'I:heorelical Computer Science 120 (1993) 123-155 123
Elsevier

“A la Burstall” intermittent
assertions induction principles
for proving inevitability
properties of programs

P. Cousot

CNRS U.R.A. 1327, LIENS, Ecole Normale Supérieure, 45 Rue d'Ulm, F-75230 Paris Cedex 05,
France

R. Cousot
CNRS U.R.A. 1439, LIX, Ecole Polytechnique, F-91128 Palaiseau Cedex, France

Communicated by R. Milner
Received January 1984
Revised January 1991

Abstract

Cousot, P. and R. Cousot, “A la Burstall” intermittent assertions induction principles for proving
inevitability properties of programs, Theoretical Computer Science 120 {(1993) 123-1355.

We formalize Burstall's (1974) intermittent assertions method (initially conceived for proving total
correctness of sequential programs) and generalize it to handle inevitability proofs for nondetermin-
istic transition systems, hence (in particular) parallel programs.

Programs are modeled by transition systems, program executions by sets of complete traces and
program properties by inevitability properties of transition systems (generalizing total correctness of
programs). It follows that the study is independent of any particular programming language.

The basic proof principle that we derive from Burstall's and Manna and Waldinger’s (1978)
description of the intermittent assertions method is shown to be sound. It is also semantically
complete under a condition on execution traces and inevitable properties. This condition is satisfied
when considering inevitability properties such as total correctness or properties involving unary
assertions on states. However, we conjecture that (even for deterministic programs) the basic proof
principle is not complete when considering arbitrary binary inevitability properties (which relate
state values at different “time instants™).

This conjecture leads us to a generalization of Burstall’s intermittent assertions method using
transfinite induction {to handle unbounded nondeterminism) and using auxiliary or ghost variables
in the limited form of ternary intermittent assertions (which can relate state values on program entry
and at two other different “time instants™).
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From this generalized proof principle we derive a series of induction principles so as to broaden
the allowable forms of proofs. Also we obtain more abstract and hence better understood formaliz-
ations of Burstall's method.

All proof principles are sound and semantically complete (essentially, as noticed by Manna and
Waldinger, because Burstall's method can be used to express “a la Floyd” proofs). However, we
prove a stronger semantic completeness result in the sense that the propositions and lemmas
involved in “a la Burstall” inevitability proofs can be chosen freely (at least under necessary and
sufficient conditions that we specify accurately).

1. Introduction

We formalize Burstall’s intermittent assertions method [3] initially conceived for
proving total correctness of sequential programs and generalize it to handle inevitabil-
ity properties of nondeterministic and parallel programs.

Programs are modeled by transition systems (Section 2) and program executions by
sets of complete traces (Section 3) so that the study is independent of any particular
programming language. We consider inevitability properties of programs such as
total correctness, accessibility of a critical section, liveness of processes which must
eventually progress, responsiveness to a request, etc. (Section 4).

In Section 5 we derive from examples in [3, 10] a basic proof principle which is
a very concise formulation of Burstall’s intermittent assertions method. The method is
shown to be sound. Using transfinite (instead of finite) induction to handle unbounded
nondeterminism, the basic induction principle is shown to be semantically complete
under a sufficient (but not necessary) condition on execution traces and inevitable
properties. This condition holds in particular when considering total correctness of
programs as in [3]. It is also satisfied for unary inevitable properties which depend
only upon final states (a restriction considered by Pnueli [11], Apt and Delporte [ 1]
and Manna and Pnueli [97).

When using unary inevitable properties, relationships between initial and final
values of program variables can only be expressed by assigning initial values to
auxiliary variables incorporated into states. The use of auxiliary variables has the
disadvantage that the program has to be transformed. More importantly, the use of
auxiliary variables is in a sense too flexible: one can relate any intermediate states
during a computation and even store entire computations. Such a free use of auxiliary
variables is not in the spirit of [3, 10], where lemmas are always of the form “if
sometime @¢(X,,.... X )A X, =x A AX,=x, at | then sometime Y(x,...,X,,
X,,...,X,)at I'’” (where X,,...,X,) are the program variables and x,, ..., x, their
respective symbolic values at program point /). This is captured in our basic induction
principle using binary inevitable properties (better than by imposing adequate restric-
tions on the use of auxiliary variables that would depend upon the syntax of
programs). However, we conjecture that even for deterministic programs there are
inevitable properties for which the use of binary assertions is not semantically
complete.
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This conjecture leads us in Section 6 to a generalization of Burstall’s intermittent
assertions method using transfinite induction (to handle unbounded nondeterminism)
and ternary intermittent assertions (thus allowing for lemmas of the more general
form “if sometime ¢(x;, ..., X, X1, ... X, ) A X =x A--- A X, =X, at ] then sometime
W(X1s oo os X Xgseoes Xy Xy, 000, X)) at I’7, where  xy,...,x, (resp. Xj,...,X,)
denote the values of the program variables X, ..., X, on program entry (resp. at
program point /). This generalized induction principle is then proved to be sound and
semantically complete.

In Section 7 we derive a series of induction principles which are successive general-
jzations of the above proof principle. This broadens the range of application
of the method [for example, when using infinite well-ordered sets of intermittent
assertions (which can be given finite presentations by means of auxiliary termination
variables) Burstall’s method can be extended so as to incorporate Floyd’s method
[71]. Moreover, the consideration of more and more abstract formalizations
should lead to a better understanding of Burstall's method (for example, it is
shown that hand-simulation and induction upon the data can be understood in
a unified manner and reduced to computational induction in a form essentially
more expressive than Floyd’s method [7]). The successive generalizations introduce
more flexibility to write proofs but no additional proof power, since all considered
proof principles are shown to be sound and semantically complete and hence
equivalent.

The completeness argument consists in showing that “a la Floyd” proofs can be
reformulated using “a la Burstall” proofs (i.e. computational induction can be reduced
to induction upon the data). However, this argument is not fully satisfactory because
the style of the allowable proofs is fixed. Users of Burstall’s method need a stronger
completeness result since they want to know if the lemmas that they are going to use in
their proofs can always be chosen freely. A positive answer is given in Section 8 (with
the necessary and sufficient condition that each lemma involves a property which is
inevitable for the program but also relatively to the other lemmas which are used in its
proof).

2. Programs as transition systems

The operational semantics of a programming language associates a transition

system <S,t, ¢ > with each program of the language:

e S is a non-empty set of states,

e te(SxS—{tt, fT}) is a transition relation, understood as a function from pairs of
states into truth values (tt is true and ff is false). (s, s') means that starting in state
s and executing one program step can put the program into next state s’. A program
is deterministic when a state may have none or one successor state. It is nondeter-
ministic if a state s may have several different next states s’,

e ¢e(S—{tt, ff}) characterizes initial states.
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Example 2.1. Burstall [3] introduced the “intermittent assertions method” using
examples. The first one was the following program, which computes 2" when n=0:

Start: P:=1;
Loop: if N>0 then begin P:=2x P; N:=N—1;
goto Loop
end,
Finish:

Program states are of the form (e, n,p)> where the control state c is a program
label and the memory state associates integer values n,peZ with the program
variables N, P:

e S={Start, Loop, Finish} x Z x Z.

Execution should begin at program point “Start” with a positive initial value n
for N and an arbitrary value p for P. Therefore,
e ¢=i{c,n,py.[c=Start An=0].

The program is total and deterministic (all but the final states have a single
successor state).

o t{(e,np,{c,n,p'd)=[(c=Start Ac’=LoopAan'=nap'=1)
v{c=Loopan>0Aac'=Loopan'=n—1Ap'=2xp)

v(c=Loopan<OAc =Finishan'=nap' =p)].

3. Program executions as complete traces

Executions of a program ¢S, 1, ¢» > will be modeled as a set £{S,1, ¢ > of sequences of
states called complete execution traces. A sequence p=pop;p,... in 2{S, t, ¢ ) (where
p; is short for p(i)), represents an execution that starts in state p,, performs the first
program step to reach program state p;, performs the next program step to reach
program state p,, etc. Since execution must start in some initial state p,, this sequence
cannot be empty. When execution does not terminate, this sequence is infinite. A finite
sequence po...p, ends with a blocking state p, which has no possible successor state.
Therefore traces represent complete executions (as opposed to their prefixes which
represent executions still in progress).

More formally,

w is the set of natural numbers;

0 is the empty set (also written §) or zero;

if new and n#0 then n will denote {0, ...,n— 1} (so that men is equivalent to m<n);
if E is a set then E~x={yekE: y#x} and |E| is the cardinality of E;
Be(S—{tt.fi}),

B=1s.[Vs'eS.m1(s,s")] characterizes blocking states;
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o 29(S,t,¢>=0, empty traces, are not considered;

® 2'(S,t,¢0>={pe(n—>8): ¢(po)AVie(n—1).t(pi,pi+1) A B(pa-1)}: finite complete
traces of length n>0;

o XS, t,¢>={pe(w—-S). ¢(po) AView.t(p;, pi+1)}: infinite traces;

o (S5, t,0>=pc0 Z"<S, 1, > VIS, 1, ): complete traces.

Example 3.1. A complete trace for the program in Example 2.1 with N=3 and P=p
as starting condition would be

(Start, 3,p) (Loop, 3, 1) (Loop, 2,2} {Loop, 1,4)
{Loop,0,8 > { Finish, 0, 8 }.

4. Inevitability properties of programs

A property V¥ is inevitable for a program if any program execution eventually leads
to a state satisfying . Termination, total correctness or absence of individual
starvation of parallel processes are examples of inevitability properties of programs.

More formally, ¥e(S x S—{tt, ff}) is inevitable for {S,t, ¢ if and only if

VpeZ{S,t,¢».3ie Dom(p).y(po. pi),

where Dom(p) is the domain of function (or relation) p, Rng(p) its range and
Fld(p)=Dom(p)uw Rng(p) its field.

Extending Dijkstra’s definitions of weak and strong termination [6], we say that
we(SxS—{tt, ff}) is strongly inevitable for (S,t,¢ ) if and only if

VseS.dkew . VpeZ{S,t,¢>.[(po=s)= (Fi<k. Y (po, p:)) ]

In other words, inevitability is strong when the number i of program steps necessary
for reaching the “final” state p; is bounded by an integer k depending only on the
“initial” state po.

we(S x S—{tt, ff}) is weakly inevitable for {S,t, ¢ > if and only if y is inevitable for
{S,t,¢> but not strongly.

Example 4.1. The program in Example 2.1 computes P =2" when the initial value n of
N is positive. This total correctness property can be expressed formally by the
statement that

Y=2(c,n,pp {c',n',p’>).[c’=Finish A p'=2"]
is inevitable. Termination is strong since traces have n+3 states when initially

N=nz=0.

Program properties are expressed using sets (or their characteristic functions) and
not formal languages. This is because we want to get rid of those incompleteness
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problems which are due to the inconvenient choice of assertion languages which are
not expressive enough in order to describe these sets.

5. The basic induction principle underlying Burstall’s intermittent assertions method

In this section we work out a basic induction principle which is a very concise
formulation of Burstall’s method. In the next section we shall relax a number of
restrictions which cause incompleteness problems and derive more abstract and
general induction principles which generalize Burstall’s method.

The best way to convince the reader that our basic induction principle indeed
corresponds to Burstall’s method would be to derive it from an already existing
formalization of the method. Since no such existing formalization is general enough
and widely accepted, the best we can do is to start from Burstall’s proof of the
program in Example 2.1 [3] using Manna and Waldinger’s notations [10]. The
treatment of Burstall’s other examples is similar but would be too long to be included
here.

5.1. Proving inevitability properties of programs

The total correctness of the program in Example 2.1 is specified by the following
proposition:

o if sometime n>0 A N =n at Start then sometime P=2" at Finish.
The proof of this proposition involves the following lemma:
e if sometime n=0A N=n A P=pat Loop then sometime N=0A P=p x 2" at Loop.

Burstall observed that in the above statements n and p are mathematical variables
whereas N and P are not since their meaning depends on context. The use of both
mathematical and program variables in the same statement might be confusing (for
example, from N=n and N=0 we cannot conclude that n=0 in the above lemma).
This confusion can be avoided if we get rid of program variables using different
mathematical variables to denote values of program variables at different “time
instants”. For example, the lemma could be written as follows:

e if sometime n>0 at Loop then sometime n'=0A p'=p x 2" at Loop.

This means:
“For all n, if 70 holds and execution of the program is started at label Loop with
program variables N and P having values »n and p then control will eventually pass
through Loop with some values n’ and p’ of the program variables N and P such
that n'=0A p’=px 2" is satisfied”.
Therefore the lemma simply asserts that

By =Ai({c,n,pd, L' n',p' >).[c'=Looparn'=0Ap' =px2"]
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is inevitable for (S, t,¢¢ ), where
go=4Alc,n,p>.[c=LoopAnz=0].
Similarly, the proposition asserts the inevitability of
1=AKe,n,p>,<c',n',p d).[¢'=Finish A p'=2"]
for {S,t, &, >, where
g, =A{c,n,py.[c=Start An=0].

More generally, for proving that ¥ is inevitable for {S,t, ¢ >, Burstall’'s method
consists in discovering auxiliary properties {6,e(S?—{tt, ff}): leA} and correspond-
ing initial conditions {&,e(S— {tt, {T}): le A} (such that Ine A.[e,=d A 0,=1]) which
are all shown to be inevitable:

VieA.NpeZ{S,t,¢).3ieDom(p).0,(po, pi)-

Only a finite number, | 4|, of lemmas should be used.

Remark. Since Burstall [3] considered only deterministic and total programs, the
statement

if sometime P(n, p) at L then sometime Q(n,p,n’,p’) at L’
can also be understood as
Ise2{S,t,&>.qieDom(s).0(so, s;),
where
e=Alc,n,p>.[c=LAP(np)l,
O=i({c.n,p),{c’,n',p'>).[c'=L"AQ(n,p,n',p')].

All results in the present paper can very easily be adapted to this existential
interpretation. However, we have chosen to develop the universal interpretation
because it is more suitable for total correctness (and more generally inevitability
properties) of nondeterministic programs with depth search execution, [8] hence
parallel programs,

5.2. An example of proof

Now that we have obtained an abstract formalization of programs and inevitable
properties of programs, let us come back to the example in order to capture the
essence of Burstall’s proof method.

The proof of proposition 8, is the following.
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Assume:

sometime N >0 A N =n at Start (13
then by hand simulation:

sometime N20AN=naP=1 at Loop (12
then using lemma 6,:

sometime N=0A P=2" at Loop [11
then by hand simulation:

sometime P=2" at Finish (10
Q.ED.

The proof of lemma 6, is by induction on n as follows:

Assume:

sometime N20AN=nA P=p at Loop (02
either N<0 and Q.E.D.
or N>0 and then by hand simulation:

sometime N>0AN=n—1AP=px2 at Loop (01}
then using lemma 8, as induction hypothesis for n— 1
(such that n>n—1=0):

sometime N=0A P=px 2" at Loop 00
Q.E.D.

5.3. Intermittent assertions

In [3], a proof of a lemma 6, is a nonempty finite sequence 17, ..., 1}, I} of
intermittent assertions derived [rom one another by hand simulation or application of
lemmas.

For example, the proof of proposition 8, involved the discovery of the following
intermittent assertions:

I3=7(e,n,pd>, {c',n',p'O)[c’=Startan’ =0An" =n],

I11=A(e,n,pd,{c’ ,n',p'>).[c’=Loopan20An=nnp =1],
I1=A(eyn,pd,{c,n',p'>).[¢’=Loopan'=0Ap'=2"],
19=A(e,n, p>,{c’,n',p'>).[c'’=Finish A p'=2"],

whereas the proof of lemma 6, involves the discovery of
13=2(e,n,p),{c',n',p’d).[c'=Loopan'=0an'=nap =p],
IN=A({e,np).{c’ 0, p'>).[c'=Loopan>0an'=n—1Ap =px2],

I13=A({e,npd,<c’ n',p'd).[¢'=Loopan'=0Ap' =px27].
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Remark 1. The intermittent assertions involved in the proof need not be different, as
shown by the following counterexample, which is a valid proof of proposition 6, for
all finite k> 1:

( sometime N>0AN=n at Start (premise)
sometime N20AN=nAP=1 at Loop (hand-simulation)
. sometime N=0A P=2" at Loop (lemma)
k times <
sometime N=0AP=2" at Loop (lemma)
\ sometime P=2" at Finish (conclusion).

Remark 2. According to Burstall [3], “ (sometime P at L | says that there exists
a state during the execution which is at L and has property P”. Stated otherwise, all
intermittent assertions I} involved in the inevitability proof of lemma 6; should be
inevitable for {S,t,¢>. This interpretation of intermittent assertions is inconsistent.
For example 1§ never holds during execution when initially N =0. More generally,
Burstall treats tests by case analysis [ 3], so that the intermittent assertions involved in
each case might not be inevitable for those initial states not corresponding to the
considered case. We shall choose another interpretation of intermittent assertions so
that case analysis causes no problem since only the disjunction of the intermittent
assertions corresponding to all cases will have to be inevitable for all initial states.

5.4. Verification conditions

In a valid proof of inevitability of 8, for {S,t,¢), intermittent assertions
i, ..., 11,17 are derived from one another according to rules (for computing the effect
of an assignment or test, for using a lemma, etc.). Burstall’s informal rules [3] can be
understood as verification conditions that must be satisfied by the intermittent
assertions. These verification conditions are now expressed formaily.

5.4.1. Premises

All proofs in [3] start with the assumption of the premises ¢, of the proposition or
lemma 6, which is proved. Stated otherwise, 17* should hold when the current state s is
an initial state s:

Vs,s'eS.([e(s)as'=s]=1}'(s,s))
or, more simply,
VseS.(e(s)=17'(s, s)).
For instance, the proof of proposition 8, starts with the check that

v<C,n,p>ES.(£1(<C, nsp>)31:1;(<c’ n,p),(c, n’p>))
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(where ¢=Start and n>=0 or else ¢; is false so that the verification condition is
obviously true), whereas for lemma 6, we have

V(c,n,p)eS.(t:O(c,n,p))3I§(<C,n,p>,<C,n,p>))

(where c=Loop, n=0 in the nonevident case).

5.4.2. Hand simulation

Assume that the proof of proposition 8, worked forward until reaching intermittent
assertion I} which is not the last one. The next step in the proof can be taken by hand
simulation.

For total deterministic programs, Burstall’s rules for computing the effect of an
assignment or test [3] check that the current state s’ satisfying I has a successor state
s” satisfying some intermittent assertion I/ which has to be taken into consideration
later in the proof so that j<i:

[Ii(s,s')At(s',s"Y]=3j<i.li(s,s").

For example, in the proof of proposition ¢, assignment P:=1 leads from (13 to
{12 ; and corresponds to the following verification condition:

[1%(<c’n3p>’<cl5n/9p’>)/\t(<c/’nl"p/>7<C//’n”5p”>:|

=13({c,n,p),{c",n",p">),

where ¢’ =Start, n’'>0, n'=n or the condition is obviously verified. The test N <0
leads from (11) to (10 and corresponds to the verification condition

[1i(Cenpy,{con',p' Yy nt(csn’,p'>.{c”,n",p" )]

:I(l)(<cﬁn’p>7<C//vn”7p”>)s

where ¢’=Loop, n’' =0, p'=2" ¢”"=Finish, n"=n’, p"=p’).

In the proof of lemma 6, the loop body leads from {02 to 01 . (In accordance
with the operational semantics of the program in Example 2.1, the loop body should
be treated as an atomic action.) The corresponding verification condition is

[I3(<e,mp.Lein',p' o) an'>0nt({c',n',p, " n", p"))]

=15(<e,mp>,{c",n".p")),

where ¢’=Loop,n’=n,p'=p,n' >0, c"=Loop,n"=n'—1, p”"=2 x p’ or the condition
is trivially satisfied.

Such verification conditions are not sufficient when nondeterminism is involved
since it must also be proved that no blocking state is reachable. Hence, hand
simulation should ensure the existence of at least one successor state:

Vs,s'eS.[Ii(s,s')=3s"eS.1(s",s")]
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and check that all possible successor states satisfy some intermittent assertion
considered later:

Vs, s, s"€S.[(Ii(s,s)At(s,s")) = (3 j<i.Ii(s,5"))].

5.4.3. Using lemmas in the proof of propositions

In the proof of proposition §,, intermittent assertion (11 is derived from (12
using lemma 8,. It must first be checked that all current states s’ satisfying (11 also
satisfy the premises ¢, of lemma 6,. Then, by applying the lemma it must be proved
that all successors s” of s’ by 6, satisfy (12]. The corresponding verification
conditions are the following:

[11(<eon,p),{c',n',p'y)=eo(c,n',p'H)] A
[13(<esmp). {c'sn',p'y) Abo({c'n',p'>, (" n", p" D)
=11({c,n,p>,{c",n",p">)],

where in the nonbanal case ¢'=Loop, n'20, n'=n, p'=1, ¢"=Loop, n"=0,
p// — p/ x 2n'.

More generally, the verification condition corresponding to the use of a lemma in
the proof of a proposition is (temporarily)

Vs, s'eS.[Ii(s,s") = (AW eA.[e(s)AVs"€S.[0,(s,s") =T j<i.Ii(s,s" Y]]

Observe that (contrary to the case of hand simulation} the test that current states s’
satisfy the premises ¢, of lemma 8,  ensures the existence of at least one successor s” to
s" (unless improbably 6,. is the identity lemma, i.e. 8,.(s',s")=>(s'=s")). This is
because lemma 6,. is separately proved to be inevitable for (S, 1, & .

Apropos of the use of lemmas, notice that Burstall relies upon the mathematical
culture of his readers and does not take the trouble to state elementary logical rules
such as “proofs of lemmas and propositions should not be circular” [3]. Yet such rules
have to be captured in the formalization of Burstall’s method. A simple way consists in
partially ordering the set A of lemmas by a well-founded ordering o< such that I'o<!
is understood as “the inevitability proof of 8, does not depend upon the assumption
that 6, is inevitable”. The (permanent) verification condition corresponding to the use
of a lemma in the proof of a proposition is now the following:

Vs,s'eS.[Ii(s,s)=(N'eA.[I'o<ing (s)AVs"€S.[0,(s',s")
=3j<id{(s,s")1D]

Moreover, since the set A is finite and o< is well-founded we can always (up to
a rank function) choose A as a set of positive numbers and o< as the corresponding
natural ordering <.
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5.4.4. A little induction
Burstall proves lemmas using various forms of the principle of mathematical
induction [3] which are all equivalent to the following:

Vn'ew.[(VYn<n' .P(n))=P(n')]=[Vnew.P(n'})].

For example, in the proof of lemma 6,, intermittent assertion {00 ) is derived from
assertion {01 ) using lemma 64 as induction hypothesis. This is valid because

[5({e,np).<c'sn,p'y) = [eo({c'sn',p' >y An' <n].

Then, by induction hypothesis, we derive intermittent assertion I{ such that
CIo(<esnp, e’ p D) A 0o({c'sn', p' >, " n",p"))]
= I18(<c,mp),<c",n",p">),

where ¢'=Loop, n'>0,n'=n—1, p'=px2, ¢"=Loop, n"=0, p"=p' x2".

This verification condition is specific of the example considered but, in general,
Burstall specifies that the induction is on the data [3]. Since the above principle of
mathematical induction applies to natural numbers, induction on data involves a map
fo from the data into natural numbers. For example,

Ié(<C, n’p>’ <Clan,’p/>):> [80(<C',n',p’))/\fo(<c’,n’,p'>)<f0(<c,n,p>)],

where

f0=i<0,n,p>-[n]-

Since proofs of different lemmas are usually different, different maps f; may have to
be used, hence fe(A—(S—w)). We infer from the example that the verification
condition for the use of a lemma as induction hypothesis in the proof of this lemma
should be of the form

¥s,s'eS.[1i(s, sy = (e(s)ALi(s)<fi(s)AVs"eS.[Oi(s,s")
=3j<i.li(s,s")])].
5.4.5. Conclusion
Starting from the premises ¢ of a lemma, a proof of this lemma ends when some

intermittent assertion I! has been derived which implies the conclusion 6; of the
lemma:

vs,s'eS.[Ii(s,s") = 0,(s,5")].
For instance, the proof of proposition 6, ends with.

I?(<C7n,p>,<C/’"(ap/>):01(<Can’l’>’<c’an’sp/>)’
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where ¢’ =Finish, p’=2" in the nontrivial case, whereas the proof of lemma ¢, ends
either with

[13(<en,py,<c'sn',p' ) an' <OT = 0o({c,n,p),<{c’sn',p")),

where ¢'=Loop, n'=0, n'=n, p'=p,
or with

18(<C’n5p>,<C/’n,’pl>)290(<C»n9p>’<cl’nl:p/>)’

where ¢'=Loop, n'=0, p'=px2".

Finally, observe that in a proof all intermediate intermittent assertions should be
processed (either by hand simulation or by using a lemma (in the proof of a proposi-
tion or as induction hypothesis)) or imply the conclusion.

5.5. The basic induction principle formalizing Burstall’s intermittent assertions method

We can now sum up what we have learned from the example.
For proving

VpeX{S,t,¢».3ie Dom(p).y(po, pi). (0)
Burstall’s method consists in proving the following:
[34ew,ee(A—(S—{tt, ff})), 0e(A—(S*—{tt, ff})), fe(A>(S—>w)),
ne(A-w).
(AmeA.[e=d A=Y 1) A
(VieA.3Le(n+1>(S2>{tt, f})).
Vi<n, s,5'€S.
(P)  [eds)=1}'(s,5)] A (1)
[Ii(s,s")=
(HS) (3s"eS.t(s,s")AVs"eS.[t(s,s")=>Tj<i.li(s,s")]) v
(L)  QeA.[('<)v('=IAfi(s)<fi(s)) A& (s')AYs"€S.(0,(s', ")
=3j<i.I{(s,s")])v
©  O(s,s)]D]

5.6. Soundness and completeness issues about Burstall’s method

The question of soundness and completeness of Burstall’s method has already been
tackled partially. Representing programs by transition relations, the nondeterminism
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of which is bounded, and giving a temporal interpretation of the intermittent
assertions method, Pnueli proved the soundness and semantic completeness of a
version of Burstall’'s method [11]. Similar arithmetical soundness and completeness
results were obtained by Apt and Delporte for sequential deterministic structured
programs [l]. Completeness results also follow informally from Manna and
Waldinger’s remark that the intermittent assertions method can be used to express
conventional “a la Floyd” partial correctness and termination proofs that use the
well-founded set approach [10], a method which is known to be semantically
complete.

However, the exact scope of the above results should be interpreted very cautiously
since these proofs only deal with the case of unary intermittent assertions (i.e. which
assert a property of states, such as “if sometime P(s) at L then sometime Q(s')at L'™)
whereas Burstall’s method and induction principle (1) make use of binary intermittent
assertions (i.e. which relate states, such as “if sometime P(s) at L then sometime
Q(s,s’) at L’”). It is often argued that both approaches are equivalent because the
effect of binary assertions can be obtained using auxiliary variables and unary
assertions. Indeed, initial or intermediate values of program variables can be stored
into auxiliary variables the value of which is part of the state. In fact, the use of
auxiliary variables and unary assertions is more powerful than the use of binary
assertions as in (1). This is because using auxiliary variables one can express relation-
ships between values of the variables at any two different moments in the course of the
computation (and even store entire execution traces into history variables). This is not
possible with binary assertions since, for example, only the main proposition (and not
all lemmas) can depend upon the initial values of the program variables in induction
principle (1). However, the use of binary assertions appears to be much more
disciplined because the question of when auxiliary variables do have to be introduced
is solved once for all.

Our understanding with respect to soundness and completeness of induction
principle (1) can be described as follows.

5.6.1. Soundness

Theorem 5.1 (soundness). (1) = (0)

Proof. We introduce in Section 6 the induction principle (2), an obvious generaliz-
ation of (1) (so that (1) = (2)) and prove that (2)=(0). O

5.6.2. Conjectures about semantic incompleteness

Although induction principle (1) only allows to use ranges of natural numbers, it
can be used to prove termination of weakly but not strongly terminating programs.
We show this using the following example (taken from [6, p. 356]):
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Example 5.2. In general, the program (X and Y being natural constants),

x,y=X,Y,

do x>0 — x,y:=x—1, any natural number
0 y>0-y=y—1

od

does not enjoy the property of strong termination, because for X >0 no upper bound
for y can be given.

Weak termination can be proved by Floyd’s method using the left lexicographic
ordering on pairs of natural numbers (x,y)<(x’,y’) if and only if (x<x')v
(x=x"Ay<y’).

This can also be proved by induction principle (1). We have S=2772,
=A% 10, {x,y D) [(x>0Ax'=x—1)v(y>0Aax'=xAy' =y—1)], ¢=4<{x,y>.
[x=X20Ay=Y20], y=A4({x,y>,{x, ¥ >).[x'=y'=0] and choose A=X+2,
ex+1=@, &({x,y>)=[x=1]forle(X+1), 0=y forle(X+2), n=X +1, fi({x,yD)=
y for le(X +2), ng=2, I§({x,y),{x", ¥y >)=(eo({ X, YD) A LX", y' > =<x, y>) [(P), (C)
when y'=0, (HS) when y'>0], I5({x,y>, (X, ¥y D)=(x=0n y>0Art({x,y>,
{xy ) ULY) with I'=1=0], I3=0, [(C)], when =1, ..., X, m=2, 13({x,y),{x’,
YO)=(a(Kx, yo)Adx,y >y =<{xy>) [(P), (HS)], [I({Kxy>{x,y>)=(al{x,
YO)IAL({x,y>, {x,y>)) [(LI) with I'=l—1 when x'=x—1, (LI) with [’=] when
x'=xandy'=y— 15,10 =0,[(O)T nxs1 =L Tk 1 (<6 yD, (x5 D) =(exs 1 (<X ¥ D) A
{xLy' >=L{x,y>)[(P), (L) with I'=X1,I%+ 1 =0%+1 [(C)]. (The check of the verifica-
tion conditions is left to the reader. We have indicated after each intermittent
assertion which alternative should be chosen.)

As shown by the above example, the greater generality of Burstall’s method
restricted to natural numbers (which can be used to prove termination of weakly but
not strongly terminating programs) over Floyd’s method restricted to natural num-
bers (which can be used to prove only strong termination) is only seeming, because
Burstall’s method implicitly relies upon the lexicographic ordering on pairs of natural
numbers as pointed out by induction principle (1).

Despite this apparent superiority, the order type of the lexicographic ordering on
pairs of natural numbers involved in induction principle (1) is not as high as necessary
when considering arbitrarily unbounded nondeterminism. Therefore we make the
following semantic incompleteness conjecture: (0) # (1).

By analogy with Floyd’s method, two remedies can be considered in order to solve
incompleteness problems related to unbounded nondeterminism. One consists in
considering only bounded nondeterminism. The other consists in considering induc-
tion over arbitrary well-orderings (or up to an isomorphism over arbitrary ordinals).
However, we risk the conjecture that induction principle (1) is not complete even with
these simplifying hypotheses neither for bounded nondeterminism:
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[(O)AVseS.(I{s'eS.t(s,s')}| <w)]# (1) nor for arbitrary well-orderings:
(0)# [(1), where fe(A—(S—A4)), 4e0rd] (Ord is the class of ordinals).

These conjectures follow from the remark that except for trivial examples (that can
be handled by hand simulation) proofs involve a well-founded relation on the set of
descendants of initial states corresponding to (A x S, <), where (I',s") < (/, s} if and
only if (I'<Iv(I'=Iafi(s")</fi(s)}). Although there is (by the inevitability assump-
tion) a well-founded relation on the set of descendants of each initial state, there may
exist no such well-founded relation on the set of descendants of all initial states as
necessary in induction principle (1) because f; does not depend upon initial states. This
is the case for S=w, 1(x, x)=[x"=x+1], p(x)=t, Y(x,x =[x =2x].

5.6.3. A partial semantic completeness result

The above conjectures have only limited consequences because they do not apply in
a great number of practical situations.

One such situation is when nondeterminism is bounded and the number of initial
states is finite so that (at least in theory) proofs can be entirely done by hand
simulation.

More interesting situations are those of total correctness of sequential programs
considered in [3] or unary intermittent assertions considered in [11,1]. Both
situations can be coped with as particular cases of the following partial
semantic completeness resuit.

We say that
e state s is intermediate for {S,t, ¢,y > when there is some execution trace such that

¥ does not hold up to s;

e state sis a goal for (S, 1, ¢, > when  holds for the first time at s on some execution
trace;

e state s is accessible for {S,t, ¢,y > when s is an intermediate or a goal state;

e the inevitability of ¥ is initial states independent for {S,t, ¢ > when no intermediate
state can be a goal.

Definitions 5.3. (Intermediate, goal and accessible states, initial states independence).

o Inter{S.t,p, ¥ >(s)={seS: IPeZ{S,t.¢>, icDom(p). po=5 AY j<i. Y (po, p;) A
pi=s,
Inter{S.t, ¢,y > =\J{ Inter(S,1, ¢, ¥ >(s) s€S},
o Goal(S.t,¢, i >(s)={s€S: PeX{S,1,¢>, icDom(p). po=sAY j<i.—1Y(po,p;) A
pi=s AY(po,pi)};

Goal{S,t, ¢, ¥ > = J{Goal{S,t,¢,¥ >(s): s€S},
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o Acc{S,t,¢,¥ > (s)=Inter{S,t, ¢,y >(s)w GoalS,t,¢, ¥ (s),
Acc{S,t, ¢, > =Inter{S,t,d,\ > U Goal{S,t,d, ¥ >,
o Isind{S,t,,¢>=[Inter(S,t,,¥ >N Goal{S,t, P, >=0].

When this (sufficient but not necessary) initial states independence condition is
satisfied, inevitability properties can be proved by (1) with fe(A—(S—4)) for some
AeOrd.

Before proving this fact we must characterize the ordinal 4 which is necessary;
stated otherwise, we propose a “measure” of the global nondeterminism of the
program (as opposed to local characterizations of nondeterminism such as the
so-called bounded nondeterminism [6]).

o We write Rel(W, —<) to state that —< is a relation on W represented by its
characteristic function:

Rel(W,—<)=[Wx W < Dom(—<) A Rng(—<)={tt, ff } ].
e We write Wf(W,—<) to state that — is a well-founded relation on W-
Wf(W,—<)=[Rel(W,—<)AVE< W.[E#0=3yeE.(VzeE.(z < y})]]

(this implies that there is no sequence pe(w— W) such that p;,, —< p; for all iew.
Assuming the axiom of choice, this property is equivalent to the above definition).
o The left restriction of relation ¢ to E is written t]E:

t1E(s,s' )=[seE at(s,s")]
e ¢t !is the inverse of relation t:
t71(s,s)=t(s,5").

We first prove the following lemma.

Lemma 5.4 (Existence of a well-founded relation for inevitability proofs (with initial
states independence hypothesis)).

[O)AIsind (S, t,, 4> T => Wf(Acc{S,t, ¢, 4 >, t1Inter{S,t,p, ¥ > ")

Proof. Assume by reductio ad absurdum that Ipe(w—Acc{S,t, ¢,y >).View. t]In-
ter(S,t, ¢, >(pi, pi+1). We can assume that ¢(p,) holds (else we can adjoin to the left
of p a prefix rq...r, of a trace of Z{Acc{S,t, ¢, ¥ >, t1Inter(S,t, ¢,y >, ¢ > such that
¢(ro) holds). By (0) there is a smallest ie Dom(p) such that y(po, p;) holds. Hence
pi€Goal{S,t, ¢,y . Also t{Inter{S,t,¢, ¥ >(p;,p;+,) implies p;elnter{S,t,¢,¥> in
contradiction with Isind<{S,t, ¢,y >. O

Let E be a class of ordinals. Sup(E)=( ) E will denote the least upper bound of
E and Sup ™ (E) will denote the least strict upper bound of E.
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The rank of xe W with respect to a well-founded relation Wf(W,—<)is an ordinal
defined by transfinite recursion on W as follows:

rk(W,—< W(x)=Sup " {rk(W,—< }y): y—< x}.
The rank of a well-founded relation Wf(W,—< ) is
rk(W,—<)=Sup * {rk(W,—<)(x): xe W}.

The global nondeterminism of {S,t, ¢ > with respect to ¥ can be measured by the
rank of the inverse of t left restricted to intermediate states:

Definition 5.5 (Rank of the global nondeterminism (with initial states independence
hypothesis)). When (0) and Isind (S, t, ¢,y > hold, we define

rkgnd{S,t, ¢, ¢ > =rk(Acc{S,t,$, ¥ >, t1Inter (S, t,p, > ).

Remark. Observe that if the nondeterminism is locally bounded (ie. VseS. |{s":
t(s,s")}|<w) then rkgnd<{S,t, ¢, ¥ > <w. Similarly, if the nondeterminism is locally
countable (i.e. VseS.[{s": 1(s,s")}|<w) then rkgnd<{S,t, ¢, > <w,. Finally, if ¢ is
recursive (i.e. effectively calculable) then rkgnd<S,t, ¢,y > <w® (where w$* is
Church-Kleene’s first nonrecursive ordinal [2]).

We can now state the partial completeness result concerning Burstall’s method.

Theorem 5.6 (Partial semantic completeness).

[(O) A Isind<{S,t, ¢, > = [(1) with fe(A—->(S—orkgnd{S,t,¢,¢>))].

Proof. Assume (0) and Isind{S,t,¢,¥>. Let us choose A=2, ¢g(s)=
[seAcc{S,t,p,>], Oo(s,s")y="1[FpeZ{S,t,¢>, ieDom(p).(Vj<i.Y(po, p;))IA
Y(po,pi) A (Ghk<ipy=s)Api=s"], fo€lAcc{(S,t, . >—>rkgnd{S.t,p,Y>), fols)=
rk(Acc{S,t,p, >, t\Inter{S,t,p, > 1), ng=2, I3(s,s)=[eo(s)As' =51, [(5,s")=
Leo(s)AT180(s, ) At(s,5)], 16=00, 1=, 0=y, ny=1, [1(s,s')=[e(s)As'=5],
19=0,, n=1. All verification conditions are obviously satisfied but for Vs,s’eS.
(15(s,s"YAT100(5, sV = (fo(s)<fo(S) Aol )AVYs"€S.0(s,5") = 13(s,5")).

If 15(s,s")A—10(s,s’) holds, we have, by definition of I}, & and (0), that
IpeX(S,t,¢>,ieDom(p).(Vj<i. 7 (po,pi)) A (po, p) ATk (s=pin(k+ 1)<
ins'=peiq). Since s,s'elnter{S,t,¢,y> and 1(s,s’) holds, we have fy(s')<
fo(s)Aeo(s’). TIf Oy(s’,s”) then 3dqeZ{S.t,¢>, i'eDom(q). (Vj<i'.Ty(pe,
P AP (pos i) A (TR <i'.go=5) Agi=s". We have Vj.(k'<j<i')="1(po,q;)
since otherwise for the smallest j satisfying k'<j<i'Ay(po, q;), we would have
g;cnter (S,t, ¢,y > Goal{S,t, ¢,y >. Observe that g¢;€GoallS,t,¢, > so that
Y (po,q;) holds since, otherwise, g;- would be an intermediate state of the trace py... o
gy ---g; ... . Since s=p, and s” = q;- we conclude that 04(s,s"), hence I3(s,s") hold. [J

The above partial semantic completeness result applies to proofs of inevitability
properties such that goal states have no successor state.
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Theorem 5.7.
[(0)AVs,s'eS.(Y(s,s')=>Vs"eS.t(s",5"))] = Isind{S,t, d, ¥ .

Proof. Assume that seGoal{S,t, ¢,y >. We have Vs'eS.7t(s,s’). It follows that
s¢Inter{S,t, ¢,y > since otherwise there exists ne(w~0), pe2"{S,t, ¢ such that
Vien.—y(po, p;), in contradiction with (0). O

As corollary, we obtain that Burstall’s [3] total correctness proof method for
sequential programs (i.e. (1) with fe(A—(S—w))) is semantically complete because
program exit states have no successor states and only deterministic programs are
considered.

Theorem 5.6 also applies to [11, 17 because they only consider unary intermittent
assertions (i.e. relational intermittent assertions are expressed using auxiliary vari-
ables the value of which is part of the state).

Theorem 5.8.
Vs,s'eS.[Y(s,s)=>(Vs"eS.Yy(s",s"))] = Isind{S,t, ), .

Proof. If selnter(S,t, ¢,y > nGoal{S,t,d, ¥ ), there are s, s”€S such that (s, s)
and y(s”,s), a contradiction. [

6. The basic induction principle generalizing Burstall’s intermittent assertions method

Although induction principle (1) is sound and semantically complete in a great
number of practical situations, we conjecture that it is not general enough to cope
with some types of inevitability properties of programs, such as those considered
in [10] for cyclic programs. Hence the necessity arises of generalizing induction
principle (1).

The proposed generalization is quite simple. In order to ensure the existence of
well-orderings to be used for induction, lemmas and intermittent assertions should
depend upon initial states. Transfinite well-orderings should be used in order to cope
with unbounded nondeterminism. These remarks lead from (1) to (2), the last induc-
tion principle (2) being later shown to be semantically complete.

[3ew, ce(A-(S2 {1, 7)), Oe(A—~(S*— {1, fT})),

A€0rd, fe(A - (S254)), ne(A-w).
(Ane.e,=A(55).[s=sA ()] A =A(s,s,5").[s=5sAY(s,5)]) A
(VleA.3Le(n+ 1-(S*>{t, ff})).

Yi<n, s,s,5'€S.
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(P) Le(s,s)=T1'(s,s,8)] A ()
[Ii(ss5)=
(HS) (3s"€S.1(s',s") AVs"eS.[1(s',s") =T j<i.li(s5,5")]) v
(LI) AL <DV (I =IAfil(s,5')<fils ) A& (55) A
Vs €S.(0,(s,5',5") = j<i.I{(s,5.5") ] v
(© (s, s,8")1)].

In order to illustrate the use of this induction principle, et us consider the following
example.

Example 6.1. ¥(x,x")=[x"=2x] is inevitable for {w,t, ¢ ) such that t(x,x")=[x'=
x+1] and ¢(x)=tt.

Observe that we do not have Wf(Acc{S,t,d, ¥ >, t1Inter{S,t,, >~ 1)

The inevitability of  can be proved by induction principle (2) by choosing A =2,
m=1,60(x,x)=[x<x<2x], 90(X x,x)=[x<x<2x=x"],d=w, fo(x,x)=[2x—x],
e(x, x)=[x=x1 ., Oy(x,x,x)=[x=xAx"=2x], ne=2, I3(x,x,x)=[x<x=
x'<2x] (satisfying (P) and (C) when x'=2x or (HS) when x'<2x),
15(x,x, x)=[x<x<x+1=x'<2x] (satisfying (LI) with ['=1=0), I3=0, (C), n, =1,
Ii(x,x,x)=[x=x=x"] ((P), (L) with I’=0), I =8, (C).

Induction principle (2) is an obvious generalization of (1).
Theorem 6.2 (Generalization of Burstall’s method). (1) = (2).

Before tackling the question of semantic completeness, we define which ordinals
AeO0rd are sufficient in a proof by (2).

Definition 6.3 (Rank of the global nondeterminism). When (0) holds, we define

rkgnd (S, t, ¢\ > =Sup ™ {rk(Acc{S,t, ¢, >(s),

t1Inter{S,t,d,y >(s)~'): seS}.
(This definition is justified by the fact that for all seS, t1Inter {S,t, p, ¥ >(s) is well-
founded on Acc{S,t, ¢, ¥ >(s). This is proved in [4].)

The proof of semantic completeness of (2) follows from the remark that (2) can be
used to express “a la Floyd” proofs.

Theorem 6.4 (Semantic completeness). (0) = ((2), with A=rkgnd{S,t,p,>).

Proof (hint). Choose A=2,n=1,¢,(s, s)-[g:S/\(ﬁ(g)],Gl(g,s,s’)z[gzsmp(s,s’)],
go(s,s)=[s€Acc{S,t,p, ¥y >(5)], Oo(s,s,s")=[IpeX{S,t,¢>, ieDom(p).VY jei. 1 (po.
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P AY(Po, p)AS=poATk<i.pp=5Ap;=5], fy is useless, n; =1, I(s,s,5")=[s=5=
s’ A ¢(s)] (satisfies (P) and (LI) with I'=0), 11 =0,, no=2, I3(s,5,5 ) =[eo(s,5) As'=5]
(satisfies (P) and (C) or (HS)), I3(s,s,5 )=[eo(s5,5) A 106(s,s,5) At(s,s')] (satisfies
(L) with I'=0 and fy(s, s)=rk(Acc{S,t,¢, ¥ >(s), t1Inter{S,t, ¢, ¥ >(s) " ')(s) and
13=0, (satisfies (C)).

7. Equivalent induction principles generalizing Burstall’s intermittent assertions method

We now derive a series of induction principles which are all shown to be sound and
complete and hence equivalent to the basic induction principle (2). For the sake of
conciseness, not all conceivable alternatives have been reported. One purpose of the
series of induction principles is to propose more and more abstract formalizations
that should lead to a better understanding of Burstall’s method. The other purpose of
the following proof principles is to broaden the allowed forms of proofs (so as to
introduce more flexibility in writing proofs but no additional proof power since all
principles are equivalent).

The number of lemmas (¢;,0,), le 4 which can be used in induction principle (2) is
finite. Hence an informal proposition such as

e if sometime x< X =x<2x then sometime x<x<2x=X

has to be wunderstood as a single lemma of name, say 0, such that
go(x,x)=[x<x<2x] and 0y(x,x,x")=[x <x<2x=x"]. Eliminating this restriction
on names of lemmas, the above informal proposition can also be understood as
a shorthand for an infinite number of lemmas of name x such that &, (x)=[x <x<2x]
and 0,(x,x")=[x<x<2x=x"]. This point of view is consistent with the fact that the
sole purpose of program initial state s in induction principle (2) is to offer the ability to
use well-orderings for induction on the data that depend upon program initial states.
These well-orderings can also be distinguished by giving them different names, one per
program initial state. Also the main proposition <{ ¢, ¥ » need not be the consequence
of a single lemma (¢,,6,> as in (2) but could also be the consequence of different
lemmas for different program initial states. These remarks lead to the following
induction principle.

[314e0rd, ee(A—>(S—{tt, ff})), Oe(A-(S?={tt, fT})),
Ae0rd, fe(A—(S—4)), ne(A-w).
VseS.JaeA.(g,(s)=p(s) AVs'€S.0,(s,5" ) =(s,5') A
(VaeA.3l,e(n,+1-(S>-{tt, ff})).
Vi<n,, s,s'€S.

Lea(s) = Iz(s,s) 1 A 3)
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LIi(s,s )=
(3s"eS.t(s,s")AVs"eS.[t(s,s")=Tj<i.li(s,s)]) v
(Fa'e A [((2' <) v(a'=anf(s)<fols))Ae(s)A
Vs"eS.(6,(s,8") =3 j<i.li(s,5s")]) v
0.(s, s} 1)1
Theorem 7.1. (2) = (3).

Proof. The objects which are different in induction principles (2) and (3) but have been
given the same name (such as A, ¢, ...) will be referred to using indices 2 and 3 (such as
Ay, A3, 85,€3,...) in the proof.
By the axiom of choice, there is an ordinal X and a one-to-one function é that maps
2 into S. 2 x A, well-ordered by the lexicographic ordering {s’,I’> —< {s,1> if and
only if ((s"<s)v(s'=sal'<l)) is isomorphic with A4, x X (X is ordinal multiplica-
tion) by the order isomorphism 1=4{s,1>.[(A, % s)+1], (+ is ordinal addition). We
let {(ag,7) be the inverse of 1 so that ge({A,%xX)—>2), ie((A;%xZX)—A,) and
Vae(A, X X). [oc—z((a a),A(x)>)]. We choose Ay=A,%x2, e3=Aiua.As.[€13(x)(0
(a(2)),8)],05=A%.A(s, s [9n Wo(a(2)),s,5')), dy=4,  fy=ro.4s.[ frya(6(a(2)), )],
N3 = A%.13;(4), I3i=A(s,s"). 124 n(6(a(ax)),s,s"). It follows that &3,(5-1(s)r,3)(5)=(s)
and 03,6 15).2,0(5, 8" )=y¥(s,s"). The other verification conditions are obvious to
check. [J

The names ae A of the lemmas {¢,, 8, in (3) are well-ordered. For a given lemma
{ &4, 0,>, the 16le of f, is to introduce a well-ordering on the initial states of lemma
{&4,8,>. The same effect can be obtained by considering not a single lemma {¢,,8,>
but a family of lemmas {<e, .0, 5> s€S}. This point of view is more abstract
in that only one well-ordering (W,—<) need to be used. It is defined by
', fu s’ —< Lo, fu(s)> if and only if (a'<av(a' =aaf,(s)<f,(s))) on

={<{a,f,(s)>: aeA AseS}. Hence, up to an isomorphism we can use ordinals and
rephrase induction principle (3) as follows:

[34€0rd, ee(A—»(S—»{tt, ff})), 96(A—+(S2—>{tt ff})), ne(A-w).
(VseS.Jue A . [(e,(s)=d(s))AVs'€S.(0,(s,8 )=y (s, s N A
(VoceA.HIae(n,H—»(S —{tt, ff})).

Vi<n,, s,s'eS.
[ea(8) = T5(s,5)] A (4)
[Ia(s.5) =
(3s"eS.t(s",s"IAYs"eS.[t(s',s")=Tj<i.li(s,s")]) v
(Fa’ <a.[ e, (s YAV €S.(0,-(5,8" )= j<i.li(s,s"N]P vV
ty(s,5")1)]-
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Theorem 7.2. (3) = 4).

Proof. {A;,4;) well-ordered by the left lexicographic ordering is isomorphic with
A; X A5 by the order-isomorphism 1(a, k)=[4; X a+ k] the inverse of which is {J, 4 ).
We choose A,=A3% A3, eg=Au.[As.[€320)(5) A f350)(8)=0(2)]], Oa=Aot.[A(s,
§'). 003402 (5,8) A fazay(8)=8(@)] ], na=Jot.nz 00, Lab=2(5,5").Llska(s, 8") Afaym(s)=
o(a)]. O

Inevitability properties of programs have been specified as pairs (¢, > where ¢ is
a condition on initial states and  a relationship between initial and final states so as
to adhere to the method introduced by Burstall [3]. However, a single binary relation
is enough because ¥ is inevitable for S, t,¢ ) if and only if A(s,s").[@(s) = t(s,5")] is
inevitable for {S,t, As.tt>. Hence we derive the following more abstract induction
principle:

[34e0rd, Oe(A—(S2—~{tt, })), ne(A—-w).
((VseS.3aeA.Ys'€S.[0,(s,5)=(P(s)=Y(s,s'))]) A
(YaeA.31,e(n,+1-(S2—{1t,ff})).

Vi<n,, s,s'eS.

(P) I (s,s) A )
[Ii(s,s") =

(HS) (3s"€S.1(s',s") AVs"€S.[t(s,s") =T j<i.li(s,s") ]V

(LT) (Jo' <a.¥s"€S.[0, (s',s") =T j<i.Ti(s,s")]) v

(€ ba(s,5")1)].

Theorem 7.3. (4) = (5).

Proof. Choose As=Ay, 0s5,(5,5)=[€aq(5)=044(5,5")], ns=ns and I5i(s,s")=
[eaa(s) = L4i(s,5)]. O

If in induction principle (5) we consider the inevitability proof of a given lemma 8,
and this proof can be obtained without (LI) then the verification conditions (P), (HS)
and (C) strongly resemble the verification conditions corresponding to Floyd’s proof
method [7] as formalized by induction principle (5) of Cousot and Cousot [4]. Stated
otherwise, in invariant I%(s,s’), i plays the réle of the nonnegative integer which is
strictly decremented at each program step. By comparison with Floyd’s method we
observe that (5) imposes two unnecessary restrictions on i: 7, is a bound on the number
of program steps and this number is independent of the considered initial state, n,
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(hence i) should be an integer (so that e.g. unbounded nondeterminism cannot be
handled without (LI)).
We first relax the first limitation, choosing n, as ordinal.

Theorem 74. (a) (i) = (i with ne(A-0rd)), i=2,...,5,
(b) (i with ne(A—-0rd)=(i+1 with ne(A—-0rd)), i=2,3, 4.

Proof. (a) is obvious because weOrd, hence w < Ord. (b) follows from the proofs of
Theorems 7.1-7.3 which never use the fact that n,ew but only that (n,+1,<) is well-
founded (this remains valid when n,eOrd and n,+ | is the ordinal successor of ;). O

We next relax the second limitation, choosing a possibly different maximum
“number of program steps” for each initial state s (the “number of program steps”
should not be understood to the letter but as rk(Acc{S,t, ¥ )(s),

t1Inter{S,t, ¢,y >(s) ~')(s)):
[34€0rd, 0e(A—(S2—>{1t, ff })), AcOrd, Ie(A x A—(S>—{tt, fi})).
(Vs€S.3neA.Vs'€S.[Ox(s,5")=(P(s) = Y (s,5"))]) A
(Vaed, s,s’eS, 8’ed.
[36e4.15(s,5)] A (6)
(12 (s,s")=
(Is”eS.t(s',s") A Vs eS.[t(s, 8" )= (30" <8 .12 (s,s") ) v
(Fo' <o.¥s"eS.[6,(s',s")= (36" <&" .18 (5,s") ) v

0.(s,s") 1.

Theorem 7.5. ((5) with ne(A—Ord)) = (6).

Proof. Choose Ag=As, 0g=05, Ag=w, 15(5,5V=[6<ns Als%(s,5")]. O

The use of well-orderings (or up to order-isomorphisms of ordinals) in (6) is not
mandatory. Well-founded relations can as well serve as a basis for induction.

Also as observed by Schwarz [12], Burstall’s method can be explained as the
mathematical deduction of theorems from axioms specifying the effect of elementary
commands in the program. This informal explanation of Burstall’s method can be
formalized by considering the transition relation in the previous proof principles as
a set of axioms or a given lemma from which other lemmas are derived. One difference
(that had not to be taken into account by Schwarz [12], who considers only total
deterministic programs) is that inevitability of ¢ for {8, 1, 4s.tt> holds only for states
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which have at least one successor. Moreover, the deduction process that Schwarz {12]
left unspecified is always reducible to transfinite induction.

Finally, the main proposition A(s,s’).[ ¢(s) == (s,s’)] can always be chosen as one
of the lemmas intervening in the proof.

Therefore, if we write Wfi( W, —<, u) to state that —< is a well-founded relation on
W with minimal element g, ie.

WH(W, —<, )= Wf(W,—<) A ue W AVYxe W. 71 (x —< )
The above remarks lead to the following induction principle:
(34, <, pe A, ne(A~p), 4, <,0e(A->(S*>{tt, T})),
Te(Ax A-(S*>{u, fI})).
WhH(A, —<,u) A B, =t AWS(A, YA B, =A(s5,5").[d(s)=¥(s,5)]A
(Voe(A~u), s,s'eS,d'ed.
[36e4.1%(s,5)]1 A (7
{12 (s,s") =
(FJa'ed.Jo" < an([a'=u]=[3s"€S.0,(s",s")])
AVs"eS.(0,(5',s"Y=>[F6"€A.(8" <8 AL (55" ]) v
02(s,5")1)].

Let us remark that condition [¢'=pu] under which [35"€S.6,(s’,5")] should
hold is optional. When absent, the verification condition is simply redundant when
o # L.

Theorem 7.6. (6) = (7).

Proof. Choose u¢(A¢+1)(e.g. Ag+2)and A;=(Ag+1)u{n}, o —<, aif and only if
[ae(Ag+ DA((@' =) v(d'e(Ae+ D Aaa’ <a))], Ty =Ag, Ar=(dgU2), <= <g= <,
07a(s,s")=[(a=pnt(s,s"))v(a=Ae A(P(s) =Y (5,5")) v (2 <A A Og,4(5,5")) ], 173(s,
sY={(a=puyvi{a=AgAd=1As'=5)v(a=Ag Ad=0A(P(s)= (s, s"))) v(ia< e
Ieg (s,5')] O

In induction principle (7) the verification condition (36€4.12(s,s)] implies that
lemma 6, is inevitable for (S, ¢, As.tt>. But for the main proposition 8, this property is
not necessary. We need only the fact that 8, should be inevitable for the particular
states for which it is used. Hence the verification condition [36e4.15(s,5)] of (7)
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can be weakened in:
[34e0rd, 0e(A—(S*—{tt, fT})), neA, AeOrd, [e(A x A—>(S?—{tt, ff })).
Or=4(s,5").[P(s) = (s,5)] A
(VseS.35e4.13(s,5)) A
(VaeA, s,s'eS, d'ed.
(1% (s,s')= (8)
(Is”eS.t(s",s")AVs"eS.[1(s',s") = 36" <"1 (5,s")]) v
(Ja' <o.[36€4.12.(s",s')AVs"€S.[0,(s",5")
=38" <8 .15 (s,5")]]) v
0.(s,s")11.

Theorem 7.7. (7) = (8).

Proof. We first show that if 0<g, <y and 0 <g, <y then (y X 8g)+ o <(y X 8;)+¢; if
and only if ((6g<d;)Vv(dg=0; Agu<&y)).

If 8o<d; then (y%38g)+eo<(yXg)+y=9%(do+1)<yxd,<(y%d)+¢,. If
So=0, Ago<e; then y X do=y % J,, hence (7 X do)+e0<(y X 8,)+£,.

If conversely, T1((80<8,) v (89 =0 A eg<eq)) then either 6y =6, and gg =¢, so that
a=(y%d0)+eo=(yx8,)+¢e;=Fand x£forelse(5o>3,)Vv(dg=0; Aeo>¢;) so that
by the first part of the proof (with 0 and 1 interchanged) we have f§ <«, hence o < f.

We next show that given a well-founded relation — on W, there is an injective and
order-preserving map 1 W,—<) of W into the class (Ord, <) of ordinals.

Let E(W,—<)e(rk(W,—<)—{X: X = W}) be defined by E(W,—<)(a)={xeW:
rk(W,—<)(x)=a}. Observe that Va,2'erk(W,—<).[a#a = E(W,—<)(a)n
E(W,—<}a'y=¢] and Vxe W . Juerk(W,—<).[ xe E(W,—<)(a)].

By the axiom of choice, there is a linear ordering <(W,—<) () which well-orders
E(W, —<){«).

Define p(W, —<)(x,y)=rk[E(W, —<)(rx),<(W,—<)(rx)][y] where rx is
rk(W,—<)(x) and &(W,—<)(x)=p(W,—<)(x,x)+1 so that VxeW.[0<e(W,
—<)(x)]. Define y(W,—<)=Sup™ {e(W,—<)(x): xeW} so that VxeW.[¢(W,
—<)(x) =< p(W,—<)] and (W, —<)(x)=y(W,—<) % rk( W, —<}{(x )+ &( W, —< ) (x).

If x—<y then rk(W,—<)(x)<rk(W,—<)(y); hence by the Ilemma
(W, —<)(x) < t(W,—<)}{(y) T ix=1(W,—<)(x)=1(W,—<)(y)=1y then 1 x €1y and
ty<€1ix, so that by the lemma rk(W,—<){x)=rk(W,—<)(y) and &(W,—<)(x)=
e(W,—<)(y); therefore p(W,—<)(x,x)=p(W,—<)(x,y). This implies that neither
x <(W,—<)(rx)y nor y <(W,—<)(rx) x holds and, since x, ye E( W, —<)(rx) which is
linearly ordered by <(W,—<)(rx), we conclude that x=y.
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To prove that (7)=(8) is now immediate when choosing Ag=Sup* {1(A;~u,
—< 7 )(x) xe( Ay~ )}, mg=1(Aq ~ pt, —< 7 }(77), Ogo(s, 8" )=[3ae(A;~pu). (a=1(A7~p,
—< W @) A 05,(5,5'))], Ag=Sup* {1(47, <7)(x): xe45} and Ig5(s,s")=[Fae(A;~p),
ded-. a=1(As~p, <M a)rd=1(47, < Nd)A1-4(s,s)]. D

The use of lemmas 8, in induction principle (8) is redundant because we can use
instead some intermittent assertion 2 for some & such that I13(s,s")= 0,(s,s"). By
convention, we can choose =0 so that induction principle (8) can be simplified as
follows:

[34e0rd, neA, 4€0rd, (A x A—(S2->{tt, ).
(Vs,5'€S.12(s, ") =(d(s) =Y (5,5 A
(VseS.36e4.13(s,s)) A
(VaeA, 5,58, 6'e(4~0). 9
(15 (55 =
(3s"€S.t(s",s"YAVs"eS.[t(s,s")=38" <8 .13 (5,5")]) v
(3’ <a.[30eA.18.(s',s')AYs"eS.[12(s,5")
=38"<5".12"(5,s")1DD]

Theorem 7.8. (8) = (9).

Proof. Choose Ago=Ag, Mo=mg, Ag=Ag, [43(s,5)=[(6=0A05,(s5,5))v(6>0A
Iss(s,s)]) O

As shown by the succession of transformations, the proof that in (9) a state s’
satisfying 12'(s,s’) inevitably leads to a state s” such that 6,(s,s”) holds involve an
induction along parts of computation paths modeled by ¢’ and an induction upon the
data modeled by «. In order to make a comparison with Floyd’s method, both cases
can be reduced to computational induction using 7’ measuring the “number of steps”
remaining to be done between s’ and s”:

[3reord, Ie(I'>(S*>{t, ff})), oe(I'->T).
(P) (VseS.Iyel.[1,(s,s)AVS'€S. (I, (s s )=[(s)=Y(s,s )1 A
(Vy'el, s, s’eS.

[L(ss)= (10)
{HS) (Is”eS.t(s",s")yAVs"eS.[t(s',8") = Ip" <y' (o (y)=0(}")
AL(s,5")])v
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(LI) (Fy <y .[L(s,8)AVS"€S.[1,(s,s") =Ty <y (a(y")=0(y)
AL(s,s"))])v
(C) Ia(y‘)(&s,)])]-

Theorem 7.9, (9) = (10).

Proof. Let 1=A<0,0)>.[(4o%xa)+0] be the order isomorphism between Agx 4,
well-ordered by the left lexicographic ordering {(%',0'> —< <{a,d)> if and only if
(' <o) v(a'=and <d))and I'ig=A49 X Ay well-ordered by <. We let {«,d) be the
inverse of 1 so that VaeAg, dedo.(a=2(({a,0)>)) A 6=3(1({x,6)))) and Vyel 0.7 =
H<aly), 8(y))). We choose I1o,(s.s")=To3()(5,s") and o(y)=1({a(7),0)). U

Using abstract generalization (10) of Burstall’s method we can make a fair compari-
son with similar generalization of Floyd’s method [4]. For Floyd’s method, line (LI) is
suppressed (so that one can always choose a(y)=0). Hence the crucial difference
between Floyd’s and Burstall’s methods is not the use of invariant versus intermittent
assertions, nor the use of computational induction versus induction upon the data
but, indeed, the introduction of recursion.

Equivalence of induction principles (2)—(10) follows from the following theorem.

Theorem 7.10 (soundness). (10)=>(0).

Proof. We prove by induction on (I, <) that VyelI'.[VseS.VpeZ{S,t,As".1,(s,5") ).
dieDom(p).1,(,)(s,p;)]. Assume this holds for y’<y. By reductio ad absurdum let
se€S,peX{S.t,As".1,(s,s"}> be such that VieDom(p).71,,(s,p;). To get a contra-
diction we build an infinite sequence (i, 7> k=0) such that
Vk=0.[1,.(s, pi) A 0(3)=0(y) A7x>7x+1]. Choose yo=7 and io =0. If the sequence
is built up to point k then I, (s, p;,) satisfies (HS),(LI) or (C). (C) is impossible (since
Ly (s, py) would imply I,(,)(s,p;,)). In case (HS), 3s"€S.t(p;,,s”) implies that
ir+1={(ix+1)eDom(p). Hence t(p;,p;.,) implies Iy <pi-(o(ye+1)=0()=
c(p) AL, (s,pi. ). In case (LI) there exists y' <y, such that I,.(p;,,ps)- Hence by
induction hypothesis 3 jeDom(p **).1,.,,,(pg*,p; ™) (where p */ is the subsequence
pj Pj+1... of p). If we let ix., be iy +j it follows that I, ., (P, Pi,. ) holds whence
ks 1 <¥i-Llye (8P, I AT (ks 1) =0 (p)=0(y)]. QE.D.

Now if peX{S,t,¢ > then Iyel.I,(po,po) so that peX(S,t,4s".1,(po,s’)) and by
the above lemma die Dom(p).1,,,(Po, p:). By (P) this implies ¢(po) = ¥ (po, p;), hence

l//(pO’pi)~ 0

8. Strong semantic completeness

The semantic completeness argument given in Theorem 6.4 is very weak because it
essentially consists in saying that (2) can always be used to formulate “a la Floyd”
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proofs (as suggested by Manna and Waldinger [10]). Having extended Burstall’s
method so as to incorporate Floyd’s method (see Theorem 7.4 and (6)—(10)) the usual
semantic completeness argument for Floyd’s method can be transcribed for Burstall’s
method (e.g. (0) = ((10) with (LI) suppressed (and o(y)=0)) as proved in [4]). How-
ever such completeness arguments are not in the spirit of Burstall [3], who encourages
the decomposition of proofs of propositions into lemmas as opposed to Floyd [7],
who proves a single proposition (decomposed into partial correctness, absence of
blocking states and termination, a decomposition which is also applicable to each
lemma involved in Burstall’s method).

We now give a stronger semantic completeness result showing that the lemmas
involved in “d la Burstall” proofs can always be chosen more freely.

First we have to introduce an induction principle (11) where the choice between
“hand simulation” (HS) and “a little induction” (LI} is enforced. In particular, the
lemmas that are to be used in (LI) should be imposed. For that purpose we consider
a version of (6) where we introduce a choice relation 1,(s,s’,«’) so that intermittent
assertion I3'(s,s’) can be handled using lemma o’ <o if and only if 1,(s, s, a’) holds.
(Observe that a dependence of 1 on " would only be useful to impose the use of
identity lemmas, a case of little importance that we exclude for simplicity).

To simplify later reasonings, (HS) will be treated in the style of (7) as a particular
subcase of (LI) so that the transition relation ¢ is viewed as a particular lemma, say 0,
given as axiom.

Moreover, as observed for (8), the verification condition [ 36 A.1%(s,s)] of (6) or (7)
implies that lemma 6, is inevitable for (S, t, 4s.tt >. However, this is needed only for the
particular states s for which 8, may be used, i.e. when 3o’ <a, s'€S.1,-(s’, 5, ).

Finally, since all lemmas enjoy the same kind of inevitability properties there is no
real need to distinguish a particular main proposition.

These remarks lead to the following induction principle (where AeOrd,
Be(A—(S?-{tt, fT})), Bp=t and 1e(A~0—(S x S x A {tt, ff}))):

[34€0rd, Ie((A~0) x A—>(S*>{tt, T })).
(Vae(A~0), seS.[(Ja'e(A~0), s'eS.1,(s',5,0)) =I5 4.13(s,5)]) A
(Vae(A~0), s,5'eS, §'ed.
13 (s,5") =
([3a <o.1,(s, 8", ") ] A (11
[Vo' <a.i,(s,s",a')=
([¢'=0=35"€S.0,.(s',s")] A
[Vs"€S.(6,(s',8")=>38"< 6.1 (s,s"N]]) v

0(s,5)]1)].
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Wa Grgt chnt +
YWE ISt SAOW in

generalizing Burstall’s method.
Theorem 8.1 (Equivalence of the induction principles). (6)=[34,8,1.(8,=t A(11))].

Proof. Choose A;,=1+A¢, A, =4, 6110=t, if a,0’edg then 8;13,=064:
111?1'44;(5«5'):[162'(5’5/)/\V(SEA@(Iﬁg(SaS'):5’<5)]a’11(141;(5’5'30)=[35/€A6-
I8 10(8 8 ) A 106,55 ) A 3s"€S.t(s",s") A Vs €S.(1(s',s") = [36" <" 12 (5,s")])]
andz““;a)(s,s’,14&’)-——[36’6416.111?{;1,(5,5/)/\—166‘,(5,s’)/\Vs”ES.(Oﬁaf(s’,s”)=>
[36" <6 T2 (5,5 )] O

Theorem 8.2 (Equivalence of the induction principles (continued)).
[34,8,1,te(A~0).(VsES. .1 (s, 8, ) =tt A O, =A(5,8").[P(s) =Y (s,s")]
Abg=t A (11)}]=(8).

Proof. Choose Ag=Ay, Og,(s,5)=if a=0 then tt else 0,,,(5,5"), ng=m1, dg=41¢,
Ig8(s,s)=if a=0 then ff else I,,%(s,s’). O

Because we no longer distinguish a main proposition 8, as in (0}, soundness of (11) is
better formulated as follows:

Vae(A~0), peX{S,t,.5.[Fa', 8 .1,-(s",s,2)]>.FieDom(p).0,(po, p:)- (12)
Theorem 8.3 (Soundness (relative to t)). (11)=(12).
Proof. Follows from the later proved Theorems 8.5 and 8.6. [J

We are mainly concerned about the semantic completeness of (11). The reciprocal of
Theorem 8.3 is not true.

Theorem 8.4 (Insufficient completeness condition). (12)# (11).

Proof. Consider the counterexample S={a,b,c}, t(s,s')=[(s=ars'=b)v(s=bnas’
=c)],A=3,00=t,0,(s5,5)=[s=anrs'=c].0:(s,sYy=[s=ans=b], 4#0,1,(s,5",2")=
[(x=1As=ans’e{ablra’'=0)v(a=2rs'=s=anra’e{l,2}}]

Obviously, (12) holds. If (11) were true then we would have 1,(a,a,2) hence
38,€A4.15 (a,a) and by 15(a,a,1) and 6,(a,c) we would have 35, <48,.1%(a,c). But
—6,(a,c) and Vo' <2.711,(a,c,a’), a contradiction, [

In Burstall’s method the use of lemma 6, in the proof of proposition 6, has the effect
of covering a number of transitions by a single step 8,. Hence 6, can be used in the
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proof of §, only if this reduction leaves 8, inevitable. Stated otherwise, 6, must be
inevitable for transitions 6, made up of the lemmas that are used in the proof of 4,.
This is expressed more formally by condition (where 6,=t}):

Vae(A~0), seS.[(Fa'eA, s'eS.1,(s',s,))
=(VpeZ (8,14, As.[s=5]).3ie Dom(p).0.(po, p:)) ], (13)

where T,(s’,s")=[3a" <a.1,(s,8", ')A O,.(5",5")].
Condition (13) is a necessary one for semantic completeness:

Theorem 8.5 (Soundness (relative to t) — necessary completeness condition)).
(11) = (13).

Proof. Assume (11). If A=1 or Va',s".71,,(s’,s,a) then (13) obviously holds, else we
prove (13) by transfinite induction on xe(A~0). Given ae(A~0) and seS, assume
by reductio ad absurdum that Ja'eA, s'eS,peX{S, th, As.[s=5]D.1,(s,s,0) A
VieDom(p).—16,(po, p;)- To get a contradiction, we show that it is then possible to
build an infinite sequence {(d;,i): k=0) such that Vk>0.12(s, p; ) holds and {J;:
k=05 is an infinite strictly decreasing chain of ordinals.

We have 1,.(s', 5,a) so that by (11) we derive 13°(s,s) i.e. I3°(s, p;,) with i;=0. If the
sequence has been built up to point k, then by (11) I2(s, p;,) implies

([Fa<a.1,(s, pi, ®) I A [V <ot1,(S, Py, ') = (Lo’ =0=>35"€S.0, (p;,s")]
ALVS"€S.(0,(piy, s") = 38" <6, 13 (5,5")1)])

because we have assumed —16.(po,p;,) and po=s. If a=0 then I5"€S.6,(p;,,s"
whence 35”€S.1,5(p;,,s")- Else 0 <a <a, so that by induction hypothesis Vs'eS.[(3a”,
$"ag(s”, 8',0)) = (Vp' €L (8,14, A5.[5=5"]>.3icDom(p’).04(p5, pi))]. In particular
fors'=p;, . 1,(s, i, ) holds and XS, Tap, - AS-[s=p;. 1) is not empty so that we derive
3s"€S.0,(p;,,s”), whence 3s”e€S.7.(p;,s"). Since p, is not a blocking state
e1=ir+1 belongs to Dom(p) and we have t,(p;,p,.,) It follows that
o’ <o 1,(s, pi, ') A Oy (Piys Pire. ), whenee 30,4y < S I3 (s,py, ) O

Condition (13) (i.e. each lemma is inevitable relatively to the lemmas used in its
proof) implies condition (12) (i.e. each lemma is inevitable relatively to the transition
system);

Theorem 8.6 (Inevitability relative to T implies inevitability relative to t). (13) = (12).

Proof. Assume (13), we prove (12) by transfinite induction on ae(A~0). Assume
by reductio ad absurdum, that 3peX{S,t, As.[Ia’,s".1.(s",5,a)]>. VieDom(p).
—0,(po, p:). To get a contradiction, we shall build an infinite sequence <i,: k=0
such that pgp;... is a counterexample to (13), ie. 3Ja’,s .1,-(s, Piog» %) A
Vk20.[Tup, (Pirs Pirc ) A 10a(Pigs i) ]- We let ig be 0. If the sequence is built up to i,
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then it can be extended since Ji, ., = ik Tap, (Pix> Pir. . ) (and 1 0.{pi,. Pi,.) by hypothesis
and iy =0). Otherwise, Vj>i,." 17y, (pi,. p;) s0 that by definition of 7,, we would
have Vjzi,.Va' <o.[11,(po, Pi» 0’ )V 10, (Pi, pi) ] IE Vo' <a11,(po, pi, ') then
Vs'eS. M typ, (Pi»s’) so that pi...p,€X{S, 1y, , 4s.[s=pi,]). In contradiction
with (13). Else 3a’ <a.1,(po, pi,, ®'); s0 for that o' <o we derive V j=i,.710,(pi., p;).
hence py, pi +1..-€2<{ S, t,As.[Fa", 5" .1,-(8",5,2")] ), in contradiction with induction
hypothesis (12). [J

We can now give a necessary and sufficient semantic completeness conditionfor (11).
Theorem 8.7 (Necessary and sufficient strong completeness condition). (13)<>(11).

Proof. By Theorem 8.5 we just have to prove (13) = (11). Given ze(A~0), se8§, we
define:

o In,=|J{Inter{S, 1,5, As.tt,0,>(s): In'eA,s'€S.1,.(s",5,0)},

® Go, = /{Goal{S, 1 28.1,0,>(s): '€ A, 5'€S.1,.(s", 5, %) },

o Ac,,=1In,,uGogy.

We first prove that (13) = (Vae(A~0), SES. W (ACys, Tos] TNy })

This is obvious when Va'eA,s'e€S.71,.(s',s,0) since Ac,s is empty. Else, given
2e(A~0)and seS such that Ja'e A,s'eS.1,-(s', 5, ) assume, by reductio ad absurdum,
that Ipe(w— Acy).View. 151 Ing(pi, piv ). For all iew we have p,eln,, so that
—10,(s, p;), hence p;¢Go,,. Since pyeln, we can assume pg=s (else we can adjoin to
the left of p a prefix rq...r, of some trace reX{S,1,,4s.tt> such that
ro=sAY j<k.0,(ro.rj)Ari=po so that Vi<k.tgllnlr,riv1)). We have
Ja'eA,s’e€S.1,(s',8,2) and peX {8, 1,,4s.[s=s]) and VieDom(p).p;¢Go,, hence
—16.(po, p;), in contradiction with (13). Q.E.D.

Assuming (13), by the previous lemma we can define:

o A=Sup* {rk(Ac,, t41In, " ") 2e(A~0) AseS],
@ I8(s5,8 ) =[s'€ACy NS =rk(Ac,, Ty TNy )8

If xe(A~0), seS and Ja'e(A~0), s'€S.1,.(s',s,2) then se Ac,, so that I(s,s) holds
with 8§ =rk(Ac,, Tas1 10,5~ 1) (5).

Assume ae(A~0), 5,5'€S, 6’'ed and 12'(s,s'). We have s'eAc,,. If s'eGo,, then
0,(s,s’) holds. Else s'eln, so that by (13) there exists s”€S such that 7,,(s’,s"), hence
some o’ <o such that 1,(s, s, 2') A 0,-(s’,s"). If &' =0 we conclude 3s"eS.t(s',s") since
Bo=t. Else a'#0 and if Vs"eS.7t(s’,s") then {(s'>eX{S,t,2s".[Fo,s.1,(s,5" . 2")]>,
whence by (13) and Theorem 8.6 we conclude from (12) that 8,.(s,s"); hence 1,,(s’,s")
holds. It follows from s'eln,, that o, 8, pe X (S, Ty, £S.[s=5]1),
ieDom(p).1,(s,5,0) AV j<iT10,(po.p) Apx=s", so that the infinite trace
Po...pxS’s' ... is a counterexample to (13). Hence, by reductio ad absurdum we
conclude that 35”eS.1(s’,s”). Finally, given 2’ <« and s”€S such that 1,(s,s",«") and
0,{(s’,s”") we have 1,1In,(s.s”) hence s"e€Ac,, and there exists

"= rk(ACys, Tus] INgs = I8 ) < PK(ACyss Tus 1 Ings ' )(s")=3"  such  that  I37(s,s")
holds. 3
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In a related paper [5], we show that Floyd’s method (i.e. (2) without (LI)) and
Burstall’s method (more precisely (2)) are strongly equivalent in the sense that a proof
by one method can be translated into a proof by the other method.

9. Conclusion

Our study and generalization of Burstall’s method should be extended (e.g. in the
style of [4]) so as to take fairness hypotheses for parallel programs into account. It
should also be extended from a methodological point of view in order to obtain better
presentations of Burstall’s method and broader applications e.g. for logic programs.
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