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Abstract. We show that the axiomatic semantics (Hoare logic) has non-
standard models so does not provide a unique well-defined semantics of
programming languages. We propose methods to solve this problem.
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1 Introduction

We recall Dedekind’s categoricity [11] which in addition to Peano’s axiomatiza-
tion [16] of the naturals eliminates Skolem’s nonstandard models of arithmetic
[17] thus ensuring a unique definition of the naturals (up to an isomorphism)
that corresponds to the intended interpretation of the naturals. We show that
the axiomatic semantics based on Hoare logic [13] suffers from a similar am-
biguity problem. The rule for iteration does not uniquely define the intended
meaning of loops (up to isomorphism). We propose two remedies, one based
on minimality, as in Dedekind’s categoricity, but it does not apply to abstract
Hoare logics. The other consists in understanding Hoare logic as an abstraction
of a standard trace semantics.

2 Fixpoints and Fixpoint Induction

Tarski’s theorem states [18] that an increasing function f € L — L on a complete
lattice (L, C, M) has a least fixpoint Ifp= f =[{z € L | f(z) C z}. By definition
of “least” and reflexivity, this least fixpoint is unique.

Park’s fixpoint induction [15] for an increasing function f € L — L on a
complete lattice (L, C, M) and P € Lis (Ifp=f C P) & (3l € L . f(I) C
INIC P.)). For soundhess (<), f(I) C [ implies I € {x € L | f(z) C z} and so
by Tarski theorem and definition of the greatest lower bound M, Ifp= f = [{z |
f(x) C 2} C I sothat I C P implies Ifp= f C P by transitivity. For completeness
(=), take I = Ifp= f. P is called an invariant of f and I an inductive invariant.

3 Nonstandard Models of Arithmetics

Peano defined the naturals N by 0 € N and Vn € N. Sn € N where Sn =n+1
is the successor function [16]. The intention was to define the naturals N as



0<1<2<3<....Skolem [17] showed that there are nonstandard models of
Peano’s definition such as the model S =0<1<2<3<...<...—2<—-1<
0’ <1’ < 2'... which obviously satisfies 0 € S and Vn € s . n+1 € S. So Peano
naturals are not well-defined since the axiomatization has more than one model
up to isomorphism.

Dedekind solution [11] to ensure the uniqueness of the model (also called
categoricity) relies on the chain principle (or second-order induction) that is es-
sentially De Morgan mathematical induction (proofs by recurrence) [14]. From
P(0) and Vn . P(n) = P(n+1) conclude ¥n € N . P(n) (which is the contrapos-
itive form of Fermat’s infinite descent from Vn . =P(n + 1) = —P(n), conclude
Vn € N. P(n)). Dedekind’s additional requirement is that the models of Peano’s
naturals are those for which proof by recurrence is valid (sound, correct). This
eliminates the Skolem’s model S since for P = {0,1,2,...} (which is a definition
in extension of a predicate where P(n) denotes n € P) the hypotheses of the
recurrence principle are satisfied by P while the conclusion S C P is not. So the
soundness of the principle of proof by recurrence effectively limits the Peano’s
definition to only those elements generated by the successor function S starting
from O.

Observe that N is the smallest model of Peano’s naturals since N\ {n},n € N
does not satisfies Peano’s definition. This is Dedekind ’s idea of defining N as
the smallest subset of an infinite set such that there exists a transformation (the
successor function §) that is injective and a base element 0 not in the range of S.
Otherwise stated, the naturals are the least fixpoint N = Ifp< F' of a transformer
F € p(U) = p(U) defined as F(X) £ {0} U{Sn | n € X} operating on the
powerset of a universe U which can be chosen for example as finite sentences
over an alphabet contaning 0, 1, and S possibly +, —, X, and any other required
letters. Then the powerset (p(U), C) is a complete lattice and F' is C-increasing
(monotone) so that the C-least fixpoint Ifp< F' of F exists by Tarski’s theorem
and is unique by definition of “least”. This definition allows us to recover proof
by recurrence, as follows (P € p(U))

NCP
& IfpcsFCP {fixpoint definition N = Ifp< F'§
< AepU).FI)CINICP {Park’s fixpoint induction §
< Al ep).{0}u{Sn|nel} CIANICP {definition of F'§
< 3lepU).0elAVnel . SnelIANICP {definition of U and Cf§

This is exactly second-order induction also called recurrence principle (except
that it is emphasized that P might have to be strengthened to I to be provable
by recurrence, a situation which is so common in mathematics that it does not
even need to be mentioned in the recurrence principle). We conclude that the
fixpoint definition of the naturals N as “the smallest set such that 0 € N and
Vn € N . Sn € N” is equivalent to (and much simpler than) the mathematical
definition requiring “0 € N, Vn € N . Sn € N, and the recurrence principle is
valid in N”.



Notice that there are different possible universes but the defined naturals in
each case are isomorphic, this is Dedekind’s categoricity theorem.

4 Hoare Logic

Hoare logic [13] uses triples {P} S {Q} (originally written P {S} @ in [13]) to
specify that any execution of statement S from a state in P, which terminates (if
ever), will terminate in a state satisfying Q. To avoid the inexpressivity problems
of Hoare logic related to the choice of a logic to specify P (or Q) [2,3], we assume
that predicates are defined in extension as the set of all states satisfying P (or
Q).

Hoare defined the semantics of a simple imperative programming language
by the following rules, which as those of [13], except that predicates are defined
in extension as sets of environments p mapping variables x to their value p(x)
satisfying these predicates. We define the assignment p[x < v] as p[x < v](x) = v
and plx < v|(y) = p(y) when y # .

— Axiom of Assignment: {P}x := £{p[x < &(p)] | p € P A ¢(p) is the
value of expression f when evaluated with values p(y) of the variables y
of £};
— Rules of Consequence:
o If {P}Q{R} and R C S then {P}Q{S} (where logical implication
R C S is written R D S in [13));

o If {P}Q{R} and S C P then {S} Q{R};
— Rule of Composition:
If {P} Q1 {R:} and {R1} Q2 {R} then {P} Q1;Q2 {R}
— Rule of Iteration:
If {P N B}S{P} then {P}while BdoS{—B N P} where B (respectively
—B) stands for {p | the evaluation of Boolean expression B for the values
p(x) of the variables x appearing in B is true} (respectively false).

The derived intersection rule, from Vi € A . {P;} ${Q;} infer {(;c 5 Pi} S{;cn @i}
can be proved by induction on the structure of programs [10].

It is usually thought that these rule provide an axiomatic definition of the
semantics of the programming language defining the possible executions of pro-
grams by establishing logical rules, rather than showing how they execute. We
show that this is wrong. As was the case for Peano arithmetics, there are differ-
ent non-standards models of program executions that satisfy the requirements
of Hoare logic and so the semantics is not well-defined.

5 Nonstandard Axiomatic Semantics

Let us consider various trace semantics [19] of the programming language. Let
X be the set of states p mapping variables x to their value p(x).



— The standard semantics has domain D! £ [0,n] — ¥, n € N (finite traces)
union N — X (infinite traces).

— The nonstandard semantics domain D? is D! union —Z — ¥ mapping the
negative integers to states that is traces that never start but terminate.

— The standard semantics domain D3 is D? union Z — ¥ mapping the integers
to states that is traces that never start nor terminate.

Let use show that Hoare logic cannot distinguish between these models (and
others e.g. using transfinite traces [4, footnote 17], [12]).

5.1 Counter-example 1

Consider the program while x<0 do x:=x+1 on integers which traces in D! are
{-n = n+1 ... 0| n € N} and {n | n € N} since the program executions
starting with a negative value —n of variable x will iteratively increment it by
one until reaching 0 and exiting the loop or else the program executions will
start with a value n of x which is greater than or equal to 0, in which case the
loop is not entered and immediately exited.

The method to show that Hoare logic includes any of these traces is for each
one to define P to be the set of states along that trace and to prove that P is a
loop inductive invariant according to Hoare’s rule of iteration.

For example, consider the trace —n —n+1 ... 0 for a given n € N where
p € X such that p(x) = k is encoded simply by k. Let P = {p | p(x) € [-n,0]} be
the set of states along that trace. We have PN {p | p(x) < 0} = {p € P | p(x) <
0} = {p | p(x) € [-n,—1]} and {{p | p(x) € [-n, —1]}}x:=x+1{{p | p(x) €
[-n + 1,0]} by the assignment rule. Moreover {p | p(x) € [-n + 1,0]} C P
so that {P N {p | p(x) < 0}x:=x+1{P} holds by the consequence rule. By
the iteration rule, {P}whilex>0dox:=x+1{—(x > 0) N P} proving that the
trace —m —n+1 ... 0 is feasible for that program. Similarly for any n € N we
can prove {{n}}while x<0 do x:=x+1{{n}} proving the feasibility of the traces
{n|n € N}.

Now consider the traces in D? so that the program semantics now include
the trace ... —2 —1 0 that never starts and stops at 0. The invariant is now
P ={z € Z | z < 0} which also satisfies Hoare’s verification conditions for
iteration so that this trace is also proved to be feasible.

It follows that program while x<0 do x:=x+1 has the standard semantics
{-n —n+1...0|neN}U{n|n€N}in D! and the nonstandard semantics
{... =2-10}U{-n —n+1...0] neN}U{n|n €N} in D2 This shows
that for some programs, Hoare logic cannot distinguish between the standard
trace semantics on D! and the non-standard one on D?.

5.2 Counter-example 2

Consider now the program while (true) x:=x+1; which traces in D! are {n n+
1n+2 ...|n €Z} and traces on D3 also contain the trace ... —2 —1012 ....
Again for all of these traces the set of their states is a valid invariant in Hoare



logic so that Hoare logic cannot distinguish between the standard semantics on
D! and the non-standard semantics on D3.

It follows that the popular statement that “Axiomatic semantics is a formal
approach in computer science that defines a program’s meaning by its effects
on logical assertions (pre- and post-conditions), rather than how it executes” is
wrong since the defined meaning is not unique up to isomorphism. This is the
same problem as for Peano’s original definition of the naturals.

6 Standardization of the Axiomatic Semantics

One method to ensure the unicity of the computation model is by explicitly
specifying that the set of defined traces is the subset of finite or infinite traces of
D such the set of states along each of these traces satisfies the proof rules. This is
essentially the method used in Event-B where the shape of traces are explicitly
specified [1, Ch. 14.3] and machines are specified by defining the states and
invariants satisfying proof obligations which are essentially Hoare proof rules
[7].

The second method is to require that the trace semantics satisfy the strongest

invariant. For example 1, thisis {-n —n+1 ... 0| n e NJU{n | n € N}
thus eliminating the non-standard trace ... —2 —1 0 in D?. For example 2, the
strongest invariant is {n n+1n+2 ... | n € Z} thus eliminating the nonstandard
trace ... —2 —1012 ...in D3.

For all statements but iteration, the strongest invariant is given by Hoare’s
rules defined so as to provide the strongest postcondition provide the conse-
quence rule is not used [8]. For iteration. the strongest invariant is characterized
as

Theorem 1. The strongest invariant J of the iteration while B do S is J £

(I € p(X) [ {InB}s{I}}.

Proof (of th. 1). By definition of intersection, J is stronger than any invariant
since {I N B} S{I} implies J C I. It remains to show that J is a loop invariant.
Let (I*¥, k € A) be the family of all I € @(X) such that {I N B}s{I}. If
empty, the iteration rule is not applicable. Otherwise, we have Vk € A . {I¥ N
B} s {I*} which implies {(N,cx I*)N B} S{(Nyena I*)} by the intersection rule,
and therefore {J N B} S {J} by definition of .J.

So the strongest J eliminates the nonstandard models of iteration but unfortu-

nately, the fact that the strongest invariant should be used to select the valid
traces in the trace semantics is not directly expressible in the Hoare logic itself.

7 Abstract Hoare logics

Abstract Hoare logics have been introduced in [10] with the idea that state
properties in p(X') in Hoare triples, can be replaced by abstract properties chosen



in an abstract domain (L, C) which meaning is given by a Galois connection
(p(X), C) % (L, C) [5, Ch. 11]. If ~y is increasing but not join-preserving then
the Hoare rules may be sound while the intersection rule is incorrect [10, p. 219].
This means that there is no strongest invariant in the abstract able to eliminate
nonstandard executions (which may also be introduced by the abstraction «
anyway). In that case the categorization of Hoare logic, that is (in the sense of
Dedekind) defining a unique model of execution, up to isomorphism, can only
be done by explicitly providing this model of execution (as finite and infinite
traces), which is the approach of [6].

8 Conclusion

Hoare postulated the logic named after him and relied implicitly on a model
of computation which defines possible computations of programs. When later
proved sound and complete, the same implicit model of computation was used
[2,3]. The design of logic by abstract interpretation of a trace semantics [8,6]
makes the same hypothesis. So non-standard computation models were never
considered. A solution is to make this assumption explicit when providing an
axiomatic semantics or to use strongest postconditions [9], but the later solution
does not apply to abstract Hoare logics.
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