)

oA (2)) = A¥(a(x)), ) a([A = 0.Bo')¥(p, B)) = [A — ff-Ba/]ﬁ(a(p), B),
a([A = ouad’]) = [A — ff-aa’]”, a(zsy) = a(x)§ o(y),
a(zty) = a(z) . aly), a[A = o) =[A—al)".

3 Indeed monotony is sufficient [14].
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where A(X) = AY(X) 2 XA (A= A2 X(A):2), A(X) = A°(X) 2 QA - (A =
A% X(A) s ff], the first abstraction @' of language concatenation is defined in Lem.
[29, and &' is its pointwise extension.

Fig. 3. Flow analysis instances of the abstract bottom-up grammar semantics

(13)

f’?[[gﬂp[A — 0.B0’] 2 [A— O'.BO'/]&( |_| Cﬁ(ﬁ’ﬁ[c — «](p)), B) 3&
C—ceZ

FHG]plA — 0B
?H[[g]]p[A — 0 2 A — U.]13
with the following fixpoint characterization

Theorem 25
S3g] = i ] - .

The relationship between the abstract semantics S#[G] and its extension é_’ﬁ[[g]}
to grammar rule states is given by (16]) and the following
Theorem 26 IfG = (T, N, S, %) is a grammar then

Sol= || A'GEGIA — 0. o

A—oceZR



15 Fixpoint Top-Down Abstract Semantics

The top-down semantics in the hierarchy of Sect. [12! can all be viewed as
instances of an abstract interpreter generalizing the top-down flow analysis
of [8] Def. 8.2.19]. For brevity, we consider only the protolanguage semantics
SLIG]) € A — o(7*) of a context-free grammar G = (7, A, S, &), which
is the protolanguage generated by the grammar G for each nonterminal. It is
defined as

SPG] 2 o (o (0¥ (SP[G)))) (18)

Let us define the protolanguage derivation =, for a grammar G = (7, A, S,
Z) (—> when G is understood)
nE=en (19)
230> 0,60, sty ALy ey Ay 01 00 = 1AL S A1 A
Vie[lin]: Aj — 0, € ZAY =016 ... SuOnSnt1 -
This is [8, Def. 8.2.2] for n = 1, the difference being that we allow several

simultaneous substitutions.
The protolanguage semantics can be defined in fixpoint form as

Theorem 27
SLIG] = ™ FLIG]

where FL [G] =X+ AA-{A} U postl=4]p(A) . O
As a corollary of this proof and ([12), it follows that

AA-{al (P (@ (M) | (F = ) o=ty = AA [ | Ao} (20)

so that we also have the classical definition of the protolanguage generated by a
grammar [8, Def. 8.2.3]

SEGl =AA-{ne v | A=, n} . (21)

Applying the terminal language abstraction, we get the classical definition of the
terminal language generated by a grammar [8, Def. 8.2.3]

Theorem 28 S/[G] 2 ¢4(SL[G]) = AA+{o € T* | AE=, o). a
The protolanguage semantics S- [G] € A — p(¥™*) can be extended to grammar
rule states S E[G] € #* — p(¥*) as follows

?ﬁ[g]} [A = 0ua0’] 2 aST[G][A — 000’ (22)
é_i[[g]}v[A — ¢.Bo’'] 2 SL[G)(B) ST[G]|A — 0B.o]
SEG)A - o]

13

€

so that

{

LIGIIA — 0u0'] = { € ¥* | o' E=g <) . (23)

()]



16 Bottom-Up Grammar Analysis

Classical grammar analysis algorithms such as FIRST [8, Sect. 8.2.8], nonter-
minal productivity [8, Sect. 8.2.4], and e-productivity e-PROD [8, Sect. 8.2.3]
are abstractions of the bottom-up grammar semantics and are instances of the
bottom-up abstract interpreter (13).

16.1 First

The first abstraction o' € T* +— (7 U {e}) of a terminal sentence is the first

terminal of this sentence or ¢ for empty sentences. o' = Ao+ {a € 7|30’ € T*:
0 = ao’'}U{e | o = €}. It is extended to terminal languages o' € p(.7*) — p(TU
{€}) in order to collect the first terminals of the sentences of these languages

al 2AX. Uses @' (o) and finally extended pointwise &' € (A +— p(T*)) —

(AN — (7 U{e})) on terminal languages derived for nonterminals as ¢! =

AL+ XAl (L(4)).
The first abstraction of language concatenation is

Lemma 29 For all ¥, X' € p(F*) and F, F' € p(T),
dH(ZX) =o' (%)@ (X))

where FO'F' =(F' #2373 (F\{)U(ec F? F32)s92)

and {a}@'F' = (F #2 7% {a}s9) . 0
The first concatenation is monotone (hence upper-continuous since .7 is finite)
Lemma 30 If Fy C F| and Fy C Fj then Fy ®' F» C F| &' Fj. 0
The first semantics S'[G] € A — (7 U{e}) of a grammar G is

S'IG] = a'(S“[9)) - (24)

The classical definition of the FIRST derivation of a grammar [8, Def. 8.2.33] is
Theorem 31

SI[Gl=AA-{ac T |0 € T : AE=;ac} U{e| AE= €} . 0

For parsing, the input sentence is often assumed to be followed by the final mark
-, so it is useful to extend S'[G] to S*[G] € A — (T U {-}) as

SUGI=AA{ae T |Foe T : A actU{H| A= e} . (25)

The FIRST algorithm [8, Fig. 8.11] is indeed a fixpoint computation S'[G] =
1fp- F [G] where the bottom-up transformer F1 [G] is (14) instantiated as given
in Sect. 137.

" The classical definition [8, Fig. 8.11] is simpler since all grammar nonterminals are
assumed to be productive.



16.2 e-Productivity

The classical definition of e-PROD [8| Sect. 8.2.3] provides information on which
nonterminals can be empty. The corresponding abstraction is a® = A X+ [[e €
Y 2 tt 3 ff) extended pointwise to a° = AL+ XA+ a(L(A)) so that (A —

ha A

(7%), <) —— (A — B, =). The e-productivity semantics S*[G] =
a*(S'[G]) = ac(S'[G]) since a¢ = a¢ o &' and S'[G] = &!(S°[G]). This is

the classical definition of e-productivity for a grammar [8, Sect. 8.2.9] since
S[G] = XA+ A E=¢ e. The e-PRODUCTIVITY iterative computation [8, Fig.

8.14] is indeed a fixpoint computation S¢[G] = Ifp Fe [G] where the bottom-
up transformer F ¢ [G] is (14) instantiated as given in Sect. [13.

16.3 Nonterminal Productivity

The classical definition of nonterminal productivity [8, Sect. 8.2.4] provides infor-
mation on which nonterminals of the grammar can produce a non-empty terminal
language. The nonterminal productivity semantics of a context-free grammar is
indeed an abstraction of its first semantics S®[G] = &°(S‘[G]) = &*(S[G])
where the nonterminal productivity abstraction is defined pointwise on termi-
nal languages derived for nonterminals ¢* = AL+ A A - a®(L(A)) as true if the
nonterminal can produce a non-empty terminal language and false otherwise

SAY (X #£ 2 7 tt s ff) so that (N — p(T*), C) <:» (N — B,
==).The productivity iterative fixpoint computatlon 8, Ex. 8. 2 12]is S¥[G] =

Ifp  F Fe [G] where the bottom-up transformer Fe [G] is (14) instantiated as
given in Sect. [13.

17 Top-down Grammar Analysis
17.1 Follow

The classical definition of FoLLOw [8, Sect. 8.2.8] provides information on the
possible right context of nonterminals during syntax analysis. The follow ab-

straction af € V* = (N — (T U{H})) is
oA EXAJaec T | 0" n=0A" A" € T E=g an} U
{H13', 0" cn=n'An" A" =g ¢}
where we use the classical convention that sentences derived from the grammar

axiom S are assumed to be followed by the extra symbol 4 & ¥ (- is # in [ |
Sect. 8.2.8]). This is extended to af (¥) € p(#*) (</V — (7 U{d})) a

ol () 2 XA+ U, exof ()4 so that (p(7), C) ‘a: (N = p(TU {4})

C).The definition of FOLLOW [8, Def. 8.2.22] can also use that of FIRST since



Theorem 32 of (¥) = A A- Un,An,,EZ?T[[gﬂ(n”)[e/—i] where X[a/b] = (X \
{a})U{b|ae X}. 0

The follow semantics ST[G] of a grammar G is ST[G] £ of (SL[G](S)) so that
we get [8, Def. 8.2.22]

Theorem 33 S/[G] =AA-{ac 7|30 :SE=,ndan’} U{d]|In: S =g
nA} .

By abstraction of the fixpoint characterization Th. 27 of SL[G], we get the
classical FOLLOW algorithm as an iterative fixpoint computation [8, Fig. 8.13]

Theorem 34 S/[G] € lfpg F/[G] where

FIIGI = Ao+ AA-{4]A=S}uU
U GTIGIe)\ {e}) U e € STIGI0") 2 6(B) £ 2] .

B—oAc'€X#

and S denotes = if all nonterminals in G are productive (as defined in Sect.

[16.3) else C denotes C. 0

17.2 Nonterminal Accessibility

The classical definition of accessible nonterminals [8) Def. 8.2.4] provides in-
formation on which nonterminals of the grammar are used in the definition of
the language generated for the grammar axiom. The accessibility abstraction is
a® 2 AX XA (Jo,0’ € ¥* : 0Ad’ € X 7 tt 3 ff]) so that (A — p(¥*),

<) <L—»a (N — B, =) . The nonterminal accessibility semantics is S*[G] =
a®(SE[G](S)). This is the classical definition [8, Def. 8.2.4] since
Theorem 35 S[G] = AA+Jo,0’ € ¥*: S =g 0 Ao’ . O

The accessibility semantics S*[G] has the following fixpoint characterization

Theorem 36 S*[G] = lfpg Fe[Glwhere FA[G]pA = (A =S) V \/ »(B). g
B—oAoc' €%

The accessibility semantics is an abstraction of the follow semantics since, if
all nonterminals are productive (as defined in Sect. [16.3), a nonterminal is
accessible if and only if it has a non-empty follow set.

Theorem 37 (All nonterminals are productive) = (5°[G] = o (S7[G])) . ¢



18 Grammar Problem

Knuth’s grammar problem [1], a generalization of the single-source shortest-path
problem, is to compute the minimum-cost derivation of a terminal string from
each non-terminal of a given superior grammar that is a context-free grammar,
with rules of the form A — g(Ai,...,A,),n > 0 (where ‘¢’, ‘(’, ¢,’, and ‘)’ are
terminals), equipped with a cost function val such that the cost of a derivation is
val(A — g(A1,..., Ay)) = val(g)(val(A1),...,val(Ay,)) and val(g) € R} — Ry,
Ry = {z € R|z > 0}U{oo}, is a so-called superior function [1], a condition
weakened in [2] where Knuth’s algorithm is also given an incremental version.

Knuth’s grammar problem [1] can be generalized to any bottom-up abstract
grammar semantics S*[G] by considering a(S*[G]) where (DF, C) % (Ry, =)
is a Galois connection and (R4, >, oo, 0, min, max) is a complete lattice.

Knuth considers the particular case when S¥[G] = S¢[G] and (D, C) = (p(S),
C) where S is a set (indeed S = p(.7*) in [1)2]) with a(X) = min{val(z) | z €
X} and y(m) = {x € S | val(z) > m}. Since « is antitone, the corresponding
abstract semantics is taken in terms of greatest fixpoints for < [2]. Knuth’s
monotony hypothesis [1/2| ensures the existence of the greatest fixpoint. The
rule soundness condition (I5) then amounts to Knuth’s hypothesis that for every
nonterminal A, every string in S‘[G]A is a composition of superior functions
a(g(zr,...,zn)) = val(g)(a(z1),. .., a(x,)).

Knuth superiority condition [1] and its variant [2] ensure that the greatest
fixpoint can be computed by an elimination algorithm (generalizing Dijkstra’s
algorithm to solve shortest path problems [17]). However in general one must
resort to an infinite fixpoint iteration as shown with the choice of S = p(I*),

1 1

— 5 — — 1 3
val(z) = 1] SO that val(g)() = 3 and val(g)(z1,...,2,) = R TR which,

for the grammar A — a(), A — b(A, A) requires an infinite iteration and a
passage to the limit 0.

Our generalization also copes with implicit abstractions of a grammar con-
sidered by [1,2] where a grammar is “recoded” into a superior grammar, which
can indeed be defined by an appropriate a.

19 Bottom-Up Parsing

Given a grammar G = (7, .4, S, %) and an input 0 = 0103 ...0, € T*, n >0,
parsing consists in proving either o € S‘[G](S) or o & S‘[G](S), that is, by Th.
28, providing an algorithmic answer to the question S E=, o?

Bottom-up parsing is an abstraction of a bottom-up grammar semantics by
restriction to a given input sentence. This is illustrated with the Cocke-Younger-
Kasami or CYK algorithm [4, Sect. 4.2.1] attributed by [18] to John Cocke,
[19/20]). Tt is traditionally restricted to grammars G = (7, A4, S, %) in Chomsky
normal form with rules of the form A — BC and A — a where A, B,C € A
and a € 7. We now design CYK by calculus for arbitrary grammars.

CYK is an abstract interpretation of the terminal language semantics S[G]
by



a®YE 2 Xge AX - {(i, ) € DYE(0) | 0y... 0051 € X} (26)
where
DK 2 Xo« {(i, j) | i € [L]o| + 1] Aj€[0,]o]] Ai+j < |o] + 1}
so that (i, j) denotes the subsentence of length j from position ¢ in o (in par-
ticular (Jo| + 1, 0) denotes the empty sentence € after o = o€). Given o € T*,

we have

7 (o)

(p(77), ©) (D (o)), C) -

aC7K ()
The pointwise extension to ./ is

aCYE Z Ao AX - AA-a“YE (X (A)) (27)
so that

7Y (o)

(N = 0(T7), ©) (N = (D (0), ) .

2O (o)

The correctness of this parsing approach is proved by the following
Theorem 38 o € S[G](S) > (1, |o|) € YK (a)(SY[G])(S) . O
The CYK algorithm is derived by abstracting the fixpoint definition Th. [23]of
S[G] = 1p~ F*[G] by aCY.
Theorem 39

O (0)(S19N(E) = o F O [G)(0)

where

?CYK[[QH c @(DCYK) R @(DCYK)

=

FOKIGI 2 xp- XA ] FO[4 —.0lp
A—oceZ

=

FOYKIA = guac’] 2 Xp«{(i, j) e DYE(0) | os =a A

(i+1,j-1)€ ?CYK[A — oa.o’|p}
FOK[A = 0.Bo') 2 Ap-{(i, j) € DK () | Tk : 0< k< j: (i, k) € p(B)
ANi+k, j—k)e ?CYK[A — oB.0']p}

FOYKIA - 0] 2 Ap-{(i, 0)| 1 <i < |of} D

Because the abstract domain (A4 — (DY (0)), C) is finite, the iterative

computation of 1fp~ FCYK [G] (o) terminates whence by Th. [39 and Th. [38 so
does the CYK parsing algorithm. The CYK dynamic programming algorithm
organizes the computation of the pairs (i, j) € DYX(¢) in order to avoid
repetition of work already done.



20 Top-down Parsing
20.1 Nonrecursive Predictive Parser
A nonrecursive predictive parser is formally derived from the prefix derivation
semantics S? [G] of Sect. 5 by applying the abstraction
el Z’NL* el
AL 2AT Ao AX {(i, @) | 0 =0 2 @1 .. Tt = € XS
i€0,|o]]Aa”(0) =01...0i Nwo =}

where the terminal abstraction o™ € © — J* collects terminal labels of deriva-
tions, as follows

o7 (01 2 0y) 2 a7 (00" (6) o (@) 2e, weS
A

o™ (01 2L 0y) 2 a7 ()07 (6:) a’ () 2 e

o (0; = 05) = a7 (01)aa” (02), ae T a’ () =e.

Let us write p;(S) = {{z} | € S} for the set of singletons of a set S and let
a® € p1(S) — S be a*({z}) = z. We have

Lemma 40 V0 € O, : a" () = a® o o’ o al o a® o ().

The interpretation of the pair (i, ;) is that in the left-to-right scanning of
the input sentence o up to position i, the prefix oy ...0; (¢ when ¢ = 0) has
been recognized by a prefix derivation from the start symbol S. The stack w;
allows for the recognition of the rest of the sentence, if possible. Fixing the start

symbol S and the input sentence o, we have a Galois connection
7(S)(0)
(9(0), ©) =————= (p([0,]0]] X 5), )

a"(8)(o)

The correctness of this parsing approach is proved by the following

Theorem 41 o € S[G](S) <= (|o], ) € aLL(g)(U)(Sg [6])- 0
To get a correct parsing algorithm, it remains

— to express oaLL(g)(a)(Sg [G]) in fixpoint form by abstraction of the fixpoint

definition Th. 6 of S? [G] (as shown in Th. [42), and
— to prove the termination of the fixpoint iteration (as shown in Th. [44]for
non left-recursive grammars).

Theorem 42 aLL(g)(J)(Sg g = Ifp" FLLIG] (o) where

FEEIG) (o) € p([0, |o]] x 8) = ([0, o]] x S)

FLEIGI(o) = AX < {0, D)} U {(0, H[S — ) | (0, F) € X AS —n € Z}U
{{i+1, @[A — nan']) | (i, w[A — nan]) € X Na =041} U
{(i, w[A — nBw][B — «]) | (i, w[A - nB]) € X NB — ¢ € Z}
U{<i’ w>|<l’ W[A—’W-DGX} : O



lfpg FEL[G] (o) is exactly the set of reachable states of the transition system
(0, |o]] x S, =) where

LL

(0, F) = (0, 4[S — ) S—ne#x  (28)

(i, w[A = noipan']) = (i + 1, @[A = noir1n]) (29)
(i, w[A — n.B1]) = (i, w[A - nB2][B—«]) B—ceZ (30)
(i, w[A — n.]) = (i, @) (31)

with initial state (0, ). By Th. parsing is therefore reduced to proving that
the final state (|o|, ) is reachable (which can be done by computing the iterates
of FLL[G] () or equivalently by exploring the descendants of the transition rela-
tion = with backtracking when reaching a dead-end [4, Alg. 4.1, Sect. 4.1.3]).

Example 43 Consider the grammar G = ({a,b}, {4}, A, {4 — A, A — a}).

For the input sentence o = a we have

(0, ) {initial state§
=00, H[A — .a]) {by (28) with rule A — af
= (1, H[A = al)) {by since o1 = a§
@, ) {by (31), which is a final state .§

On the other hand, the transitions for o = b either lead to dead ends or do not

terminate

0, F) {initial state§

= (0, H[A —.A4])  {by (28) with rule A — A since A — a would lead to a
dead end because o1 = b # af

(0, H[A — LAJ[A — LA]) {by (30) with rule A — A since A — a would
lead to a dead end because o1 = b # a§

5 (0, H[A — .AJ[A — .A][A — .A]) by (30) with rule A — A since A — a
would lead to a dead end because o1 = b # af

L {ete, ad infinitum, without any possibility of success or failure in a
blocking state.§ o

Theorem 44 The nonrecursive predictive parsing algorithm for a grammar G
= (T, N, S, &) terminates (i.e. the transition relation —— has no infinite
trace for all input sentences o € ) if and only if the grammar G has no left
recursion (that is 3A € N :In€ V* 1 A=, An). O



20.2 Nonrecursive Predictive Parsing with Lookahead

The nondeterminism in predictive parsing can be reduced by driving the right
context in derivations (as approximated using FIRST and FoLLow). We start
by elucidating the roéle of the right context in derivations.

Given a stack @ = H[A1 — mny] ... [Ap — npapy], p > 0 where @ = - when
p = 0, we define the right contert w® of w as

A A ’o1
- npnp 1---T2™
with n0,m,_1 ... n5m) = € when p = 0.
Lo i1 4 ln—1
Theorem 45 Let wy — wy...Wi—1 — W; — Witl-..Wn—1 — Wy €

Sd[[gﬂ be a maximal derivation of the grammar G = (T, N, S, #) with i > 0.
Then

yAN * T éi Zn—l
W, " =g o (W —— Wit ... Wno1 — Wy) 0

. O . )
We call o™ (w; 4, Wit1 - Wn—1 rL wy,) the terminal right context of w;.

In order to approximate the right contexts in derivations by their first symbol,
we define

STG1IA — nay] (32)
2 S7[G](f) &' ST [G](A)

= (S7[191(4) # 2 2 G610\ {e}) U (e € STIGI(r) 2 ST[G1(4) 2 2) £ 2)
= (S7161(4) # 2 2 STIG1W) \ {e}) U (STIGI(r) 7 ST[GI(A) 5 Ds@.

£ L1 l; ln—1
Corollary 46 Let wy —— @1 ... Wi 1 — Wi —— Witl.. . Wn1 — Wy €

S‘i[[gﬂ S,i>0bea mazimal derivation of the grammar G = (7, N, S, &) from
the grammar start symbol S. Then

- 2 L1
o (w; == Wig1 ... Wpo1 — @Wp)1=ao

where w; = wi[A —nn], a € TU{H}, 0 € (T U{H})* and
e STIGIA — ] - o

If the input sentence o derives from the start symbol S then the right context
w? of the stack w in (i, w) should derive in the rest o;4;...0y, of the input
sentence. In order to introduce a lookahead, this can be approximated by the
fact that, according to Cor. the first symbol of this right context should be

oiy1 (which, by definition, is + when i = n so that 0,11 = ).



Al 2GS Ao - AX - A{{i, @) | 39:w0£—0>w1...wm,1 bt wm € X.5
ie€[0,|o]]Aa™(0)=01...0i N\w =, AV’ €S, A - € Z:

(@ =[A— naf] Ai < |o]) = (0141 € STIGIIA — )} -

The correctness of the nonrecursive predictive parser with lookahead is estab-
lished by the following

Theorem 47

o € S'[G1(S) = (0|, ) € "V (S)(0)(s” [3]) - o

The nonrecursive predictive parser with lookahead is obtained by expressing the
abstract semantics in fixpoint form

Theorem 48
a0 (3)(0)(57 [6]) = Up” FHHV[G](0)
where FEED[G] (o) € p((0, |o]] x S) = p([0, o] x S) s
FEEOIGN(0) = AX - {(0, H)} U (33)

{0, S =) | (0, F) € X AS —n € RN
o1 € STGIS — wl} U
{{i+1, w[A — nan']) | (i, w[A — nan]) € X A
a=0i41 NOit2 € ?’T[[g]] [A — naan']} U
{{(i, @A = nBuay][B — <)) | (i, @w[A — n.Br]) € X A
B—<ceRNoi €STGIB — <]} U
{(i, @) | (i, w[A —n.]) € X} . o
Again, observe that 1fp- FLL[G] (o) is exactly the set of reachable states of

the transition system ([0, |o]] x S, =3 ) where

0, F) =X (0, 4[S — ] S—neRN (34)
o1 € ST[G]IS — ]
(i, @[A = noian]) =5 (i + 1, @w[A — noipaa]) (35)
0iv2 € STGNA — nauy]
(i, w[A = n.By']) “2 (i, w[A - nBa][B — <)) B—c € RN (36)
0iv1 € STGIB — «]}
(i, wlA — ) =2 (i, @) (37)

with initial state (0, ). This is essentially the algorithm suggested at the end
of [4, Sect. 4.1.4] to speed up top-down nondeterministic parsing.



Indeed the lookahead may been done freely between the two extremes of
everywhere in Th. [47 and nowhere Th. 41, as follows

Corollary 49 If FFLW[G] (o) C F[G](o) C FEE[G] (o) then
o € S'[G)(S) = (o], =) € ifp” F[G](0) -

The iterative computation of lfpg F[G](o) terminates for all o if and only if the
grammar G has no left recursion. O

Our presentation of LL(1) parsing differs from the classical introduction in
[8], mainly because, for practical efficiency and simplicity reasons, only the table-
driven deterministic case is classically considered.

21 Conclusion

Many meanings assigned to grammars (such as syntax tree, protolanguage or
terminal language generation) and grammar manipulation algorithms (such as
grammar flow analyses or parsers) have quite similar structures. We have shown
that this is because they are all abstract interpretations of a grammar small-step
operational semantics to derive sentences together with their structure.

Future work should include the extension of the approach to context-free
grammars such as contextual grammars [21] or to mildly context-sensitive gram-
mars attempting to express the formal power needed to define the syntax of
natural languages by tree rewriting such as (multicomponent) tree adjoining
grammars or, more generally, range concatenation grammars [22).

Acknowledgements We thank Tom Reps for drawing our attention to [1/2].
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