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A b s t t a c t  . '  A b s t r a c t  i n t e r s r e t a t i o n  c o n s t i t r : t p s  a  r n a t f r a , ' , , : i .  1 . ; : a 1  m o d e l  1 ' r ; '  : ; i a t i c  r ' . , r . 1 . -
y s i s  o f  p r o g r a m s .  T h e  i n f o r n r a t i o n  t o  b e  g - : '  ' : r e C  e c . ' ' ; L  l , r ' : . : i a n s  a t l ; : : ' - , - l i : l e d  1 n  o
c o m p l e t e  l a t t i c e .  A c c o r d i n g  t o  t h e  s e m e n t i . . r  r '  i  t h e  r r t :  i  i  :  - . 1  l r n . l L r :  : .  ,  : r * L - n t  . l I  '

i n s t r u c t i o n s  c a n  b e  i n t e r p r e t e d  b y  o r d e r - t r i - .  s L - r ' \ ' i n g  f  l  r r - .  i ' . i o n s .  T h i s  ; ; . , r m i t s  a  s y : :
t e m  o f  r e c u r s i v e  e q r a t i o n s  . t o  D e  a s s o c j . a t e C  r v i L h  a n 1 '  ; ,  , :  L i c u l a r  p r o r i l - i r q .  

- l  
h e  d ,  r ; e :  -

m i n a t i o n  o f  o r o p e r t i e s  o f  t h a t  p r o g r a m  t h e n  c o r r s i s t s ' n  s . r 1 v i n g  t h t :  c o r r e s : o n d j r , : ,
f  i x e d  p o i n t  e q u a t i o n s .  F o r  e o n t i n u o u s  e q u a t i o n s  t h e  e r . : : t  s o l u t i . o n  c a n  b e  c o n s t . r ' r - t c -
t e d  i t e r a t i v e l y  b y  J a c o b i ' s  s u c . : e s s i v e  a o D . o \ i r r a t i o n s ,  L ' u t  j n  o r a c t  j { : e  , l ' r v  c h a o i  j c

i t e r a t i o n  m e i h o c i  i s  s h o w n  t o  f i t .
S t , a n d a r d  a r g u m e n t s  o n  d e c i d a b i l i t y  s h o r n '  t h a t  c o n y r y r ' c c r c e  o f  s u c c . : s s i v e  i t . . : t  ' , 1 . : s

m a r r  h a n n e n  n n f  f n  t r ^  - , , - h - ^ +  r - ' �  M - + H - - ' m a t i c a l  t e c h h i c , t e q  e t ' e  r e v i c r l p r l  t o  c o p e  t : i . i i t' ' ' O Y  I  ' O U P E I  J H  E , U d I  d I I  L S U L J  .  I  I d  L I I t s

t h e  d e t e r m i n a t i o n  o f  u n d e c i d a b l e  p r o D e r t i e s  o f  D r o q r d ' r r .  T n  p a r t i c r l . a r ,  r v c  j n L r . , '

d u c e  s t r u c t u r a l  a n d  m o r e  g e n e r a l i y  c o m p u t a t i r . l n a 1  a p p l  c )  J r r r a t i o n  m e t i r c C ! r  t ^ r h i c h  c a r ,  t i L -
w a y s  b e  u s e d  i n  p r a c t i c e  t o  m e c h a n i c a l l y  d 1 : ; c o v e r  a  c o r : ' e c l  o r p r o z i j r . t L i i r r  o f  t i t e
e x a c t  b u t  u n r e a c h a b l e  s o l u t i - o n  t o  t h e  e q u a t l o n s .

A b s t r a c t  i n t e r c r e t a t i o n  o f  p r o g r a m s  o r o v j d e s  a  u n j . { i e l  a p p r o . r c l r  t o  : c p a r e n L l y
u n r e l a t e d  p r o g r a m  a n a l y s i s  t e c h n i q u e s .  I t  i s  s h o w n  t o  b e  o o w e r - f u 1  e n ' r r r g h  t o  t a c k l i :
w i t h  t h e o r e t i c a l  a s  w e l l  a s  p r a c t i c a l  o r o b l e m s  s u c h  a s  d e n o t a t i o n a l  s e m a n t i c s  o f
n r n s r F ' T t s -  n r n n f s  n + ' n : n l i e l  e n r - n n l - n e ^ ^  ^ - ^  r ^  - f ,  r " * ' : - a r i n n .  q \ / r l r r - i i , r  c v e c l l t i , J r , ,

,  p r u u r J  u l  p o r L I O ]  L L r ! l : : L r r , l l s J r r  p i i - i ' , r  U i  L f , u r r ,  - y r L r - i

a n a l y s i s  o f  p r o g r a m  p e r f o r m a n c e ,  t y p e  v e r l f i c a t i o n  o r  d i s c o v e r y ,  g 1 r - r b a l  d a i a  f l o w
- 6 - l  ' , - i  r  f i  ^ i  f n  ^ F  i  n f i  n i  f o  q i - a i o  n r . - -d l  l d r y 5 f  b ,  r  l l l I  L E  u l  - -  r -  J 6 1  c l r r  d r  l o f  y 5 a 5  .

I b y  t l o z d s  o t d .  P h y a s e s  . '  a b s t r a c t  i n t e r p r e t a t i o n s ,  s t a L i c  e r a l y s i s ,  l a t t i c e ,  s y ; t c ; i
o f  e q u a t i o n s ,  f i x e d  o o i n t s  c o n s t r u c t i o n ,  f i x e d  p o i n t s  a p l r l x i m a t i o n ,  c l i : o t j c  i t c r , r -
t i v e  m e t h o d s ,  p r o g r a m  s e m a n t i c s ,  l o g i c a l  a n a l y s i s ,  c o r r e L l . n e s s ,  t e r - m i n d t i o n ,  s y m b r l -
i c  e x e c u t i o n ,  p e r f o r m a n c e  a n a l y s i s ,  t y o e  d i s c o v e r y ,  f i n i L e  o r  i n f i n i t e  s t a " " e  p r o -
g r a m  a n a l y s i s ,  g l o b a l  d a t a  f l o w  e n a L y s i s .

C R  C a t e g o r i e a  :  3 . 6 6 ,  4 . C ,  4 . 1 2 ,  4 . 1 3 ,  4 . 2 ,  4 . 4 2 ,  5 . 2 4 ,  5 . 3 0 ,  5 . 7

1. INTRODUCTION

I n  r e c e n t  y e a r s  c o n s l . d e r a b l e  e f f o r t  h a s  b e e n  d e v o t e d  t o  t h e  d e v e l o p r n e n t  o f  r a t i o n a l  t e c h -

n lques  fo r  ccnduc t ing  ana lys i .s  o f  o rograms.  The genera l  te rn '  oza lys is  o f  Drogvans cove i -s  a

wide  var ie ty  c f  dorna ins  and spec i f i c  techn iques .  Sernqnt ie  a rn lgs is  a t te rno t3  to  soec i fy  the

' m e a n l n g "  o f  a  p r o g r a n ,  ( s e e  e . g .  [ 5 + ) ) ,  L o g i c a l  o n l y s i s  i s  u s e d  e i t h e r  t c - r  v e r i f  y  t i r o  o r o -

g r a m  w l t h  r e s p e c t  t o  a  s p e c i f i c a t i o n  o r  t o  p r o v e  t h a t  t h e  p r o g r a m  c o n t a i n s  a n  e r r o r  f s e e  e . g .

L32 l ) ,  eonp i le  t i sne  arn lys is  inc ludes  techn iques  such as  type  ver i f i cd t ion  or  type  d iscoverv

w h i c h  a r e  u s e d  t o  c h e c k  w e a k  p r o p e r t i e s  o f  p r o g r a m s  ( s e e  e . g . l , 1 4 l )  o r  g l o b o l  d a t a  f l o v r  a n a l y -

s i s  p r e c e e d i n g  p r c g n a m  o p t i m i z a t i o n  ( s e e  e . g . 1 6 2 ) ) ,  p e x f o r r n a n c e  a n a L A s i s  t r i e s  t o  a n t i c i p a t e

t h e  r u n n i n g  t i m e  o f  p r o g r a m s  (  s e e  e . g . [  6 4 1  ]  .

T n  q n i t e  n f  t h e  a n n e r e n i  d i i r e r s i t v  n f  t h e s e  m r r l t i f a r j o u s  d o m a i n s  w e  h a v e  h a d  f o r  n

l n n g  f  i m p  t h e  f p p l r ^ -  + a - +  ' ^ - "  - i 6 i  1 e r  f o n h n i n r  r p q  w o r p  r r s c . l  a n r i  t h n r  r q h i :  t h a t  a  c o m m o n  m o d e if  I  l B  L l  l d  L  V E I  y  5 I l l r t f  o a

w o u l d  h i g h - I i g h i  t h e  u n d e r l y i n g  u n i t y  a n d  p r o v i d e s  s o m e  i n s i g h i -  i n  e a c h  o f  t l r e s e  s p e c i a l i z e d

a n d  s o m e w h a t  a r t i f i c i a l l y  d i s j o i n t  r e s e a r c h  a r e a s .

Th is  naner  dca ls  w i th  abs t rae t  in te rpre ta t ion  a  mathemat ica l  mode l  fa r  s ta t i c  ana lys is

^ r  - - ^ - - - - ^  T L -  i r f n r m a f i n n  f n  h e  o a t h p r e r i  a h n r r t  n r n g r a m s  a r e  m o d e l e d  i n  a  c o m o l e t e  l a t t i c e ,U l  P l u g r o l : l - .  r l l s  I l ,  u . r l -  o f  E  r r r u u E l c u  l l r  o

A c c o r d i n g  t o  t h e  s e r n a r t i c s  o f  t h e  u t i l i z e d  l a n g u a q e  e l e n e n t s r y  i n s t r u c t i o n s  c a n  b e  i n t e r p r e -

t p d  h v  n r d p r - n r p s p l - . r , ; n a  € r , ^ - + i ^ - .  T h i s  n e r m i t q  a  c r r q t e m  n f  r e n r  r r c i V e  p n r r a t i O n S  t O  b g  a S S O C i a i -v f , ' E  ,  J J J U U ' j '  u '  L  u q u u !

e d  w j . t h  a n y  p a r t i c u l a r  p r o g r a r i .  T h e  d e t e r m i n a t i o n  o f  D r o 3 e r t i e s  o f  t h a t  p r o g r a m  t h e n  c o n s i s t s

i n  s n l v i n g  f h c  e n r r e s n n n T l i n s  f i x p , l  n n . ^ +  ^ - , , - + { ^ ^ -  r t ^ / ^ -  ^ ^ - t s i ^ . ' i $ ' ,  h , , ^ - + F e S i S  t h e  e X a C t  S O -u u r l l u  E q u o L f , U r l > .  U I I U E I  u u l  L y  l r y P U L r l

l u t i o n  c a n  b e  c o n s t r u c t e d  i t e r a t i v e l y  b y  J a c o b i ' s  s u c c e s s i v e  a o o r o x i m a t i o n s  b u t  t h j . s  r e s u l t

i s  g e n e r a l i z e d  a n d  w e  s h o w  t h a t  i n  p r e c t i c e  a n y  c h a o t i c  i t e r a t i o n  m e t h o d  w o u l d  f i t .  S t a n d a r d

a r g u m e n t s  o n  d e c i d a b i l i t y  s h o w  t h a t  t h e  i t e r a t e s  m a y  h a p p e n  n o t  t o  c o n v e r g e  t o w a r d  t h e  d e s j r e d

s o l - u t i o n  i n  a  f i n i t e  n u m b e r  o f  s t e p s .  T h e r e f o r e  m a t h e m a t i c a l  t e c h r r i q u e s  m u s t  b e  r e v i e w e d  t o

c o p e  w i t h  t h e  d e t e r n i n a t i o n  o f  u n d e c i d a b l e  o r o o e r t i e s  o f  p r o g r a m s .  T h e  e l a c s i c a l  m e t h o d s  a r c

f o r m a l  r e s o l u t j . o n  o f  t h e  e q u a t i o n s  a n c j  u t i l i z e t i o n  o f  m a t h e m a t j c a l  i n d u c t i o n .  H c w e v e r  t h i s



i l : 1 : r r r , l  1 i : a C  t l l  r  t :  i t l i r + L c - l j ,  i ' t i r ,  ; : !  . i - ' �  - . . _

r a i  l y  c o t l l - r u t a t : i ; i t . . ] l L  a i l p l . i . r ) ' : ' - 1 1 . . , 1 -  i o r :  r . t a  r . i - ,  r

. - i

'  - l : : , : : ' l

C 1 e a r 1 y ,  i , � . r - 1 . $  o F  t l r j s  i i . x . . r i  D i J - l r t r . . i i r ' t , ) 1 . : l ; l ' r

o r  i r n D l i c i t l y  s , r - . , g r : s t . e d  j . n  t i r r - '  l j t t e r , : t L  i , :  i ' , ; : r  t

1 . 3  i ; r 1  - : )  |  
. t  

r r t  ! . t r l l !  r  I

l : r i l

f  6 1  - l  ,  t 6 2 1 ,  l 6 : ;  l ,  t 5 6  l l .  f  J c r . , i ; . - r . : i '  t h e  c , r i 3 t r r r r : i i t 1 , ,  c :  . . : : -  ) : , . r k .  . "  : r - -  t r , .

p f o a c l r g s  a n d  ' , c r  e n i a r g e  t h i : n  l r r  c r r l e r  i . c .  l r e  a r l . e  1 , . ,  ' . . : ,  . .  l .  ; , :  : ; i  i : r -
+ t -  . 1  ^ - - a t  ^ -  .
L r L O r .  l r r L U f s r l - - r

In Sect ion 2 we introt . iuae i i re rnat l t : r r i t i : r ' i . i_ca: l  rnoi_ i . - - r  , . , . : i t i l  t_ I  ; r : i

g r a m s ,  I t  i s  i l  l L l s t : a t e d  b ; '  :  v c r y  s i n l l r l 4  , r r ' . . . j  j . r : L u - . : : . , ,  , . \ . r ' . r : : . :  .

o e r i o r m a n c e  a n ; ' 1 ; ' s i s  o f  p r t l ' r ' . ] r r ,  t h e  i r , . . r L i r , ; r  i s  f  -  r , : : : . : ' .  t . , . . ,

y s i s  s t r a i g h f . f n n . r a r - d .  S e c ' - ' i c r  . ' )  c o p e s  ' , - l  I  t r , )  F r n ; ' - ' . . r . 1 -  o - - n : l  ,

p r o p e r t i e s  o f  p ' r : g r  o m s .  T h c  r . - ' r - i n i n g  i . - - r  t i c . . l 3  p o i t : 1 .  . r . i ;  i ' , i  v J i . ; ,

m o d e 1 .  W e  d e s c r i b e  t h e  a p p l  i ' : - r t  i . - , r n  o f  c r ' r s  L : , " t . i  i n ' . E t ' r  : '  , , - . - . . i o i - r  r : ,

m e n t j . c s  I S e c t l o n  5 ) ,  l o g i c a ) .  a n a ] . y s i s  o F  D r o g r e n : r  ( 3 e c : i l ; - r  S  j ,  c r ;

7  )  .  I m p l  i c a t  j . o n  o f  t h l s  w o r k  a n C  t h e  n e l e g s a r - V  f u r l f r " r  r e s e e r c h e . i

s i o n  ( S e c t i o n  B J .

2. THI HATHEMATICAL MODEL USED IN ABSTRACT INTTRPRETATION OF PROORA}{S

2.1 THI COI4PLETE LATTICE OF PROPERTIES

EranpLe. 'Le t  us  in t roduce the  abs t rac t  in te rpre tn t ' t ' ? i  o f  p rog i ; : i i s  by  rneans  o l 'a , - ,e : -y  r ' . ; i i r - r i '

t i v e  e r d  t r i v i a l  e x a m p L e .  S u p p o s e  ! . / e  a r e  i n t e r e s t e d  i n  d i s c o v e n i n g  t h r :  s i g n  o f  t h e  l r r t e g e t ' v . ' r -

r i a b l e  x  1 n  t h e  ( n o n - t e r m i n a t i n g )  p r o g r a m  :

x :  = 1  :  w h i l e  t r u e  d o  x :  = x + 1  c d  ,

R o u g h l y  s p e a k i n g ,  p f o g r a m  a n a l y s i s  r e q u i r e s  t h e  d e t e r m i n a t i o n  f o r  e : c h  p r o g r a m  p o i n t  i  o f  a n

i n v a r i a n t  p r o p e r t y  P .  k n o w n  t o  h o l d  e a e h  t i m e  c o n t r o l  r e a c i i e s  i  d u r i n l ;  e x e c u t i o n ,  i n d e p e n c l : : r r ' i y

n f  t h p  n a t h  t a k e n  t o  r e a c h  t h e  o r o g r a r n  n n i  n f  i  I  n #  r r c  i . ' t r o d u C e  n o f . a t . i o n s  f O r  t h e s c  p r O p , . . j ' i : l e  ,u , , ( J  p u  u r  r  r u  p .  \ , 6 r  u ' r '  l _ r u f  "  L  t  .  L E  L  u r  r r  l

w c  r i c n n t c  h v ;  t h e  f , r ^ +  + H - ! . .  r ^  ^ a - { t i v e .  h ' r :  t h a t  y  i r  n p o a t i r r q .  a n r l  h v  i  t h e ;  f . : c t  t l r . r ! .  zw a  u E " u  L E  u y  o U  L  L r  I O  L   

 

J  5  I J U 5 I  - -

i s  a n  i n t e g e r  w h o s e  s i g n  i s  u n k n o r v n ,  ! , J e  d e n o t e  b y  I  t h e  f r r c t  t h a t  x  i s  n o t  i n i t i a l i z e d .  T h , :

s e t  L  =  { r , i ,  : ,  ! }  o f  p r o p e r t i e s  i s  o r d e r ' e d  b y  t h e  p a r t , i a l  o r d e r i n [  r e ] a l i o n  s  d e f j n c d  b y  1 i :

f o l l o w i n g  H a s s e  d i a g r a m  :

l - o r  i n s t a n c e  +  E  t  s i n c e  t h e  a s s e r t i o n  t h a t .  x  i s  a  p o s i t i v e  i n t e g e r  i s  l e s s  u n p r e c i s e  t h a n  t h e

a s s e r t i o n  t h a t  x  i s  s i m p l y  a n  i n t e g e r .  E r d  o f  E r o W L e .

The set L of propert ies is a eomp'Lete semilatt ice with oart iaL ord|r ing = and Least upper

h ^ . , * . 1  ^ -  ; ^ " ' -  ^ f ,  + , . ' ^  a l  a m a ^ ! -  |  |  1 . , -uve, ,q  vL  . rvurL  u t  twc  e lements  LJ .  l ^Je  a lso  assume tha t  L  has  an  in f imtun  denoted  . t - .  (The de f j "n i -

t i o n s  a n C  m a t h e m a t i c d l  p r o o e r t i e s  o f  t h e s e  n o t i o n s  c a n ' b e  f o u n d  i n  m a n y  p l a c e s ,  f o r  e x a m o l e  [ 5 ] 1 .

i  . i ;  l ,  r

le \ . / : -r l -  ,

- : : :  
' . / ' : l



, ' r s  1 , .  - r

' . / , . i  1  r , r : r l r . r : i  i ' . ;  i , '  r l e n o t e  i , : l  i l  .  f l  ,  l l  t n e  j ' r i n  o f  a  s e t

r : t . : ' t  L )  t tF  i : t y r  i - r . Jn te ; l *as ,  ; r ; rc j  t r tee t  -o f  a  s t l t  o f  e lements

\a .  d  Eup?. . : t : " ! iL  cc r |J i .ea l  l j \ , '  
' i

f v e  w r ' ' .  I  r . ; :  t i t e  f a c i  t l : i  L  i s  a  c o n r p l e t e  l a t t i c e

p r a c t i c . : l  L r j i r . l . i r j a t - i o n s  v : E : , i i l i  n e e d  o n l y  t o  i m p l e m e n t

r . y ; ; : n : p l  €  . .  .  ;  , '  :  t r  : i . 1 l  oL '  ,  ' . i l . J  E  has  b3 i : n  de f  i ned  by  :

s u p l e f i l u r n  r t h . ) r u i s "  d e n c l e d  b y  r .  T h i s  i m p l i e s  t h a t  t h e

i l t ; . . ,  i L i . .  i ,  j . : i = i ,  i L _ r  ; ,  o t c .  E n d  a !  [ ; c a n D L e .

He nce

No

t h e  t h

cornp 'Le te  La t t i ce  l : [  5 ] ,  ch .V,  !3 I  .  laJe

elements, greatest Louer L;ound [or

L .  S i n c e  L  i s  a  c o m P l e t e  l a t t i c e  i t

in  the  fo rmal  reason ing  whereas  fo r  the

i h o  n n e r a f i n n q  |  |  a n d  E .

l c l s i c i g i c !  and  tE :E :E i  whe re  i  i s  t he

i ^ i n  n f  t u r n  n r n n o r '  r ^ ! l ^ - r  H "
J U r r r  u r  L w u  P r u H E r  L I U s  1 5  U E r  r r r E U  u y

e

o f

o f

2.2 SYSTEI'I OC TOUATIONS ASSOCIATED I.IITH A PROGRAM

E r . t n p L e . .  L , : l i -  : r s  f u r t h r - . : r  a s : , o c i a t e  i n v e r i a r r t s  ? r ,  P 2 ,  P .  w i t h  v a r i o u s  p o i n t s  i 1 ] ,  i z i  a n d  { 3 }

o f  t h e  p r o g . r l  :  "

x : = 1  { 1 j ;  ; ; i r i } e  t n . l e  i . i r :  { z }  x , = x + 1  { 3 }  o d t

T h e  v a l u e  o g  P 1 ,  P z ,  P ,  r r r a y  L e  i ,  i ,  :  o r  r  d e p e n d i n g  o n  t h e  d y n a m i c  p r o p e r t i e s  o f  x  a t  t h e

r e s p e c t i v e  r r r  o g : a m  p o i n t s  U j  ,  { z }  o r  { : } .

Accor , j - in i l  to  the  semat r r t i cs  o f  usua l  p rogramming languages we know tha t  :

-  x  i s  p o s i i r v e  a t  p r o g r ' , . r i 1  p o i n t  { 1 }  s i n c e  i t  i s  e q u a l  t o  1 .  T h e r e f o r e  :  P ,  = i .

-  t h e  s l g r - r  r r r ,  ; <  a t  p o i n t  { 2 }  m a y  b e  P 1  w h e n  c o m i n g  f r o m  p o i n t  { t }  o r  P ,  w h e n  c o m i n g  f r o m  { 3 } .

T h e r e f o r e  :  P r = P i U P . .

-  f i n a l l y  s L j i r p o s e  t h e  s i g r l  o f  x  i s  P ,  t h e n  t h e  s i g n  o f  x + 1  i s  P 2 S  i ,  w h e r e  t h e  o o e r a t o r

E  i s  d e f  i r r c d  b Y  t h e  r u l e s  t r f  s i g n s  :

+ f !  +  =  +
- t i J +  -  1

i s  i  =  i

i : . '  = '
s i g l n  P ,  o f  x  a f t e r  t h e  a s s i g n m e n t  x : = x + 1  i s  P 2 6  i .  T h e r e f o r e  :  P , = P a g  i '

th . r t  ou l -  s lmp le  reason ing  permi ts  to  es tab l i sh  a  sys tem o f  th ree  re la t ions  be tween

i n r r a r i a n t s  P r ,  P r ,  P s  ,

H t = +

S i n c e

p  -  p  ! l p' 2  ' l u  ?

p  =  p  m . i' 3  ' 2 *

P z ,  P . "  n e e d  n o t  s a t i s f y  a n y  o t h e r  c o n s t r a i n t ,

X r  = ;

X 2  =  X , L J X .

v  =  v  r n i" 3  " 2  -

a n y  s o l u t i o n  t o  t h e  s y s t e m  o f  e q u a t i o n s :

wou ld  be  an  acceptab le  cand ida te  fo r  the  invar ian ts .  End.  o f  Ecanp le .

A c c o r d i n g  t o  t h e  s e m a n t i c s  o f  t h e  u t i l i z e d  p r o g r a m m i n g  l a n g u a g e ,  t h e  a s s e r t i o n  P .  a s s o c i a -

t e d  w i t h  p r o g r a m  p o i n t  { i }  i s  a  f u n c t i o n  f .  o f  t h e  a s s e r t i o n s  P r , . . . ,  P n  a s s o c i a t e d  w i t h  t h e

v a r i o u s  p o 1 . n t s  i f ] , . . . ,  { n }  o f  t h e  p r o g r a m .  T h e r e f o r e  t h e  d e s l r e d  p r o p e r t i e s  P l , .  ' . ,  P n  m u s t

be  one o f  the  so lu t ions  to  a  sys tem o f  r ruLua l ly  ?ecu?s iue  equat ions  w i th  n  var iab les  o f  the

form :

X r  =  f r ( X l , . . . , X n l

v  -  f  t v  v  I^ n  - ' n . ^ 1 , . . . , ^ n ,

the

t i c e

I

I
(

P l ,

I
I
(



a b b r  i r " ' i - r

2.3 EXISTENCE OF A LIAST SOLUTION TO THE SYSTEM OF EQUATICNS

Erc  r tp le  . '  S r : lu t io r rs  to  the  sys t?nr  o f  eQuat ic r rs

X r  = ;  =  f 1 ( X 1 , X 2 , X 3 J

X z  =  X r  L J X 3  =  f 2 [ X ] , X 2 , X 3 )

X ,  =  X r r a i  = ' F r ( X , , X 2 , X 3 J

e X i s ' t ,  a n d  i n  g e p e r a l -  a r e  n o t  u n j . c t u e  I

. ; c t o r  < X t ,  , . .  , X n t .

[ x '  =  ;
r " t  I  x ,  =  i

L r .  =  t
,r, [x: = ,

L* ,  =  t
H o w e v e r ,  c a  b e s t  s c r l u t i o n  ( a l  e x . i s i : s  s i n c e  j  i s  a  m o r e  p r e c i s e  r e s u l t  t h a n  i .  S i n c e  i  _ .  i ,  ( a l

i s  t i re  leas t  soLut ion  to  the  sys tem o f  equa+. ions .  Enr l  o f  Emtnp le .

HYP0Tt IF-s ls  2 .3 .1  The se t  L  o f  p i 'oper t ies  i s  assumed.  b  be  a  comple te  La t t i ce  (= , r , r ,U ,n , i l , f l1  .

LE l lP lA  2 .3 .2  The sc t  Ln  is  a  conp le te  La t t i ce .

T h e  c j i r e c t  p r o d u c t  L r t  i =  t h e  s e t  o f  a l l  s e q u e n c e s  < X 1  , . . . , X n >  l . , r i t h  n  e l e m e n t s  b e l o n g i n g  t o  L .
S i n c e  L  i s  a  c o m p l e t e  l a t t i c e ,  i t  i s  e a s y  t c - r  p r o v e  t h a t  t h e  " c o m p o n e n t w i s e , , d e f i n i t i o n  o f  t r n ,

l n ,  r n ,  t J n ,  T l n ,  U , , ,  [ .  m a k e  L n  a  c o m p l e t e  l a t t i c e  t t 5 ] , C h . V ,  t 1 l .  A s  u s u a l  w e  h a v e  :

{ . X r , . . . , X n t E n . Y ,  . , Y n t }  < : >  { ( X i s  y l ) ,  V i e t l , n l }
'  . X r , . . . , X n t U n . y r , . . . , y n t  =  . X r  U  y r , . . . , X n U  y n >

e t c .

W e  d r o p  t h e  s u b s c r i p t  n  i n  t h e  n o t a t i o f l s  E n ,  i n , . , .  w h e n  u n a m b i g u o u s l y  a v a i l a b l a  f r o m  c o n t e x t .

D E F I N I T I O N  2 . 3 . 3  A  f u r e t i . o n  e : 0 + 0 '  o n  t h e  p s e t  ( O , < )  t o  t h e  p s e t  $ , , = )  i s  o r d e r _ p r e _

s e r v i n g  ( s y n o n y m o u s l . y ,  m o n o t o n e  o r  i s o t o n e )  i f  c n d  o n l y  n f  :  { v ( x , y l e D 2 ,  ( x c y )  : y  t c { x )  s  g . { v l l }

N o t e  t h a t  w h e n  D  a n d  0 ' a r e  j o i n  s e m i - l a t t i c e s  t h i s  d e f i n i . t i o n  i s  e q u l v a l e n t  t o  :

{ Y ( x , y ) e 0 2 ,  ( e ( x l U  g { y l l  s . g ( x U  y l }

HYP0THESIS 2.3.4 T|rc funetions f. .  ie[1,n] ate assumed. to be monotone funetions on the1 -

p o s e t  t L  , E n i  t o  t h e  p o s e t  ( L , E l .

LEt lMA 2 .3 .5  The fu re t ionF on  the  conp le te  La t t i ce  Ln  to  i t seL f ,  i smonotone.

T h i s  i s  a  d i r e c t  c o n s e q u e n c e  o f  t h e  h y p o t h e s i s  t h a t  t h e  f .  a r e  m o n o t o n e .  T h e  m a i n  e o n s e -
quence o f  the  lemma 2 .3 .5  i s  tha t  F  has  f i red  po in ts ,  tha t  i s  there  ex is ts  some peLn such

t h a t  P = F ( P ) .  I n  g e n e r a l  t h e  n u m b e r  o f  f i x e d  p o i n t s  o f  F  i s  i n f i n i t e .  F o r t u n a t e l y  t h e r e  e x i s t s
a  u n i q u e . L e a s t  f i c e d  p o t n t  P  o f  F  s u c h  t h a t  P = F t P l  a n d  i f  A = F t Q l  t h e n  p E n Q .  T h e  l e a s t  f i x e d
p o l n t  P  o f  F  i s  e h o s e n  t o  b e  t h e  s o l u t i o n  t o  t h e  s y s t e m  o f  e q u a t i o n s  X = F t X l .

THEORELI  2 .3 .6  Any  monotone nap cPof  a  conp le te  La t t i ce  L  (g , r , r ,U ,n , ILn l  in to  i t se l f  has  a
Least  f i red  po in t  L fp (a)  de f inedby  :  L fp (e l  =  i l { xe l l v tx t=x} .

P r o o f :  ( [ 5 ] , C h . V ,  d u a l  o f  T h . 1 1  l .  L e t  S  b e  t h e  s e t  o f  e l e m e n t s  x e l  s u c h  t h a t  c p ( x J = x .  S i n c e
L  1 s  c o m p J . e t e  t h e  g r e a t e s t  l o w e r  b o u n d  l l s  o l  S  e x i s t s .  L e t  u s  d e n o t e l l s  o y  a .  s i n e e  r  i s  t h e
s u p r e r n u m  o f  L ,  p [ r J c r  h e n c e  S  i s  n o t  e m p t y .  S i n c e  p i s  m o n o t o n e  a n d  a E x  f o r  a l l  x e S ,

9 ( a l  c 9 ( x )  g x  f o r  a l l  x e S  ;  h e n c e  9 ( a l  e f l - s = a .  I t  f o 1 l o w s ,  s i n c e  g  i s  m o ' n o t o n e ,  t h a t

9 t Q t a ) l s  V ( - 1  ,  w h e n c e  Q t a ) e S .



B u t  t l l i : r  l n p l i e s  i r . :  ! , I a ]  s i n c e  . r - f i S , l , i a  r j l r . r . j l r : . , r  + : h a t  a  r : ;  r  f : > , , r , :  1 , r  j . r  - i  g , , . , . , r

b  bc  , : r l . ] ther  f  i xF i rJ  p r i I i  o f  ? ,  s ince  qrL l  l  - -  f i ,  Le  S.  i - i . , - , .  , :  :  - I i : ,  i i t i l ._ ;_ r t  . , ! :  :  t ^ ih tah  : l t - i i \ . ,1s  i_ l i . r i

a  i s  the  un ique leas t  f  i xed  po in t  o f  e .  Ihx i  o f  p roo f  .

T h e  a b o v e  t h e o r e m  i s  d u e  t o  K n a s t e r ( t . 1 l l l ,  J n  a d r j j - t i o r :  T a r : r , j  ( [ t t { : ]  l )  p r o v e s  + ; l r a t  t h e  s e i .

o f  f i x e d  p o l n t s  o f  Q  i s  a  e o n r p l e t e  l a t t i c e ,  T h i s  t h e o r e ; r  p e r - m i t s  t i 3  e x i l , t e n c e  o i  d  L i o ] u t i o i r

t o  t h e  s y s t e m  o f  e q u . - : t i o n s  t o  b e  d i s c u s s e c J .  H o w e r , r e r  i t  i s  r r o t  c o n s t r i ; c t i v e ,  a n r j  . r . l r j i r i o n a l  h v  -

p o t h e s i s  a r e  n e c e s s a r y  t o  p r o v i d e  a n  a l g o r i t h n r i c  d e f i n i t j . o n  o r  L f p G ) .

2.4 C0NSTRUCTI0N 0F THE LEAST S0LUTION T0 THE SYSTEM 0F EQUATIoNS By SUCCESSIVE f ippR0XIHATi0i is

EranpLe . '  The leas t  so lu t ion  to  the  sys tem o f  equat ions  :
|  . .
I  X .  =  +

l '
\ x z  =  X r  l J  X 3
t

I x ,  =  x r m i
c a n  b e  a u t o m a t i c a l l y  c o n s t r u c t e d  b y  s u c c e s s i v e  a p p r o x l m a t i o n s ,  a s  f o l l c w s  :

F i rs t  approx imat ion  :

l - v 0  -
|  

^ t  -  '
l n

l x i = r
t ^

L X ;  = r

T h e  s e c o n d  e p p r o x i m a t i o n  i s  o b t a i n e d  b y  r e p l a c i n g  X t ,  X z ,  X ,  b y t h e  v a l u e s  o b t a i n e d  a t  t h e  f l r s t

approx imat ion  1n  the  r i .gh t  hand s ide  o f  the  sys tem o f  equat ions .  l . /e  ge t  :

[ * l  = t

I r l  =  x ! u x !  =  r u r
l x l  = x o r e r  =  r 8 ;

T h l r d  a p p r o x i m a t l o n :

= I

= r

l -x3 = ;
t '

l * ? =  x r , u x l  = ; u I = i
L x l  =  x l a i  =  r 6 i  =  1

Four th  approx imat ion  I

t ' x :  = ;

I t l  =  x f u x l  =  i u r  = ;

l x l = x f e ;  = i o i  = ;
A t  l a s t  i t e r a t i o n  r e c o g n L z e s  t h a i  n o  c h a n g e  o c c u r s  i n  t h e  v a l u e s  o f  X r ,  X ,  a n d  X ,  :

5 o  t h a t  w e  h a v e  o b t a l n e d  t h e  l e a s t  s o l u t i o n  t o  t h e  e q u a t i o n s .

T h i s  i s  c e r t a i n l y  a  t o i l s o m e  b u t  a t  l e a s t  s y s t e m a t i c  a n d  s i m p l y  a u t o m a t i z a b l e  w a y  t o
p r o v e  t h a t  x  i s  p o s i t i . v e  i n  i h e  p r o g r a m  :  x : = 1  { 1 }  r , r h i l e  t r u e  d o  [ Z ]  " r = x + 1  { 3 }  o d  ;
Lna. oI L:tatnpLe.

0EFINIT ION 2 .4 .1  A  nap p :D '+D '  o f  a  eonrp le te  La t t iee  (D,s ,U l  in to  the  eornp le te  La t t i ce
( o ' , € a  ' U ' )  i s  c a L L e d  u p p e r - s e m i - c o n t i n u o u s  l i n  s h o z , t  c o n t i n u o u s  )  i f  u h e n e u e r  X = { x r , x 2 ,  . , r n ,  . . . }
u h e r e  X g D  u t d  x ,  s x 2 E . . . E * n c . . .  t h e n  g t f l X l  =  l l ' { g ( x )  l x e x } .

N o t e  t h a t  a  c o n t i n u o u s  m a p  i s  m o n o t o n e .  C o n v e r s e l y  a  m o n o t o n e  m a p  g i s ' d i s t r i b u t i v e  o v e r  f i n l t e

c h a i n s  s i n c e  x = y  i m p l i e s  g ( x U y ; = 9 ( x l U 9 ( y l .  T h i s  i s  n o t  t r u e  i n  g e n e r a l  f o r  l n f i n i t e  c h a i n s
u n l e s s  w h e n  g  i s  c o n t i n u b u s .

f  x l  = +
l '

I t l  =  x i u x 3  =  ; u ;  =  i
l x i = x l o ;  = i B + = i



( T h i s  n o t i o n  o f  c o r l t i n u i t y  c o r r c s p o r t d s  t o  t f  r e  L o p o l o g i c o l  L - l e f  i n i t i o n ,  s e e  f o r  e x . i m p l e  I t 5  ]  o r
r - - l  r

HYP0THESIS 2 .4 .2  The f tmct ions  f  . :Ln*L ,16 [1 ,n ]  e?e assurnec t  to  be  cont inuous .

LEll f lA 2.4.3 Ihe ff .metion F on the eomplete Latt ice Ln to i taelf  t-s eontirnous.

T h i s  i s  a  d i r e c t  o u t c o m e  o f  t h e  h y p o t h e s i s  o f  c o n t i n u i t y  i n  t h e  f . .  T h e  m a l n  c o n s e q u e n c e

o f  t h i s  l e m m a  2 . 4 , 3 .  i s  t h a t  t h e  l e a s t  f i x e d  p o i n t  o f  F  c a n  b e  d e f i n e d  a s  t h e  L i m i t  o f  a  s e -

quence of successiue app?oimatiorts.

THE0REfi 2.4"4 Euery continuous function p on the conplete latt iee L(tr,r ,r , l1,f l ,U,tJl  to

itself  h"q.s a Least f ixed point giDen by the forrm,f la :  Lfp(g) = l l {pK(.t lr>n} uhere aeL is sueh

tha t  a -cg(a)  and.  aE l fp (e)  and ,1 f  t "  thn  K- fo ld .  compos i t ion  o f  yv i th  i t se l f .

P z . o o f  . '  S i n c e  L  i s  a  c o m p l e t e  l a t t i c e  p = U { c p o  t a )  l f > O }  e x i s t s .

2 . 4 . 4 . 1  -  p  i s  a  f i x e d  p o i . n t  o f  p

S i n c e  a g g ( a l  a n d  9 i s  m o n o t o n e ,  w e  c a n  p r o v e  b y  r s c u r r e n c e  o n  k  t h a t  g k ( . )  E , # k * 1 [ u ]  h o l d s

f o r  a l l  K .  H e n c e  b y  t r a n s i t i v i t y ,  a = c p o t a )  =  g k { a l  f o r  a 1 I  K > 1 .  T h e r e f o r e p = [ { p k f u t l x > o } =

l l [ 9 k { a ]  l r > t  ] = U { c p k * r t a  j  
l r > 0 1 = 9 t U { V \ a l  l r > o } J  s i n c e  c p  i s  e o n t i n u o u s .  T h e n  p = e i p l .

2 . 4 . 4 . 2  -  p  i s  t h e  L e a s t  f i x e d  p o i n t  o f  p

T h e o r e m  2 . 3 . 5 '  p r o v e s  t h e  e x l s t e n e e  o f  a  l e a s t  f i x e d  p o i n t  Z f p ( g )  o f  g .  S l n c e  a = L f p ( * )  a n d

9  1 s  m o n o t o n e  w e  e a n  p r o v e  b y  i n c l u c t i o n  o n  k  t h a t  g K ( a )  = L f p ( i l .  T h l s  p r o v e s  t h a t

t f i C k t a l  I n > o l  = L f p t V )  h e n c e  p  = L f p t q J .  N o r e o v e r  b y  d e f l n l t i o n  o f  a  l e a s t  f l x e d  p o i n t

L fp (W l  =  p ,  hence we conc lude by  an t isymmet ry  tha t  p=Lfp(S) .  End o f  pz ,oo f .

Th ls  theorem was suggested  by  Tarsk i  w i . th  the  hypothes is  tha t  g  i s  d is t r ibu t ive  under

c o u n t a b l e  J o i n s ,  ( t 6 0 1 ,  p . 3 0 5 ) .  I t  i s  a l s o  c o m p a r a b l e  w i t h  K l e e n e ' s  f i r s t  r e c u r s l o n  t h e o r e m  f o r

f u n c t i o n a l  e q u a t l o n s  o v e r  l n t e g e r  f u n c t i o n s ,  t 3 9 1 .  F o l l o w i n g  S e o t t l 5 3 ] ,  i t  h a s  b e e n  p r o v e d  b y

nurnerous  au ihors  w i th  "a"  t r l v ia l l y  chosen to  be  the  in f imum " r '  o f  L .

N o t i c e  t h a t  t h e  l e a s t  f i x e d  p o i n t  o f  g  i s  t h e  l i m i t  ( U { q k f u t l k . > O } }  o f  a  s e q u e n c e  x o = a ,

, t = d * 0 1 , . . . ,  x K + l = g { x k 1 , . . .  o f  s u c c e s s i v e  a p p r o x i m a t i o n s .  T h i s  s e q u e n c e  f o r m s  a n  l n c r e a s i n g

c h a i n ,  t h a t  i . s  t o  s a y  x 0 = x l  = . . . E x K g . . . .  T h e  i t e r a t i o n  p r o c e s s  e v e n t u a l l y  e o n v e r g e s  a f t e r

i l s t e p s  i f  x t = x t - t  ( i n  w h i c h  c u = "  x t = Z f p ( F l l .  0 n  t h e . c o n t r a r y  i t  d i v e r g e s  w h e n  t h e  s e q u e n c e

o f  s u c e e s s i v e  a p p r o x i m a t i o n s  i s  a n  i n f i n i t e  s t r i c t l y  i n c r e a s i n g  e h a i n .  T h e r e f o r e ,  o n e  o f  t h e

hypothes is  wh lch  may insure  conue?gence o f  th is  l te ra t i ve  method is  tha t  L  sa t is f ies  the

f o l l o w i n g  a s c e n d i n g  c h a i n  c o n d i t i o n .

DEFINIT I0N 2 .4 .5  A  par t l y  o rdered se t  P  sa t is f ies  the  ascend ing  [o rdescend ing)  cha in  cond i -

tian if and only if aLL strietly ascending (deseending) chains in P we finite.

E x a n p l e . ' T h e  l a t t i c e  L = { i , i , : , r }  l s  f i n l t e ,  h e n c e  i t  s a t i s f i e s  t h e  a s c e n d i n g  a n d  d e s c e n d i n g

c h a l n  c o n d i t i o n s  [ [ 5 J C h . V I I I ' 1 , 8 x . 6 { a ] l . S i n c e  L  i s  a  l a t t i c e  w i t h  i n f i m u m  s a t i s f y i n g  t h e  a s c e n -

d i n g  _ g i a i n  c o n d i t l o n ,  i t  i s  a  c o m p l e t e  l a t t l c e  (  [  5 J  C h . V I I f . 1 ,  E x . 1  ( a  ]  I  .  T h e  e q u e t i o n s  a s s o c i a t e d

wl th  any  par t i cu la r  p rograrn  are  ob ta ined by  compos i t lon  o f  monotone e lementary  func t ions ,  hence

t h e  f ,  a r e  m o n o t o n e .  T h e  e l e m e n t a r y  f u n c t i o n s  ( c o n s t a n t  i , U , o J  a r e  s h o w n  t o  b e  n p n o t o n e  b y

c a s e  a n a l y s i s .



S l n c e  F  i s  m o n o t o r ; e . : : l c i  L 3  s a t : - ; F i e s  t h e  a s c , ? n - i r - , g  c h a i n  c c , r ; - i i t i o n ,  i t  i . :  c o n t i r r r - t i r r t ; .  
- , ' h e

l eas i :  f  i xed  po in t  c { ' F  t r . : s  been  c ! ; i , i r t ed  by  suc . - r ' : ; : i ve  dpp r , r \ , i  ; r , a t i ons  3 r : . r r r . i ng  f r r : r n  t f l . r  . i n f imun r

< l ,  r ,  r >  o f  L 3  .  T h i s  i t e r a t i o n  p c o c e s s  n e c e s s . . r r i l " y  c o n v e f [ r J S  i o r  a n y  F r u g r J m  ( a n y  f  )  s i  n c e  L n

s a t i s f i e s  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n ,  ( t 5 l , C h . V I I I . 1 , E x . 4 ) .  E n d  o i  E t a n i p l e .

2.5 CONSTRUCTION OF THE LEAST FIXED POINT OF F BY CHAOTIC ITERATIONS

We have

. . k + 1
m a t l 0 n s  x

I

I(
I\

I n  p r a c t i c e

w h i c h  c

t i o n s  t

{

\

i
\

o n s i s

hemse

q n l v n d  t h e  f i x e d  r r r ' - ' - -  ^ ! : ^ -  v - r ' w l  h V  l a n n h i t q  m p t h n . l  n f  q r r c n e s s i r r c  a n n l . o X i -
P J I I I L  C q U O L I U I I  A _ I  ( A J  U Y  J C U U U ]  V L  U P P

= F ( X ' ' ) ,  ( k = 0 , 1 , 2 , . . . 1  w h i c h  c a n  b e  d e t a i l e d  a s  :

k + l  k  k  k
x l  

-  =  f i ( x ; " x ; , . . . , x ; r  ( k = 0 , 1  , 2 , . . . )

i = 1  , 2 , . . . , n

the  Gauss -Se ide l ' s  i t e ra t i ve  me thod  :

. k * l  _  "  . - k  , k  , k ,n I  =  r l  ( X r  , A ? ,  "  . . . , . . . , ^ n ,
- - ; * '  

k + r  . k + t . k  , . k ,x l '  =  f i t x ; '  . , x ; _ ; , x ; , . .

, ' i . ,  _  "  r r k r l  y k + l  y k . l^ n  =  t n , ^ l  , ^ n _ l , ^ n ,

t s  i n  c o n t i n u a L l y  r e i n j e c t l n g  i n  t h e  c o m p u t a t i o n s  t h e  l a s t  r e s u l t s  o f  t h e  c o m p u t a -

l v e s  w o u l d  r e d u c e  t h e  m e m o r y  c o n g e s t i o n  a n d  a c c e l e r a t e  t h e  c o n v e r g e n c e .

Esanp le  . '  So lv lng  the  sys tem o f  equat ions

l x  = ;
I  " l
I
(  X .  =  X I L J X 3
t .
I  X '  =  X ' @ +

u s l n g  G a u s s - S e 1 d e 1 ' s  m e t h o d  w e  g e t  :

F i rs t  approx imat lon  !

[ -x9 = ,
l r

l x 9 = r
t -
l x o = t
L  " 3

S e c o n d  a o o r o x i m a t i o n :

l -x l  = ;
I  x t  =  x l t r x o  =  i t t r  = ;
| ' 2  

' - I " " 3

f x l = x l e ;  = i 6 i = i

A  l a s t  i t e r a t l o n  p r o v e s  s t a b i l i z a t i o n :

F x 3 = r = x l
|  

" l  " l

I  x i  =  x f  u x l  =  i u i  = ;  =  x l
I  x !  =  x l e +  =  i 6 i  "  i  =  x l

The i te ra tes  converge a f te r  3  s teps  ins tead o f  5  .  End o f  EsanpLe.

I n  g e n e r a l  R o b e r t [ [ 5 0 ] . J  s h o w s  t h a t  G a u s s - S e i d e l ' s  m e t h o d s  i s  n o t  a l g o r l t h m l c l y  m o r e  r e -

1 i a b l e  t h a n  J a c o b l ' s  s u c c e s s i v e  a D D r o x i m a t i o n s  m e t h o d .  T h i s  m e a n s  t h a t  w i t h o u t  s u f f i c i e n t  h y -

p o t h e s i s  o n  F  J a c o b i . ' s  r n e t h o d  m a y  c o n v e r g e  a l t h o u g h  t h e  G a u s s - S e i d e l  o n e  c y e l e s .  T h e  c o n t r a r y

1 s  a l s o  t r u e ,  t h a t  i s  G a u s s - S e i d e l ' s  m e t h o d  m a y  c o n v e r g e  a l t h o u g h  J a c o b i ' s  i t e r a t i o n s  e n d l e s s

c y c 1 e .  F o r t u n a t e l y  t h i s  p h e n o m e n o n  i s  i m o o s s i b l e  w h e n  F  i s  c o n t l n u o u s .

We wi l l  now show tha t  any  chaot ie  i tena t ion  ne thod converges  to  the  leas t  f i xed  po in t  o f

F .  0 t h e r w i s e  s t a t e d  t h i s  s i g n i f i e s  t h a t  o n e  c a n  a r b i t r a r i l y  d e t e r m i n e  . ' t  e u c f ,  s t e p  w h i c h  a r e

t h e  c o m p o n e n t s  o f  t h e  s y s t e m  o f  e q u a t i o n s  w h i c h  w i l l  e v o l v e  a n d  i n  w h a t  o r d e r  ( a s  l o n g  a s  n o

c o m p o n e n t  i s  f o r g o t t e n  i n d e f i n i t e l V J .



:

D E F I N I T I 0 N  2 . 5 . 1  t , e . x  J  b e  . t  : i . , ! ) : ; . , ) - L  o f  { " , , . . . ,  r }  r l e  r j ; : n ,
t r  r Y  v  ) - . \ ,  . - , y  >  U h o t .  Y i . | 1 . n l  L ; ( ; . . . _ .  :,  

J . , , 1 , . , , , , . n r - . r I , ' . - , r n '  
d , r . _ (  |  ! {  L r ,

' t ,;: i t71 7 _ ;i,,1 t1..)!t l- 
n -t L 

fl 
l ;-: '

I  t . ,  =  r .  t x r  , . . . , X n ]  i f  i a l
I . a r i l -

I  Y. = xt  'L ' f  i tJ
L 1  l

[ A s  b e f o r e  w e  w i l l  g o  o n  d e n o t i n 8  F 1  
1 ,  .  . . , n ,  

b V  F )  .

DEFINIT ION 2 .5 .2  .4n  ascend ing  sequence o f  cheot ic  i te ra t ions  eor re tpord . i t zg  to  the  opeta tor

F and stcuting with a gioen uectot, X0 su.c\.L tTnt X0 g F(X0 ) otd. xo el iptF) is a seqtien"e xk,
k = 0 , 1 ,  . . .  o f  t s e c t o t ' s  o 7  t n  d e y i n e , c  r e e u t s i u e l y  b y  . .  x k = F J r _ ,  , * * - t  )  u h e r e  J * ,  k = 0  , 1 , .  . .  i s  a

sequence of subsets of { l , . . . ,  ni  such t lnt no cotftponent i ' i  
' forgotten 

indefinitely that is :

{  3 m ' o  l {  ( v i e t  1  ,  n l l ,  t v k > o 1 ,  t  l { . e  [ 0 , r n [  I  I  i . . . l K * 9 ] ]  .

l l o t e  :  T h e  c h o i c e  J k = { 1 , . . . , n } ,  V k  c o r r e s p o n r : l s  t o  J a c o b i , s  i t e r a t i v e  r n e t h o d ,  w h e r e a s  t h e  c h o i c e

J k = { t k  r r i o d u l o  n l * ' t } , Y f  c o r r e s p o n d s  t o  G a u s s - S e j . d e 1  ' s  i t e r a t i v e  m e t h o c l  .  E n - d  o f  l t r o t e .

THEOREII 2.5.3 The Lunit  f r  xk . , r  ' ,

xo . . . ..xk,xk*, . . ..' o;:;"iri) ,rZt ,Z:'":';;::';:r::fl:;',:,"!;?."'0" 
iterations

LE | INA  2 .5 .3 . . 1  { vk>0 ,  xk  E  xk ' r  s  F (xk )  =  L fpG) }

P t o o f  :  L e t  u s  f i r s t  r e m a r k  t h a t  w h e n e v e r  X E  F t X )  E  L f p f f )  r ^ r e  h a v e  V J e { 1 , . . . , n } ,  X E  F J ( X )  =  F ( X l
=  L f p ( F ) .  f n d e e d  Y l e [ 1 , n ] ,  X i =  f . ( X l  t h e r e f o r e  i f  i e J  t h e n  X .  s  f r ( X l = F ( X ) . = F r ( X ) .  o t h e r w j . s e
X r = F r ( X ) i E  f . ( X ) .

S l n c e  b y  h y p o t h e s i s  x 0 E F i x 0 ) = L f p f f ' )  t h i s  i . m p t i e s  x o s F r o I X 0 ] = x l s F ( x o l  g  L f p t F ) .  F o r  t h e
lnduc t i on  s tep  J .e t  us  assume tha t  Xk - l  E  xks  r (Xk - t  )  =  L fpG)  t J "  uo r "  k>0 .  I f  i eJk - l  t hen

k  k - l  k  k .
x l = f i t x " - ' ) s r r ( x K )  = L f p l F ) ,  s i n c e  x K - I E  x K = L l p ( F )  a n d  f -  i s  m o n o t o n e .  o t h e r w i s e  i + J k - r  a n d
x f = x t < - t E f  . t x k : r  ) = L f p G ) . o f  : . n c t u c t i o n  h y p o t h e s i s  s o  t h a t  x l s f r { x k - t l s r r t x k )  = L f p G ) -  b y  m o n o -
t o n y .  r n  b o t h  c a s e s  w e  h a v e  Y i e [ 1 , n ] ,  x l s f  . ( x k ) = L f p G ) ,  t i o r e i o . e  X k s r i x k t s  L f p G )  l . o u i n g
t h a t  X K E  x K * r  = F r k ( x K )  s  r ( x k )  = L f p t F ) .  E n d .  o f  p r o o f .

L E l l r l A  2  . 5 . 3 . 2  t l q e  t . 0 , m l  I  t v x > n ) ,  ( F t x k l  E  x k * q l ]

Pz 'oo f  :  The  p roo f  i s  by  reduc t i o  ad  absu rd lm .  Le t  us  suppose  tha t  {Vqe [0 ,m ] ,  Jk>0  |  no t (F (XK)  E

x K * q ) ] .  T h i s  l s  e q u i v a l e n t  t o  { Y q € [ O , m ] ,  l k > 0  |  ( x k * q = F ( x k l ) q r  t n t x k )  n o t  c o m p a r a b l e  w i t h

xk *q ) ) .  suppose  tha t  vq€ [0 ,m ] ,  l k zO  such  tha t  r ( xk l  i s  no t  "o r [ . ub le  w i t h  xk *Q .  Th i s  n ius t  be

t rue  fo r  q=O wh lch  con t rad i c t s  l emma 2 .5 .3 .1 .  Suppose  now tha t  Vqe [0 ,m I ,  ] k>0  such  tha t

x k * q . F ( x k ) ,  t h a t  i s  b y  d e f i n i t i o n  o f  t h e  s t r i c t  i n e q u a l i t y  w e  h a v e  x k * q s F ( x k )  a n d  x k * Q r F ( x k ] .
T h i  e  i m n l  r ' o e  f  h r *  4' r r r  r , , t , . , 1  r s 5  L ' o u  , ' o r  s o m e  c o m p o n e n t  1 e [ 1 , n ]  * l * 0 .  f  . ( X K l ,  w h 1 1 e  f o r  t h e  o t h e r  c o m p o n e n t s  t h e

i n e q u a l i t y  i s  n o t  n e c e s s a r i l y  s t r i c t .  B y  d e f i n i t i o n  o f  c h a o t i c  i t e r a t i o n s  { l m r 0  |  { V l ,  V t r ,

l [ e [ 0 , m [  ;  i . . l k * [ ] ] ,  t h e r e f o r e  r : * [ * t = f i t X k * n ) .  B u t  ] e m m a  2 . 5 . 3 . j  i m p l i e s  b y  t r a n s i t i v l t y  t h a t
k  k + 0  *  1  r , i o

X K E X K * f ,  t h u s  b y  m o n o t o n y  f . { X K l = f . ( X K " r l  w h i c h  i m p l i e s  f t ( X k l g X f * l * ! .  C h o o s i n g  q = g * 1  w e  h a v e

b y  h y p o t h e s i s  l k  s u c n  t n a t  i ! - q -  r r ( x k l  a n d  a l s o  f . t X k l  E X K + q  w h l c h  i s  i m p o s s i b l e .  T h i s  c o n t r a -

d i c t i o n  p r o v e s  t h e  t r u t h  o f  l e m m a  2 , 5 . ?  )  F - s  ^ r  > n ^ ^ r

tuoof  of  TVeoz,em 2.5.3 :  Let  us f i rs t  prove that  , - f i -  Xk e f  t

2 . 5 , 3 . 1  w e  h a v e  Y k > O ,  X k s  r I x k ] .  S i n c e  L I  i s  m o n o t o n X = l "  , " .

Accord ing  to  lenrna

= , ! L i - t x  J .  I n e  s e q u e n c e
K = U

f ' . . t t .
, u ^ x  J .
K = U

,fr^ xo
K = U



i f ,

i - r ' '  f r i ' i ' r t i c  l t e I ' r :  r i ' , n s  i s  a r t  i n c r . - : . r s l n g  r : h a  i r r  i .  ] e m m a  2 , \  , i  . 1  I  a n d  F  i s  r o n t i n u o u s ,  h e r r c et ' \ ' : , : r - { r r c u

l i - - t ' ' ) = F ( , l l - t ' ' l  ' ' ' , t ' c e  b v ' . r - , r , i t i v i r Y  
i l l . , i , " E  F r ^ { . > l  

" t .  
L e l  u s  r r . i /  p r o v e  i l r r L  F , ^ r j o x k t^ - - ' - :  (  o = '

= - ^ , . r j 0 * ^ .  A c c ' - , r I , l i r , l  t o  l e m n r a  2 . 5 , 3 . 2 ,  r ' r t t l , i , m l  s u c h  t h a L  v k > 0 ,  F ( X k ) : X k * Q .  H e n c e  b y  m o n o t o r r y

, - [  r . t xk r  =  , i l .  xK -q  = , f r  xk  -  t j  . x \  = i , , . .  h t  xk=  xk *e  r ] .t . ! ' . ]  
'  " ' _ ' -  

" kT t t .  , ,  K ;a  K= r i  -  - : 1c .  
k l l [ J  

x  L -  x  t i emma.  2 .5 ,3 . . 1  ) .  By  con t i r r u i t y  o f  F  we
deduce  F  ( kLL  x '  l  =  * l $  t n ,  he r r ce  

"by  
an t i s \ rn r re t r y  we  conc rude  F (  

A  
xk l  =  

A  
*a .

A l so  l emna  2 .5 .3 ,1 - i " ?_ r i es  
,Uo  

>1 "  s  a I Jn  L fp tF )=L fp (F )  and  by  un iqueness  o f  t he  l eas t  f  i xed  po in t
of  F we conclude 

A *"=Zfp ( .F)  .  Erd of  i+ccf  .

Theo l ' em 2 .5 ' 3  imposes  to  t aKe  L fp tF l  t o  be  the  j o i n  
* [ o r *  o f  a l ]  t e rms  o f  t f r e  ehao t i c

i t e r ' a l i on  sec l ' - ] e r l ce .  f  n  p rac t i ce  we  can  ove l - come  th i s  d i f f  i cu t t y  t hanks  to  t he  f o l l ow ing  resu l t  :

Tl-iEoREl'l 2.5.4 Let n be the na-:rirrurn rnnnben of steps uhich are rleeess@A for any component to
euo'lue in ehaotic il;ev'ations. Thev:e erists qn ordirnl k of cardinality Less oz, equ.al to tLta.t
o i  Ln such thet  {v . { .>t .m,  LfpG)=xL} .

LET1NA 2 .5 .4 .1  Le t  K ,9 .>o  such  t \ n t  K ' � l .  t hen  { {L fpT ) *xm)o r  ( . L fp (F l r xgm l }  *  l x k t * xh } .

Ptoof  :  tn le prove that  Xh=X0t  j ror  ies Lfp(F)=xM for  k<[  (s ince the case k>,q,  is  s lnrmetr ic) .
A c c o r d i n g  t o  l e n r n a  2 . 5 . 3 . 1  a n C  2 . 5 . 3 . 2  w e  h a v e  X h =  n ( X h )  E X h * m = X h = X h  p r o v i n g  t h a t
xkn=n txkm)  and  s ince  xh  =L fpG)  we  have  xh=Z ip t r  ) .  End  o i  p roo f .

P t ' oo i  o f  Theo ren  2 .5 .4 .  The  p roo f  t ha t  { l x l i l r <Ln t  a rd  (0>km +  L fp ( r )=xg l }  i s  oy  reduc t i o  ad
absu rdum.  rndeed ,  suppose  tha t  t vk ,  ( n> [n ]  o r  ( l , >k rn  and  L fp (F ] , . x [ ] ] .  Le t  s  be  the  l eas t  o rd ina l
o f  ca rd ina l i t y  s t r l c t J . y  g rea te r  t han  l n .  VK<q  we  mus t  have  ( l >km and  L fp t r ) * xL ) ,  t ha t  i s
Z fP tF ) *Xkm when  choos ing  . ( ,  t o  be  km.  Le t  us  de f i ne  peo , *Ln  by  U i k ; km.  yk r ,K2€c r  such  tha t

L - m  l "  hk r * k z  ( w i t h  e v e n t u a l l y  ( k r = s ;  e x c l u s i v e  o r  I k . = q J )  w e  h a v e  ( L f p G ] r X o l n t )  o r  t l f p ( F J r X K 2 m )  h e n c e

l e n n n a  2 . 5 . 4 . 1  l m p l i . e s  t h a t  X K r m t X K z m  p r o v i n g  t h a t  r f  i s  a  o n e  t o  o n e  c o r r e s p o n d e n c e  o f  o  i n t o

L n .  T h e r e f o r e  c t  i s  o f  c a r d i n a l l t y  l e s s  o r  e q u a l  t o  t h a t  o f  L n  w h l c h  i s  t h e  d e s l r e d  c o n t r a d i c -

tlon. End oi Pnoof.

i l o t e s  z  ( i )  T h e s e  t h e o r e m s - c a n  b e  e x t e n d e d  t o  a s y n c h r o n o u s  i t e r a t i o n s  a s  d e f i n e d  i n  t 4 l .  t 1 1 l
w h e n  t h e  i t e r a t i n g  o r d e r  w h i c h  i s  u s e d  t o  s o l v e  t h e  e q u a t i o n s  c o r r e s p o n d s t o t h e  p r o g r a m  c o n t p l
g raph the  success i ' ve  approx imat ions  can be  in tu i t i ve ly  comprehended as  a  synrbo l i c  execu i ion  o f
t h e  p r o g r a m .  T h i s  w a s  t h e  w a y  i . t e r a t i v e  m e t h o d s  w e r e  f i r s t  u n d e r s t o o d  ( " . g .  [ 1 2 ] ,  t 3 6 1 ,  i 5 1 1 ,
[ 5 6 ] ,  t 6 5 l l .  ( i i l )  T h e  g u e s t i . o n  o f  o p t i m a l  o r d e r  o f  i t e r a t i o n  h a s  n o t  y e t  r e c e i v e d  a  c o n e e p t u a l
a n s w e r .  ( e . 9 .  l 2 l ,  t 3 3 1 ,  t 5 S l ' ) .  E n d  o f  N o t e s .

2.6 TYPOLOGY OF ABSTRACT INTERPRETATIONS

2.6.I  DUAL ABSTRACT INTERPRETATIONS

8 y  t h e  D u a l i t y  P r i n e i p l e  t t 5 l ,  p . 3 ) ,  w e  c a n  r e p l a e e  a l l  o c c u r r e n c e s  o f  t E ,  . r - ,  r ,  ! ,  l - ] , U ,
f l ,  aseend ing ,  Leas t  f iued  po in t (L fp ) )  respec t ive ly  by  (= ,  r ,  r ,  F l ,  U ,n ,U,  t iescend ing ,  g?ea-

t e s t  f i r e d  p o i n t ( g f p ) )  t o  g e t  d u a l  r e s u l t s .  T h e s e  d u a l  r e s u l t s  a r e  n e v e r  s t a t e d  e x o l i c i t l v  b u t

a r e  a l w a y s  i m p l i c i t  f o r  a l l  s t a t e m e n t s  i . n  t h i s  D a o e r .

2.6.2 F0RWARD AND BACKWARD SYSTEMS 0F EQUATI0NS o

t d e  d e f i n e d  t h e  i n v a r i a n t  P ,  a t  p o i n t  1  a s  a  f u n c t i o n  f r ( P r , . . . , p n l  o f  t h e  i n v a r i a n t s  a s s o -
c l a t e d  w i t h  e a c h  o f  t h e  n r n q r a m  n n ' i n r s  { t } , . . . , { n } .  T w o  p a r t i c u l a r  c a s e s  a r e  o f  s p e c i a l  p r a c t i -



t - 1

n a ;  i n - , - , . . . - . . r - -  T n  t - - , , . , - , , , i  - . , , , . , + , ' .  , . , .  - : l J h  i n v e : . i r n r  p -  i S  O n r " \ ,  i t r n a , t i O n  o . i ,  t h e  i n v a r j . , . t - , i . S  . l S S j -
i  

- -

r : ' - r t . d  u j - i t - r r  : : h . j  p r c ) g r - . r n l  ! ' r r l n t s  { j i , v h : - c h  p r e c e C e  { i }  i n  t h e  c c r - r L n e l  f l o w  ( e . g .  t 1 9 1 ) ,

' . . 1 , e  r eas  i " ,  . , . ; ' ' l <u , : r r d  4 :7 : t  t : . i . i . , i ' t s  eac i r  i , r va r i an t  P .  i s  c , n1y  a  f unc t i o i t  o f  t he  i nva r i an t s  asso i :  i . a t ed

' " J i t h  t h e  D i o ' i r a m  p o i n t s  { i ' . }  w h i c h  f o l l o i i  i i t  i "  t l - r e  c o n t r o l  f l o w  ( e . g .  l i v e  e x p r e s s j . o n s  a t  p , r -

i  4 \  - ' -  - ' i : : e  j . r d s c  w h t ? r e  e a c h  i n v a r i a n t .  P .  i s  a  f u n c t i o n  o f  t h e  i n v a r i a n t s  a s s o c i a t e dr d L r d p r t  / , | | .  t t t c  r i l . ; e ,  r . - q 5 u  w i l H t u  E d L  
1

w i t h  t h e  D r o g r a m  p o i n L s  w h i c h  e l t h e r  p r . e c e d e  o r  f o l l o w  { i }  i n  t h e  c o n t r o l  f l o w  i s  a l s o  w i d e l y

u s e d  I e . g .  t 6 1 ] ) .

2.7 DISCUSS]ON ON ALTERNATE I4ATHEMATICAL MODELS

A r b i L r a r y  p o s e t s  o r e  n o t  i n  g o n e r a l  c o m p l e t e  ] a t t i c e s .  0 t h e r  r . r e l 1 - k n o w n  f i x e d  p o i n t  t h o o -

f e m s  m i g h l  i r e  u s e d  i n  s u c h  e  c a s e  ( c f .  [ 1 ] ,  L z B ]  e t c . J .  O t h e r  c o n v e n i e n t  a l g e b r a s  p e r r n i t  c o n s -

t r u c t i v e  d e ' i i n i t j . o n s  o F  f i x e d  p o i n t s  t o  b e  g i v e n  ( c f .  c h a i . n  c o m p l e t e  p a r t l y  o r d e r e d  s e t s ,  c o m -

p l e t e  o r d e r e d  F - m a g n a  1 4 7 1 ,  1 1  1 1 ,  i n i t i a l  c o n t i n u o u s  a l g e b r a s  l 2 0 l l .  H o w e v e r  w e  c h o o s e  t o  u s e

t h e  c o m p l e L e  l a t t i c e  m o d e l  b e c a u s e  i t  i s  w e l l - k n o w n ,  l 4 o r e o v e r  a n y  p o s e t  c a n  b e  m a d e  a  c o m p l e t e

] a t t i c e  b 1 ,  k n o w n  s y s t e n r a t i e  m e t h o d s  ( c f .  I a 2 ] ) .

3. APPLICATiON TO PERFORMANCE ANALYSIS OF PROGRAMS

T h i s  e x a . n p l e  o f  a p p l i c a t i o n  i s  p n e s e n t e d  f i r s t ,  s i n c e  i . t  a 1 1 o w s  t h e  m a t h e m a t i c a l  m o d e l

t ' r i r i c h  i s  u s e d  t o  b e  u n d e r s t o o d  b y  a n a l o g y  w i t h  n u m e r i c a l  a n a l y s i s  t e c h n i q u e s .

3.1 ASSoCTATiNG A SYSTEM 0F EQUATI0NS I,JITH A PRoGRAM

The per fo rmance o f  a  p rogram may be  ana lyzed by  count ing  the  number  o f

t h e  p r o g r a m  i s  e x e c u t e d .

We wi l l  mode l  the  program by  a  connected  d i rec ted  graph w j . th  a  s ing le

n n d o q  a r o  i r r n n f i n n  h n a n n h  n r  c o n a r a t i ^ ^  t i ^ - + l  a a i n + -I I U U E J  O I E  J U I I U L I U I I ,  U I  J U P U T U L f U I I  (  L U J L J  P U I I I L 5 .

f i m o q  o : c h  q f e n  n f

e n t r y  a r c  a n d  w h o s e

S u p p o s e  w e  a r e  g i v e n  f o r  e a c h  t e s t  c '  i n  t h e  p r o g r a m  t h e  p r o b a b i l i t y  p [ e )  t h a t  t h i s  t e s t

w i l l .  b e  t r u e  a f t e r  b e i n g  e v a l u a t e d .  I t  m a y  b e  v e r y  d l f f i c u l t  t o  o b t a i n  a n  e x a c t  e x p r e s s i o n  o f

t h e s e  p r o b a b i l i t i e s  i n  t e r m s  o f  k n o w n  p r o p e r t i e s  o f  t h e  i n p u t ,  f o r  e x a m o l e  i n t e r n a l  t e s t s  m a y

d e p e n d  o n  c o m p u t e d  q u a n t i t i e s  h a v i n g  n o  s i m p l e  r e l a t i o n  t o  t h e  1 n p u t .  A  m a j o r  s i m p l i f l c a t i o n  i s

t o  c o n s i d e r  t e s t s  a s  l 4 a r k o v  p r o c e s s e s ,  i . e .  t h e  p r o b a b l l i t y  1 s  c o n s t a n t  a n d  i n d e p e n d e n t  o f

a n i n n  h  j r + - r \ ,  t r " n * h ^ n - - - -  , - -  * 1 6 q p  n n n h a h i  l i t i o c  t ^  H a  t t - i r r n n t r  f  a  n  -  a q  a l e t p r m i n P r l  h \ /p I I U r  l l 1 5 L U I y .  I  U t  L l l U I l l l u l U  W U  d 5 5 u l l l u  L " e J e  p t  u r u J  L U  U E  B l v c r l  \ E . B '  u r  r q u  u y

measurements  J  .

h l e  w i s h  t o  d e t e r m i n e  t h e  e x p e c t e d  f r e q u e n c y  X i  o f  t r a v e r s i n g  e a c h  a r c  i  i n  t h e  p r o g r a m

d u r i n g  a  s i n g l e  e x e c u t i o n  o f  t h e  w h o l e  p r o g r a m .  T h e  e x p e c t e d  f r e q u e n c i e s  a r e  g i v e n  b y  t h e  s o -

l u t i o n  t o  a  s y s t e m  o f  e q u a t i o n s  g e n e r a t e d  f r o m  t h e  p r o g r a m  b y  a p p l i c a t i o n  o f  K l r c h h o f f ' s  f i r s t

l a w  o f  c o n s e r v a t i o n  o f  f l o w  :

Y

5

X ,

- l

" 2

'  ^ 2

+X' ' t

. o I s ]

.  i  1 - p ( c t l  )
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3 . 7  ; : I E  C O M P I  [ T [  I - A T T I C E  O F  T R E O U E N C I [ S

F r e q u e n r ; i e s  c j r e  z e r o  o r  F o s i t i v e  r e r l s  l R *  o r d e r c d  b y  t h e  n a t u r a l  o r d e r i n g  s  ( s ) .  T h e

I e : s t  u p p e r  o o u n d  o p e r a t i c n  L j  i s  t h e  n t l x i n u m  m a x ,  a n d  t h e  g r e a t e s t  l o w e r  b o u n d  o p e r a t i o n  T l  i s

' r h e  r n i m i m u m  r r r i n  o p e r a t i o n .  J h e  i n f i m u m  1  o f  t h e  p o s e t  1 R '  i s  e q u a l  t o  O = y l l N { i  l i . m *  } .  N o t i c e

t r : t  I R ' i s  c c ' r : l i t i o n a l l y  c o n p l e t e  ( [ 5 ] ,  C h . V ,  $ 3 )  b u t  n o t  c o m p l e t e  s i n c e  t h e  e x o r e s s i o n

x A X { i l i e I R " }  i s  n o t  d e f i n e d .  l l o w e v e r  w e  c a n  m a k e  l R *  i n t o  a  c o m p l e t e  l a t t i c e  R *  b y  a d j o i n i n g

o  s U r r € r - f l U r T t  r - r l , . , n o t e d  o  a n r J  d e f j n e d  b y  - - f t A X { i l t e f n ' } .  N o w ,  n * ( < , 0 , - , n r a x , m i n , l v l A X , H I N l  i s  a

- . , r n . , 1 o l - o  1 r l f i n o

3.3  SoLVING THE SYSTEM 0F EQUATIoNS

L e t  u s  s i m p l i f y  t h e  s y s t e m  o f  e q u a t i o n s

s r r  p p o s i n g  t h a t  t l r e  v a l u e  o f  p [  o )  i s  g i v e n  b y

( * ,  =  1 + x 2 . p
\
I  x  =  X ^ . ( 1 - o l

z

S i n n e  Y  r l e n o n r l q  ̂. 1 y  o n  i t s e l f  w e  e a n  f i r s t  s o l v e  t h e  s u b s y s t e m  X r = ' 1 + X z . p ,  ( 1 . e .  X r = F ( X a )

w h e r e  F ( X ) = 1 + X . p  J .

f t  i s  o b v j - o u s  t h a t  t h e  s o l u t i o n s  t o  t h i s  e q u a t i o n  j . n  l R *  a r e  1 / ( 1 - p )  a n d  - .  H o w e v e r  g o i n g

^ ^  ,  , i  ! !  l L :  ^  ^ . -  ^ - ^  ru , l  ! J r L r l  L r r l i  c  o , , r i i a e  p r o v i d e s  a n  i n t u i t i v e  a p p l i c a t i o n  o f  t h e o r e m s  2 . 3 . 6  a n d  2 . 5 . 4 .

3.3 .1  EXISTENCE OF SOLUTIONS

T h e o r e m  2 . 3 , 6  r e q u i r e s  F  t o  b e  o r d e r - p r e s e r v i n g  w h i c h  l s  o b v i o u s  s i n c e  p > 0 .

Note  :  The proo f  tha t  F  1s  ncnotone need no t  be  done fo r  every  par t i cu la r  p rogram.  fn  genera l

i t  i s  p o s s i b l e  t o  s h o w  t h a t  t h e  i s o t o n y  ( a s  w e l l  a s  c o n t i n u i t y l  o f  F  i s  a  d l r e c t  c o n s e q u e n c e

o f  t h e  s y n t a c t i c  m e t h o d  w h i c h  i s  u t i L i z e d  t o  b u i l t  t h e  s y s t e m  o f  e q u a t i o n s .  E n d  o f  l l o t e .

T h e o r e m  2 . 3 . 6  t h e n  s t a t e s  t h a t  t h e  e x t r e m e  f i x e d  o o i n t s  o f  F  a r e  :

L f p t F )  =  ! l N { x € F *  l t ' r  + X . p l < X }

= rtrN{ x I  t t  t  t  t  -pl  l<Xs-}
- =  1 / ( 1 - o )

0 u a 1 l y :

g f p T )  =  N A X { x e n *  l x < t 1 * X . p ) }

= 3 t {x lo<x<t  
1 / (1 -p}  ) }  u { - } )

T h e s e  r e s u l t s  a r e  e a s i l y  u n d e r s t o o d  b y  t h e  f o l l o w i n g  g e o m e t r i c  i n t e r p r e t a t i o n  :

F ( X  )

a

b y  e l i m i n a t i o n  o f  t h e  v a r i a b l e s  X ,  a n d  X ,  ( a n d

a  e o n s t a n t  e x p r e s s i o n  p ) .

( F l  - ) @

1 + X . p l > X
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3.3  -  ?  CCl l3 l {?UCl  i r - t i j  0 f  l l ' i ! .  :  ) ' . r r r . r l4E SOLl . lT r i t  iS

f ' l o t e  t r - r a ' ;  t h e  p r e v i . : ' r s  c e f  i n i t i r n  o f  i - h e  f  i x e d  p o i r r t s  w a s  r r o t  c o n s t r u r : t i v e ,

r e m  2 . 4 , 5  p r o r , , i C ; : s  a n  a l 1 - . , r i t h n , i c  c , . , , . s i . r u c t i o n  b y  s u c c e s s i v e  a p p r - o x j , r n a t l o n s .

T h e  m ; p  F  j . s  c I e e r J 5 ' c o r t i n u o u s  s , l n . e  i t  i s  i n f i n i t e l y  d i s t l i b u t i v e  t h a t  i s

I  i  t ,  r - ' r  i n  ' . - .  i . ' r  ' . t  A  . " g  i , i . t v d  :

1  " M A X 1 z .  I  i c  i J  . p  - -  i ' 1 )  i 1  r X - . . p l i u . . )

-  T h e  d c s c r : n d i n g  a p p f . , > . l m : b i o n  s n q u e n c e  l e a d s  t r :  t h e  m a x i m a l  i i x e d  p o i n t :

XO

X l  =  F ( X o J  - .  1 , , o . p  =  o

* v 0

-  T h e  a s c e n d i n g  a p p r o x i r i r a t i o n  s e q u e n c e  l e a d s  t o  t h e  m i n i m a l  f i x e d  p o i n t :

X o  = 0

X l  =  F I X o ]  =  t + 0 . p  =  . 1

X 2 = F [ X l ) = 1 * 1 . p = 1 + p

X 3  =  F ( X 2 l  =  1 + ( . , 1  + p ) + p  =  { + p + p 2

x k  -  F ( x k - t J  =  l + p + p 2 + . . . * p K - t

T h e  l i m i t  " t ; ; ;  a s c e n d i n g  a p p r o x i m a t i o n  s e q u e n c e  i s  a n  i . n f i n i t e  s e r i e s ,  t h e  s u m  o f  w h i c h  i s

L f p t F ) = 1 / ( 1 - p ) .

-  T h e  c l a s s i c a l  g e o m e t r i c  i n t e r p r e t a t i o n  i s  t h e  f o l l o w i n g  :

F ( X  )

1 + X . p

' -  L fP t r l

A p p r o x i m a t i o n  S e q u e n c e  i  l t t l - p l

4. COPING l , l ITH INFINITE APPROXIMATION SEQUENCES

W h e n  a n  a p p r o x i m a t i o n  s e q u e n c e  1 s  i n f i n i t e ,  i t  i s  i m p o s s i b l e  t o  u s e  a n  i t e r a t i v e  r e s o l u t i o n

m e t h o d  t o  c o m p u t e  i t s  1 1 m i t  t h a t  i s  t h e  e x a c t  s o l u t l o n  t o  t h e  s y s t e m  o f  e q u a t i o n s .  I n  f a c t  t h e

p r o b l e m  o f  m e c h a n i c a L l y  c o m p u t i n g  t h e  l e a s t  s o l u t i o n  S e L n  o f  t h e  e q u a t l o n s  X = F ( X l  i s  i n  g e n e r a l

u n d e c i d a b l e ,  1 2 9 1 .  T h i s  d o e s  n o t  r u l e -  o u t  f l n d i n g  a l g o r i t h m s  f o r  c o m p u t i n g  S = L f p ( F l  f o r  p a r t i -

eu la r  F  and L .  Fur ther ,  i t  i s  fundamenta l  to  no te  tha t  an  app"or imat ion  o f  the  exac t  feas t  so-

l u t i o n s  t o  m e c h a n i c a l l y  u n s o l v a b l e  s y s t e m s  o f  e q u a t i o n s  c a n  a l w a y s  b e  a u t o m a t i c a l l y  c o m p u t e d  i 1 3 1 .

v lhe reas  t heo -

f n n  = n r r  r n -



W e  : . . : : r  : c r u g h l y  c . i r ; . ' l : y  t h e  I n e L : ' , . . . i s  f o r  c , - . r ! : ' 5  . . r i t h  i n F r r . i . - r  i p p r o \ 1 ' r ' , i . ;  r  s c q u . r n c f : :

f o l l . o w s  :

4.1  DIRECT RESOLUTION METHODS

4.1 .1  FORI4AL RESOLUTION

W h e n  F  a n d  L  p o s s c s s  t h e  n e c e s s a r y  a l g e b r a i c  o r o o e r t i e s  t h e  s y s t e m  o f  e q u a t i o n s  X = F I X J

m a y  b e  s o l v e d  f o r m a l l y  b y  e l i m i n a t i o n s  a n d  s i m p l i F i c a t i o n s .

F , t a n p l e  . '  T h e  l i n e a r  e q u a t i o n s  o b t a i n e d  i n  t h e  " p e : ' f o r m a n c e  e n a l y s i s  o f  p r o g r a m s "  m a y  b e  s o l v e d

b y  f o r m a l  s u b s t i t u t i o n s ,  s u c c e s s i v e l y  a o p l y i n g  s i m p l i f i c a t i o n  r u l e s  u n t i l  o b t a i n i n g  e q , - r a t i o n s

w h o s e  s o l u t i o n  i s  k n o r , l n .  T h i s  i s  t h e  m e t h o d  c o m m o n l y  u s e d  w h e n  s o l v i n g  e q u a t i o n s  b y  h a n d ,  T h i s

f o r m a l  r e s o l u t i o n  p r o c e s s  i s  i n  g e n e r a l  p r e s e n t e d  a s  a  s e q u e n c e  o f  r e d u c t i o n s  o f  t h e  p r o g r e m

g r a p h  b y  e l e m e n t a r y  t r a n s f o r m a t l o n s  ( e . g ,  [ 3 5 ] )  :

[0 ,

l r
t

ct F.{

l t r = t '  < :
(  F r = F ' * F u

4.L .2  SYSTEM 0F DIFFERENCE EQUATIoNS

L e t  S 0 , S 1 , . . . S K , . . .  b e  t h e  s e q u e n c e  o f  s u c c e s s i v e  a p p r o x i m a t i o n s  c o n v e r g i n g

t i o n  S  t o  t h e  s y s t e m  o f  e q u a t i o n s  X = F t X l .  T h l s  s e q u e n c e  i s  d e f i . n e d  r e c u r s i v e l y  b y

K n o w i . n g  S 0 ,  t h e  s y s t e m  o f  d l f f e r e n c e  e q u a t i o n ,  S k * l = f ( S K l  m a y  p o s s i b l y  b e  s o l v e d

a  f r t n n i J n n  I  n €  k  S k = S ( k ) .  T h e  s o l u t i o n  S  t o  t h e  e g u a t l o n s  i s  t h e n  l i m  S t k l .
K - ) @

h a v e  t h e  s o l u t i o n :  X ( k l = ( 1 + p K l / ( . 1 - p )  a n d  l i m
k + o

otherw ise  P= ' l  and then X(o l  = - .  End o f  Ecanp le .

I  
F ' = F "

{  t *  = t "

T h e  m e t h o d  1 s  a p p l l c a b l e  o n l y  w h e n  c o n s i d e r i n g  a o o r o p r i a t e  a p p l l c a t i o n s  ( u s l n g  a l g e b r a s  a l l o w i r g

t h e  a b o v e  f o r m a l  m a n l p u l a t i o n s )  a n d  e p p r o p r i a t e  p r o g r a m s  w h i c h  p e r m i t  a  s i m p l e  s i m p l i f i c a t i o n

a l g o r i t h m  ( i . e .  t h e  p r o q r a m  f l o w  g r a p h  m u s t  b e ' r e d u c i b l e " ) .  E n d ,  o f  E r a n p l e .

t o  t h e  s o l u -

s k ' l  = F I s k ) .

. ^ k
! o  g e t  5  a s

EeqnoLe . '  The l i .near  equat lons  ob ta ined in  the  'per fo rmance ana lys is  o f  p rograms"  may be  expres-

s e d  a s  d i f f e r e n c e  e q u a t i o n s  t [ 6 4 ] l  w h i c h  m a y  b e  a u t o m a t i c a l l y  s o l v e d ,  [ 1 0 ] .  F o r  e x a m p l e  t h e

e q u a t i o n  X = 1 + X . p  h a s  a  s o l u t i o n  X i o l  d e f l n e d  b v  :

l x ( o l  
=  o

.  {  x r k + 1 J  =  1 + X t k l . p

T h e s e  s i m p l e  d i f f e r e n c e  e q u a t i o n s

0 < p < 1  i n  w h i c h  c a s e  X @ ) = 1 / ( 1 - p ) ,

4.2 VERIFICATION OF PROPERTIES OF THE SOLUTION

G e n e r a l l y  s o m e  p r o p e r t i e s  o f  p r o g r a m s  m a y  b e  p r o v e d  t o  h o l d  w i t h o u t  f u l 1  k n o w l e d g e  o f  t h e

s o l u t i o n  S  t o  t h e  s y s t e m  o f  e q u a t i o n s  X = F ( X ) .  I t  s u f f i c e s  t o  p r o v e  t h a t  s o m e  p r o D e r t y  P ( S )

h o l d s  f o r  S .  S i n c e  t h e  s o l u t i o n  S  t o  t h e  s y s t e m  o f  e q u a t i o n s  i s  d e f i n e d  a s  t h e  l i m i t  o f  a n  a p -

p r o x l m a t i o n  s e q u e n c e  S o ,  S I = r ( S o l , . . . , S K * r = r ( x k ) , . . .  o n e  c a n  p r o v e  P ( S J  u s i n g  S c o t t ' s  i n d u c t i o n

r u l e  :

K ^p  = u  w n e n

a n dF r o m  t p ( s o l { { t v x t  p t x l }  : > { p t r r x l ) } } }  l n f e r  p t s l
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L  . - - : a l 1  i . i r . J l  : .  r f i t s t  l , , c  c t i L , : i , j n  s u t : h  r r i r , : i  - l  0  
=  F I S 0 l  t ,  , . . ]  S 0  * L i p i f '  j  s o  t h a t  S 0 = t r l  i s  a  c o n v e n i e n t

c l '  . . c e .  A l : , r  i '  r r u s t  b c  , n  " , : . 1 ; n i s s i h l i . "  , , r e d i c a t e  i r p e  e , g .  I C l - l )  )  r e m a i n i n J  t l u e  w l t e n  p a s s i n g

-  o  + h o  i i ^  j  |  t r i  ' ' r n 6 s : ' 1 y  " v e  s f r c j u l c  , , 1 , t , 1  r ,  L h e  s e c L r i r d  p r i p c i p l L  L r f  t r a n s f  i n i t e  i n d u c t i o n ,  [ 5 - l  .

' '  r A - -  { ' - - '  ' - ! r ^ ^  ^ - i n c i p l e s  ( 1 6  l , L 1 7 1 , l - z i 5 l , e t c . J  c a n b e  d e r i v e d  f  r o m  S c o t t ' s ' i n d u c t i o n  r u l e ,  [ 6 3 ] ,u u r i E r  r r r u r r u L r u r i  P r  J

4 .3  CONSTRUCTION OF APPROXIMATE SOLUT]CNS

G e n a r a l l y ,  t h e  a b o v e  m e t h o d s  a r e  n c t  f u l l y  a i r t . o m a t i z a b l e  s i n c e  i t  i s  u n d t i c i d a b l e  t o  s o l -

v e  t h e  s y s t . l r n  o f  e q u a t i o r r g .  H o w e v e r ,  j t  i s  a l w a y s  o c r s s i b l e  t o  m e c h a n i c a l l y  c o m p u t e  a n  a p p r o x i . -

r n a t i o n  o f  t i ; , :  o . < a c t  s o l u t j . o n .  T h e  a u p r o x i m a t e  s o l t r t i o n  w i l l  p r o v i d e  u s e f u l  i f  n o t  p e r f e e t  i n -

f  r : r m a t i o n .

E r o n p L e . ' T h i :  a p p l l c a t i o n  o f  t h e r u l e s o f  s i g n s  t o  p r o g r a m s  p r o v i d e s  a n  a p p r o x i m a t e  a n a l y s l s  o f

l h n ^ n  n n a - '  . ' r -  F - -  p ' ; , ' n 1 1  1  6  J _ h o  q r r q l  n m  n f  o n r r a f  - i  n r r q  n n n n o e n n n d i  n o  f  n  f  h o  n rL r l e s c  p l  O J  t  - . ; r J ,  T U I  . -  r l . o g f a m

x : = 1  ;  { 1 }  r . r h i l e  l 1 g =  . l o  i z }  x , = x - 2  { : }  o d ;

T h e  f a c t  t h c r t .  x  i s  n e g a t i v e  a t  p r o g r d m  p o i n t  { 3 }  i s  n o t  c a p t u r e d  b e c a u s e  o f  t h e  r u l e  :

A  m o t ' e  c a r e F u l  a n a l y s i s  t a k i n g  a c c o u n t  o f  t h e  a b s o l u t e  v a l u e  o f  x  w o u l d  b e  n e c e s s a r y  t o

v e r  t h i s  f a c t .  F o r  e x a m p l e ,  w e  m i g h t  h a v e  u s e d  t h e  f o l l o w i n g  e q u a t i o n s  o v e r  p r e d i c a t e s

X r  =  i  
f * ,  

=  *
X ,  =  i i r l i X .  t h e  l e e s t  s o l u t i o n  o f  w h i c h  i s  :  I  X ,  =  i

X ,  =  X r B ;  L x ,  =  i

P ,  =  ( x = 1 )  
f t ,  

=  t x = 1 1

P ,  =  P ,  9 l  P r  t i r e  s o l u t l o n  o f  w h i c h  l s  :  
I  

e r  =  ( x e { - 2 k * 1  l k > O } )
p ,  =  { J x ' l e r ( x ' )  a n d  ( x = x ' - 2 1 }  L r ,  =  t x e { - Z r - r l t t O } t

i e i = i

d i s c o -

f i o l v e v e r  t h e  a p p r o x i m a t l o n  s e q u e n c e  t h e  l i m i t  o f  w h i c h  i s  t h e  a b o v e  s o l u t i o n  i s  i . n f i n l t e .  T h e r e -

f o r e  w e  c a n  c o n s l d e r  t h a t  t h e  a p p l i c a t i o n  o f  t h e  r u l e  o f  s i g n s  i . s  a  w a y  o f  a p p r o x i m a t i n g  t h e

e x a c t  d o m a i n  o f  x .  T h e  a p p r o x i m a t i o n  i s  c o r r e c t ,  s i n c e  f l n d l n g  t h a t  t h e  s J . g n  o f  x  a t  p o i n t  { 3 }

i s  !  c o r r e s p o n d s  t o  t h e  p r e d i . c a t e  [ - @ < x < + @ J  w h i c h  i s  i m p l i . e d  O y  ( x e { - 2 k - f l f , > O i ] ,  s o  t h a t  n o n e

n f  f h e  n n s q i h l -  s t a t e s  o f  x  a t  o o l n t  { 3 }  d u r i n g  e x e c u t i o n  h a v e  b e e n  l e f t  o u t . 0 n  t h e  c o n t r a r y ,

s o m e  i m p o s s i b l e  s t a t e s  s u c h  a s  x = 5  h a v e  b e e n  p r e d i c t e d  b y  t h e  r u l e  o f  s i g n s ,  b u t  t h i s  i s  p r e c i -

s e l y  w h e r e  t h e  a p p r o x i m a t i o n  t o o K  p 1 a c e .

N o t i c e  t h a t  t h e  s a m e  i d e a  o f  a p p r o x i . m a t i o n  i s  e s s e n t i a l  i n  o t h e r  a b s t r a e t  i n t e r p r e t a t i o n s

s u c h  a s  c a s t i n g  o u t  o f  n i n e s  i n  a r i t h m e t i c ,  p a r i t y  c h e c k s  i n  h a r d w a r e ,  d i m e n s i o n a l  a n a l y s i s  i n

p h y s i c s . " .  :  t h e s e  t e c h n i q u e s  p e r m i t  a u t o m a t i c  v e r i f i c a t i o n  o f  s u f f i c i . e n t  ( b u t  i n  g e n e r a l  n o t

n e c e s s a r y )  c o n d i t i o n s  o f  t h e  t r u t h  o r  f a l s e h o o d  o f  a  p r o p e r t y , [ 5 6 ] .  E n d  o f  E r o n p l e .

DEFI I \ IT ION 4 .3 .0 . '1  A  propez , ty  pe  f  l ,E l  i s  sa i l  to  cor rec t ly  approx imate  a  p?ope?ty  PeL i f  and.

o n L a  L !  P E P .

THEOREN 4.3.0.2 Any post-fixed point X of F, that is sueh tlnt F(Xl EX eorz,eetly appro&unates

L fp (F )  "

? a o o f  . '  A c c o r d i n g  t o  t h e o r e m  2 . 3 . 6  L f p T l  =  l l { Y e L n l F ( Y l  E Y } .  B u t  s i n c e  F ( X l  E X ,  X  b e l o n g s  t o

t h e  s e t  { V e L " l F ( Y )  s  Y }  s o  t h a t  i t  i s  g r e a t e r  t h a n  t h e  g r e a t e s t  l o w e r  b o u n d  o f  t h i s  s e t ,  h e n c e

Lfp(F)Ex,. End. of Proof.

I t  t s  a lways  poss ib le  t o  mechan i ca lLy  comou te  a  pos t - f i xed  po ln t  t f  f .  f n t  p roo f  i s  t ha t

i t  su f f i ces  t o  t ake  the .sup remum o f  Ln  bu t  t h i s  cho i ce  i s  o f  no  p rac t i ca l  i n te res t .
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S i n c e  t l r e : , ! , i o . i  L  o f  c o l r . c ( e i , e  p r o D € : ' + i ; s  g e n e r a l i y  L c n t a i n s  i r r f i n i t e  a n d  c o m p l e x  o b J e c t s ,

. i  ;  r : y  b e  w i s r  t c  c l . o s e  d  r ; L r r - c ,  s i r n p i e  . o r . o  I  o f  a b s t r c < . . !  p r o p e r t a e s  w f r i c h  i s  a  s i m p l i f i e d

i n a ; ; e  o f  L .  T i r c r r  t h e  s y s t e t r ,  o l  e , l u a t i o n s  X = F [ X i  o n  L n  c a n  b e  m o d e l l a d  i n  L n  U y  a n  a p o r o x i m a t e

s , s  L : r ' r  n f  e q t r . ] l - i i r r s  X " i f  X t .  
' 1  

f ' c  i C c a  i s  t . h : t  L  a n O  f  c . a n  b e  c h o s e n  s i m p l e  e n o u g h  t o  a l l o w  a n

r : n s y  c : o i n D U t a t i l n  o i  d  c o r r € D t  i l D D r o x i m d t i . o n  o f  L f p ( F \ .

L e t  u s  f  i i s t  s , s i ; a b l i s h  t h e  c o r e s p o r d e n c s  b e t w e e n  t b e  a b s t r a c t  o r o o e r t i e s  L  a n c J  t h e  c o n -

c rc ta  p roper t i r : s  L  by  a  cone: : ' -1 - - . ' za tLon f iL rLc t t ' .on  f  wh ich  g ives  the  concre te  fo rm o f  any  abs t rac t

n r e r i i c a t e .

HYFOT}- IESIS 4  .3  .  I ]  ,3 Lis, r , r , lJ , l - l , t l , i l l  is  q eowlete Lat t iee,

t- t=l is a partl?J orJered set,

f :f-t L is monotone.

T h q  n n r r p s n n n . l n r , ' r  t e t W e e n  F  A n d  F  i S  e s l a h l i q h e d  h r r  .

| IYPCTHESIS  4 .3 .0 .4  (a l  -  F :Ln -  l - r r  i s  mono tone ,  F , t n * tn

( b l  -  v 7 € l - n ,  F t f  ( x  j ) E f  ( F ( x j ) .

A s  u s u a l  w e  " c o m p o n e n t w i s e "  e x t e n d  f  t o  I n  b y  t h e

T h c r e f o : - e  t h e  d i s : i n c t i o n  b e t v r e e n  f : t * L  a n C  f : t n * L n

4.3. i  STRUCTURAL APPROXII ' IATION

W h e n  t h e  s y s t e m  o f  e q u a t i o n s  X = f t X - t  c a n  b e  s o l v d ,  t h e  f o l l o w i n g  s c h e n e  i s  o f  p r a c t i c a l

l n t e r e s t  :

f  t  i = ; t x  I  - - -  R e s o l u t i o n - - - L f o t F )
|  

- ' l  
r

I  r ^  _
Aponoeunat ion f (LfpG))

I' r u t
I

L :  X = F ( X l  - - -  E r i s t e n c e  - - n l f p ( F )  ?

T h e  s o l u t i o n  L f p ( F l  e F  t h e  e q u a t i o n s  X = F t X l e x i ' s t s  b u t  c a n n o t  b e  m e c h a n i c a l l y  c o m p u t e d .

H o w e v e r  a n  a p p r o x j . m a t e  s y s t e m  o f  e q u a t i o n s  X = f t X l  m a y  b e  a s s o c i a t e d  w i t h  a n y  F  a n d  s o l v e d .  T h e

f o l l o w i n g  t h e o r s n  e n s u r e s  t h a t  L f p ( F )  E f t l f p f f ) l  s o  t h a t  t h e  c o n c r e t e  f o r m  f ( L f p G ) l  o f  t h e

a b s t r a c t  s o L u t i o n  L f p t F )  c o r r e c t l y  a p p r o x i m a t e s  t h e  i n a c c e s s i b l e  c o n c r e t e  s o l u t i o n  L f p F ) .

THE0REI1  4 .3 .1  .1  I f  I  i s  a  eomple te  La t t i ce  and r  i s  monotone then {L fp f f )s f f  i fp t f  l l } .

Pz 'oo f  . '  The ex is tence o f  L fp t r )  and L fp(F)  i s  s ta ted  by  theorem 2 ,3 .6 .  App ly ing  hypothes ls

4 . 3 . 0 . 4 . b  f o r  x = L f p i r )  w e  g e t  F ( f  t Z f p ( F ) ) l  s  f  t F ( L f p t F I )  =  l { L f p ( F J ) .  S l n c e  t ( L f p ( F  ) )  i s  a  p o s t -

f  i x e d - p o i n t  o f  F ,  t h e o r e m  4 . 3 . 0 . 2  i m p l i e s  t h a t  L f p ( F )  =  f  ( L f p f f ) )  .  E n d  o f  P z , o o f  .

I a ]

i b l

( c )

Exatnple

t 1

c a n  o e

to so-lv

t , ,
l p
\ ,
( P ,

l t .
I
\ p s

. ' T h e  a u t o m a t i c  a n a l y s i s  o f  t h e  B r o g r a m :

)  x : = O ;  { 2 }  w h l t e  x < n  d o  { s i  x :  = x + ?  { 4 }  o o ;  { 5 }

d o n e  b y  c h a r a c t e r i z i n g  t h e  s e t  o f  s t a t e s  < x , n >  a t  e a c h

o  t h o  o n r r a f i n n c  '

=  { . Q , o t }  [ x  i s  u n i n i t i a l i z e d ,  t h e  i n i t i a l  s t a t e  o f

=  { < 0 ,  n r  |  . x ,  n > e p ,  i  -
- . t -=  t < x , n > e  I P z U P r . J  I  l . x < n J J

=  t < X + Z ,  n >  |  < X ,  n > € P 3  J
. t=  t < x , n > €  [ H 2 u H 9 J  I  L x > n J ]

d e f i n i t i o n  f ( < X I , . . . , X n ' l  =  < f ( X r  1 , . . . , f [ i 1 n ) > .

i s  m a d e  b y  c o n t e x t .

p rogram po ln t .  There fore  we have

n i s c l
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i ' r ' c r oe r t i l r : ;  l : r t r  s t c ' c s  o i  i ; - , t ' - r i = ' :  <x ,n>  , ! i - ,  - r ' i r  X  r i r r i  i - i  ' r , - , - ' ;  i n i ege r ' l l  1 , . -  - r ! Jn l .  r a  ! i

t h i :  L t n i n i t i a l - i z cC  va lue .  l l en . : c  t n l t  se t  l . -  c i  , t r ' r pp r t i . : . i  . i . . ;  t he  po ! . J - t ' : : :  i ,  c l  { <x ,  : r : ' l > .

i t  i s  e  c o m p l " t e  l a t t j - c e  f o r  o r - d e r i n g  g  ( s e t  i n c l u s i n n l  a n d  j o i n  u  I s - q t  u n i o n ) .

T h e  r i g h t  h a n C  s i d e  o f  e q u a t i o n s  a i  e  f u n c t i o n s  o F  t h e  f o r m  :

: :  r C l i . : t t n - :

t  nu  {Q i  I . i ,

f  ( P r P 2 l  =  { V t x l  I  i x e  t e , u p r ) )  a n d i l ( x l } .

S u p p o s i n g  t  ( P r e  P i  )  e r n d  I P r s  P i )  )  w e  h a v e  [ [ X e  I P ,  u P r ) )  a i r d  { r i X ]  i  i m p l i e s  [ [ X e I P r ' u P i J  i  a r r d . , f  ( X )  ) ,

s o  t h a t  { x l t x . ( P ,  u P r )  )  a n d  r ! t X l i  s  i x l t x .  t r j u e i l  J  a n d  U ( X i } .  S i n c e  c 1 , ( X )  i s  a l w a y s  r e r ' i n e d  ( b y

t a k i n g  t h e  c o n v e n t i o n  t h a t  Q + 2 = Q  a n d  n o  o v e r f l o w  c a n  o c c u i ' )  t h i s  i n p l i e s  f ( P * F r ) g f t P f , P i )  s o

t h a t  t h e  f u n c t i o n  f  i s  m o n o t o n e .

T h e  s y s t a n  o f  e q u a t i o n s  l r 3 s  a  I e a s t  s o l u t i o n ,  w h i c h  c a n  b e  c o n p u t e d  b y  s u c c e s s i v e  a p p r o

x i m a t l o n s  s t a r t i n g  f r o m  t h e  i n i t i a l  a p p r o x i m a t i o n  P 1  = P 2 = P 3 ; = P + = P s = @ ,  I n  f a c t  t h e  d e v e l o p m e n t

o f  t t r i s  a p p r o x j m a t i o n  s e q u e n c e  i s  a l m o s t  i d e n t i c a l  t o  p r o g r a m  e x e c u t i o r r ,  w h i c h  i n  p r : c t i c e

c a n n o t  b e  c o n s i d e r e d  a s  a  s t a t i c  a n a l y s i s  o f  t h e  p r o g r a m .

-  I f  w e  a r e  i n t e r e s t e d  i n  i n i t i a l i z a t i o n  p r o b l e m s ,  w e  c a n  r e p r e s e n t  t h e  s e t -  o f  s t a t e s  b y

t h e  a b s t r a c t  l a t t i c e :

< T ,  Q > <T,1  >

t -

< 1 , Q > <0, i>

the  mean ing  o f  wh leh  i s  g i ven

f ( < r , r > l  =  I

r (  <x , ; l  =  t cx ,  n>  |  xey t i l

w h e r e  y ( Q ) = { 0 } ,  y ( i l = t r  ,  y ( r l

Tak i  ns  f .hc  nn  i  n t

d e f i n e d  w h e t h e r  a  t e s t

! a ^  ^ . ! - t ^ ' n  ^ f  - a ^ ! - - ^ !
L I  I E  O Y  D  L E I I I  U  I  O U >  L I  O L  L

P r  =  < Q , i > I n

h V  f h o  a n n n n o * i ? - + i o n  f U n C t i O n  :v t

a n O  n e y ( n )  l

= t r u { 0 }  a n d  l I  i s  t h e  s e t  o f  i . n t e g e r s .

o f  v i e w  t h a t  t e s t s  h a v e  n o  i n f l u e n c e  o n  i n i t i a l l z a t i o n  I t h a t  i s  i t  i s  n o t

i n v o l v i n s  a n  u n i n i t i a l i z e d  v a r i a b l e  w 1 1 1  b e  t r u e  o r  f a l s e  a t  e x e c u t i o n J

o n r r a | ' i n n e  i c  .

i s  l n i t i a l i z e d  o n  p r o g r a m  e n t r y )

. P ,  
=  < i , P r . n >

P 3  =  P 2 [ P , .

P .  =  < P - . x @ i .  P ^ . n >
+ 5 5

p  =  p  l l p' 5  ' 2 u ' 4

T h i s  s y s t e m  c a n  b e  s o l v e d  b y  s u c c e s s i v e  a p n r o x i m a t i o n s  s t a r t i n g  f r o m  i n i t i a l  a p p r o x i m a t i o n

^ 0  ^ 0  - 0  ^ 0  ^ 0P ; = P ; = P ; = P ; = P ; = < r _ , J _ > .  T h e  s o l u t i o n  i s  .  D  = / o  i \  D  - D  - c' ' r  2  3  ' ' q = P s = < i ' i > '

N o t i c e  t h a t  t h e  p r o b l - e m  o f  d e t e r m i n i n g  w h i c h  v a r i a b l e s  o f  a  p r o g r a m  a r ' e  i n l t i a l i z e d  i s  u n d e c i -

d e b l e ,  s o  t h a t  t h e  a n s w e r  w h i c h  i s  g i v e n  i o  t h i s  p r o b l e m  i s  e i t h e r  " y e s " ,  " n o " ,  " t h i s  p r o g r a m

p o i n t  i s  u n r e a c h a b l e  d u r i n q  e x e c u t i o . r " ,  o r  f i n a l l y  " w e  d o n ' t  k n o w  ! " .  T h e s e  d n s w e r s  c o r r e s p o r d

r e s p e c t i v e l y  t o  t h e  v a l u e s  i ,  0 , r  a n d  T .

<T,T>

< 1 ,  l >



- It'

c e  L = t 2 ,

r i / J  a i l  e  i n t . r : . ' t ) : l ' . r ' , j  i l - t

w h e r e  L  i s  r ; r 1 ' j - n l c i  b y

d e l . . i r ' : , ;  i r : . r l g  t n e  s i : i , .

t h e  f  e  . L  l o w i n g  H a s s e

: - :  i n f -  r ( . n  . , - j A f r l p -

' l i F t r a m  .

W9 l i : l i l  U S€ t h c  "  1 . r t t i -

o -

The  mean ing  i s  t he  f o l l ow ing  :

f  t < i , ; > )  =  {<x ,n>  |  xey t x )  and  ne .y (n - ) }

w h e r e  y ( r ) = i i l ] ,  y ( - l = { f 2 ,  - 1 , - 2 , . . . } ,  y ( 0 1 = { n , 0 } ,

y ( ; ) = { 4 , a , 1 , 2 , . . . } ,  y ( i t = r u { 0 i .  N o t e  t h a t  t h e

be  cond l t i ona l  t o  a  co r rec t  i n i t i a l i za t i on .

The  sys tem o f  abs t rac t  equa t i ons  l s  :

P l  =  < r , d >

P ,  =  < 0 , P ,  . n >

p '  =  p  i r  p' 3  '  2 "  ' +

P -  =  x - 1 e s s - t h a n - o r - e q u a l - t o - n I P . l  ]

P *  =  . P a  . 1 @  + ,  P 3  . n >

P u  =  n - 1 e s s - t h a n - x I P j  J

f t  t a k e s  a c c o u n t  o f  t h e  t e s t s ,  a n d  t h e  f u n c t i o n s  x - l e s s - t h a n - o r - e g u a I - t o - n  a n d

n - 1 e s s - t h a n - x .  c a n  b e  d e t e r m i n e d  b y  c a s e  a n a l y s i s ,  u s i n g  h y p o t h e s i s  4 . 3 . 0 . 4 . b  :

Hence

ot Ja

{ . x , n t  |  < x , n > e  f  [ < i , F > ]  a n d  ( n < x l ]  g  I ( n - 1 e s s - t h a n - x ( < i , n - > l  l .

l f  n - 1 e s s - t h a n - x ( < ; , D ) = < i ' , n - ' > ,  t h e n  i '  a n d  n - '  c a n  b e  c h o s e n  t o  b e  t h e  l e a s t  e l e m e n t s

s u c h  t h a t  :

Y x , n  :  { x e y ( i }  a n d  n e y ( i ' )  a n d  ( n c x J }  " = >

F o r  e x a m p l e ,  w e  g e t :  n - 1 e s s - t h a n - x ( . i , - t l

n - i e s s - t h a n - x t . i , ; t l

n - 1 e s s - t h a n - x [ < : ,  i > ]

y ( + ) = { f t , 1 , ? , . . . } ,  y t : l = { C l , o ,  - 1 , - ? ,  . . . } ,

r esu l t s  on  the  s igns  o f  va r i ab les  w i l l  a lways

{xey ( i '  )  and  ney tF  ) }
=  < ! ,  - >

=  q + ,  i ;

=  < 2 , _ >

n - 1 e s s - t h a n - x ( < - , i > l  =  < t , t >

e t c .

T h e  s y s t e m  o f  e q u a t i o n s  c a n  b e  s o l v e d  b y  s u e c e s s i v e  a p p r o x i m a t i o n s  s t a r t i n g  f r o m  t h e  i n i -

t i a l  a p p r o x i m a t i o n  e ! = e ! = e ! = p i o = p , l = p 3 = r .  T h e  r e s u l t  d e p e n d s  o n  t h e  i n i t i a l  v a l u e  q e T .  W e  g e t  :

p' 2

P

5

r .

f,

r '  t , ]

. < r , ( l >

< o ' c l >

< i , c i t

< i , 0 >

. i ,  o ,

n

< 1 , 0 >

< 0 , 0 >

< 0 ,  0 >

< + , 0 >

< + , 0 >

< J " ,  - >

< 0 ,  - >

< f ,  r >

<L , l_>

< 0 , - >

+

< 1 ,  + >

< 0 , + >

< i , + >

. i , * ,

1 + r * )

:

< t , : >

< 0 , : >

< 0 , 0 >

< + , 0 >

( + ,  - )

t

< r ,  l >

< u , + >
. :

( + , * )

( + ,  + )

< + , t >
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-  O n e the  a t rs t rac t I a t t i r : e  L  =  T 2 , ' w h e r e :

0 -

T- . \
/ \

evetn  (  >_ _ - \ , /
V
r

odd

l : r J  m e a n i n {  L  t  i - h e s e  d l s  :  r . r c t  p r o p - I ' L  i u s  i s  d e t e r m i n e d  b y  :

f  ( < i , n > l  -  { < x , n '  |  * u } ' ( i l  a n c  n c y t i )  }

w h e r e  y I r ] = i e ] ,  1 ( e v e n ) - { t l } r r { . . . - 2 , t ) , 2 . . . . } ,  y ( o c J d ) = { 0 } u { . . . - 3 , - 1 , 1 , 3 , . . . } , y t r ) = { A } u n .

T h e  c o r r e s  p o n : j i n g  a b s t l a c t  s y s t e m  o f  e , ; L t a t i o n s  i s  :

P ,  =  < r ,  c x >

P z  =  < _ e j : ! , P , . n t

p  =  p  i l p' 3  2 u  4

P u  =  . P g . x E e v e n ,  P r . n >

P  =  P  - P' 5  ' 2 u ' t +

N o t e  t h a t  t h e  t e s t  [ x < n )  b r j n g s  n o  l n f o r m a t i o n  o n  t h e  p a r l t y  o f  x  a n d  n .  B e c a u s e  o f  t h e  p a r i t y

r u l e  " e v e n E e v e n = e v e n " ,  t h e  l e a s t  s o l u t l o n  i s  :

P t  = < 1 , o 1 > ,  P z = P s  = P *  = P s = < e v e n , 0 , >

-  A  f a i r l y  c l a s s i c d l  c a s e  o f  p r o g : ' a n  a n a l y s i s  a n d  o p t i m i z a t i o n  o c c u r s  w h e n  c o n s t a n t  c o m p u -

t a t i o n s  a r e  e v a l u a t e d . t t  c o r n p i l e  t i m e .  F o r  a  p r o g r a m  u s i n g  m  v a r i a b l e s  t h e  l a t t j . c e  o f  a b s t r a c t

proper t ies  i s  t  =  ?m where  :

f l =  - b

The meaning is  g iven by :

f  ( < ; , ; > l  =  { < x , n t  l * . y ( i l  a n a  n 6 y ( F ) }

w h e r e  y ( r ) = { a } ,  y t i ) = { i , C I }  f o r  a n y  i n t e g e r  1  a n d  y ( r ) = t r u t n } .  T h e  s y s t e m  o f  e q u a t i o n s  i s  :

Pt  =  < l , c t>

P z  =  . 1 , P r  . n t

H 3  =  H 2 U r a

P , ,  =  . P 3  . x  O  2 ,  P 3  . n >

p  =  p  i l p' 5  ' 2 u ' l +

T h e  u n i o n  I  o f  t h e  ] a t t i c e  I  i =  d " f i n " a  u y  t t t - . 1  " = " I r = r ,  Y t . l , ) ,  t r I x = x i l t = " ,  V r . e [ ] ,

( i [ J  =  i f  i = J  t h e n  i  e l s e  r  f i ,  Y l , j e n  ] .  T h e  a b s t r a c t  a d d i t i o n  o p e r a t o r  @  i s  d e f i n e d  b y  :

( r E x = x s t = l - ,  Y x e [ ] ,  ( r 6 x = x e r = r ,  V x e t [ - { r } ) ] ,  t i e 3 = 1 + r ' ,  Y i , j e n ) .  N o t i c e  t h a t  l .  i s  i n f i n i t e

b u t  s a t i s f i e s  t h e  a s c e n d i n g  c h a i - n  c o n d i t l o n  ( d e f i n i t i o n  2 . 4 . 5 . J  s o  t h a t  a n y  a s c e n d i n g  s e q u e n c e

o f  c h a o t i c  i t e r a t i o n s  i s  g u a r a n t e e d  t o  c o n v e r g e .  T h e  s o l u t i o n  t o  t h e  a b o v e  e q u a t i o n s

P r = < r , o > ,  P z - - < 1 , a > ,  P s = P q = P s = < T , c t >  p r o v e s  t h a t  n  i s  c o n s t a n t  e q u a l  t o  { t s  i n i t i a l  v a l u e  o .

f t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  d e t e r m i n a t l o n  o f  t h e  c o n s t a n t  c o m p u t a t i o n s  i n  a  p r o g r a m  i s

u n d e c i d a b l e  s o  t h a t  t h e  a b o v e  i n t e r p r e t a t i o n  i s  n e c e s s a r i l y  a p p r o x i m a t e .  F o r  e x a m p l e ,  t h e

-2- 3



a p F i i r r - - i o n  o f  t r i s  l r , t r : r p r e t a i : r l  t o  t h e

( v : = ' l  ,  w : = 2 ,  x : = 3 ,  V : = 3 ,  ; _ : : = 0 J ;
w h i l e  . . .  d c--""';-

I w : = 2 * v ,  y : = y + ' 1  ,  z : = z - v ) ;
[ v :  = w - v ,  X :  = y + Z J  ,  -

o r j ;

w o u l d  d e t e r m i n e  t h a t  v  a n d  w  a r e  c o n s t a n l 5 e q u a l  t o  1  a n d  2  r , l h e r e a s  x  r v c u l d  n o t  b e  f o u n d  t o  b e
, D--) ^o ": t t t tpLe.

u u f  r J  L € l t  v ,  L t L q  u J  u J

N o t e  :  f n  p r a c t i c e ,  o n e  p a r t i c u l a r  i n t e r p r e t a t i o n  o f  t h e  p f o g r a m  i s  c o n s i d e r e d  t o  b e  i t s  s e -

m a n t i c s .  T h e n  s t r u c t u r a l  a p p r o x i m a t i o n  p r o v i d e s  a  f r a m e r v o r k  t o  D r o v e  t h a t  ( m o r e  a b s t r - a c t l  i n -
t p r n r o l ' a l _ i n n e  a F o .u e . p r e  - . - ; o r u e c t  w i t h  r e s p e c t  t o  t h i s  s e m a n t i c s .  A 1 s o ,  h y p o t h e s i s  4 . 3 . 0 . 4  i s  n o t  v e r i -

f l e d  f o r  e a c h  p a r t i c u l a r  p r o g r a m ,  b u t  i n s t e a d  i s  s h o w n  t o  b e  a  d i r e c t  c o n s e q u e n c e  o f  t h e  s y n -

i ' a ' + i n  " ' - ' J  t o  c o n s t r u c t  t h e  s y s t e m  o f  e q u a t i - o n s  f o r  e a c h  p a r t i c u l a r  p r o g r a i n .  T h e n ,  a

p r o o f  t h a t  h y p o t h e s i . s  4 . 3 . 0 . 3  a n d  4 . 3 . 0 . 4  h o l d  f o r  a n y  p r o g r a m  e n s u r e s  c o r r e c t n e s s .  E n d  o f  l l o t e .

4.3.2 COMPUTATIOML APPROXIMATION

The idea of strwctut 'al  appnoaination is general ized by computational apprort lnation. The

s p a c e  o f  p r o p e r t i e s  L  i s  m o d e l e d  b y  a  s i m p l i f i e d  a b s t r a c t  s p a c e  f ,  s o  t h a t  t h e  e q u a t i o n s  X = F ( X )

1 n  L  c a n  b e  r e f o r m u l a t e d  b y  X = f f X l  i n  f .  C o m p u t a t i o n a l  a p p r o x i m a t i o n ' t h e n  c o n s i s t s  i n  c o m p u t i n g l

a  p o s t - f i x e d - p o l n t  5  o f  f  .  T h u s  h y p o t h e s i s  4 . 3 . 8 . 3 . c  a n d  4 . 3 . 0 . 4 . b  i m p t y  F ( f  ( S l )  e f  t S l  s o  t h a t

a c c o r d i n g  t o  t h e o r e r n  4 . 3 . O . 2  L f p G )  E  f  ( S l  a n d  t h e r e f o r e  f  ( 5 )  c o r r e c t l y  a p p r o x i m a t e s  t h e  e x a c t

b u t  u n r e a c h a b l e  L f p ( F ) .  N c t e  t h a t  s t r u c t u r a l  a p p r o x i m a t l o n  l s  a  p a r t l c u l a r  c a s e  w n e r e  5 = Z f p t F ) .

T h e  p o l n t  l s  t h a t  t h e  c o m p u t a t l o n  o f  a  p o s t - f i x e d - p o i n t  o f  F  d o e s  n o t  r e q u i r e  f  t o  o r  a  c o m p l e t e

l a t t l c e  n e i t h e r  F  t o  b e  c o n t i n u o u s  n o t  e v e n  m o n o t o n e .

W e  n o w  l n t r o d u c e  a  p o s t - f i x e d - p o i n t  c o m p u t a t i o n  m e t h o d .  A  p o s t - f i x e d - p o i n t  p f p ,  ( F l  o +  f

can be computed by successlve approxlmations as the l imit of an aseend.ing strenghened sequtenee

fon  a  s t renghen ing  opeta tor '+F.  then we show how a  pos t - f i xed-po in t  e fn rC l  o f  F  can poss ib iy

b e  l m p r o v e d  t o  g e t  a  b e t t e r  a p p r o x i m a t i o n  t ( p f p r ( F ) l  o +  L f p G ) .  F o r  t h a t  p u r p o s e ,  o n e  u s e s  a

ttaneated deseend.ing sequehce for an au.ci l iary ope?ato? +n. tne intt lal  term in the truncated

d e s c e n d l n g  s e q u e n c e  i s  p f p t  t F )  a n O  t h e  1 1 m i t  o f  t h e  s e q u e n c e  i s  p f p z ( F l .  f n e  a u x i l i a r y  f u n c t i o n s

tF  and *F  are  used in  p lace  o f  F  to  ensure  convergence.  The schema is  the  foL lowlng  :

r-r l-=rtXl ----- Aseend'ing Stz'enghened- 
t 

" Sequenee fon tF

I
Appt orisnation

I
I
I

L :  X=F  (X  )  - - - - - - -  - - - - -  .E r i s tenee

___> -r- rFr ____ Deseending T'raneated
I/Jsl ( ' '  seqtence for, *F

4- rtr l
J  Y 2 t '  t

HYPOIfrESIS

( a )  -

( b l  -

4.3 .2 .1  Le t  +FzLn-Lnand SoeLn be  sueh tha t  . .  Vk>o,
i f  {sk=+FkrSo J  and no t  r r tsk l  = -sK) }  then

{ t s K E t r ( s \ l a n o  t r r s k l E t r c s k l t }  .

any  s t? ic t lA  aseend ing  eha in  o f  the  fo rm s0 ,  +Ftso) , . . . ,  +F l t tso) , . . .  i s  f in i te .

DEFINITION 4.3.2.2 An ascendlng st rengthened sequencb u i th in i t ia l  term S0 is  recuz,s iuelu

de f i ned  by  . .  { sk * t  = r r t sk )  i f f  no t  f r f sk t  =  sk t } .
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Gi: c enJ. Ln..i :; | !)e ng t ;t,2,!at:i tence is ; ' i r , . i t ;e ;  . i t t :  i . ini t  pfpt,{F,) is sueh

i ; | rc ' ,  
- | . !p tF l  

= l1p- i ) ; ,  iF)) .

: - ' r c : i  :  L e t  r ; r  : ' c  i h e  ( e v e n t r . r l i y  i n f j  r ' i L r j )  I c r r g t h  o f  L h e  a s c e n d i n g  s t r e n g t h e n e d  s e q u e n c e .  B y

c l  e i : i n i t i o n  4 . 3 . 2 . 2  i , v e  k n o w  t h a t  V K < r n  w e  i ' r : : v e  n o t  t p t s k l  E s k l  a n o  s k = t r k I S o J .  F t e n c e  b y  h y p o t h e -
k  - -  k  k + r  k  -  k  k  -  k

s l s  4 . 3 . 2 . 1  . a : , ' ' E  j F ( S ' ' l = S '  '  
N o w  n o t  I f - t 9 ' ) E S ' ' )  e i U r e r  i m n l i e s  t h a t  S " f  f  ( S " j  i n  w h i c h  c a s e

r i s l t l  =  t r ( s k l  i ; r r l i e s  b y  t r a n r i t l u l t v  s k A  q k * 1 ,  o r  e l s e  r t s k l  a n u  s k  a r e  n o t  c o r n p a r a b l e .  B u t

r , g a 1 . r  S k = S k * 1  i r '  - i r n n c s s i b l e  : i i r c e  o t h e r r . r i , ; 1  w e  w o u l d  h , , . r e  r ( S k )  E  r n t s k l = S k * t  = S k .
,  k + l

S i n c e  V l . < : r ; ,  5 ' E S ' '  
- ,  

t , l r e  a s c e n d i n g  s t r e n g t h e n e d  s e q u e n c e  f o r m  a  s t r i c t l y  a s c e n d i n g  c h a i n ,

- : c c n r J i n g  t o  f  r y r c t h e s i s  4 . , : r  . 2 . 1  , b  i t  m u s t  b e  f  i n i t e .

B y d e f i n i t i o n  4 . 3 . 2 . 2  L h e  l a s t  t e r m  S n t = p f p r  ( f l  o f  t h i s  s e q u e n c e  o f  s u c c e s s i . v e  a p p r o x i m a -

t i o n s  i s  s u c h  l . l r a t  f  t p f p t  i F )  I  E  T t f p r ( F ) ,  h e n c e  t Q f p r  t F l  )  c o r r e c t l y  a p o r o x i m a t e s  Z f a ( F ) .

End c,f F'roof .

h l n t s -  .  Q , , ^ ^ ^ - -  i  -  - r l  ^ r i  ^ ^  rL . v v o  .  J u p p u i e .  - . : t i . s f i e s  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n  a n d  F  i s  m o n o t o n e ,  t h e n  o n e  c a n  c h o o s e

+ F  t o  b e  F  a n d  S 0  s u c h  t h a t  S 0  = f ( S 0 l  i n  w h i c h  c a s e  t h e  a s c e n d i n g  s t r e n g t h e n e d  s e q u e n c e  i s

r n e r e l y  t h e  s e q u e n c e  o f  s u c c e s s i v e  a p p r o x i r n a t i o n s  2 . 4 . 4 .  H y p o t h e s i s  4 . 3 . 2 . 1 . b  i s  t h e n  e q u i v a -

len t  to  cont i rL r  iLy .  End o f  l loLe .

Er rnnp le  :  The ana lys is  o f  t l re  p rogram :

{ r }  x : = o ;  { z }  w h i l e  x < n  d o  { s }  x :  = x , z  { 4 }  o o ;  { 5 }

c a n  b e  d o n e  u s i n g  a n  a b s t r a e t  s p a c e  o f  o r o p e r t i e s  f - - T 2 ,  w n e r r  T  1 s  t h e  f o l l o w i n g  l n f i n i t e  l a t -

t i c e  o f  i n t e g e r  i n t e r v a l s  :

L =

I n  o r d e r  t o  m a k e  f  a  c o m o l e t e  l a t t i . c e  1 f  s u f f i c e s  t o  a l l o w  i n f i n i t e  i n t e r v a l  b o u n d s  - o  6 ; 1 i  + o .

T h e  i n t e r o r e t a t i o n  i s  :  l t < i , n - > J  =  { < x , n >  |  x e y ( I - )  a n d  n e y ( n l }  w h e r e  y ( r l = { Q }  a n d

y ( [ a , b ] )  =  i i  I  a < i < b ] u i A ] .

T h e  s y s t e m  o f  e q u a t i o n s  i s  :

P ,  =  < J - ,  I s ,  B ] >

P ,  =  < [ 0 , 0 J ,  P r . n >

P i  =  P " i l p , *  = . P z . x I p , . x ,  p r . n I p . . n t

P g  =  . P d . x l - l  [ - - , u U ( P i . n ) i ,  l - l . b ( P j  . x ) , + - l - F j  . n >
P *  =  . P j  . x + 1 2 , 2 ) ,  p 3 , n >

P s  =  . P j . x n  t m t p j  . n l + ' 1 , + - 1 ,  [ - - , u b t p j  . x ] - 1 . l F i e ; , n '



T h L l s . l  ' . l a , i l ' l i : i c n s  i t ' ; , . :  , - r :  I  u n i , r t l  , . 1  ,  .  . r - s e u r i - ; -  . ,  . - - , , i  l n ,  l ' ,  ; :  I  '  i e i i n . , l  ! : i i  i a t i i : 1 1 ' ! ' : t  r . f t  ' ' r i  :

I a , r ] : r i c , o . l  =  [ , r r i r r i r , : . i  , n r a x . i  r ,  i ]  i

t a , b l , l  t c , d l  =  i f  r n a x I a , c ]  - (  m i r i  I b , c i  ]  t h e n  I n a r x ( a , c J , m i n i n , d ]  I  , e l s e  - r  f  I
g b i I a , b ] l = a  ;  u b ( [ a , b ] l = b

I a , b , ]  * [ c , o ]  =  [ a + c , b , d 1

T h e  o n l y  n o n  o b v i o u s  e q u e t i o a s  = r e  P ,  a n d  P 5  t a k i n g  a c c r ) r - i n t  o i  t l r e  t - e  : t  x K n .  S u p ; - r o s e

a s x S b  a n d  c 5 n < d .  I f  x s n  i s  t r u e ,  t h e n  r r , . . c e s s a r i . l y  \ - i d  s o  t l , . r L  x e  t f  a , b l n  [  - " , , d - ]  J  a n d  : i n ' i 1 . r ' l y

a < n  s o  t h a t  n e ( t c , d ] f l  l a , * - l ) .  A I i k e ,  i f  x > n  i s  t r u e  t h e n  n e c c s s a r i l y  c < x  s o  t h a t

x e  ( [ a , b ]  I l  I c + ' 1  ,  + - ] l  a n d  a l s o  b > n  s o  t f r ; : t  n e  ( [ c , c J - ]  o i  
[ - * , b - 1 ]  I  .

T h e  i n i t i a l  i n t e r v a l  [ q , 8 . ]  o f  n  m a y  b e  g i v e n  b y  a n  i n p u t  p r e d i c a t e  s L r c h  a s  a  f o r m a t L r : d  i n -

p u t ,  o r  b y  a  t y p e  d e c l a r a t i o n  n e l c t , B l  w f r i c h  h a s  t o  b e  r u n - t i n r e  c h e c k e d  w h e n  t h e  i n i t i a l  v a l u e

o f  n  1 s  r e a d .  A  m a j o r  s i m p J j f i c a t i o n  s u c h  a s  i n  P A S C A L [ 4 9 ] ,  c o n s i s t s  i n  o ' r L h n r - i z i n g  o n l y  n r a n i -

f  e s t  c o n s t a n t s  f o r  b o u n d s  d e c l a r a t i o n ,  a f  t e r w a r d s  t h i s  w i l  l  ; r i r n i r l  s r r m h n l i e  n o m p u t a t i o n s .  ! ^ i e  w i l l

fo r  example  take  c !=-cq ,  B=10O0.

T h e  l e a s t  s o l u t i n n  ( f n r  n r r r e r i " o  { [ a , b ]  s  t c , d . l ]  1 : >  { c < a < b < d } l  t o  t h e s e  e q u a t i o n s  i s  :

P r  =  < 1 , [ - - , 1 0 0 0 ] >

P z  =  < [ 0 , 0 ] , [ - * , 1 0 0 0 ] >

P i  =  . [ 0 , t 0 0 2 ] , [ - @ , 1 0 0 0 ] >

P ,  =  < [ 0 , 1 0 0 0 ] , [ 0 , 1 0 0 0 ] >

P .  =  < [ 2 , 1 0 0 2 ] , [ 0 , 1 0 0 0 ] >

p s  =  < [ O , 1 O 0 Z ] , [ * ,  1 0 0 0 ] >

f t  1 s  o b v i o u s  t h a t  f  b " i n g  a n  i n f i n i t e  l a t t i c e  i t e r a t i v e  m e t h o d s  a r e  n o t  g u a r a n t e e d  t o

d l s c o v e r  t h i s  l e a s t  s o L u t i o n  i n  a  f i n i t e  n u m b e r  o f  s t e p s .  C o n s i d e r  f o r  e x a m p l e  t h e  a p p r o x i m a -

t i o n  s e q u e n c e  f o r  s o l v i n g  t h e  e q u a t i o n  x  =  [ 1 , t ] J  ( x * i t , 1 l l .  I t  i s  a n  i n f i n i t e  s e q u e n c e  t h e

f i r s t  t e r m s  o f  w h i c h  a r e  r ,  i 1  , 1 1 ,  L 1  , 2 1  ,  t 1 , 3 1 , . . .  a n d  t h e  l i . m i t  o f  w h i c h  i . s  [ r , - - ] .

S i n c e  a  c o m o i l e r  m u s t  n o t  e n t e r  a n  e n d l e s s  c y c l e ,  1 t  m u s t  a p p r o x i m a t e  t h e  l i m i t s  o f  p o t e n -

t l a l l y  l n f l n i t e  a p p r o x i m a t i o n  s e q u e n c e s .  F o r  t h a t  p u r o o s e  o n e  c a n  u s e  h e u r i s t i c s  w h l c h  i n d u c e

a n  a p p r o x i m a t i o n  o f  t h e  e x p e c t e d  1 1 m i t  f r o m  t h e  f i r s t  f e w  t e r m s  o f  t h e  s e q u e n c e .  T h e  s i m p l e s t

h e u r i s t i c  w h i c h  c a n  b e  u s e d  w i t h  i n t e r v a l s  l s  B r o b a b l y  t h e  f o l l o w i n g  :  i f  a  b o u n d  o f  a n  i n t e r -

v a l  i s  n o t  c o n s t a n t  t a k e  i t  t o  b e  i n f i n i t e .

To  pu t  in  p rac t ice  th is  heur is t i c ,  le t  us  in t roduce the  a iden i r tg ' l  o f  in te rva ls .  The empty

ln te rva l  . ' t .  i s  the  nu l l  e le rnent  o f  V ,  and o therw ise

[ a , b ] V  [ c , O ]  =  [ i f  c < a  t h e n  - -  e l s e  a  f i ,  i f  d > b  t h e n  + -  e l s e  b  f i l

The s t rengthened sys tem o f  equat ions  F=+f (FJ  is  ob ta j .ned by  mod i f i ca t ion  o f  equat lon  P j

( c o r r e s p o n d i n g  t o  a  l o o p  h e a d )  :

P j  = . P j . x v  ( p 2 . * i l e . . x ) ,  p j . n V  [ p 2 . n [ e a . n ]

N o t e  t h a t  t F  i s  n o t  m o n o t o n e  s i n c e  f o r  e x a m p l e  ( i 0 , 1 l E t O , + 1 )  a n d  ( l O , 2 l E - t 0 , 3 l l  d o e s  n o t

i m p l y  t h a t  [ 0 , 1 ]  V  t 0 , 2 1 = [ 0 , + - ]  i s  l e s s  t h a n  o r  e q u a l  t o  [ 0 , 4 : ' l  V  t 0 , 3 . l = t O , 4 l .  H y p o t h e s i s  4 . 3 . 2 . 1  . a

1 s  c l e a r l y  s a t i s f i e d  s i n c e  ( t a , b l I  t c , d l ]  €  ( t a , o l  V  t c , d l l .

T h e  a s c e n d i n g  s t r e n g t h e n e d  s e q u e n c e  i s  n o w  :

I n i t i 6 l i z a t i o n :

Ip l  =p9 =p i  o  =p .9  =p l  =p3 =<r ,  1>
L l  2  t



S t e :  r  :

n l  , .  < r , [ - - , 1 1 ] 0 0 - l >

i ' l  =  . [ 0 , 0 _ ]  , P 1  . n >

=  < [ 0 , 0 ] , [ - . ' , 1 C 0 0 ] >

F ' r  =  < P g ' 0 . x v  ( P |  . " I n l  . x ) ,  P - ' 0 . n v  i r l r . n I P l  . n J >

=  < r - v  ( t 0 , ! i I r ] ,  r v  t [ - * , 1 0 0 0 1 [ r ] >

=  < r  V  t 0 , 0 1 ,  I  V  [ - - , ' 1  C 0 0  ] >
=  < [ 0 , 0 ] , [ - - , 1 0 0 0 ] >

P ]  -  .P , ' 1  . x  t l  L  - - ,  uu tP j l  . n )  l ,  l  l , b_ tPJ r  . x  )  ,  * l  - 'P , ' r  . n t
J J

=  < [ 0 , 0 ] t - l  t - - , 1 0 0 0 1 ,  [ 0 , + o 1  n t - - , 1 0 0 0 : ]  >

=  < [ 0 , 0 ] , t 0 , 1 0 0 0 1 >

P l  =  . P l . x + ! 2 , 2 1 ,  P l . n >

=  < L 2 , 2 1 , [ 0 , 1 0 0 0 ] >

t ' ,  =  . p l t . x f l i l r r r n ; t . n J * 1 , + - 1  ,  [ - - , u b ( P j r  . x ) - t ] i l e j  I  . n >

=  < [ 0 , 0 ] i t - - , + o l ,  [ - o , - 1  ] t l  t - - , 1 0 0 0 1 >

=  < [ o , o ] , [ - - , - 1 - l >

S i n c e  n o t  ( i P l [ P l ] E P j I J  w e  h a v e  t o  g o  o n  s t e p  2  :

f  e ?  =  < [ o , o ] , [ - - ,  l o o o ] >, 2

I ' j z  =  . [ 0 , 0 ]  v  ( t 3 , 0 1  U 1 2 , 2 l l ,  [ - - , 1 0 0 0 ]  v  ( L - - , 1 0 0 0 1 [ I o , t o 0 0 ] l  >

=  < [ 0 , + o ] , [ - o , l [ [ U ] y

P r t  =  . l O , * - l n [ - - , 1 0 0 0 ] ,  [ 0 , + o ] n  l - - , t O O O l t

=  < [ 0 , 1 0 0 0 ] , [ 0 , 1 0 0 0 ] >

P ?  =  < t _ 2 , 1 0 0 2 1 ,  t o , 1 o o 0 l >

P 3  =  . t O , * * 1 f r  [ - o , + o ] , [ - o ,  r u  ] n  i - - , 1 0 0 0 1 >
=  i r [ , + o ] , [ - - , 1 0 0 0 ] >

No t i ce  t ha t  we  have  foun r l  p fp r (F )  s i nce  F [pJE  P  because  o f  ( (Pu2  Up?e-  e ;2 )  t na t  i . s

< L o , 1 o o z f , i - - , 1 0 0 0 1 >  E  < [ 0 , * - ] , [ - - , 1 0 0 0 ] > .  T h e  a p p r o x i m a t e  s o l u t i o n  i s  t h e r e f o r e  :

P l  =  <  r  , [ - - , 1 o o o : ] >

P 2  =  < [ o ' 0 ]  , [ - - , ' 1  o 0 o ] >

p j  =  < [ 0 , + o J  , [ - - , 1 0 0 0 ] >

P 3  =  < [ o , 1 o o o ] , I o , 1 o o o ] >

p q  =  < 1 2 , 1 O O 2 f , [ 0 , ' 1  0 0 0 ] >

P ,  =  < [ 6 , + o ]  , [ - - ,  1 0 0 0 ] >

T e r m i n a t l o n  i s  a l w a y s  g u a r a n t e e d  s i n c e  w i d e n i n g s  t a k e  p l a c e  a t  l e a s t  o n c e  a l o n g  e a c h  c y c l e  i ' n

the  graph o f  dependence o f  the  sys tem o f  equat ions  and fo rb id  in f in i te  s t r i c t l y  inc reas ing

cha lns  by  pass ing  to  j .n f in i te  bounds 112) .  End o f  Eaonp le .

f n  c a s e  F  i s  m o n o t o n e  t h e  l i m i t  p f p ,  t F t  o f  t h e  a s c e n d i n g  s t r e n g t h e n e d  s e q u e n c e  c a n  b e

c h o s e n  t o  b e  t h e  i n i t i a l  t e r m  o f  a  d e s c e n d i n g  a p p r o x i m a t i o n  s e q u e n c e .  I n  t a c t  F ( p 1 p r ( F l e p | o r t f l

a n d  L f p t F )  = f  ( p f p , ( r ) )  i . m p r y  L f p G )  E f t F K Q f r : - : F i l = t t p f p r t F l ) ,  V k > o .  T h e r e f o r e  i f  t h e  l i m i t

p f p r l E )  = . 1 i m  F K  t p f p . G ) J  e x i s t s ,  i t  1 s  a  b e t t e r  a p o r o x i m a t i o n  o f  L f f F )  t h a n  p f p ,  ( F J  ( a s  s o o n
t r ! . r - -  

_ k + _

a s  p f p r  ( F l  i s  n o t  a  f i x e d  o o i n t  o f  F J .

A g a l n  w h e n  t h i s  d e s c e n d i n g  s e q u e n c e  i s  i n f i n i t e  o r  i n  p r a c t i c e  s l o w 1 y  c o n v e r g i n g  w e  c a n

a p p r o x i m a t e  i t s  l l m i t .  N o t e  h o w e v e r  t h a t  d u a l i z l n g  t h e  a s c e n d i n g  s t r e n g t h e n e d  s e q u e n c e  w o u l d

n o t  b e  c o n v e n i e n t ,  s i n c e  i t  w o u l d  l e a d  t o  a  l o w e r  a p p r o x i m a t i o n  o f  L f p t F )  w h e r e a s  a n  u p p e r

a p p r o x i m a t i o n  i s  d e s i r e d ,  h / e  m u s t  h a v e  7 s ^ ( t r l = r ' ( ^ ? ^  r F r ;  s i 6 s g  w e  w a n t  t o  t a k e  a c c o u n t  o f  a l l. v J y ' ' ' = L \ Y J y 2 \ ' '

s t a t e s  w h i c h  c a n  o c c u r  d u r i n g  a n y  p r o g r a m  e x e c u t i o n .



HYPOTHESIS 1  .3  .2  .4  *  i l  '  i  
" *  

L  
n  

i s  mr , , tc  toner  .

- Let +F:Ln*t-n be such th.trt  :

.  Y s € t n , '  { r  t s l  e  s }  : t  { r  t s l  E  + F ( s l  . j  s }

t  e o € T l l  s t r t , c t l u  d . e s e e n i l i n g  e h a ' i n  o f  t h c  f o n n  S o e l n ,  + F t S 0 1 , . . . ,  + l . k { s o l ,

. . .  i s  f i n i t e .

DEFINIT ION 4 .3 .2 .5  A  t r r - rnca ted  descend ing  sequence a i th  in i t ia l  teym saeJ  sueh t / . t t : t :
L f p ( F )  = l ( F ( s 0 J )  a n d  r r s o t E  s o  i s  t , e c u t s i o e l u  c l e f i r e d .  b y  . .  s k * t = + r i s k t  i f f  s K l F ( s k l  a r d

sK l+F- (  sk l  .

T|- iEOREN 4.3.2.6 A truncated deseending sequelr.ce is f ini te, i ts Linit  pfo-ff)  is su-:7t b:t , i t

L f p F )  E r Q f p 2 G ) ) .

f u o o f  . ' L e t  p + 1  b e  t h e  I e v e n t u a l l y  i n f i n i t e )  l e n g t h  o f  t h e  t r u n c a t e d  d e s c e n r J i n e  q p n r  r p i ] e p -

A s s u m i n g  p > 0 ,  w e  p r o v e  b y  r e c u r r e n c e  o n  k  t h a t  :

F ( s k - ' )  E s k  E  s k - t  a n d  L f o ( F l  = f t s k l ,  V r < p

B a s i s  :  S i n c e F ( S o J E S 0  a n d  S o l F t S 0 )  w e  h a v e F t S o l e S o .  H e n c e  h y o o t h e s l s  4 . 3 . 2 . c  i , m o t i e s

r t s o  l € + F ( s o ) E  s 0 ,  m o r e o v e r  s o l + r t s o )  s o  t h a t  b y  d e f l n i t i . o n  4 . 3 . 2 , 5  w e  h a v e  F ( s 0 l E * F l s o )
= 5 r ; 5 0 .  B e s i d e s ,  L f p T l s f  ( F ( S o l ) s f ( s t )  b y  m o n o t o n y  o f  l .

fnduetion hyoothesis . .  Let us suppose that Vk<p we have :

F ( s k - t  )  E s k E s k - r  a n d  L f p ( F )  E  l ( s k )

w e  p r o v e  t h i s  1 s  a l s o  t r u e  f o r  k + 1 .  S i n c e  F  i s  m o n o t o n e  w e  h a v e  b y  t r a n s i t i v i t y  f t s k ) E S k  a n a

s i n c e  k < p  d e f i n i t i o n  4 . 3 . 2 . 5  i m p l i e s  F f s k t f s k ,  h e n c e  F ( S k ) E S k .  A c c o r d i n g  t o  h y p o t h e s i s  4 . 3 . 2 . 4

r t s k l  E * F - t s k t  E s k ,  b u t  a g a i n  s l n c e  k < o  w e  h a v e  + F ( s k l l s k  a n d  r t s k t  g + r t s k l = s k * r  E s k .  N o w

L f p G ) s f t s k l  t h u s  Z f p ( F ) E F ( f ( s R l l  s i n c e  F  i s  o r d e r - D r e s e r v l n g .  H y p o t h e s i s  4 . 3 . 0 . 4 . b  t h e n

i m p l i e s  t h a t  Z f p ( F )  s f ( F ( S K l )  t h u s  L f p ( F ) E l ( S k * l )  b y  m o n o t o n y  o f  f  a n d  t r a n s i t i v i t y .

F 1 n a 1 1 y  b y  r e c u r r e n c e  o n  k ,  t h e  t r u n c a t e d  d e s c e n d i n g  s e g u e n c e  i s  a  s t r i - c t 1 y  d e s c e n d i n g

c h a 1 n .  T h e n  h y p o t h e s i s  4 . 3 . 2 . 4  i m p l l e s  t h a t  p  i s  f i n i t e .  l " l o r e o v e r  f o r  K = D  w e  n a v e
Lfp(F)  E  f  (Sp)  = tQf?zGt t .  End.  o f  pz ,oo f  .

E e a n p l e . '  T h e  t r u n c a t e d  d e s c e n d i n g  s e g u e n c e  c a n  b e  d e f i n e d  b y  t a k i n g  + F = F  a n d  i m o o s i n g - a n  d r -

b i t r a r y  u p p e r  b o u n d  o n  l t s  l e n g t h .  H o w e v e r  i t  i s  b e t t e r  t o  s t o p  t h e  l t e r a t i o n  p r o c e s s  w h e n  t h e

aoorox imat ion  ls  found to  be  prec ise  enough.  For  examole ,  we can t ry  e l im ina t ing  in f in i te  bounds
o f  l n t e r v a l s  u s i n g  a  t r u n c a t e d  d e s c e n d i n g  s e q u e n c e  a n d  s t o p  i t e r a t i n g  w h e n  n o  m o r e  i n f i n i t e

b o u n d  c a n  b e  e l i m l n a t e d .

For  tha t  purpose 1e t  us  in t roduce the  nwou iq  L  o f  in te rva ls .  The emoty  in te rva l  r  i s

t h e  r u I l  e l e m e n t  o f  A ,  a n d  o t h e r r ^ r i s e  [ a , b ]  A  t c , d ]  =  l i f  a = - -  t h e n  c  e l s e  m i n ( a , c ]  f  i ,  i f  b = + @

t h e n  d  e l s e  m a x ( b , d l  f i l .

T h e  s y s t e m  o f  e q u a t i o n s  F = f i F t  i s  m o d i f i e d  i . n t o  F = + f t F ) b y  m o d i f i c a t i o n  o f  e q u a t i o n  p i

( c o r r e s p o n d i n g  t o  a  l o o p  h e a d )  :

P r '  =  . p r ' . x A  ( p r . * U p u . x ) ,  p , , . n A  ( p . . n I p n . n J ,

T h e  t r u n c a t e d  d e s c e n d i n s  s e n r r e n n p  i q  i n i t i a l l z e d  w j . t h  p f p , t h  3

f n i t i a l i z a t i o n :
- F f  = . r , [ - - , 1 0 0 0 ] >

P l  =  . t o , B l , [ - - , j 0 0 0 ] >

P r r o  =  . 1 9 ,  s l ,  [  - - , 1 0 0 0 ] >

P J  =  . t o , 1 o o o l , I o , 1 o o o ] >

P l ,  =  . L z , ' t o o 2 l , I o , 1 o o o ] >

P 3  =  . t  o ,  + o l ,  [  - o , 1  0 0 0  ] >
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P l  =  < r ,  [  - - ,  i r . ; ' i 0 ] >

P t ,  =  . t O , U l , [ - - , 1 0 0 0 ] >

P s ' t  =  . P 3 ' o . x  A  ( P r . " I p , l  . x ) ,  P r ' 0  . n A  t P ] . n i e ! . n ) '
=  < [ 0 , + - l  A  ( t 0 , 0 ] [  1 2 , 1 o t 2 ) ] ,  [ - - , 1 0 0 0 ]  A  ( [ - - , r 0 0 0 ] [  [ 0 , 1 0 0 0 ] ) >
=  < [ 0 , + - ] A  [ 0 , 1 0 0 2 ] ,  [ - - , ' 1  0 0 0 ] A  [ - - ,  j 0 0 0 ] >

=  < [ 0 , 1 0 0 2 ] ,  [ - - , 1 0 0 0 ] >

P l  =  . P r ' I  . x f l  [ - - , u o ( P j r  . n ) ] ,  l . ! u J r ; r . x J , * - l n  c ; r . n >
=  < [ 0 , 1 0 0 2 ] R [ - - , 1 0 0 0 ] ,  [ 0 , + o 1 n  [ - - , t O O O ] t  

-

=  < [ 0 , 1 0 0 0 ] , [ 0 , 1 0 0 0 ] >

p l  =  . p r t  . x + l 2 , z l ,  p l  . n >
=  < L 2 , 1 o o z l  , [ 0 , 1 0 0 0 ] >

P t u  =  . P J t . " n t ! , o f  P j r . n ) + 1 , + o l ,  [ - - , u b ( P j r . x ] - 1  1 f r e j  I  . n '
=  < [ 0 , ' 1  0 0 2 ] R [ - o , + o ] ,  [ - - , 1 0 0  1 ] R [ - - , 1 0 0 0 ] >
=  < [ 0 , 1 0 0 2 ] ,  t - o , 1 0 0 U 1 >

i t  i s  e a s y  t o  v e r i f y  t h a t  P f I p l = p i t  s o  t h a t  F t p l = p ,  t h e  t r u n c a t e d  d e c r e a s i n g  s e q u e n c e  h a s

e r g e d  t o  a  f i x e d  p o i n t  o f  f .  f t  h a p p e n s  t h a t  i t  i s  t h e  l e a s t  f i x e d  p o i n t  o f  f  O u t  i n  g e n e -

t h i s  i s  n o t  n e c e s s a r i l y  t h e  c a s e .  f t  i s  i m p o r t a n t  t o  n o t e  t h a t  b e c a u s e  o f  t h e  u n d e c i d a b l e

l o m c  n n m n i l o n c : n o  f a c e d  w i t h ,  t h e  a p p r o x j . m a t i o n  o f  i n f i r r i t e  i t e r a t j . o n s  i s  v a l i d  b u t  f u n -

n t a ) . 1 y  i n c o m p l e t e .  H o w e v e r ,  i t  s h o u l d  b e  c l e a r  t h a t  t h i s  i n c o m p l e t e n e s s  i s  a c c e p t a b l e  t o

i le rs  wh ich  never  need fu1 l  knowledge o f  the  prooer t ies  o f  the  programs.  End o f  Exanp le .

4.4 VERIFICATION OF THE CORRECTNESS OF AN EXACT OR APPROXIMTE SOLUTION

F i n a l l y ,  w h e n  t h e  s o l u t i o n  S  t o  t h e  e q u a t i o n s  X = F t X l  c a n n o t  b e  a u t o m a t i c a l l y  c o m p u t e d ,  i t

may be  prov ided by  the  programmer .  Yet ,  S  must  be  ver i f ied  to  be  cor rec t .

4.4.1 VERIFICATION OF THE CORRECTNESS OF THE EXACT SOLUTION

T h e  l e a s t  f i x e d  p o l n t  S  o f  F  m u s t  b e  p r o v i d e d  b y  g i v i n g  t h e  v a l u e  S [ k )  o f  t h e  g e n e r a l
k

t e r m  S ^  o f  t h e  a s c e n d i n g  a - p p r o x i m a t i o n  s e q u e n c e  S 0 , . . . , S K , . . . .  A c c o r d i n g  t o  4 . 2  t h e  p r o b l e m

i s  t h e n  t o  v e r i f y  t h a t  l i > o  s u c h  t h a t  {  t s t i t  E  F ( S t i l l )  a n d  ( S t i l  E  L f p G )  l }  a n o  Y r > i ,

S ( k + 1 1 = F ( S ( k l ) "  T h e  s o l u t i o n  S  t o  t h e  e q u a t i o n s  i s  o b t a l n e d  b y  p a s s i n g  t o  t h e  l i m i t  S = l i . m t S ( k l l .
K-+@

N o t e  t h a t  a c c o r d i n g  t o  t h e o r e m  2 . 5 . 4  t h e  a b o v e  v e r i f i c a t i o n  r u l e  c a n  b e  e x t e n d e d  t o  p e -

r l o d l c  c h a o t l c  i t e r a t i o n s ,  w h e n  t h e  p e r i o d  l e n e t h  i s  b o u n d e d .

4,4.2 VERIFiCATION OF THE CORRECTNESS OF APPROXIMATE SOLUTIONS

T n  n n a n r i n o  i t  m a y  b e  i . m p o s s i b l e  f o r  t h e  p r o g r a m m e r  t o  g u e s s  t h e  e x a c t  s o l u t l o n  S ,  a l -

t h o u g h  h e  m a y  b e  a b l e  t o  p r o v i d e  a n  a p p r o x i m a t e  s o l u t i o n  S .  T h e  p r o b l e m  i s  t o  v e r i f y  t h a t

S s S  f n  s p i t e  o f  t h e  f a c t  t h a t  S  i s  u n k n o w n .  B u t  a c c o r d i n g  t o  t h e o r e m  4 . 3 . 0 . 2 ,  i t  i s  s u f f i c i e n t

r n  ' o n i r "  + r " +  r r ( 1  E S .  T h i s  v e r i f i c a t i o n  r u l e  w a s  c a 1 l e d  f i x e d  p o l n t  l n d u c t i o n  b v  P a r k [ 4 8  ] .

5. APPLICATION TO THE DENOTATIONAL SEMANTICS OF PROGRAMMING LANGUAGES

l t l a t h e m a t i c a l  o r  d e n o t a t i o n a l  s e m a n t i c s  w a s  i n t r o d u c e d  b y  S c o t t  a n d  S t r a c h e y  ( t 5 2 7 , t 5 4 ) )

a n d  f u r t h e r  d e v e l o p e d  b y  s e v e r a l  a u t h o r s .  T h e  c o m p l e t e  d e t a i l s  a n d  a  g u i d e  t o  t h e  l i t e r a t u r e

m a y  b e  f o u n d  i n  [ 5 3 ] .
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5  .1  FUNCTIONS

S r r n n n q c  t h 3 j -  F r a c h  n r n q r a m  v a r i a h l e  t a k e s  i t s  v a l u e s  i n  a  d o m a i n  D  i n c l u d i n g  s o m e  s p e c i a l
l U i J P v J 9 - : . . ' - .

v a l u e  0  b / h i c h  i s  t h e  v a l u e  o f  u n i n i t i a l i z e d  v a r i a b l e s .

I f  t h e  p r o g r a m  h a s  n  v a r i a b l e s ,  w e  s h a l ]  c o n s i d e r  t h e  s t a t e  s p a e e  D n ,  a n d  d e n o t e

D t t ' = D h u i r , r ) .  D n '  i s  m a d e  a  c o m p l e t e  l a t t j . c e  u s i n g  t h e  o r d e r i n g  E ^ n ,  d e f i n e d  b y  :
v

1 5  ^ ,  f  E  , , ,  x  g  . , X  E  n , T E  . ,  r ,  Y X € D " .
D " 0 " D " D D

T h e  s e m a n t i c s  o f  a  p r o g r a m  P  i s  t h e  p a r t i . a l  f u n c t i o n  F o : D n + D n  c o m p u t e d  b y  t h a t  p r o g r a m .

T h e r e f o r e  i f  t l - r e  i n i t i a l  v a l u e s  o f  t h e  p r o g r d n  v a r i a b l e s  a r e  f 0 ,  t h e i r  f i n a l  v a l u e s  w i l l  b e

r :  f  t  -  I  : € t o n  o w o n r r t ' i n n  n f  f  h e  n r n q r a m  -I  o \ / \ 0 ,'  
^ "  u s u a l  a  p a r t i a l  f u n c t i o n  F : D n * D n  i s  c o n s i d e r e d  t o  b e  a  t o t a l  f u n c t i o n  F r D n * 0 o '  s u c h

n t  n l

t h a t  F i X ) =  r  w h e n e v e r  F ( X )  i s  u n d e f  i n e d  f o r  f . O n .  l " l o r e o v e r  w e  n a t u r a l l y  e x t e n d  F  t o  0 "  ' D "  b y

d e f i n i n g  F I r ] = r  a n d  F ( r J = r .
n '  ^ n  .  r -  ^ r  : ,  { y - X e n n ' ,L e t  u s  n o w  d e f  i n e  a n  o r d e r i n g  - c  f o r  f u n c t i o n s  1 n  D "  + 0 "  b y  :  t f -  E  G J  < '

F ( X l  g  .  G ( X ) )  o n d  ] e t  [ l  b e  t h c  c o r r e s o o n d i n g  l e a s t  u p p e r  b o u n d  o p e r a t i o n .
n n '

f - n  o " 0 " "  t o  v i s u a l i z e  t h e s e  o p e r a t i o n s ,  c o n s i . d e r  a  " p r o J e c t i o n "  o f  D n  o n  t h e  r e a l  o p e n

i n t e r v a l  1 0 , 1 t .  T a k e  r = 0  a n d  r = 1 .  T h e  " p r o j e c t i o n "  o f  t h e  o r d e r i n g  E ^ 6 ,  o n  [ 0 , 1  ]  i s  n o t  t h e

u s u a l  <  s i n c e  a n y  t w o  d i s t i n c t  p o i n t s  o f  0 n  a r e  n o t  c o m p a r a b l e .  
u

An examole  o f  comoarab le  funet lons  F  and G wou ld  be

F E G

A n  e x a n p l e  o f  u n i o n (non-comoarab leJ  func t ions  F  and G wou ld  be  :

5.2 FUNCTIOML EQUATIONS
-L " t  

u=  now def ine  the  syn tac t ic  mechan ism wh ich  permi ts  assoc ia t ing  a  sys tem o f  equat ions

w i t h  a n y  s e q u e n t i a l  p r o g r a m .

G o  t o  s t a t e m e n t s  a n d  L a b e l s . .  L e t  L  b e  a  c o n s t a n t  l a b e l  . . . { f r } ; t : { f } . i .  w h i c h  c a n  b e  r e a c h e d

s e q u e n t i a l l y  o r  b y  u n c o n d i - t i o n a l  j u m p  s t a t e m e n t s  { f r }  g o  t o  L l .  T h e  f u n c t l o n  c o m p u t e d  a f t e r

t h e  l a b e l  L  1 s  F =  U  F ,  w h e r e  o r e d ( L l  d e n o t e s  t h e  s e t  o f  p r o g r a m  p o i n t s  g o i n g  t o  L
k e P r e d  ( L  I  K

o f

FU G(X ' ]



2 7

r -.lt

- ' .  j . i 1 ! . . ' . . . : : , 1 + - [ \ l  n '  r t  v a l u c J

. , i r , o n  r ' ,  ! -  = F ^ t r  ' , c i -  r  * , . n n t i n ^ - 'r  
:  

' " ' l  u - r , ' 6  , ' r r r u L a u i t o r .

F ( X i  t o  n  v a r i a -

r  , - n r n n a  i  i i  n n  r l r  r r n -

X i s a

( t h e o r e m  2 . 4 . 4 J

to  theorem

i ;  ' '
' 1 -

t,s.;LElitteTt'r .; : i; l:,-i :' i:t :i

b l e s .  T h e  : i c r , r . - t n i i c . i  o  i

t e c i  D Y  " .

Ccvndit ional s tcLetttents . .  Th: semanti.cr; oi i i - i  i+'

F t - - ( 1 l P l " F  a r ' : . J  r : r = t r  I  n c t  o ) " F .

W e  d e n o t e  b y  r  t i r e  i d e r r t i t y ' i . u r i c t i o n ,  t i r , r t  i s  r I i ] = i ,  v F . g n ' .  I f  F : L ] n ' - g D '  i s  a  f u n c t i o n  a n d

P  a  p r e d i c a t e  { P : l l n  - { l r : . t j : , f : i 1 s e J l ,  h / r r  { J e n o t e  b y  i F i f , l  t h e  r e s i - r i c t i o n  o f  t h . r . F u r r c t i o n  F  t c

t h e  s u b s e t  o f  D r r '  t " t i ; ; , ; f i *  p . o d i . . t e  P ,  t h e r e l c i - e  :  v x , e D n ' ,  ( i  l p )  ( X l  =  j f  F ' t x l  t h e n

F  ( i l  e l s e  r  r i .

; " =  *  o u o r r  s o n e  u s e f u l

L l  { u n i o n )  a n d  |  [ r e s t r i c t i r n ] .  [ . i e

i s  a l u r a y s  t h e  i n f i m u m  o f  O !  A s

r  n ,  ^ , o F  
=  F o f  ^ r  - r  

=  1
D '  + 0 "  D "  + D "

r _ . , ,  . , ! J F  
=  F L l l  n ,  ^ ,  

=
D "  + 0 "  D "  - r 0 "

( F l t r u e )  =  r
t - l  ^  -( r l t a ] s e J  =  f  . ,  n l

D "  + 0 "

( G l P l " ( F l A )  =  ( s " r l e o n  a n d  Q )
t G l P ) " F  =  ( G " F l P o F l

G o ( F l Q l  =  ( G " F l Q l

F o ( . I I . G * )  =  I I  ( F o G . )
i e A  r  i € A  L

t , i  i l

p r o p , : r ' t i e s  o f  t h l  f u  n c t i o n a l  o p ' r e r a t i o n s  "  (  c o r n p o s i t i o n l  ,

d e f i n e  t  _ ,  ^ ,  t o  b e  t h e  c o r r s ; a r i . ;  f u n c t i o r r  w h i c h  r e s u l t

b e f o r e  n , " ' n o i " u  ( F l 0 - r  : n d  ( F l n t l  = F o ( F l n .

- o t  - n t
U  + U

F

5.3 EXAI'IPLE OF THE SEMANTICS OF I.IHILE LOOPS

A  w h 1 1 e  l o o p  s u c h  a s  :  w h i l e  P ( X l  d o  7 . * f ( X l  o d ;  o v e r  t h e  s e t  o f  v a r i a b l e s

t lc  denota t ion  o f  the  program schema :

{ o }  t o o p :  { t }  i r  p ( [ ) ' t n e n  { z }  x * F ( X )  { 3 }  g o  t o  t o o p ;  f i ;  { 4 }

r ts  semant ics  i s  g iven  by  the  leas t  f i xed  po in t  o f  the  sys tem o f  equat ions  :
t E  -  l

[ ' o  
-

l -

l  "  =  . o l t ,
(  F z  =  [ t l P ) o F r
I

I  
o ,  =  FoF,

\  o _  =  ( r l  n o t  p ) o F ,

The leas t  f i xed  po in t  i s  the  l im i t  o f  the  ascend ing  approx lmat ion  sequence

a lso  ca l led  K leenets  sequence in  th is  par t i cu la r  app l i ca t ion .  However  accord ine

2 . 5 . 3  w e  c a n  u s e  t h e  G a u s s - S e i d e l -  t r a n s f o r m  o f  K l e e n e ' s  s e q u e n c e  :

f n i t i a l i z a t l o n :

f  1 9  =  r .  i  =  0 . . 4
L  

j .  
D n ' * D n "

Steo--I :
F . l  -  .
l ' o  

-

I  e l  =  r l r t r o  =
I  .  u -  3  l U l  . , ,  . ,  

=  1  -

I  D + D

|  . l  =  ( r l e r " n f  =  ( r l n r . r  =  ( r l p l
l . -
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t

l ,

L  r i

S i o n  7

p.2

q

- 2
F _' 0

F -

' 2

r j = .' o
,  i - 1  k - 1

r J  =  
' ' l i  

t ( F l K l A N !  P . I i = ] 1 1
K = U  1 = r J

,  j - 1  u  k
F :  =  l I  ( i F ) K  I  n ' i D  p . t n l r J

K = U  A = L J

.  i - 1  k
r j  =  " t t ' ( ( F J k * ' f  

n n r n  e " t r t i t

. F . i ' .  . . F " ( ' , ! f , t  .  l , . l f l

=  t , l f , : .  p l " F i  -  t  L l  n o t  P i o r  =  t i l  n o t  p )

=  r ' i l r r t  =  , !  ( F l P l

=  [ r l r ] " F i  =  ( r .  l r , l " t r L  ( F l p l  =  ( t r l n ; o r l  L i { t r l R ) " ( F l p l )
=  (  r l  c l  L J  t F l F '  c r r d _ P o F l

=  r " t r l  =  F " ( [ r l r l l ( F l p a n d p " F ] l  =  t F l p ] L J t ( F l 2 l p a n d p o F l
=  ( t l  n o l P l " F i  -  l r l n o t p l . [ 1 r J  ( F l p ] )  =  t ( r l  n o t p J " r l U ( t r l n o t p l " ( F l p l l
=  (  r  I  r , o t  P )  L  ( l ' i P  a n d  n o t  P o F l

8 y  f i n d i r , g  t h s : e  f i r s l  f e r v  a p p r o x i m : r t i o n s  w e  a r e  l a d  t o  t h e  f o r m u l a s  :

( l - o n  i  .

k = 0 I - r ,

T h e s e  m a y  t h e n  b e  p r o v e d  t o  b e  c o r r e c t  u s l n g  m a t h e m a t i c a l  l n d u c t i o n  ( 4 . 4 . 1 )  t

-  f t  i s  f i r s t  easy  to  ver i f y  tha t  the  above fo rmulas  are  cor rec t  fo r  5=3,1  and 2  w i th  the

u s u a l  c o n v e n t i o n s  t h a t  . [ I . F . = r  - ,  ,  a n d  A N D  P . = t r u e  h o ] . d  w h e n  t h e  i r d e x l n g  s e t  A  i s  e m p t y .
i c A  1  D n ' - g n  l € A '  

i

-  Rep lac ing  the  unknowns in  the  r igh t  hand s ide  o f  the  equat ions  by  the  hypothe t ica l  va-

lues  o fs tep  j  we ge t  a t  s tep  J+1 :

{ a r
c J  

'  -  '' 0

_ i
F : =

r j t l  =' l

1 + t
' 3

i  - 1  k - 1
l l  t  ( F l K l f  n l r o  p o ( F ) t )  a r d  n o t  p . t F l k l

k = 0  f = 0

i r i l J - 1 k . { k ' - 1
r J o . t u r l ,  =  i u (  u  ( ( r ) k * t l n r i o e . t r t l l l  =  r u (  i r  r r r i k ' 1 n " r o p " ( F ) i l l-  

k = 0  i = 0  k ,  = 1  i = 0
( j * t  ) - t  u  k - 1

l I  ( ( F ] n l A N D P o t F ) ] l
k=0  T=E

r r l e r . r f * r  =  1 1 l p 1 o (  * , , . , - l X ; 3 p , ( F r l ) r  =  i , . 1 r , , r ( F l k l  l * 3 r . , r , t ,
k = 0  1 = 0  k = 0  i = 0

J  k  k  k - 1  [ j * 1  ] - ' t  k .  k
U  [ 1 " I F ] K l P " [ F ] K a r d ( A N D P o ( F ) 1 l l  =  U  f  t n t o l  n N o P o ( F ) 1 1

k=0  i=0  k=0  1=0

F , F j * 1  =  F . (  i  ( ( F l k l  n l n  p . ( F ] i ) r  =  *  , F . ( ( F r k 1  n f i n  p , ( r ] i r l
-  

k=0  i=0  k=0  i=0
( i * t  ) - t  k + 1 ,  k

I I  [ ( F ] K " ' l  n r u o  p " ( r ) t l
k = 0  i  = 0

I  n o t  P ) " r  *  t ( F ) k l  X ; 3  P " ( F r 1 r l
K = 0  i = 0

f l  , , ;  n o ,  p l " ( t F ) - 1  l - 3  p o ( F l i l  =  i  , r o I F ] k l (  n o t  p o ( F ) k )  . " ;  ,  l * l  r " ( F l i t l
k = 0  i = 0  K = 0  i = 0
t j * 1 1 - t  l .  k - 1

U  t ( F l  I G N D  p o ( F l r l  a n d  (  n o t  P . t F l K l )

{

k = 0
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: - l r e  g e n e r ' . i  i : . l i ' n  o f  t l r r :  L i l r L . r s s - S e i c l . r r  i , . - n s f o r ' f i r  o i l  r , l e e n e ' s  s = .  l u e n c e  g i v e r r  a t  s t e p  j  h o . :

L ; : r r  p r ' o v e d  t :  ! :  c o r r e c t  t : y  i : t r u r r e r i c : ?  o n  j .  T h e  l i r n i t  o f  K l e e r e ' s  s e q u e n c e  i s  o b t a i n e d  w h e r r

i + $ ,  s o  t f ' . r b  t h r  f u n c t j o l l  c o m p u t e d  b y  L n e  w h i l e - l o i o  s c h e m a  i s  :
'  o  r -  K - i

r i m r f  =  I l  ( t F l K l (  4 - n - ' l n " t F J 1 J  a n c  I n c t  P o  t F ] K ) l
j r -  k = 0  i = 0

5.4 APPLICA.T]ON TO A PROGRAM FOR COMPUTING 1, ,6-J

L e t  u s  c o r , r i d e r  t h e  f o l l o w i n g  p r o 3 r a m  I t a k e n  i n  [ + 4 1 ]  :

< x  , y  , z >  < -  < o , ' l  , 1 >  ;
ru!:f" y<a !g

< x ' Y , z >  +  < x + ' ' i  , Y + 7 + ) ' 7 + ) s ;
o d r

T +  ^ ^ - h , , + a ^  + ! -  - ' - !r L  u u l r p u L U b  L r d  r r r u g g € t  s q u a r e  r o o t  L y ' a )  o f  a  n a t u r a l  i n t e g e r  " a "  u s i . n g  t h e  a r i t f m e t i c  p r o p e r t y :

Y n e T l ,  1 + 3 + . . , + l 2 n - 1 ) = n 2 .  T h e  s e m a n t i c s  o f  t h i s  p r o g r a m  i s  t h e  f u n c t i o n  :  R = w h i l e o } . t  w h e r e  :

U  ( < x ,  Y , z > )  =  < 0 , 1 , 1 >
@  k .  k - 1  i

w h i l e  =  i J  t t F l o l  i n t t n  p " ( F l 1 )  a n d  ( n o t  p o ( F ) k ) l

k=0 
'  

T=0

w i t h  P [ < x , y , z > )  =  ( y < a )  a n d  t t i : ; U , z > ]  -  < x + 1 , y + Z + 2 ,  z + 2 > .  W e  h a v e  :

R  =  w h i t e o i l  =  f  U  t f r i k l  f A r u d e o ( r ) i )  a n d  ( n o t  P o ( r ) k l ) ) o u
k = 0  i = 0

o  k - 1
=  U  ( t t F ) K l ( A N O P ' I F ) 1 J  a n d  ( n o t  P o ( r ] K l ) o u l

k = 0  1 = 0
@ k-1

=  U  t ( F J K o u l  t n i l o  e ' ( F ) 1 . u J  a n d  ( n o t  P o ( F l  K o u ) )

k = 0  1 = 0

L e t  u s  c o m p u t e  ( F ) n " l r  f o r  n 2 0  :

( F l o o U = t o p = g = < g , 1 , 1 > .  I n d u c t i o n  h y p o t h e s i s  :  I F J J o U  =  < J , ( J * 1 ] " , 2 7 * 1 > .  T h e n  :
l + l

( F ) J - ' o U  =  < J + 1 , I j + 1 ) 2 * 2 J * 1 + 2 , 2 J + 1 + 2 >  =  < j + 1 , t i 3 * 1 ) , 1 ) 2 , 2 ( J + 1 ] + t > .  B y  r e c u r r e n c e  :

( F l n o u  =  < n ,  (  n + 1 ) z , 2 n + 1 > ,  V n > O  a n d  a l s o  P o  ( F ) n o u  =  f  ( n + 1  )  2 s a )  .

Subst l tu t lng 1n R we get  :
k -1

R  =  f i  t . r , ( k * 1  J 2  , 2 k + 1 >  l t n r r r o f  i + 1  l 2 < a J  a n d n o t  ( ( k * 1  l k a ) l
k = 0  i = 0

Slmpl l fy ing us ing the ar l thmet ic  property  :
k -1  k

(A t to (  r * t  ) 2<aJ  < :>  (n ruo  i 2s  a )  < :>  [  kzsa ]
T=0 @ I=T

W e  o b t a i n  :  R  =  I f  ( < k , ( k + 1 J 2 , 2 k + 1 > l r 2 s a < ( k * 1 1 2 1 .
k = 0

No te  t ha t  t he  p red i ca te  k2<a<(k+1J2  i s  t r ue  on l y  f o r  a  un ique  va lue  L / J l  o f  k ,  t he re fo re  R  s im-

p l i f i es  t o  :

R  =  (  I I  _  ( < k , I k * 1 J 2  , 2 k + 1 > l t a t s e ) )  l J  ( < L G l  , 1 G ] * t l " , z L G l * 1 ,  i t r " " t
klLr' a J

=  (  [ I I  J -  .  . ]  l J  t < L / ; J , t G ) n 1 ) 2 , 2 L G J , 1 > )
k lLG)  Dn ' *  Dn  

'

r '  
=  < t G J , l G t * t J 2 , z t G ) * 1 ,

whlch is  the expected resul t  o f  the program.
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5.5  REMARKS

Remark 7 : inplicit ot' explicit sematrLi'.cs of cornnaruis;.

There  are  two ways  o f  express ing  the  sernant ics  o f  the  s l i ]g  command :  wh i le  p (X l

1 .  ' t s ta t i c t t  ov '  inp l i c i t  Cef in i t ion  :  The func t ion  conputed  by  the  wh i re  command
F u [ o )  o f  t h e  l e a s t  s o l u t i o n  < F r [ - ) , F , r ( - J >  t o  t h e  f u n c t i o n a l  e q u a t i o n s  :

. i n  Y + t r f  V l  - , f  ,

i s  t h e  t e r m

J r ,  
=  r L J ( ( F l i l . r r l

l  F u  =  [ r l  n o t  P ) o F ,

2" "dgranie" or erplicit definit ion : The function computed by the while command is :
@  ' -  K - ' l

I l  t  t F l  
o l  

tR run  e "  (F )  i l  and  fno t  po  (F ]  k l  l
k = 0  i = 0
T h ^  - , , ^ ^ + i  ^ -u r e  q u e s r l o n  o f  w h i e h  o f  t h e  t w o  ( e q u i v a l e n t J  d e f i n l t i o n s  i s  t h e  m o s t  u s e f u l  f o r  e x p r e s _

s i n g  t h e  s e m a n t i c s  o f  w h i l e  c o m m a n d s  i s  a  p o l e m l c a l  o n e  ( t 1 B l ,  t z 4 J J .  H o w e v e r  b o t h  a p p r o a c h e s
a r e  c o m p l e m e n t a r y  a n d  h a v e  t h e i r  e q u i v a l e n t  i n  m e c h a n i c a l  s c i e n c e s  w h i c h  e x p r e s s  t h e i r  l a w s
in  two equ iva len t  ways  I  a  dynamic  lau l  express ing  tha t  a  quant i . t y  i s  func t ion  o f  the  t ime
( e ' g '  f o r e e  F = m . d v , / d t J  a n d  a  s t a t i c  1 a w  e x p r e s s l n g  t h e  c o n s e r v a t i o n  o f  s o m e  q u a n t i t y  I e . g .  c o n -
s e r v a t i o n  o f  t h e  m o m e n t u m  m . v ) .

Renark 2 : fontard and baehtard equations.

As  no ted  in  paragraph 2 .6 .2  backward  equat ions  can be  used ins tead o f  fo rward  ones .  A  backward
sys tem o f  equat ions  may be  ob ta ined by  the  backward  ru les  o f  lY lacCar thy [411.  The semant ics  o f
a n  a s s i g n m e n t  s t a t e m e n t  { F l }  X * f ( X )  { f . }  i s  g i v e n  b y  F l  =  F 2 o F .  T h e  b a c k w a r d  r u l e  f o r  a  c o n d i _
t l o n a l  s t a t e m e n t  { r , }  i r  p { F l  t t r e n  { n r } . . .  e l s e  i r r } . . .  f i ;  i s  F ,  =  ( F a l e t U  f r r l n o t p ) .  F i n a l l y
a n  u n c o n d l t i o n a l  3 u m p  { F r }  g o  t o  L ;  t o  a  c o n s t a n t  l a b e l  L : { f } . . .  l e a d s  t o  F - = F .  A p p l y i n g  t h e s e
backward  ru les  to  the  wh i le  loop schana :

{ P }  t o o p :  { n , }  i r  p t l l  t n e n  { r r } F * r 1 y ;  { r r } ;  g o  t o  l o o p ;  r i ;  { F n }
we get  :

l Y = l - 1
I
t -

l t r  
= r t

{  r ,  =  , r z l p J  u  ( F f  I  n o t  p J
I
I  F "  = F - o F
I ' J

\ F u = ,

w h l c h  s i m p l i f i e s  l n  :  g  =  t g " F l  p ) U  ( r  I  n o t  p ) .

T h l s  f u n c t l o n a l  9 ( X J  =  i f  P ( X l  t h e n g ( F ( X l )  f i  i s  o f t e n  u s e d  f o r  t h e  s e m a n t i c s  o f  t h e  w h i . l e
l o o p  ( e . g .  l 4 4 l l .  t n e  s o l u t i o n  t o  t h l s  b a c k w a r d  f u n c t l o n a l  g - =  f i  f f o a t t  f h n r 3 p o t F l l l  a n d
( n o t P o ( F ) " l l  i s  t h e  s a m e  a s  t h e  o n e  o f  t h e  f o r w a r d  e q u a t i o n s .  k = 0  i = 0

pJ" . "n" "  fo r  fo rward  or  backward  equat ions  J .s  genera l l y  a  mat te r  o f  tas te ,  [ .18 ] .

6. APPLICATION TO LOGICAL ANALYSIS OF PROGRAI4S

L o g i c a l  a n a l y s i s  o f  p r o g r a m s  [ 1 5 ] , 1 2 7  l J  c o n s i s t s  1 n  e s t e b l i s h i n g  t h e  l o g i c a l  i n v a r i a n t

asser t ions  cor respond ing  to  the  program wh ich  nex t  can  be  used to  ver l f y  the  program wl th  res-
p e c t _ t o  a  s p e c l f i c a t i o n  o r  t o  p r o v e  t h a t  t h e  p r o g r a m  c o n t a i n s  a n  e r r o r .

6.1 LOGICAL PREDICATES

In  th ls  in te rpre ta t ion  abs t rae t  p roper t les  w i l l  be  log ica l  f l r s t  o , rder
over  the  se t  X  o f  p rogram var iab les  and the  se t  F  o f  ln i t ia l  va lues  o f  these

X  a n d  F  a r e  t h e  f r e e  v a r i a b l e s  l n  t h e  n r e d i n a t e  p -

n r o d i n a l - o c  P f V  V )

n n n g r a m  r r a r i : h l  o c



3 i

T i r e  , : s s e r t i o n  P .  ( r , X J  a s s o c . . ' : i r : . 1  t . r i t h  a  p r - . - i i r t  i  o f  t h :  p r o g r a m  c a n  b e  t h o u g h t  o f  a s  d e s -

c r i h i n 3  t h e  v a l u e s  X  w i i c h  t h e  p r - u g r a m  v a r ; r r i r l e s  w i l l  t a k e  a t  p r o g r a m  p o i n t  i  d u r i n g  a n  e x e c u -
+ . ' ^ ^  - . + . - + l ^ -  . , i + LL t ! , 8  w a L , ,  a r r  i n i t i a l  s t a t e  X  o f  t h e  p r o g r a m  v a r i a t r l e s

T h e  s e t  o f  p r e d i c a t e s  P ( X , X l  f o r m -  a  c o r ; r p L e t e  l a t t i c e  ( r , r , r , [ J , l - | , f [ , U )  U y  c h o o s i n g  r e s p e c -

t i r r c l  v  |  : >  -  f a l  s e -  t r u . , ,  r t r . ,  a n d , 0 R , A | ' i D l  .

6.2 SYSTTM OF LOGICAL FOR}IARD EOUATIONS

W e  u s e  t h e  d e n n t a t i o n  { P ( X , x l }  s { 0 t x , X l i t o  m e a n  t h a t  f o r  e v e r y  X ,  x ,  i t  p t X , X )  h o l d s  p r i o r

t o  e x e c u t i o n  o f  t h e  s t a t e m e n t  S  t h e n  A ( X , X l  i s  t h e  s t r o n g e s t  p o s t - e o n d i t i o n  s u c h  t h a t  t h e  s t a -

t e m e n t  S  f a u l t l e s s  e x e c u t e s  a n d  p r o p e r l y  t e r n , i n a t e s  l e a v i n g  t h e  p r o g r a m  v a r i a b l e s  i n  a  f i n a l

s t a t e  s a t i s f y i n g  Q .

A n a ^ r ' 1 j ^ -  + ^  t h e  d e d u c t i v e  s e m a n t i c s  o f  p r o g r a m m i n g  l a n g u a g e s  [ [ 1 8 ] , t 1 s l , l 2 7 f ) t n e  f o l l o w i n gI E  L U  I

- " r  ^ -  ^ ^ -  ' ^  ! -  - - ^ a . i a t o  a  e r r c l - o m  - +  e g u a t i O n S  l . l i t h  a n y  S e q u e n t i a l  p f O g r a m  :

P r o g r a n  e n t T A  p o i n t  :  { t x r = v r ) , i = ' 1 . . m } .  T h e  r e s p e c t l v e  i n i t i a l  v a l u e s  o f  t h e  v a r i a b l e s  x r , . . . ,

x  a r e  t h e  s v m b o l s  V i , . . . , v , n .  T h e  v i  m a y  e v e n t u a l l y  b e  Q  d e n o t l n g  t h e  u n i n i t i a l i z e d  v a 1 u e .

A s s i g w n e n t  s t a t e m e n t s  r  { P }  1 : = E  { l i ' l P I i * i ' ]  a n d  t i = E t i < - i ' l ) ]  ;  w e  d e n o t e  b y  c r ( x + y )  t h e  c o p y

o f  o  i n  w h i c h  e a c h  o c c u r r e n c e  o f  t h e  v a r i a b l e  x  i s  r e p l a c e d  b y  t h e  v a r i a b l e  y .  T h e  a b o v e  r u l e

must  be  enr iched i f  one wants  to  take  account  o f  the  fac t  tha t  the  eva lua t ion  o f  E  may fa i l .

? e s t  s t a t e n e n t s  :  { p }  i r  0  t h e n  { P a n d  Q } . . .  e l s e  { p a n d  t n o t Q ) }  . . .  f i ;

Go. to statements and Labels :  L:{ 0R p }' ' r . # o r l t ' i " "

Note : Suppose that the meanlng of each statement S is given by an openational semantics : a

s t a t e  t r a n s i t i o n  f u n c t i o n  T =  d e f i n e s  f o r  e a c h  i n p u t  s t a t e  t X , f t  t f r e  o u t p u t  s t a t e  T = ( X , f )  r e s u l -

t ing  f rom execut lon  o f  the  s ta tement  S .  The d .eduet iue  sanant ics  cons t i tu tes  u  " t r rJ tu ra l  appro-

x l m a t l o n  o f  t h e  o p e r a t i o n a l  s e m a n t i c s ,  t h e  c o n c r e t i z a t i o n  f u n c t i o n  f  b e i n g  f ( P l  =  { f x , I ' t l p f X , x l } .

A c c o r d l n g  t o  h y p o t h e s i s  4 . 3 . 0 . 4 . b  t h e  r u l e  { p , } S { p . }  t f r a t  l s  P . = D o ( P , )  m u s t  b e  v a l i d a t e d  b y
l ' U U J I

s h o w i n g  t h a t  f o r  a n v  P ,  w e  h a v e  T S ( f t P I l )  s  f ( D r ( P r J ) .  H o w e v e r  t h j . s  v a l l d a t i o n  i . s  t o o  l i b e r a l

s i n c e  l t  d o e s  n o t  r e q u j . r e ' t h e  d e d u c t i v e  s e m a n t i c s  t o  b e  e q u i v a l e n t  t o  t h e  o p e r a t i o n a l  s e m a n t i c s .

l ' l o re  p rec ise ly  in  o rder  fo r  te rmina t ion  o f  p rograms to  be  provab le  w i th  the  fo rmal ism o f  the

deduct ive  semant ics ,  one must  a lso  show tha t  the  opera t lona l  semant ics  i s  a  s t ruc tu ra l  approx i -

mat ion  o f  the  deduct ive  semant ics .  The concre t iza t i .on  o f  a  se t  o f  s ta tes  o  i s  the  charac ter is -

t 1 c  p r e d i e a t e  f - I ( o )  o f  t h i s  s e t ,  t h a t  i s  { x c o } < : > l - t ( o l t x l . T h e  s t a t e  t r a n s i t i o n  f u n c t i o n  T =

l s  v a l l d a t e d  w i t h  r e s p e c t  t o  t h e  r u l e  { P r }  S { e O } t n a t  i s  p . = D r ( p r )  b V  s h o w i n g  t h a t  f o r  a n y  s e t

o f  s t a t e s  6  w e  h a v e  D c [ f - 1 ( o ] l : >  f - l t T . t o ] ) .  F i n a l l y  e q u l v a l e n c e  o f  t h e s e  s e m a n t i c s  i m p l i e s

{ Y e , , r " t r t p , ) ) = f ( 0 " ( p ] l t }  o "  { Y o . o ^ ( f - 1 i o l l . : ' r - r I T o I o )  ) I  .  E n d  o f  N o t e .r  r  r  S ' ' I , , '  " '  " " ' " S '  ' S ' - '

We w111 i l lus t ra te  the  above ru les  fo r  the  very  s imp le  p rogram (over  the  in tegers

g *  = g  u { f , } )  :

{ p r  }
w h i l e  x > y  d o

{ P 2 } -

/  x :  = x - y ;
f o  lU  t r

o d ;
1 r r  J

Rewr i t t ing  th is  p rogram 
.segment  

w i th  b ranch and tes t

w a r d  r u l e s  w e  g e t  a  s y s t e m  o f  e q u a t i o n s  w h i c h  c a n  b e

f d . g . 6 . 2 . a

p r i m i t i v e s ,  a n d  a p p l y i n g  t h e  l o g i e a l  f o r -

s i m n l  i f i c r i  a s  f n l  l n w s  :



F ,  =  ( x - > < o , ) . :  r : i  ( y = y o l

P ,  =  ( P r  o r  i l  )  a n d  ( x > 1 " )

P 3  =  { l x ' e n * l e r I x ' J  a r r r i  t x j x ' - y ] ]

P u  =  [ P ,  o r  P ,  )  a n d  ( x c y )

f i g . 6 . 2 . b

6.3 OPTIMAL INVARIANTS

A c c o r d i n g  t o  t h e o r e m  2 . 3  . 6  t h e  s y s t r : r n  o f  e q u a t i o r r s  f i g , 6 . 2 . b  o f  t h e  f o r m  f ' = F { P J  h a s  a
^ " t  

f  t e a s t  f o r  o r c l e r i n a  E ,  t h a t  i s  = + , l .  S i n c "  P c P t  i s  t h e  i n F i r r ' u m  o f  t h el e a s t  s o l u t i o n  P " P '  ( l e a s t  f o r  o r d e r i n g  g \  t h a t  i s  = + u ) .  S i n c e  P - ' - -  i s  t h e

n n m n t e i e  I a t i i e e  n f  f i x e d  p o i n t s  o f  F  w e  t r a v e  { V f l P = F ( P ) } ,  p o P t : , P .  T h e r e f o r e , u e  c a l l  P o P t

the  se t  o f  op t ineT-  inuar ta r t ts  s ince  they  imp ly  any  o ther  so lu t ion  to  the  sys tem o f  equat ions '

T h e  o p t i m a l  i n v a r j . a n t s  P o P t  u . "  t h e  l i m l t  o f  a n y  c h a o t i c  t r a n s f o r m  o f  t h e  a s c e n d i n g  a F p r o -

x i m a t i o n  s e q u e n c e  s t a r t i n g  f r o m  t h e  l n f i m u m  f a l s e  :

I n l t i a l i z a t i o n :

I  P l  =  f a ] s e ,  i = 1  . . 4
a 1

Step 1  :

e l  =  J " = r o )  a n d  I y = y o )

e !  =  t e l  o r P r o )  a n d  ( x > y )  =  ( P l  o r f a l s e )  a n d  ( x > y )  =  ( x = x o J  a n d  ( y = y o )  a n d  ( x o > v o )

P , t  =  { 3 x ' l e l ( x ' ) a n d I x = x ' - y ] ]  =  { l x ' l ( x o > V s ) a n d ( x ' = x o J a n d ( y = y . ) a n d ( x = x ' - v ) }

=  ( x s > y o )  a n d  ( x = x o - v o )  a n d  ( y = v o l

=  t r l  o r e j l  a n d  ( x c y )  =  ( x = x o )  a n d  I y = y s )  a n d  ( x o < y o )P l
T

2
9 2' l

o a

' 3

O z

Step

L
=  [ x = x o )  a n d  ( y = y q )

=  ( ( x o > v o )  a n d  I x = x o )  a n d  ( y = y o ) ]  o r  ( [ x o > v o l g ! 9 ( * o - y o > y o )  a n d  ( x = x o - v o )  a n d  ( y = v o ] )

=  ( ( x s > y o )  a n d  ( x = x s - V s l  a n d  ( y = y ' ) )  o r  ( [ x o 2 y o ]  a n d  ( x 0 - y o > y . J  a n d  I x = x o - 2 y o )  a n d  t y = y o ) )

=  ( ( x o < V s J  a n d  ( x = x o )  a n d  t y = v o ) )  o r  ( ( x o > v o )  a n d  ( x o - y 0 < y o )  a n d  ( x = x o - v o )  a n d  t y = y o ) )

comput ing  the  f l rs t  te rms o f  the  approx lmat lon  sequence we seek  to  d lscover  the  genera l

o f  the  approx lmat ion  sequence.  We have found :

=  ( x = x o )  a n d  I y = y o )
i - 1  i

0 R  ( A N D ( x o - k y o > V o )  a n d  ( x = x o - j V o )  a n d  i y = y o ) )
j  =0  k=0
J - 4  J

O R  ( A N D ( x s - k y o ) y o )  a n d  ( x = x q - ( j * 1  l y o l  a n d  ( y = y o )  )
j  = B  k = 0
i - 1  J - 1
0 R  ( A N D ( x o - k y o > y o J  a n d  I x o - j V s < y o ]  a n d  ( x = x o - j V s )  a n d  ( y = y o ) )

J =0 k=o

term

P 1  t o

By

r

o i' l

^ 1
' 2

i

' 3

{

I t  i s  e a s y  t o  v e r i f y  t h a t  P l a n d  P z  a r e  o f  t h e

b e  c o r r e c t  a n d  s u b s t i t u t i n g  i n  t h e  e q u a t i o n s
i  + l

P i  
'  =  ( x = x o )  a n d  ( y = y 6 )

P l . t  =  ( P i * r a r d  x > y )  o r  i P ]  a n o  x > v )

a b o v e  f o r m .  A c c o r d i n g  t o  4 . 4 . 1 ,  s u p p o s i n g

we must  show tha t  we ob ta in  P l * r  :

=  { ( x o > y o )  a n d  I x = x o )  a n d  ( y = y o ) ]

; j
{ O R  ( n N o ( x o - k y o > y o )  a n d  I x = x o - t i * t ] V s )  a n d  ( y = y ' l ]  a n d  ( x > y ) ]
j  = 0  k = 0

=  {  ( x o > V o )  a n d  ( x = x o  )  a n d  I Y = Y o )  ]

o r
i  I t

{ o n t n l t n t x o - k y o > y o )  a n d  ( x = x o - j ' v o )  a n d  ( y = y o } ) }

J ' = 1  k = 0



i j
=  O l t  ( A | r J D ( x o - k l , c i y o )  a n d  ( x = x o - . j y o l  a n d  ( 1 i , - 1 , 0 ) )

J  = 0  k = 0

p , t * t  =  { l x ' l e ] * 1 ( x , J  a n d  ( x = x ' - y ) }
5 '

i i
=  g l { l * ' I A N D I x 0 - k y o > y o J  a n d  ( x ' = x o - j V o )  a n d  ( y = y o ]  a n d  I x = x ' - y ] ]

j = 0  k = 0
i i

=  0 R  I A N D { x o - k y o 2 y o )  a n d  ( x = x o - ( j * t ] V o )  a n d  t y = y o } )
j  = 0  k = 0

^ i + 1  , ^ i + r  , ^ i
P ;  =  ( P i  ^  a n d  ( x < y ) )  o r  ( P , t  a n d  [ x c y ) )

=  {  ( x = x o )  a n d  ( y = y o )  a n d  [ x o < y o ) ]

o r

i - 1  j

{ 0 R  t A N D ( x o - k y o > y o )  a n d  ( x = x o - ( j * t l V q )  a n d  ( y = y . l  a n d  ( x c y ) }
j  = 0  k = 0

i  j - 1
=  0 R  ( A N D ( x o - k y o . > y o )  a n d  ( x o - j V o . y o l  a n d  ( x = x o - j V o )  a n d  t y = y o ) )

j = 0  k = 0

t o

t h e

Si .nce  now we have proved the  genera l  fo rm Pt i )  o f  the  i th  t * " *  o f  the  approx imat ion  sequence

b e  c o r r e c t ,  t h e  o p t i m a l  l n v e r i a n t s  a r e  o b t a i n e d  b y  :  P o P t = 1 i m  P i  w h i c h  d l r e c t l y  r e s u l t s  i n

o o t i m a l  i n v a r i a n t s :
i+-

n n f

P i - -  =  ( x = x o )  a n d  ( y = y o )
. 6 i

P;0 "  =  0R  (A i lD (x0 -kyo>yo  )  and  I x=x6 - j ye  )  and  ( y=yo  )  ]
J  =0  k=0

a n i @ J
P J ' "  =  0 R  ( A N D ( x 6 - k y o > y o )  a n d  ( x = x o - ( j * l l y o )  a n d  I y = y s ) )

j  =0  k=0
@  t - l

P . o o t  =  O R  t i N D { x o - k y o > y o  )  a n d  ( x o - J y o c y o  )  a n d k = x o - j y o  )  a n d  ( y = y o  )  )
J  e  r \  v  

f i g . 6 . 3 . a

Note  :  f t  i s  remarkabLe tha t  the  approx imat ion  sequence rea l l y  descr j "bes  the  execut ion  o f  the
. 1

prograrn .  P-  deser ibes  the  s ta te  o f  var iab les  a f te r  k  cyc les  1n  the  loop fo r  any  K less  than

or  equa l  to  i .  Ye t  in  genera l  the  approx imat ion  sequence j . s  a  means o f  computa t ion  wh ich  d i f -

fe rs  f rom usua l  execut ion 's ince  a l l  poss lb le  p rogram paths  are  fo l lowed in  para l le l  and the

paths  are  in i t ia ted  f rom a l l  p rogram po i .n ts  (and no t  on ly  f rom program ent ry  po in ts ) .  La ter

on  we w l1 l  show tha t  th is  cor responds to  symbol ic  execut ion  .  End o f -  Note .

6.4 PROOF OF TOTAL CORRECTNESS

The sys tem o f  equat ions  is  genera ted  d i rec t l y  f rom the  program tex t  accord ing  to  the  ru les

o f  the  deduet ive  ssnant ics  o f  the  language.  There fore  the  op t ima l  invar ian ts  a re  independant

o f  any  user  p rov ided input , /ou tpu t  spec i f i ca t ion  and re f lec t  what  i s  ac tua l l y  happen ing  dur ing

t h e  c o m p u t a t i o n ,  a s  o p p o s e d  t o  w h a t  i s  s u p p o s e d  t o  b e  h a p p e n i n g .

S u p p o s e  n o w  t h a t  t h e  i n t e n d e d  b e h a v i o u r  o f  t h e  p r o g r a m  t r  i s  s p e c i f i e d  b y  m e a n s  o f  a n  i n -

p u t  s p e c l f i c a t i o n  0 t X )  a n d  a n  o u t p u t  s p e c i f i c a t i o n  r l t X , X ) .  T h e  i n t e n t i o n  i s  t h a t  f o r  a n y  i n i -

t t a l  v a l u e s  X  o f  t h e  p r o g r a m  v a r i a b l e s ' s a t i s f y i n g  t h e  i n p u t  s p e c i f i c a t i o n  @ ( f l ,  t h e  p r o g r a m

t e r m i n a t e s  w l t h  f i n a l  v a l u e s  T  o f  t h e  v a r i a b l e s  s a t i s f y i n g  U ( Y , n .

The ver i f i ca t lon  o f  cor rec tness  o f  a  p rogram ? I  fo r  inpu t , /ou tpu t  spee i f i ca t ions  Q and ' l

t h e n  c o n s i s t s  i n  c o n s t r u c t i n g  t h e  s y s t e m  o f  a s s e r t i o n  e q u a t i o n s  P = F ( P l  o f  f i ,  a n d  f i n d i n g  i t s

o p t i m a l  s o l u t i o n  P o P t ,  a n d  n e x t  i n - p f o v i n g  t h a t  f o r  e v e r y  i n p u t  F  s u c h ' t h a t  Q ( X l  1 s  t r u e ,

t h e r e  e x i s t s  a  h a l t p o i n t  h ,  t h e r e  e x i s t  o u t p u t  v a l u e s  7  o f  t h e  v a r i a b l e s  s u c h  t h a t  :



j r

' ) n f  -  -  L ' l f  -  . -

F : - " t Y , X J  :  r . l  l P - ' " I Y , X ]  ' - - - >  t r t Y , X l  l  .  
' i h i s  

r e q u i r * :  i i r . : t  t h e  p l c j r - - r n  t e r r n i r i . : l l a : ;  a t  s o m c  h . r l : -n  - - -  n
r \ ^ i ^ +  h  " { + r '  -  ^ r r t e  V  n f  t h e  n r n q r ' , r m  \ / F r ' ;  e h i o q  e : l - i c € \ , i n d  t - h ,  r , r r t ' n r r }  a n a - -p o 1 n l  n  w l l t l  3  s E 6 u e  r  u ,  L ' , E  p ! u ( r u , . .  -  r + , , 6  ! ,  . * , - - i F i c a t i o n  U .  I n  f o r -

m u l a s  f a C a p t e d  f r o m  [ 3 2 ] l  w e  m u ; t  p r o v e  :

{ t vx lo t - f l  l , t h , lV  I  o l t ' rV ,X i  anc r  u (Y ,x ) }
( N o t e  t h a t  i t  i s  a b s o l u t e l y  n e c e s s a r y  t h a t  p o p r = L f p [ F ]  s i n c e  t h e  o p t i m a l  i n r " , a r i a n t  e l p t  i . =  t n "

o n l y  i n v a r i a n t  w h i c h  d e s c r i b e s  t h e  e x a c t  d o n a i n  o f  t h e  v a l u e s  Y  o f  t h e  v a r j - a b l e s  w h i J h  o c c u r

a f  i  r l r t r i n o  o w o n t r t r ' n n  n f  * h n  n r n n - r ru , , o  ' , r - 5 , . , , ,  w i t h  i n p u t  X l .

E r a n p l e . ' s u p p o s e  t h a t  o n e  w a n t s  t o  p r o v e  t h a t  f o r  a n y  i n p u t  v a l u e  ( x o , V s )  s a t i s f y i . n g  t h e  i n -

p u t  s p e c i f i c a t i o n  0 ( x s , V s )  =  { ( x o > o )  a n d  ( y o > 0 ) }  t h e  p r o g r a m  o f  f i g . 6 . 2 . a  t e r m i n a t e s  w i t h  o u t -
n r t r  q n o n ' i { i n : r i n n  0 i x , y , x o , V o )  =  { ( x > 0 1  a n d  ( y > 0 )  a r k j  I x < y ) ] .  G i v e n  t h e  s e t  o f  o p t i m a l  i n v a r i a n t s
^ f  f  { -  c  a  ^  . . ^  - , .u r  r _ L g . o . J . a  ! v 9  m u s t  p r o v e  :

{  f  V x o  I  x o > 0 ) ,  ( Y y o  I  y o > 0 ) ,  I  ( x , y )  |  n f p t  f  * , V , x o , V o  )  a n d  r / ( x ,  y , x o ,  y o  )  i

A f t e r  t r i v i a l  s l m p l i f i c a t l o n s  t h i s  c o n s i s t s  L n  p r o v i n g  t h a t  ( x o > 0 )  a n d  ( y o > 0 )  i m p l i e s  :

i l . : > O l l r u O t x o - k y o ' y o J  a n d  ( x o - j y o < y o )  a n d  I x o > 0 )  a n d  i y o > 0 ) ]
k = 0

l . J e  k n o w  f r o m  a r i t h m e t i c  t h a t  V x o > 0 , V y e > 0 ,  l q ,  l r  s u c h  t h a t  x o - q y o = r  a n d  0 . . < V o .  C h o o s i n g  j = q
o - 1

i n  t h e  a b o v e  f o r m u l a  i t  r e n a i n s  t o  p r o v e  :  A r u q t x o - k y o > V o ) .
K = U

B u t  x s > q y o  t h e n  f o r  a n y  k  s a t i s f y i n g  q > k > 0  w e  h a v e  q > [ k + 1 J  t h u s  q y ' > ( k + 1 ) y o  a n d  b y  t r a n s i t i v l -

t V  x o > ( k + ' l l y o  w e  c o m p l e t e  t h e  p r o o f  o f  t e r m i n a t l o n  a n d  c o m e c t n e s s  w h e n  ( x o > 0 ) ,  ( y o r 0 l .

H o w e v e r  i n  t h e  r e m a i n i n g  e a s e  x o > 0 ,  y o = 0  t h e  p r o g r a m  i s  o b v i o u s l y  i n c o r e c t  s i n c e  w e  c e n -

n o t  h a v e  ( ( x o < O )  a n d  ( x o > 0 ) ) .  F o r  t h e  s a r n e  r e a s o n  e f , p l t * , y , x 0 , 0 )  i s  a l w a y s  f a l s e  w h e n  ( x o > 0 )

hence the  program must  en ter  an  ln f j .n l te  loop fo r  such input  va lues .  End o f  EoonoLe.

6.5 APPROXIMATE INVARIANTS, SYSTEMS OF INEQUALITIES AND PROOFS OF PARTIAL CORRECTNESS

l v l o s t  p r o g r a m  p r o v i n g  m e t h o d s  u s e  i n e q u a l i t i e s  o f  t h e  f o r m  :  p r < : f r ( p r , . . . , p n J ,  i = 1 . . n

w h e r e a s  w e  u s e d  t h e  e q u a t i o n s :  P . = f . ( P r , . . . , P n J ,  i = , 1 . . n .

F o r  e x a m p l e ,  i n s t e a d  o f  { : . > O }  1 : = i + Z  { i > 2 }  o n e  c a n  l e g a l l y  w r i t e  a  l e s s  p r e c i s e  a s s e r t i o n

s u c h  a s  { f t O }  i : = 1 * 2  { 1 > 1 }  s i n c e  t h e  s t r o n g e s t  p o s t - c o n d i t i o n  r e s u l t l n g  f r o m  t h e  p r e - c o n d i t i o n

{ r t o }  r s  t i > 2 }  w n l c h  i r n p l i . e s  { i ' t } .

Th ls  reason ing  is  jus t i f ied  by  theoren 4 .3 .O.2  s inee any  se t  o f  app?oc ina te  inuaz , ian ts  P

s o l u t i o n  t o  t h e  s y s t e m  o f  i n e q u a l i t i e s  P < : F ( P l  c o r r e c t l y  a p p r o x i m a t e s  t h e  s e t  P o P t  o f  o p t i m a l

l n v a r i a n t s  t h a t  i s  P o P t - t P .  M o r e  p r e c i s e l y  a  p r o g r a m  T r  1 s  p a r t i a l l y  c o r r e c t  w i - t h  r e s p e c t  t o

0 tF l  ano U(X,XI  i f  fo r  every  input  F  such tha t  Q(X l  i s  t rue ,  whenever  the  program te rmlna tes  a t
s o m e  h a l t p o i n t  h  w i t h  s o m e  f i n a l  v a l u e  Y  o f  t h e  v a r i a b l e s  X  ( t h a t  i s  { l n , l Y l p o p t f Y . X ) } )  t h eI ' h
o u t p u t  s p e c i f i c a t i o n  m u s t  b e  t r u e  ( t h a t  i s  { p l p t f Y , x f  = + U t Y , X l } 1 .  r n  o r d e r  t o  g u a r a n t e e  t h a t  f o r

these par t i cu la r  h  and 7  the  op t lma l  e ip t tY ,F l  imp l ies  i l fY ,X l  i t  su f f i ces  to  f ind  some se t  p  o f

a p p r o x i m a t e  i n v a r i a n t s  s u c h  t h a t  { v n , v Y , n ^ t Y , X l  + q r t Y , X l }  s i n c e  w e  k n o w  t h a t

n n i  -  -

{vn ,  vY,  P :P" (Y,X l  +  P . (Y ,X l  i  .
l t  , ,

Flna l l y ,  the  program I I  i s  par t ia l l y  cor rec t  w i th  respec t  to  @ and {  i f  and  on ly  i f  :

{ r l e l e < :  F ( p l l ,  ( v x l o ( x ) ) ,  y h ,  v v ,  r p r . . , t Y , i t  : ,  U ( t , x l l }
w h i c h - i s  t h e  c o n d i t i o n  g i v e n  i n  [ 3 2 ] .

E*a t tpLe . '  Suppose we want  to  p rove  the  par t ia l  cor rec tness  o f  the  program o f  f ig .6 .2 .a  w i th  res-

p e c t  t o  t h e  i n p u t  s p e c i f i c a t i o n  Q ( x 6 , y o )  =  { t x o > O )  a n d  ( y o > 0 ) }  a n d  t h e  o t t p u t  s p e c i f i c a t i o n

V ( x , y , x o , y o l  =  { y > x > O } .
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C . : u , - ; ' , ;  L h e  l .  , p  i r v ' r - j r n t  J ^  - o  5 e  :  P " - ' 2 ' > w ) e n d  ( y = y n J  a r J  p r o p a g s L i n g  i n  t h e  e q u a t i o n s

l ' j  4 . ' .  :

P ,  =  l x > 0 1  c r c i  r ' . r  v .  J
U

f '  =  [ x < V ]  r r i i . i  i . \ , = V  I  a n d  { _  i z = x  J  o r  ( > t > 0 J l
0 -

I t  i s  e a s y  t o  v e : i f y  t h a t  { t t ' ,  i r P , ) 9 F  ( r > y ) }  = > P r ,  s o  t h a t  P ,  i s  a  c o r r e c t  a p p r o x i m a t e

l o o p  i n v a r i - a n t .  f - i n a 1 1 y  r { e  n L \ . , :  i V t x o , V o ) , 0 [ x o , y o ] g n g  P u ( x , V , x o , V . , ) ] + p ( x , y , x o , y o J  s o  t h a t

t h e  p r  r r r a , n  i s  p r ' - r , ' e : 1  t o  b e  p d r r .  i a 1 1 y  c o r r  r c ' -  ( a l t h o u g h  i t  d o e s  n o t  t e r m i n a t e  f o r  y = ! 1 .

- f h e  
v e r i f i c a l . i o n  o f  p r o g r s m  p a r t i a l  c o r r e c t n e s s  h a s  b e e n  s h o w n  t o  b e  a m e n a b l e  t o  m e c h a -

n i z a t i o n  ( s e e  a . c r .  l . 3 Z l l .  S l n c e  t h e  a u t o n a t i c  d i s c o v e r y  o f  o p t i m a l  i n v a r i a n t s  i s  a n  u n s o l v a b l e

p r o b l i r r ,  r h c  p r o ; r i r ' r n ? r  m u s t  p l u r . i c e  i n d u c t i \ / p  c - r p p r o x i m a t e  j n v a r i a n t s  w h i c h  c u t  t h e  l o o p s  i n

t h e  p r  o g r a m ,  t h e t  i s  p r o v i d e  t h e  i n v a r i a n t s  w l r i c h  r e e u r s j . v e l y  d e p e n d  o n  t h e m s e L v e s  i n  t h e  e q u a -

t i o n s .  T h i s  i n  f . r c t  p r o v i d e s  t l e  e n t i r e  s o l u t i o n  t o  t h e  i n e q u a l i t i e s  s i n c e  a  s i m p l e  p r o p a g a -

t i o n  i n  t h e  e q u : t i o n s  p e r m i t . ; ' u h e  r e m a i n i n g  i n v a r i a n t s  t o  b e  d e d u c e d .

T h u s  p r o v i n g  p a r t i a l  c o r r e c t n e s s  o f  p r o g r a m s  c o n s i s t s  i n  v e r i f y i n g  t h a t  a n  a p p r o x i m a t e  s o -

l u t i o n  t o  t h e  s y s L e m  o f  l o g i c . r J  e q u a t i o n s  c o r r e s p o n d i n g  t o  t h e  p r o g r a m  i s  c o r r e c t .  N e x t  t h e

s o l u t i o n  i s  u s e d  t o  p r o v e  t h e  o u t p u t  s p e c i f i c a t i o n  w h e n  a s s u m i n g  t h e  i n p u t  s p e c i f i c a t i o n .

EruJ oi ExcrnpLe.

Note  :  Le t  T I  be  a  p rogram fo r  wh ich  the  cor respond ing  sys tem o f  equat ions  is  P=F(PJ.  The te r -

mlna t ion  cond l t ion  w i th  respec t  to  an  input  spec i f i ca t lon  Q was g iven a t  paragraph 6 .4  as

t f v X - l O ( i t ) , l n , i Y l e i p t i Y , X f ) .  B u t  a c c o r d l n g  t o  t h e o r e m  2 . 3 . 6  P o p r = A N o ( P l F ( P l : > P )  a n d  t h e  t e r m l -

n a t i o n  c o n d i t i o n  b e c o m e s  :

{ t v x l o r l - t ,  l n ,  l Y  I  n r , r o { e ^ t V . x t  I n r e t : > P } }
=  { ( v p l p +  F ( p ) ) ,  ( v x l o ( f r ,  l h ,  l y  I  e * r V , x t }

whlch  is  the  te rmina t ion  cond i t lon  o f  Katz  and t tanna [32 ] .

H o w e v e r  t h e y  o b s e r v e d  t h a t  t h i s  l a s t  c o n d i t i o n  i s  n o t  u t 1 1 l z a b l e  i n  p r a c t i c e  s i n c e  i t  i s

expressed in  te rms o f  every  poss ib le  se t  o f  approx imate  invar ian ts  sa t is fy lng  the  sys tem o f

l n e q u a l i t i e s  F ( - -  F ( P l  w h i c h  a d m i t s  l n f l n l t e l y  m a n y  s o l u t i o n s .  T h i s  f a c t  i s  n o t  s u r p r i s i n g  a t

a l l  s l .nce  th ls  cond i t lon  1s  based on  theorem 2 .3 .6  wh lch  is  no t  cons t ruc t j . ve .  End o f  Note .

6.6 SYI4BOLIC EXECUTION

S y m b o l i c  e x e c u t i o n  i s  a  w i d e l y  u s e d  p r o g r a m  a n a l y s i s  t e e h n i q u e  ( e . g .  [ 7 J ,  t B ] ,  [ 2 1 ) '  l 2 2 l '

I a t ] ,  I 3 8 l ,  [ 5 5 ] ,  [ 5 7 ] ,  1 6 Z l l .  I n  l i g h t  o f  t h e  f i x e d p o i . r r t a p p r o a c h t o a n a l y s i . s o f p r o g r a m s  w e

show tha t  symbol lc  execut ion  may be  used to  compute  the  se t  o f  op t ima l  invar ian ts .

5.6.1 SYIIBOL IC CONTEXTS

The lnvar ian t  assoc ia ted  w i th  a  p rogram po in t  i  can  be  expressed ln  the  normal  fo rm
N P

P .  =  i ' ' . O .  W h e r e  g a n h  n  r ' q  n f  t h p  f n -  r n  r n r l  f v  = t r  l  a n d . . . a n d  ( X  = E _ , l l  t r = n h  n  r l o c n n i h o c' 1  
J e A . j  

" " e ^ v  J o u r r  P .  r D  u r  L r r E  r u r r r r  \ q i  s ' r u ' ^ l - - l  
j ' - " " " ' : : - : . - ' m  

* m j  H j  - - - - ^ - - " "

a  p r o g r a m  p a t h  w h i c h  m a y  l e a d  t o  t h e  p r o g r a m  p o i n t  i .  F o r  e a c h  p r o g r a m  p a t h  O ,  a n  a s s e r t i o n  Q .

s t a t e s  t h e  c o n d i t i o n  w h l c h  h a d  t o  b e  s a t i s f i e d  i n  o r d e r  f o r  t h a t  p a t h  t o  b e  e x e c u t e d .  A t  p o i n t

1  o n  t h a t  p a t h  t h e  v a l u e  o f  t h e  p r o g r a m  v a r l a b l e  x *  ( k = 1 . . m J  i s  g i v e n  b y  a ^ j  t * j  i s  a  f o r r n a l

e x p 6 s s i o n  d e p e n d l n g  o n  t h e  f o r m a l  s y m b o l s  u r . . . , v ,  w h i c h  r e p r e s e n t  t h e  a r b i t r a r y  l n i t i a l  v a -

l u e s  o f  t h e  v a r i a b l e s  x l , . . . , X m  o n  p r o g r a m  e n t r y .  N o  x a  c a n  a p p e a r  a s  a  f r e e  v a r i a b l e  n e j - t h e r

{ n  r - r  n n r  i n  t - h n  t r  r ' \ - a - i a -  * h a  r o t a t i o n s  w e  w i l l  c a l l  P .  a  S v m b o l i c  c o n t e x t  a n d  r e w r i t er l l  q J J  l l u l  r l l  L l l v  . k i .  - ' r a l l t s l l r t s  u l r E  r r u L o L r u r l s  w s  w r r r  
i  

"  - J  - - - -  -

1 t  i n  t h e  s h a p e  P . = 1 p 3 1 : . 1 )  w i . t h  n r = . Q j , E r j , . . . , E r r t
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l - e i  P = [ . q r , f i j , .  , t r j t i ; r . ' , )  b e  a  s y n r 1 , , r i : c  c o n t e x i ,  E ( x r , . . . , x * )  b e  a n  e x p r e s s . i  o n  d e p e n -

c i i n g  o r t  t h e  p r ' o g r a n r  r v a r i a b L e s  r r , . . , , x , n  a r r r l  B I x r , . . . x * )  b e . l  b o o l e r a t r  e x p r e s s i o n .  t . l e  d e n o t e  b y

f  I v ,  <  : [  * r ,  . , , , " , , , J  )  t h e  a s s - i r - n r  r q n i  o f  t h e  s y r n : o 1 i c  v a l u e  o f  E  i n  c o n t e x t  P  t o  t h e  v a r i a b l e  x *

t i r a t  i s  { . O j , a r . j  , . . . , 1 i E r j , . . . , t , r j 1 , . . . , E , n . ; r l j e A } .  T n e  s - r r e  r ^ r a y  p a n d B ( x r , . . . , * n , l  w i l l  d e n o t e

t f r !  a s n t t r \ t  { 4 6 ; -  . 1 . r  l f f  t r  I  t r  |  r )
J  

t  ' , t ,  j ,  "  ' , t o j  i  , t r  j ,  .  '  ' , r , r n j > l J € a J .

T h e  s y s t e n r  r i r ; q u a t i o n s  c 3 : i e s p o n d i n 3 ' : :  t l r e  p r o ; r t , - "  s e g m e n t  :

{ n o }

l o o n  :  { P  }'  
t -  i l - y > r 7  t h e n

{ e r }  
_ -  

" , = * *
{ p }'  3 -  g o  t o  l o o p ;

{ p l
q

would  be  :

f i g . 6 . 6  . 2 . a

P o  =  { < t r u e ,  x o ,  y o > }

P  =  P  l l P' I  
o " ' 3

P ,  =  P r  a n d  ( x > y )

P ,  =  P . . ( x + [ x - y ]  l

P u  =  P r  a n d  [ x < y )

T h e  e q u a t i o n s  c a n  b e  j u s t l f l e d  w i t h  r e s p e c t  t o  t h e  r u l e s  o f  p a r a g r a p h  6 . 2 .  F o r  e x a m p l e ,  t h e

o u t p u t  p r e d i c a t e  P O  c o r r e s p o n d i n g  t o  t h e  i n p u t  p r e d i c a t e  P r = g ( Q .  a n d  ( x - = E . . )  a n d  . . .  a n d  ( x - = E - l l
I  J € a  J -  I  r J  -  m  r T

a f t e r  t h e  a s s i g n m e n t  s t a t e m e n t  x *  : =  E I x r , . . . , ^ * ]  1 s  p O = { l x , l p r ( x * + x , ) a n d  ( x * = E . ( x , , . . . , x , , . . . x , n ) ) } .

t tn " :^ * *  i s  no t  a  f  ree  var iab le  tn  Q j  o"  "nU Ek j ,  we har . re  :

t O = # F ( Q r a n d ( x r = E r J ) u n d . . . a n d ( * ' = E t  . ) a n d . . . " . " g ( * r = E r j l a n d ( x * = E [ * r , . . . , X , , . . . , x r ) ) ) .

E l lm ina t ing  the  f ree  var iab les  in  E  we ge t  :
ne

P . = . # [ Q . a n d  [ x . = E  , J a n d . . . u n 6  ( y , = f f F  - - - .  F  t r  . ) ] a n d , . . a n d  t x  = E  . l ) .u  J C A  t  r J '
There fore  us ing  the  d .enota t lons  o f  sy rnbo l ic  con tex ts  we have the  ru le  fo r  ass ignment  :

{ e }  x u : = E ( x .  ,  . . . , x - J  { P ( x k { - E ( x .  ,  . .  . , x - )  l } .  f n e  o t h e r  r u l e s  c a n  b e  j u s t i f i e d  i n  t h e  s a m e -  w a y .  I n^ l m K l m
p a r t i c u l a r  t h e  o p e r a t i o n  L i  d e s c r j . b e s  t h e  u n i o n  P U Q  o f  t w o  s y m b o l i c  c o n t e x t s  t - { p r  . . . , p . }  a n d

A = t q - , . . . , q - l  t h a t  i s  t h e  s e t  { p . , . . . , p - , g , . . . , q - i  w h e r e  s u p e r f l u o u s  e q u i v a l e n t  p r o g r a m  p a i h s'  I  S  l -  
- ' r -  ' l -  -  ' s -

a r e  e l j m i n a t e d  t ^ / f t g p c a e  J n : n n e q c i h ] o  n a l - h c  f f h o  n : l - h  ^ n n d i t i o n  O f  w h i C h  i S  f a l S e ]  a r e  r e m O V e d .

6.6 .3  SYMBOLIC EXECUTION TREE

Comput ing  the  Gauss-Se ide l ' s  t rans form o f  the  ascend lng  approx imat ion  sequence,  we ge t  as

1n paragraph 6 .3  :

f n i t i a l l z a t i o n :
r ^
I  P " = P " = P ' = P u = 7 u  =  6
L 0  |  2  3  4

f i g . 6 . 6 . 2 . b



Q t  o  n ' 1

Step2 :

so  tha t

, . 1r
0

^ Ir
I

r'

r
5

r

. "7

=  { < t r i r e , x  , V  > }
0  - 0

=  P I U P o  =  { < L r u e , x  , v  > }
0  3  0  

- 0

=  P 1  a n c i  I x ] y )  =  { < ( " - > y  ) , x  , y - > }
l - _ . 0 - 0 0 - 0

=  P r f x t x - v ]  =  { < [ x  > v  J , x  - v , v  > ]
2  -  0  - 0  0  - 0  - 0

=  P l  a n d  ( x < v ]  =  { < [ x  < v  ] , x  , v  > ]-  0 ' 0  0  - 0

=  { < t r u e , x  , v  > }
0  

- 0

=  { < t r u e , x , v  > ,  < ( x  > v  l , x  - v , v  l > }
0  - 0  0  - 0  0  - 0  - 0

=  { < ( x  ) v  J , x  , v  > ,  < ( x  ) y  J  a n d  ( [ x  - v
0  

- 0  
0  

- 0  
0  

- 0

=  { < ( x  z v  J , x  - v  , v  > ,  < ( x  > v  J  a n d  ( [ x
0  

- 0  
0  

- 0  - 0  
0  0

=  { < ( x o < y o l , x o , y 0 > ,  < ( x o > y 0 )  a n d  ( ( x o - V o

i t e r a t l o n  2  w e  h a v e  b u 1 1 t  t h e  f o l l o w i n g

f J -  A  A  ?  :, r 5 . u . v . v . u

) > V o ) , x o - y o , y o > ]

- v o ) = V o ) , x o - 2 v o , v o > )

, . u o  L  x o  - y o ,  y o > )

synbol ic  execut ion t ree (122f)

r

Y

r

d 2
r

3

n 2r

^ t
d L

< t r u e , x  , v  )
0  

- 0

< t r u e , x  , v  >
0  

- 0

< [ x o 2 V o ) , x o  ,  y o t

< ( x o > V o J , x o - y o , y o >

< ( x o > V o ) , x o - V o , y o >

< ( x o < V o ) , x o , V o >

< ( x o > V o )  a n d  (  ( x o - V o  ) > y o  ) , x o - v o ,  v o >

< ( x o > V o  J  a n d  (  [ x o - v o  J > V o ) , x o  - 2 y  
o , y  o ,

< ( x  > y  I  a n d  [ ( x  - v  ) < v  ) , x  - v  , v  >
0  

- 0  - 0  0  
- 0  - 0

We have represented  the  symbol ic  eontex t  P .  assoc ia ted  w l th  p rogram po in t  i  by  the  se t  o f

p a t h s  a s s o c i a t e d  w l t h  e a c h  o f  t h e  n o d e s  1 a b e 1 l e d  i  i n  t h e  a b o v e  e x e c u t i o n  t r e e .  E q u i v a l e n t l y

we cou ld  have represented  the  symbol ic  contex t  assoc ia ted  w i th  p rogran po in t  i  by  the  max lmal

subt ree  (o f  the  above symbol ic  t ree)  the  leaves  o f  wh ich  are  labe l led  1 .  Then the  un ion  [J  o f

symbol lc  contex ts  per fo rmed a t  junc t ion  program po in ts  wou ld  be  the  merg ing  o f  synbo l ic  exeeu-

t l o n  t r e e s .

I t  l s  c lear  tha t  the  computa t ion  o f  the  nex t  te rms in  the  approx imat ion  sequence wou ld

cause the  symbol lc  execut ion  t ree  to  g row.  Wi thout  par t i cu la r  hypothes is  on  xo  and yo  th is

process  wou ld  converge to  the  op t ima l  lnvar ian ts  in  in f in i te ly  many s teps .  The var lous  mathema-

t iea l  techn iques  fo r  dea l ing  w l th  in f in i te  approx imat ion  sequences  rev iewed a t  paragraph 4  can

b e  u s q d  t o  c o p e  w i t h  l n f j . n i t e  e x e c u t i o n  t r e e s .  T h e  v e r i f i c a t i o n  o f  t h e  c o r r e c t n e s s  o f  t h e  o p t i -

m a l  l n v a r i a n t s  ( 4 . 4 . 1 1  a n d  t h e  v e r i f l e a t l o n  o f  t h e  c o r r e c t n e s s  o f  a p p r o x i m a t e  i n v a r i a n t s  h a v e

b e e n  i l l u s t r a t e d  a t  p a r a g r a p h s  6 . 3  a n d  6 . 5  r e s p e c t i v e l y .  W e  n o w  i l l u s t r a t e  t h e  t e c h n i q u e  4 . 2

a n d  n e x t  4  . 1  . 2 .
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L e t  u s  p r - o v e  t h e  t r i ' . r i a l  f . r c t  t h a t  a s s e r t i o n  i t V k l l  < k 3 ( x o  - x ) / y )  [ x o > k y ] ]  h o ] d s  a t

o o i n t  { e }  o . i  t i r - .  p r o g r a m  B j v e n . r t  f i g , c l  . 6 . 2 . a .  A c c o r ' , J i n g  t o  S c o t t ' s  i n d u c t j - o n  { 4 . 2 1  t h e  b a s i s

F  I f . I r J )  a n d  t ] ' r . r  i n d u c t i c n  : ; t e p  { t v x )  ( r t x l l i : > { p i r t x : ) }  r ' . m p 1 y  P ( L f p G }  J .  T h e r e f o r e  t h e  p r o o f

j s  t h e  f o l l o w i n g  :

,3e : ; " i s  t  A f ie r  s t r :p  1  P l  i : ;  equa l  to

x  2 h v .
0 -

huJu.etion step : !^ie assume that at

w j . t l ,  i : h e  i r ' i l , l L ; * - i , : l n  h y p o t i , c . i . i s  t h a t

t h e  e q u a t i o r r r  o f  l - i g . 6 . 6 . ? . - :  e l l . o w

_ gP ;  =  { < n ' x r , v r >  l  t e  n }

t l . t  =  p  l J p 0 - =  1 < t r u e , x  , y  > , ( p - , > : - . , y - > l i e n )'  o  :  o  
- o  1  1 - i  '

p l * t  =  p g " a : , , I x > y ) =  { < ( x  z y  ) , x  , y  > , < ( p -  a n d  I x - . > y - . ) ] , x . . , y . > l i c o ].  I  
-  

O  
- O  

O  
- 0  1 - I  f  l

_ { + l  ^ l + t .P ;  
-  =  P i '  t > . * x - y )  =  { < [ x o > V o ) , x o - V o , V o t , . I p i a n d  I x . > y . ) ) , x r - V 1 , V r > l i e O ]

W e  n r u s t  n o w  p r o v e  t h a t  t h e  h y p o t h e s i s  h o l d s  f o r  a l l  p a t h s  o f  P t * l .  T h i s  i s  t r i v i a l  f o r  t h e p a t h

< [ x o ) V o  J , x 0 - y 0 , V o ) .  0 t h e r ' , . , r i s c  r r . , e  h a v e  i o  p r o v e  { t V k l l s k < i x o - x r ) / V r * 1  ) , t x o > K V r ) } '

A c c o r d i n g  t o  t h e  i n d u c t i o n  h y . p o t h e s i s ,  t h i , s  c o n d l t i o n  i s  t r u e  f o r  1 < k < ( x o - x r ) / V r .  F l n a l l y  f o r

k = ( x o - x . ) / y 1 * 1  t h e  p a t h  c c n d i t i o n  x . ) y .  j . m p 1 1 e s  x o ) k y . .

T h l s  a p p r o a c h  i s  l m p l i c i t l y  u s e d  i n  t h e  t e c h n i q u e  o f  " c u t - t r e e s "  o f  H a n t l e r  a n d  K i n g  [ 2 2 J .

fndeed the  lnduc t ion  s tep  can be  unders tood as  cons is t ing  1n  reason lng  on  the  cu t  t ree  fo r  {3 }  '

c u t { g }

[<or , * r ,v r> l  r .o ]

( < t r u e ,  x o ,  y o > ,  < p i ,  x i ,  y i >  |  1 € D )

{ < [ x  > v  J , x  , v  > ,
0  - 0  0  - 0

< p -  a n d  ( x - > y -  )  , x *  , y . >  |  i e D )
I -  t r  I  I  I  '

{ < ( x  > v  l , x  - v  , v  > ,
0 ' 0  0  - 0  - 0

( p *  a n d  ( x - > y . . J , x . - V . , y - > l i e  O )

{ < ( x o > v o ) , * o - V o , V o > }  s o  t h a t  t r i v i a l l y  ( V k l  1 s k < 1  I  w e  h a v e

s tep  I  t he  symbo l i c  con tex t  n f  i s  equa f  t o  {<P ' x r ,V r> l i eO}

f o r  a n y  i  o f  0  r . r e  h a v e  {  t v t < l t < r s [ x o  - x .  )  / y t )  ' { x o > k y r ) } .

l - l r o  n n r , n ,  r t a * i n n  . +  P t * 1

{ < ( x o < v o ) , x o , y o > ,

< ( p ,  a n d  ( x r c v r ) , x r , V r > l  i . e o )

6.6.5 DISCOVERY OF OPTIMAL SYMBOLIC CONTEXTS

T h c  t c n h n i n r r e  o f  t h e  d i f f e r e n c e  e q u a t i o n s  ( 4 . 1 . 2 )  p e r m i t s  t h e  o p t i m a l  j - n v a r i a n t s  t o  b e

d i s c o v e r e d  ;  t h e  l e a s t  f i x e d  p o i n t  o f  X = F t X l  i s  o b t a i n e d  b y  s o l v i n g  t h e  d i f f e r e n c e  e q u a t i o n s

S 1 = F ( r J  a n d  s l * r = r t s [ ] ,  t h a t  i s  b y  e x p r e s s i . n g  S &  a s  a  f u n c t i o n  f ( [ )  o f l , .  T h e n  L f p G )  
1 1 i m  

f t 0 ) .

The f i rs t  i te ra t ion  o f  the  Gauss-Se ide l ' s  t rans form o f  the  ascend ing  approx imat ion

s e q u - e n c e  ( f i g . 6 . 6 . 3 . a J  l e a d s  t o  t h e  b a s i s  f o r  t h e  d i f f e r e n c e  e q u a t i o n s  :  P l = { < t r u e , x 0 , y o > } .

Then r^ re  es tab l i sh  a  recur rence re la t ionsh ip  be tween P[ * l  and Pg us ing  the  equat i .ons

f  1 9  . 6  . 6  . 2 . b  :

P l  '  { . p -  ^ , X =  ̂ , y .  ^ > l  i € D ( t  l }.  1 ,  L  r , ! .  ' r , t -  ,

_9"
r f  =  { < o r , . q ,  u n d  [ * i ,  

9 " < y i , r . ) , * i , 9 . ,  
y i _ , t t l i e  D i . e , ] ]



w h e r :  [ { < p ,  
, 9 . , x  i , 1 . ,  

y = , l , t i  i e  t J t . '  )  1  =  { A t < r , .  , ,  
, .  i  , f ,  

, y i ,  i

A (  < p ,  ^ , X :  n , y .  , > )  -  ( p .  n  a n d  ( : < *  . < y , .  .  J , x -  ^

P [ * 1 = P  U d f p g l  s i n c e  P  i s  c o n s t a n t  a n c i  P s = t r ( / ' ) .
r 0 l 0 3 l

H e n c e  t h e  r e c u r r e n c e  r e l a t . i c n s  d e f i n i n g  P ,  a r e  :

( P t  = P
l r 0( ^
) P ' e ' + r  =  p  u r r p o :
\ l  0 l

U s i n g  t h e  p r o p e r t y  t h a t  I  i s  d i s t r i b u t i v e  o v e r  L L  t h e
o ^
L - l

4  =  i I  I t t p  t  =  { l t ( p  ] l i = 0 . . t . s , _ 1 ) }
t  1 = 0  o  o '

I t  r e m a i n s  n o w  t o  d e t e r m i n e  t h e  m u l t i v a l u e d  f u n c t i o n  A i .  T h i .  i s  d o n e  u s i n g  t h e  f a c t  t h a t

A i  i u  d " f i n e d  r e c u r s l v e l y  b y  A i * t = A o A i  a n d  A o  i s  t f r e  i d e n t i t y  f u n c t i o n .  t J e  h a v e  :  A o ( P o )  =

< ! r . y g , x o , v o ,  =  . p o , * o , v o > .  L e t  A i t e o l = . p i , * i , v i ,  t h " n  A ' l n t  [ P o )  =  < p .  a n d  t x r < v r ) , x . - v i , v i >  =

< P 1 * ,  ' x i * 1  ' Y i * r  >

T h e s e  r e c u r r e n c e  r e l a t i o n s  m a y  b e  s o l . v e d  d i r e c t l y ,  y i e l d i n g  ( y i = V o ) ,  ( x . = x o - t U o J  a n d  s i n c e

o  = t r u e  a n d  o .  = o .  a n d  [ ( x  - i v  ) ( v  J  w e  h a v e  o . = A l \ D  ( ( x  - i v  i < v  )  a n d  t h e r e f o r e' 1 + t  1 _  0  - 0  - o  . r  
J ; 6  

0  - 0  - o

4  =  {a t (P  t l i . =0 . . t , - 1 }  =  , . i - i  ( ( xo  - Jvo  J=yo l , *o - i . v ' o , " vo r l i =0 .  . e . -1 } .
l  

-  
o  '  

J = 0  
o  o  - o  o  - 0  - o  '

.  - T h u s  t h e  o p t i m a l  s o l u t i o n  t o  e q u a t i o n s f i g . G . 6 . 2 . b .  i s  g i v e n  O y  p S p t  =  l j n r  P :  =
i - r - l o + - l

t 3 y 8 r ( x o - J V o , . V o ) , * o - 1 V o , U o t l i z O i .  T h e  o t h e r  s y m b o l i c  c o n t e x t s  a r e  o b t a i n e d  b y  a  s t r a i g h t -

f o i w a r d  p r o p a g a t i o n  o f t h i s  v a l u e  i n  t h e  e q u a t i o n s  f l g . 6 . 6 . 2 . b  a n d  w e  g e t  t h e  o p t i m a l  i n v a r i a n t s

o f  f l g  . 6  . 3  . a .

T h e  a b o v e  a p p r o a c h  i s  l m p l i c l t e l y  u s e d  i n  [ 8 ] ,  t A l ,  l n  t h e ' a l g o r i t h m i c  a p p r o a c h "  o f

Katz  I  t lanna [32 ] ,  e tc .  The main  advantage o f  the  use  o f  synbo l tc  execut ion  and d i f fe rence

equat lons  is  tha t  they  lead to  the  op t lma l  invar ian ts .  However  fo r  more  complex  programs the

reso lu t lon  o f  the  d i f fe rence equat ions  is  o f ten  d i f f i cu t t  and can be  a  p rob lem o f  cons iderabLe

1 n t e l 1 e c t u a l  d e o t h .

: ' l  i ; ' , i i t l . l l  . : ln i l

- Y t , p . ' v i , g t '

s o l u t i o n  t o  t h e s e  r e g u l a r  e q u a t i o n s  i s  :

7. APPLICATION TO COMPILE-TIME VERIFICATION OR DISCOVERY OF PROGRAM PROPERTIES

Trad l t lona l l y  compi le rs  do  no t  necess i ta te  in te rvent lon  o f  p rogranrners  dur lng  the  eompi la -

t lon  o f  p rogrdns  so  tha t  compi le - t ime ana lys is  o f  p rograms must  be  en t i re ly  au tomat ic .  However

s j .nce  canp i le rs  happen to  seek  fo r  no t  dec idab le  p roper t ies  o f  p rograms the  approx imat ion  tech-

n l q u e s  4 . 3 . 1  a n d  4 . 3 . 2  p l a y  a  c e n t r a l  r o l e .  T h e s e  a p p r o x i m a t i o n  t e c h n i q u e s  h a v e  b e e n  d e s i - g n e d

so tha t  Ia t  leas t  bu t  no t  necessar i l y  a t  the  most ]  a l l  s ta tes  wh ich  may occur  dur ing  execut lon

are  d lscovered.  For  example  the  fac t  tha t  an  in teger  var iab le  x  ean on ly  take  the  va lues  0  and

11 may be  cor rec t ly  approx imated by  0<x<255.  However  i t  shou ld  be  c lear  tha t  th ls  incomple te

ana lys ls  i s  cor rec t  and accepteb le  to  compi le rs  wh lch  never  need fu11 knowledge o f  the  proper -

t les  o f  the  compi led  programs.

7.1 APPLICATION TO GLOBAL DATA FLOW ANALYSIS

6 1 o b a 1  d a t a  f l o w  a n a l y s l s  t e c h n i q u e s  ( s e e  r e f e r e n c e s  l n  [ 6 2 ] l  a r e  u s e d  f o r  a n a l y z i n g  c o m -

puter  p rograms fo r  the  purpose o f  code op t im iza t lon .  0ne such prob lem is  tha t  o f  de termin ing

w h l c h  v a r l a b l e s  a r e L i r s e  ( 1 . e .  w h i c h  v a r i a b l e s  w 1 1 1  b e  u s e d  a g a i n )  a t  a n y  g i v e n  p o l n t  i n  t h e



/ a -  t  i: , r 'a  :am LL - i  r  ,

A s s u r r - - r , [  L l r d L  a  p r ( , l t ] - . i i r i  h a s  b e e i r  r e f ) r e s e n t e d  b 5 ' i i s  f l o w  g r a p h  a  p a t h  i n  t h i s  g r a p h  i s

so id  to  be  C: j : ' .n i t ion  c lecr  u i th  recpeet ,  to  X ,  o r  X-e lear ,  i f  there  is  no  ass ignment  to  X  in

a n r r  n n r l e  n n  t h a t  n a t h .  A  v a r i a b l - e  X  i s  L i u e  a t  p o i n t  p  i n  t h e  f l o w  g r a p h  i f  t h e r e  e x i s t s  a n

X - c l e a r  p a t h  f r . o r n  p  t o  a  u s e  o f  X .  T h u s  X  i s  l i v e  a t  p  l f  i t s  v a l u e  a t  p  m a y  b e  u s e d  b e f o r e  i t

i  s  r e d e f  l r r e d .

L e t  l i v e [ b ]  b e  t h e  s e t  o f  a l l  v a r i a b l e s  w h i c h  a r e  1 l v e  o n  e n t r y  t o  n o d e  b .  T h e  g l o b a l  s e t s

l i v e ( b )  c a n  b e  d e f l n e d  i n  t e r m s  o f  t w o  s e t s  w h i c h  c o n t a i n  s t r i c t l y  l o c a l  i n f o r m a t i o n .  G i v e n  a

n o d e  b  i n  t h e  f l o w  g r a p h  u s e ( b J  i s  t h e  s e t  o f  v a r i a b l e s  X  s u c h  t h a t  t h e r e  i s  a n  X - c 1 e a r  p a t h

f r s n  t h e  e r r b r y  o f  b  t o  a  u s e  o f  X  w i t h i n  b .  L e t  c l e a r ( b J  b e  t h e  s e t  o f  v a r i a b l e s  X  f o r  w h i c h

* h -  n r * h  * H - n . r H  + h e  n o d e  b  i s  d e f i n i t i o n - c l e a r  w i t h  r e s p e c t  t o  X .  N o w  t h e r e  i s  a n  X - c l e a r p a t hL r r c  p a L r r  L t r r  u u 6 r r  L l

r rnm the  en t r i r  n f  h  to  a  use  o f  X  i f  and on ly  l f  there  ex is ts  such a  pa th  to  a  use  w i th j .n  b  o r

t h e r e  e x i s t s  a n  X - d e f i n i t i o n  c l e a r  p a t h  t h r o u g h  b  t o  a  s u c e e s s o r  o f  b  a n d  t h e r e  t o  a  u s e .  H e n c e

the  se t  l i ve [b ]  i s  de f ined by  the  backward  eguat ion  :

l i v e f b ]  =  r r s e ( b )  U  U  ( c l e a r ( b J  O  l i v e ( x l  )  f i g  . 7  " 1  . a
x e  s u c c  (  b l

F o r  a n  e x l t  n o d e  e  w h i c h  h a s  n o  s u c c e s s o r s  a n d  c o n t a i n s  n o  c d n m a n d  w e  h a v e  l i v e ( e l = 0 .  T h e  l e a s t

so lu t ions  (v r i . th  respec t  to  se t  inc lus j .on  c )  to  the  sys tems o f  equat lons  are  pre femed.  (Cons i -

d e r  f  o r  e x a m p l e  a  p r o g r a m  s u c h  a s  b e g i n  x : = 1 ;  w h j - I e . . . d o . . . o c ! ,  y t = * ,  " n c !  w h e r e  x  a n d  y  d o  n o t

a p p e a r  l n  t h e  l o o p .  T h e  s r n a l l e s t  s o l u t i o n  w i l t  o n l y  c o n s i d e r  x  t o  b e  l i v e  1 n  t h e  l o o p  w h e r e a s

g r e a t e r  s o l u t i o n s  m l g h t  a l s o  c o n s i . d e r  t h a t  y  l s  1 l v e  i n  t h e  l o o p ) .

.  There  are  two c lass ica l  techn iques  fo r  so lv ing  the  equat ions .  The Cocke-A l len  in te rva l

a n a l y s i s  ( t y p i f i e d  b y  t 3 l , [ 9 ] l  i s  a  g r a p h i c a l  f o r m u l a t l o n  f o r  a n  a l g o r l t h m  t o  f o r m a l l y  s o l v e

t h e  e q u a t i o n s  ( s e e  4 . 1 . 1 1 .  I t  i s  a p p l i c a b l e  o n l y  t o  a  l j . m i t e d  c l a s s  o f  r e c u r s l v e  e q u a t i o n s

( c o r r e s p o n d i n g  t o  " r e d u c i b l e "  p r o g r a m s )  a n d  t o  a  l l m i t e d  c l a s s  o f  l a t t l c e s .  m o r e  g e n e r a l l y  t h e

equat lons  can be  so lved by  i te ra t i ve  methods  ( typ i . f ied  by  Hecht  &  U l lman[23 ] )  wh lch  proceed by

s u c c e s s l v e  a p p r o x i m a t l o n s  { s e e  2 . 5 . 3 ) .  T h e  u t i l i z e d  l a t t i c e s  a r e  u s u a l l y  f l n i t e  o r  s a t i s f y  t h e

c h a l n  c o n d l t i o n  [ 2 . 4 . 5 J  s o  t h a t  c o n v e r g e n c e  1 s  g u a r a n t e e d .

Le t  us  so lve  the  11ve-equat ions  fo r  the  fo l low lng  l r reduc ib le  f low graph w l th  two var ia -

b l e s o a n d B :

u s e [ o  J  =  @

u s e ( r l  =  { B }

u s e ( z J  =  I

u s e i E )  =  @

u s e ( q )  =  { c r }

1 j . v e ( s )  =  d

c l e a r ( o )  =  a

c l e a r ( r l  =  { o , B }

c l e a r ( z l  =  { a , B }

c l e a r ( r )  =  { q , , 8 }

c l ea r ( r l  =  t c l ]

S o l v i n g  l t e r a t i v e l y  w i t h  G a u s s - S e i d e l ' s  p o 1 1 c y  w o u l d  r e q u i r e  2 0  a p p l i c a t i o n s  o f  e q u a t i o n

f i g . 7 . 1 . a  p l u s  5  m o r e  a p p l i c a t i o n s  t o  p r o v e  s t a b l l i z a t i o n .  H o w e v e r  f o r  t h e  p a r t i c u l a r  p r o b l e m

o f  l i v e  v a r i a b l e s  a n  o p t i m a l  a p p r o x i m a t i o n  s e q u e n c e  e x i s t s  t t 2 l , t 3 3 l ) .  F o r  e x a m p l e i n i t i a l i z i n g

l i v e ( b l  b y  u s e d ( b )  a n d  a p p l y i n g  t h e  e q u a t i o n  f t g . 7  . 1  . a  i n  t h e  o r d e r  b = 1  , 2 , 3 , 4 , 3 ' 2 ' 1  , O  w e

obta in  :



.L i , " ' i :  i .  r  j

a f e r c

I n i t i a l i z a t i o n

t B ]

{cr,  B}

{q ,  B}

{o ,  B}

T h e r e F o t ' e  B  a p p l i c a t i o n s  o f  t h e  e q u a t i o n  f i g . 7 . 1 . a  a r e  s t r i c t l y  n e c e s s a r y  ( i n s t e a d  o f  2 0 J  a n d

no supp lc rnentary  app l i ca t ions  are  needed to  p rove tha t  the  i te ra t ion  process  has  converged

I  i n s t e a d  o f  5  ]  .

7 .2  APPLICATION TO F]NITE- INFIN iTE STATE AMLYSiS OF PROGRMS

An anatysis of programs usually performed by cornpl lers is type determirwtion. Co'npi le-

t ime type uer i f iea t ion  cons is ts  in  ver l f y ing  tha t  the  dec la ra t lons  o f  the  program are  respec ted

l n  t h e  i n s t r u c t l o n s . O t h e r w i s e  s t a t e d  t h e  p r o g r a n m e r  p r o v i d e s  a n  e x a c t  o r  a p p r o x l m a t e  s o l u t i o n

to  a  sys tern  o f  type  equat ions  by  means o f  dec la ra t ions  and the  cornp i le r  s imp ly  ver i f ies  the

cor rec tness  o f  th ls  so lu t ion  (4 .4 )  .  0n  the  cont ra ry  some progrannr ing  languages have no  dec la ra-

t ions  whereas  1n  o thers  the  g1oba1 dec la ra t ions  are  no t  a lways  su f f i c ien t  fo r  loca l  t ype  check-

ing  (see [14 ]J  so  tha t  type  d iscouerA Is  necessary .  l los t  modern  progrdnn ing  languages permi t

p rograns  us i .ng  a  po ten t ia l l y  in f in i te  number  o f  types  so  tha t  approx imat ion  is  necessary  (see

e . g .  ( 4 . 3 . 2 ) ,  [ 1 5 ] ,  t 6 1 J ) .  C o m p i l e  t i m e  a n a l y s e s  c o n n e c t e d  t o  t y p e  c h e c k i n g  a r e  c o n t r o l  o f

c o r r e c t  a c c e s s  t o  d a t a  s t r u c t u r e s  I S g l ,  f i n i t e  s t a t e  p r o g r d n  t e s t i n g  [ 2 5 ] ,  e l i m f n a t i o n  o f  u n n e -

cessary  copy lng  opera t lons5 in  se t  languages [51 . . | ,  e tc .

A  c lass i .ca l  example  where  g1oba1 dec la ra t ions  are  no t  su f f i c len t  fo r  1oca1 type check ing

l s  t h e  o n e  o f  s t a t i c  c o r r e c t n e s s  c h e c k  o f  a c c e s s  t o  r e c o r d s  v i - a  p o i n t e r s . O n e  m u s t  d i s t i n g u i s h

b e t w e e n  n i l  a n d  n o n - n i l  p o i n t e r s .  T h e  g 1 o b a l  d e c l a r a t i o n s  m u s t  b e  1 o c a 1 1 y  r e f i n e d  b y  t h e  c o m p i -

le r  accord ing  to  the  fo l low ing  schema :

po in te r

-4.
n l ]  (  )  n o n - n i I

V
I

Cons ider  the  s imp le  p rob le rn  o f  f lnd ing  the  k th  va lue  in  a  l inked l lnear  l i s t  t -

g Y

c

{s}
i B i1

2

3

4

5

6

7

I

t e n t a t i v e  s o l u t i o n  m a y  b e  t h e  f o l 1 o w 1 n g  :
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gs ;

*, t_;

o n n n n  i i  .

T

"  n e x t "

I
\
\

t
\

a k i n g  a c c , ; - i r  t  o f  t h e  f a c t  t h a t  L  r r : y  h e  a n  a n p t y

d e l i v e r s  a  n i l  o r  n o n - n i 1  p o i n t e r  L . t . e  s y s t e m  o F

C ,  =  p o i n t e l

a  =  n  t t n
Z L 9

l -  =  n n i n t o r

r -  =  r '  t t T" 5  " I  u " \

T h e  l e a s t  s o l L j t i o n  s h o w s  t h a t  C s = n o n * n i l  s o  t h a t  t h e  a c e e s s  t o  a  r e c o r d  v i a  C  a t  l i n e  3  i s

nnrFo. t  vo t  f '  =nn i_q ter  a t  l ine  5 ,  and f rom th is  d iagnos is  the  programmer  shou ld  be  ab le  to  d is -

c o v e r  t h a b  n "  n o * . r * t e n  t h e  c a s e  o f  a  l i s t  o f  l e n g t h  k - 1  .

A  prob lem wh ich  is  f requent ly  met  when eompi l ing  programs lnvo lv ing  po ln te rs  i s  tha t  o f

de termin lng  whet l re r  two po in te r -  var iab les  may or  no t  po i .n t  d i rec t l y  o r  ind i rec t l y  to  the  same

record .  To  answer  tha t  ques t i "on  the  compi le r  may ana lyze  the  program and loca l1y  par t i t ion  the

p o i n t e r  v a r i a b l e s  i n t o  d i s j o i n t  c o l l e c t l o n s  ( [ 1 4 ] , [ 3 0 ] 1 .  A  c o l l e c t i o n  i s  a  s e t  o f  p o i n t e r  v a r i a -

b l e s  w h i c h  m a y  p o s s i b l y  p o i n t  d i r e c t l y  o r  i n d i r e c t l y  t o  t h e  s a m e  r e c o r d .  0 n  t h e  c o n t r a r y  t w o

p o i n t e r s  b e l o n g i n g  t o  d i s j o i n t  c o l l e c t i o n s  c a n n o t  d e s i g n a t e  t h e  s a n e  o b j e c t .  T h e  t w o  c o l l e c t i o n s

of  the  fo lJ .owing  exanp le  :

v r l l l  be  denoted  by  /V ,V | /X ,Y,Z / .  Note  tha t  co l lec t ion  /X ,Y,Z /  Is  no t  min ima l  bu t  /X ,Y/7 /  i s  car -

r e c t l y  a p p r o x i m a t e d  b y  / X , Y , Z / .

L e t  S ,  a n d  S  b e  t w o  s e t s  o f  c o l l e c t i o n s .  T h e  u n l o n  S  l l S  i s  a  s e t  o f  c o l l e c t i o n s
t 2 t 2

/ C L / . . . , / C * /  s u c h  t h a t  X e C .  a n d  Y e C .  i f  a n d  o n l y  i f  t h e r e  e x l . s t s  a  f l n i t e  s e q u e n c e  T o = X , T r , . . . ,

T " = Y  o f  p o i n t e r  v a r i a b l e s  s u c h  t h a t  f o r  a n y  e l e r n e n t  J  o f  [ 1 , r ]  t h e r e  e x l s t s  a  c o l l e c t i o n  C  b e -

l o n g i n g  t o  S r  o r  S .  s u c h  t h a t  T . _ r e C  a n d  T . e C .  F o r  e x d n p l e  / A , B , C / D , E /  |  / F , A , G / H /  =

/A ,B,C,F ;G/D,E/H/  s ince  i f  on  one hand A may po in t  to  a  record  re fe renced by  B and C,  and on  the

o t h e r  h a n d ,  A  m a y  p o i n t  t o  a  r e c o r d  r e f e r e n c e d  b y  F  a n d  G ,  l t  l s  c l e a r  t h a t  A , B , C , F  a n d  G  m a y

p o i n t  i o  t i r c  s a m e  r e c o r d .  L e t  u s  a l s o  d e f i n e  t h e  e x t r a c t i o n  o f  a  v a r i a b l e  X  f r o m  e  s e t o f c o l l - e c -

t i o n s  S  =  / C . / . . . / X , X  , . . . , X , . . . , X _ / . . . / C , /  b v  e ( X , S l  =  / C  / . . . / X / X , X  , . . . , X - / . . . / C _ / .L l - 2 ' - n t ' t - 2 - - n m
Let  us  now examine the  assoc j .a t ion  o f  a  sys tem o f  equat lons  w i th  any  par t i cu la r  p rogran.

A f t e r - ' t h e  i n s t r u e t i o n s  " X t = n f ] "  o r  " X : = Y "  w h e r e  Y  i s  k n o w n  t o  b e  n i l  o r  " i f  X = n i 1  t h e n  . . . "  o r

" n e w ( X J "  i t  i s  k n o w n  t h a t  X  w i l l  p o i n t  t o  n o  r e c o r d  a t  a l l  o r  w i l l  b e  t h e  o n l y  p o i n t e r  t o  t h e

newly  a l loca ted  record .  Thus  we have iso la ted  a  co l lec t lon  (empty  o r  co ,ns is t ing  o f  a  s ing le

r e c o r d l .  T h e  o u t p u t  s e t  o f  c o l l e c t i c j n s  S o  c o r r e s p o n d i n g  t o  t h e  i n p u t  s e t  o f  c o l l e c t l o n s  S .  i s

t h e r e f o r e  S o = e ( X , S . ) .  l l o r e  g e n e r a l l y ,  w i t h  a n  i n p u t  s e t  o f  c o l l e c t i o n s  S . ,  a  p o i n t e r  a s s i g n m e n t

l i s t  a t  l i n e  { 1 }  a n d  t h a t  t h e  f u n c t i o n

t y p e  e q u a t i o n s  i s  t h e  f o l l o w i n g  :



. t3

j 1  r a i l  . l . l - ' < i . . . i . ' , . .  : = ' i ' . t - . . .  . . . l . r r r , . l . "  . . . , . . . ' r  i - n e . ; ; ' , r ' . : u r  p a l ' : i  i , - r  ( r p t i o n o l  r n . r y  c a u s e

X  a r r c  ) '  i : .  r  r : d j . r ec i - . l v  ; ' r - i . n i  t c  ; , :  l r r ; l ' i : on  r eco r - i ,  i l snce  t hey  h . - ve  t o  be  ; - r r 11  j - n  t he  sa r . l e  co l l ec -

i ' i n n  r - :  r '  n  r + n r r |  r ' ,  i l L i  : c o t e  w i l I . t - r ' :  S . = S - L J  / x . , Y /  -  N o t e  t h . r t  t h e  a b o v e  a s s i g n m e n t  p e r f o r m s  a  p r o -
L ] I

f o u n c  n r l d i f i c a t i o n  i n  t h e  s t r u c L r l r - e  r e f e f e n c e I  b y  X  a n d  Y ,  T h i s  m o d i f i c a t i o n  m a y  c a u s e  a  c o l -

l e c i i r n  t o  b e  b r o l . r , e n  i n t o  t w o  C i s ; o i n t  s u b - c o 1 , l  e c t i o n s .  H o u r e v e r  s i n c e  t h e  i n t e r n a l  o r g a n i z a t l o n

of  co l - l  i r c t j lns  j -s  r r r : t  i i rown i t  - i : ;  i i l poss ib l .e  + ;o  o t l serve  the  e f fec t  o f  th is  deep mod l f i ca t ion ,

e x c e ; : t  i n  t l r e  o b \ ) i t J r r s  c a s e s  ' r X : = Y "  o r  " X  : = Y ' l  . n e x t . . . f  . n e x t "  w h i c h  w i l l  c a u s e  X  t o  b e  d i s c o n -

n e c t e r l  F r o m  i t s  c o ] . l e c t i o n  a n d  b e  c o n n e c t e d  t c  a  r e c o r d  o f  t h e  c o l l e c t i o n  o f  Y .  W h e n  X  a n d  Y

a r e  r r c t  t h e  s a m e  v 3 r i i : l e ,  t h e . r r t p u t  s e t  o f  c o l l c c t i o n s  S .  w i l l  b e  r e l a t e d  t o  t h e  i n p u t  s e t

o f  c o r l e ' : t i c r r s  S -  b v  S ^ = t t X , S - l t J i X , Y / .
r - 

Lj - I

[ , e t  u s  n o w  c o n s i d e r  a n  e x a r n p l e  w h i c h  c o n s i s t s  i n  c o p y i n g  a  l i n k e d  l i n e a r  l i s t  :
v a 1

LI - { f f i

I- 2

t h e  f o l l o w i n g  p r o c e d u r e  i s  s u p p o : e d  t o  d o  t h e  j o b  :

p r o c e d u r a  c o p y  ( L 1  : l i s t ;  v a r l ,  : 1 i s t l ;
v a r  P t  , P r , L : I i s t ;

beg 1n
P r  : = L ,  ;  L ,  : = n i l - ;  L : = n i l ;
w h i l e  P r r n i l  d o

n e r v ( P ,  ) ;  P  " t . v a l  ;  = P ,  t  . v a I ;
i f  L = n 1 1  t h e n

L2;p2-
e 1  s e-.--.

L T  .  O € X !  :  = u 2  i

f J=Pz ;  P1  :=Ps t .nex t ;

I n l

t 1 j

t ' +

{ t

t : ,

{ r o

P z t  . n " " t :  = n 1 L ;

o d ,

elg,
Accord ing  to  our  abs t rac t  ln te rpre ta t j .on  o f  the  bas ic  cons t ruc ts  o f  the  language we can

e s t a b l i s h  t h e  c o r r e s p o n d i n g  s y s t e m  o f  e q u a t i o n s  :

S  =  r ( t  . r ( t  . r ( p  " S , ) U  / p  , L  / ) )- l  ' : ' ' l - - o ' * ' ' t ' - t " '

e  =  e  l l a' z  - 1 " " g

S .  =  e ( P r , S r )

Q  =  c f l  q  l
5

S ,  =  e ( L r , S , .  l L l  / L z , P 2 /

S  = S
6 3

S  =  S  U / L , P  /
7 6 2

S.  =  S, l - j  S ,

S ,  =  e [ L , S B ) t J  / L , P z /

Q  =  c f P  s  l l c  l' l o  : ' '  r ' - 1  
" - 9 '

F o r  e q u a t i o n s  2  a n d  6  t h e  f a c t  t h a t  P r t n i l  o r  L * n 1 I  g i v e s  n o  i n f o r m a t i o n  o n  e o l l e c t i o n s .  f n

e q u a t i o n  3  t h e  a s s i g r m e n t  o f  n o n - p o i n t e r  v a l u e s  " P . t . v a 1 : = P r t . v a 1 "  a n d  a  d e e p  m o d i f i e a t i o n
" P n t . n e x t : = n i 1 "  i ; 1  t h o  q f r r r n f r r n o  n n i - t e d  t o  b v  P  a r e  i s n o r e d .  F o r  e q u a t i o n  I  n o t i c e  t h a t  i h e'  z ;  - " - '  - :
e f a l o m o n *  ' p  . = D  A . n e x t , '  I e a v e q  P  i n  t h e  S a m e  C O l l e c t i O n .' t ' ' I

The sys tem o f  equat ions  can be  so lved by  success ive  approx imat ions  s ince  the  number  o f

c o l l e c t i o r E  c o n s t r u c t e d  o n  a  f i n i t e  s ' e t  o f  p o i n t e r  v a r i a b l e s  i s  f i n i t e ' .  S i n c e  w e  w a n t  t h e  c o 1 -

lec t lons  to  be  as  re f ined as  poss ib le  we compute  the  leas t  so lu t ion  s ta r t ing  f rom the  in f imum

/ L r / L z / P L / P 2 / L / .  F o r  t h e  e n t r y  c o n d i t i o n  S e  1 n  t h e  p r o e e d u r e  w e  s t a r t  w i t h  t h e  m o s t



d i

t t c

I n

t
St r

i tua t ion  ! : i r : .1 'g  on  thc  o l : :  ; . , r ld  the  ; l c l l . : r i i : f  i .e rs  / l r , t .  - , , ,  . ' : r rd  c ; i r  c i t .  r t . .hc r

, r r , r r _ L /  a r - e  s u p p o s e d  t o  b e  i n  t h e  s e n r e  c o l l e c t - i , o n .

i = 1  .  . ' 1 0

=  e I L , e I L 2 , e { P r , / L L , L z / P r , P 2 , L / )  L l  / P t , L r 7 1 1  =  g ( L , e l L z , / L t , L 2 / P r / P " , L / U  / P * L t / ) )

=  e ( L , e ( L 2 ,  / L r , L 2 , P r / P  z , L / ) )  
=  / L r , P L / L 2 / P  2 / L /

=  / L r , P t / L z / P z / L /  t J  / L r / L 2 / P r / P  
2 / L /  

=  / L r , P r / L 2 / P 2 / L /

=  9 ( P ,  ,  / L r , P  
r / L  2 / P  2 / L / )  

=  / L r , P  
, / L  2 / P  2 / L /

=  e t L , / L t , P r / L z / P  
2 / L / )  

=  / L r , P  L / L 2 / P  2 / L /
=  e ( L r ,  / L L , P L / L z / P z / L / )  |  / L z , P z /  =  / t * P r / L z , P 2 / L /

=  / L r .  , P  |  / L  2 / P  z / L /
=  / L * P r / L 2 / P z / L /  L l  / L , P  z /  

=  / L * P r / L z / P 2 , L /

=  / L * P r / L z , P 2 / L /  t J  / L r , P r / L 2 / P 2 , L /  =  / L r , P L / L 2 , P 2 , L /

=  e ( L ,  / L r , P r / L z , P z , L / )  U  / L , P 2 /  =  / L r , P r / L 2 , P 2 , L /

C y c l i n g  i n  t h e  w h i l e - 1 o o p  u n t i l  t h e  i n v a r i a n t s  S r , . . . , S ,  h a v e  s t a b l l i z e d  w e  g o  o n  s t e p  2 :

57 ,  =  / L r ,PL /L2 /Pz /L /  l )  / L r ,P r /Lz ,P2 ,L /  =  / L r ,P r /Lz ,P2 ,L /

S r 2  =  e [ P . , / L * P r / L z , P 2 , L / )  =  / L L , P r / L z , L / P z /

5 3  =  e L / L , P  / L  , L / P  / )  =  / L , P  / L  / P  / L /' - l l 2 2 l l 2 2

S z u  =  f ( L . , / L L , P L / L 2 / P 2 / L / )  L J  / L 2 , P z /  =  / L r , P r / L 2 , P 2 / L /

S !  =  / 1 ,  , P r / L z , L / P z /

S 2 t  =  / \ , P r / L 2 , L / P z /  l J  / L , P 2 /  =  / L * P . / L 2 , L , P z /

S 2 a  =  / L t , P r / L 2 , P 2 / L /  U  / L L , P r / L ? , P 2 , L /  =  / L t , P . / L 2 , P z , L /

S !  =  g t U , Z L r , P r / L z , P z , L / )  l )  / L , P 2 /  =  / L t , P t / L ? , P z , L /

S f o  =  g t e ,  ,  / L r , P L / L 2 / P z / L /  L J  . / L r , P r  / L z , P 2 , L / l  =  / L r / P r / L z , P z , L /

The l te ra tes  have s tab i l i zed  and the  maln  resu l t  1s  tha t  a l though L ,  and L ,  may share

r e c o r d s  o n  e n t r y  o f  t h e  p r o c e d u r e  " c o p y "  ( S o = / L , , L , / P L , P 2 , L / )  i t  i s  g u a r a n t e e d  t h a t  t h i s  1 s  n o t

t h e  c a s e  o n  e x i t  o f ' t h e  p r o c e d u r e  ( S , o = , / L ,  / P r / L z , P z , L / ) .  T h e  l o c a 1  e o l l e c t j . o n s  m a y  b e  u s e d  b y

cornp l le rs  1n  severa l  ways .  An op t im iz lng  cornp i le r  w l l l  be  ab le  to  l im i t  the  number  o f  ob jec ts

wh ieh  are  supposed to  have been mod i f ied  by  s lde-e f fec ts  when ass ign lng  to  ob jec ts  des ignated

b y  p o i n t e r s  ( w h i c h  1 s  u s e f u l  i n  r e g i s t e r  a l l o c a t i o n ) .  T h e  c o n p i l e r  m a y  i n s e r t  a  c a l l  t o  t h e

g a r b a g e  c o l L e c t o r  i n  t h e  c o d e  w h e n  n o  v a r i a b l e  i n  a  c o l l e c t i o n  i s  l i v e  ( 1 . e .  a l l  v a r i a b l e s  i n

the  co l lec t ion  are  no t  used be fore  be ing  ass igned to l .  A lso  run- t ime tes ts  may be  inser ted

b e f o r e  a  s t a t e m e n t ' d i s p o s e ( X ) "  t o  v e r i f y  t h a t  n o  l l v e  v a r i a b l e  i n  t h e  c o l l e c t i o n  o f  X  m a y

access  the  record  re fe renced by  X wh ich  w i l l  be  re tu rned to  the  f ree  s to rage.

8.  CONCLUSION

Numerous  methods  have been used fo r  de termin ing  proper t ies  o f  p rograms and we th ink  tha t

our - f i xed  po in t  approach in  the  semant ic  ana lys is  o f  p rograms prov ides  a  conven ien t  f ramework

for  express ing  the  deep un i ty  under ly ing  apparent ly  unre la ted  techn iques  such as  denota t iona l

semant lcs ,  log ica l  ana lys is  o f  p rograms,  p rogram per fo rmance pred ic t ion '  da ta  f low ana lys is ,

ex tended type d iscovery ,  e tc .  By  f i xed  po in t  approaeh 1n  the  semant ic  ana lys is  o f  p rograms

we re fe r  to  the  who le  o f  techn iques  fo r  de termin ing  program proper t i .es  wh ich  take  as  s ta r t ing

dvan i . :1 ' , ;ous  i  n i t io l  : ;

t h e  1 o c a l  v a r i a b l e s

i a l i z a t i o n :

|  
=  , r , , L z / P L , P  z , L /

! .  =  t t .  /L  -  /P .  /P  ̂ /L /  ,
a r z L z

4 .

- - :

rd

1 t 1
' ^ 0

, l
p n
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q l

q l
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t i o n s  w h i c h  i s  a s s o c i a t e d  w i L l r  t i r e  p r o g r f f r  ! y

l - h i  e  n n n - - : m

: :  - i n B C  : 3  ! l t  i  l a - . . 5 t  : i a l L r  r  :  . , ,  u , i  a  i i \ , / ' , - , - ' . ,  ' r .  ; . , t . r -

a F , p r o l i n i a l - i n , ' ,  l h e  f  r - t r r ; r . t  l  : l : r T i e n t - i c  J . : r  j - i ; i l i o  n  , ,  i

r n  n . n  h r n ' o ' ' � t a t i o n  w e  l r d v e  b a s i c a l l y  c o n s i d e r e d  L h e  r c r n l n t i c  a n l i y 3 i s  o i  r r q L J r r [ - i a ]

p r o g r a m s .  W e  a l s o  h a v e  t o  c o n s i d e r  t h e  p r o b l e m s  o f  a p p l y i n g  t h i s  c j F p r o 3 ; h  t o  - l a s s  r c s t r i c t - r . J

p r o g r a m m i n g  l a n g u a g e s  w h e r e  t h e  c o n c e p t s  o f  " p r o g r a m  p c i n t "  a n d  " i r j e n t i f i e r "  a r r :  r n o r c  c o m p l e x ,

r \ l o c f  o - l  - " d  r e c u r s i o n  a r e  t r e a t e d  i n  [ 1 5  ]  b u t  m o r c  c o m p l i c a t e ( l  l a n g u a g e  f  e : i r L r - t r  p s  m u s L  i .  .

s t u d i e d  s u c h  a s  f o r  e x a m p l e  p r o c e d u r e s  a s  p a r e m e t e r s  o r  j u m p s  o u t  o . f  p r o c e d u r e s .

T h e  g e n e r a l  p r o b l e m  o f  f j n d i r g  a n  a l g o r i t f m  t o  s o l v e  t h e  e q u a t i o n s  a s s o c i a t e c  l v i t h  a n y

s e q u e n t i a l  p r o g r a m  i s  u n d e c i d a b l e .  f n  p r a c t j . c e  t h e  s o l u t i o n  t o  t h e s e  t J q u a t i o n s  c a r  b e  a p p r o : : i -

m a t e d  a n d  w e  p r e s e n L e C  f  i x e d  p o i n t  a p p r o x i m c t i o n  a l g o r i t h m s .  C o n s i d e r a b l e  p r o g r e , j s  c a n  b e  n o . i r

w i t h  r e g a r d  t o  e f f i c i e n c y  o f  t h e s e  c o m p u t a t i o n  m e t h o d s  a n d  m a i n l y  w i t h  r e g a r d  t o  t h e  p r e c i s e -

n e s s  o f  t h e  a p p r o x i m a t i o n .  B y c o m p a r i s o n  w i t h  n u m e r i c a l  e q u a t i o n s  i t  i s  e l e a r  t h a t  t h e  p r o b l e n

o f  a p p r o x i m a t e  r e s o l u t i o n  o f  f i x e d  p o i n t  e q u a t i o n s  i n  i n f l n i t e  l a t t i c e s  h a s  n o t  b e e n  s t u d i e d

in  depth  and is  a  p romis ing  research  area .

Program opt im lza t ion  and da ta  f low ana lys is  i s  one area  where  f i . xed  po in t  computa t ion

a lgor i t l - rns  have been in tens ive ly  deve loped.  However  these a lgor i thms are  o f ten  expressed in

g r a p h i c a l  t e r m s  a n d  d e v o t e d  t o  s p e c i f l e  a p p l i c a t i o n s  w h e r e  l a t t i c e s  a r e  o f  f i n i t e  l e n g t h .  I t

l s  c e r t a i n l y  i n t e r e s t i n g  t o  f o r g e t  t h e  s p e c i f i . c  a p p l i c a t i o n s  a n d  e x p r e s s  t h e s e  d a t a  f l o w  a n a l -

y s i s  a l g o r l t h m s  a s  f i x e d  p o i n t  c o m p u t a t i . o n  m e t h o d s .  A l s o  i . t  1 s  c l e a r  t h a t  t h e  a b i l i t y  t o

c o n s t d e r  a r b i t r a r y  l a t t l c e s  w o u l d  e n l a r g e  t h e  s c o p e  o f  d a t a  f l o w  a n a l y s i s  t e c h n i q u e s .

T h e  a r e a  o f  c o m p i l e r  w r l t i n g  a n d  c o m p i l e r  c o r r e c t n e s s  i s  o n e  n a t u r a l  a p p l j . c a t i o n .  I n  c o m -

p 1 l e r €  t h e  p h a s e s  o f  s y n t a x  a n a l y s i s  a n d  v e r i f i c a t l o n  o f  c o n t e x t  c o n d i t i o n s  h a v e  b e e n  s u i t a b l y

fo rmal ized  by  contex t - f ree  granmars  and a t t r ibu te  g rdnmars .  The we l l -known advantages  o f  these

formal lsms are  the l r  u rders tandab i l i t y  coming f rom the i r  dec la ra t i ve  aspec t  as  we l l  as  the

fac t  tha t  they  au tomat ica l l y  lead  to  cons t ruc t ive  a lgor i thms.  One f ind  aga in  the  same advan-

t a g e s  l n  o u r  f i x e d  p o i n t  f o r m a l i z a t i o n  o f  t h e  s u b s e q u e n t  p h a s e  o f  c o m p i l e - t i m e  a n a l y s i s  o f

p rograms.  The spec i f i ca t ion  o f  the  abs t rac t  space o f  approx imate  proper t ies  and the  de f in i t ion

o f  the  ru les  fo r  assoc i .a t i .ng  a  sys tem o f  equat ions  w i th  a  p rogram have a  descr ip t i ve  o r  dec la -

r a t l v e  a s p e c t .  ( A t  t h a t  t l m e  c o m p i l e r  c o r r e c t n e s s  c a n  b e  e s t a b l i s h e d  b y  p r o v i n g  t h e  v a l j . d i t y

o f  t h e s e  r u l e s  w i t h  r e s p e c t  t o  t h e  s e m a n t i c s  o f  t h e  l a n g u a g e l .  T h e  c o n s t r u c t i v e  a s p e c t  f o l l o w s

f r o m  t h e  e x i s t e n c e  o f  f i x e d  p o i - n t  g e n e r a t i o n  o r  a p p r o x i m a t l o n  a l g o r l t h m s .  ( N o t e  a l s o  t h a t

.ab t r ibu te  g rarnmars  assoc ia te  a  sys tem o f  f i xed  po in t  equat lons  w i - th  a  syn tac t lc  t ree  whereas

w e  a s s o c i a t e  a  s y s t e m  o f  e q u a t i o n s  w i t h  a  c o n t r o l  g r a p h ) .

F 1 n a l 1 y  i n  t h e  a r e a  o f  l o g i c a l  a n a l y s i s  o f  p r o g r a m s  w h e r e  o n e  h a s  t o  d e a l  w i t h  u n d e c i d a b l e

p r o b l e m s  t h e  n o t i o n  o f  a p p r o x t r m a t i o n  i s  u n v o i d a b l y  e s s e n t i a l .  O n e  c a n  i m a g l n e  t o  d e s l g n  a  w i d e

s p e c t r u m  o f  a p p r o x i m a t e  p r o p e r t i e s  o r  a p p r o x i m a t i o n  h e u r i s t i c s  t o  c o p e  w i t h  a n a l y s i s  o f  u s u a l

programs.  However  i t  i s  c lear  tha t  some spec l f i c  p rograms w i l l  need pecu l ia r  ana lyses  wh ich

c a n D o t  b e  f o r e s e e n  j . n  a d v a n c e .  H e n c e  i t  i s  e s s e n t i a l  t o  d e s i g n  l a n g u a g e s  a l l o w i n g  t h e  u s e r  t o

d e f i n e  a n d  e v e n t u a l l y  g u i d e  s u c h  a n a l y s e s .  T h e  p r e s e n t  r e s e a r c h  o n  a b s t r a c t  d a t a  t y p e s  s e e m s

t o  b e  t h e  f i r s t  s t e o s  i . n  t h a t  d i r e c t i o n .
I

Aeknou ledgements :  f , Je  were  very  lueky  to  have lv l rs .  F .  B lanc  and Mrs .  C.  Puech do  the  typ lng

f o r  u s .
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