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Abstract—We construct the abstract domain of sym-
bolic terms ordered by subsumption by abstraction of
the powerset of ground terms ordered by inclusion.

Index Terms—Abstract interpretation, Abstract do-
main, Symbolic term, Subsumption.

I. INTRODUCTION

In mathematical logic, Jacques Herbrand introduced
ground terms [1, Ch. 1]! to denote a basic mathematical
object (for example, 0) or operation on objects (such
as +(1,2)) as well as symbolic terms that is terms with
variables (where the variables x are unknowns standing
for any ground term [1, Ch. 2]) (for example, +(1,x)).

Gordon Plotkin [3], [4] and John Reynolds [5] proved
that the set of symbolic terms form a complete lattice with
the less general/subsumption partial order <¥ on terms.
For example, +(1,2) =¥ +(1,y) =¥ +(z,y) =¥ 2

Symbolic terms are of interest in various areas of Com-
puter Science such as refutation theorem-proving based on
the resolution rule of inference [6], [7], satisfiability modulo
theories [8], symbolic execution [9], type inference [10],
[11], logic and constraint programming [12]-[16], [17]-[19],
pointer analysis in imperative [20] or logic languages [21],
and so on.

In [22], we showed that Hindley’s monotypes with vari-
ables [23] as well as Milner’s polymorphic types [10] are
abstractions of sets of Church’s monotypes [24]. Thanks
to restrictions on types (for example, no union type) and
on the language (for example, the two branches of a condi-
tional must have the same type), the set of monotypes of
a lambda-expression is exactly represented by a monotype
with variables. In that case the abstraction is exact. This
is no longer the case for polymorphic types, for which a
widening is needed (all recursive calls must have the same
type).

Generalizing this initial point view, our objective is to
study the complete lattice of symbolic terms by abstrac-
tion of the powerset of ground terms.

This material is based upon work supported by DARPA under
Agreement No. HR00112020022. Any opinions, findings and conclu-
sions or recommendations expressed in this material are those of the
author and do not necessarily reflect the views of the United States
Government or DARPA.

IEnglish translation in [2].

II. THE COMPLETE LATTICE OF GROUND TERMS

The signature F defines a set of function symbols f\n
(f for brevity), each one with an arity n, that is, a
fixed number of parameters (0 for constants). The round
parentheses “(”, “)” and comma “,” do not belong to F.

f\n, g\n, h\n € F\n
fgh € F = |JF\n
neN

signature n > 0

We assume that the signature F has at least two different
function symbols. Ground terms denote uninterpreted
functional expressions.

teT = ground terms
f\O constants of arity 0
| f\n(ty,...,t,) term of arity n € N

The set T of all ground terms is called the Herbrand
universe with signature F.

Sets of ground terms form a complete lattice partially
ordered by inclusion

(p(M), <, 0, T, U, N) sets of ground terms (1)

III. TERMS WITH VARIABLES

A term with variables (also called symbolic term)
abstracts a set of terms. For example the set of
ground terms {+(0,1),4+(0,+(1,1)),4+(0,+(1,+(1,1))),
+(0,4+(1,+(1,4(1,1))))),...} can be abstracted by the
term +(0, @) with variable o. The abstraction can be very
imprecise. For example {0,+(0,1)} would be abstracted
by variable o which concretization is the set of all ground
terms. So the abstraction is precise enough only for set of
terms with adequate regularity properties.

aBy € W%

7TV =
A

| f\n(T1,...,70)
Q

W

The round parentheses “(”, ¢)”
« € ¥ do not belong to F.
We write vars[t] for the free variables of a term .

{a} aeV (3)

n
U vars[t;]
i=1

term variables

terms with variables (2)
constants
term of arity n € N
term variable

wo»

, comma “,”, and variables

varsfa] £

»Tn)]

(1>

vars[f(Ty,. ..


https://en.wikipedia.org/wiki/Jacques_Herbrand

By default “term” means “term with or without variables”
and we say “ground term” for “term without variable”
and “symbolic term” for “term with variables.” The tag ¥
means “with variables”.

Example 1. Type expressions in OCaml [25] are terms
with variables (using a quote 'ident to stand for the type
variable named ident, the infix notation -> for the function
type, and the postfiz notation list for lists)

# List.map;;

- : ('a ->"'b) -> 'a list -> 'b list = <fun>

In prefix notation that would be

->(->(a, B), ->(1ist(«), 1ist(B))).

The syntactic replacement Tla + T'] on terms with
variables T replaces all instances of a variable « in the
term 7 by another term with variables 7’.

ala+— 7] & 7 (4)
BlY «+a] & B when 3 # a
flry,...,t)a«7T] & f(ula«7],...,t[a+ 7))

IV. TERM ASSIGNMENTS

An assignment maps variables to ground terms.

ecP’ 2 % -T assignment (5)

An assignment can be homomorphically extended to a
term with variables, as follows.

o(f(r1,-...t)) = flo(ty), ..., e(tn)) (6)

The intuition is that @ € TV — T is the evaluation o(7) of
term T by replacing variables @ of T by their value o(«a)
which is a ground term. Variable assignment g[a + t]| can
be used to change the value of a variable « to t

v (7)
o(y)

We use the same notation for syntactic replacement
(4) and variable assignment (7) because of the following
lemma 1 showing that instantiation of syntactic replace-
ment and environment assignment commute.

ofx + v|(x)
olx « v[(y)

> 1>

when x#y

Lemma 1. o(t[a + 7)) = ol < o(7')](7).

Proof of lemma 1. By structural induction on 7.

o If T = « then, by (4), o(tla + 7]) = o(T'[a < ) =
o(t') while, by (7), e[a «+ o(7)](7) = oa + o(7')|(a)
= o(7'), as required;

o« If T = # « then, by (4), o(t|a < 7]) = o(7
B]) = o(B). This is equal to g[a + o(7")](T) = o[
e(T)l(B) = e(B), by (7);

e Otherwise, T = f(71,...,7Ty) so that, by (4), (6), ind.

hyp., and (6) again, o(7'[a < 7]) = o(f(T1, ..., Tn)[x
7)) = fle(nifa «+ 7T)),...;0(m[T <« q]) =
flela «+ o(T)](t1), -, ela < o(v)](7s)) = ola +
e(T)](f(r1,..., 7)) = ela + o(T)](7). 0

Let us call o(7) the ground instance of T for the assign-
ment @. Unless it is reduced to a variable, a term with
variables cannot have the same instance as any one of its
variables (this is known as occur-check).

Lemma 2. For all variables a € vars[t] of a term with
variables T € PY \ W, there is no assignment @ € PV £

V% — T such that o(a) = o(7).

Proof of lemma 2. Since T € PY \ V¥, we have
T = Sl e T ), T )
where f' € F,: with m* > 0, i € [l,n]. By (6),
we have o(t) = fl(z},...,f (1}, ...,0(a),...,T%)
= fl('r%""vfn('r?v"' f (T7 "’fn(T?v
c0(@)y . Th), e, ) = .. So o(7) is an infinite
object not in P¥. ]

V. THE SYMBOLIC ABSTRACTION

The symbolic abstraction abstracts a set of ground
terms into a term with variables. The symbolic abstraction
is easily defined by its concretization, that is, it’s set of
ground instances.

{o(7) | @ € P} (8)
0

Since all terms with variables T € P” have a nonempty
concretization ground(t), we add the empty term @* ¢ P¥
to denote the empty set § with o(3") = &".

ground(T)

L
L

ground(@")

Remark 1 (the symbolic abstraction is relational). An
important remark on the definition of ground in (8) is that
all instances @(c) of a variable o in a term with variables
T are the same in a given instance @(T) of the term. For
example, f(a,b) & ground(f(a,«)) when a # b. However,
two terms with variables equal up to wariable renaming
have the same concretization. Therefore, the names at-
tributed to the same instances of variables in terms with
variables do not matter. For example, ground(f(a,«)) =

ground(f (8, 8)) ={f(t,t) [t € T}.
VI. THE HERBRAND SYMBOLIC ABSTRACT DOMAIN
The symbolic abstract domain is an abstraction of the
complete lattice of ground term properties (1).
A. The subsumption partial order

We define the preorder <* on terms with variables,
called subsumption, as the inclusion of sets of their ground
instances. (This will be shown to be equivalent to the
classical definition in theorem 2.)

(t="7) 2 (ground(t) C ground(t)) (9)
This is a preorder (T U {@"}, <¥) with infimum @&". For
example f(a,b) X f(a,b) = f(a, B) =¥ 7.
Lemma 3. Observe that for all terms with variables T, €
T", we have T X* T if and only if Yo € P¥ . 3o’ € PV .
o(r) =¢'(7).

Proof of lemma 3. The case of ) is trivial. Otherwise,



V7
& ground(t) C ground(t’)
< {o(r) e P} C{o'(7) |0 €P"}
{def. (8) of ground§
{def. C§ o

Ldef. (9) of <§

& VoeP¥. 3 eP.o(r)=¢(7)

The corresponding equivalence relation is ~*. The quo-
tient is a partial order (PH, <.v) where

= AT =T
(T"U{@"}) /fer

([t | 7T 0B}

Jre [, T €[]y . TRV T
For example f(a,a) =~ f(3,8) and [f(a,a)]~ =

{f(v,7) | ¥ € %}. More generally, equivalent terms are
equal up to variable renaming.

(10)

/

> e 1> 1>

2] <o (2]

Lemma 4. A renaming is an assignment p € % »» W%
between variables extended to terms with variables by (6),
that is p(f(T1,...,7n)) = f(p(71),...,p(Ts)). Equivalent
terms have a bijective renaming of their wvariables and
reciprocally, that is, Vr,©¥ € TV . (t =¥ ') & (Fp €
vars[t] » vars[t'] . p(t) = 7).

Proof of lemma 4. (=) Assume T ~Y T’ are equivalent so
that, by def. ~” and lemma 3, Vo . 3¢’ . o(7) = ¢'(T)
and Vo' . Jo . o(1) = @'(7'). Let us define a relation p €
p(vars[t] x vars[t']), starting from () as follows.

o If T is a variable o and 7’ is not then T 2” ¥’ so ¥/ must
be a variable § and we let (o, 8) € p.

o It 7= f(71,...,7) then T ~” 7/ implies that Vn € [1,n] .
T, ¥ T}, so by structural induction, there is a relation
pi € p(vars[ti] x vars[t}]) so we take p = Uj_; pr.

We have to prove that p is a function. By contradiction, if

p is not a function then there is a variable a of T and two

variables 8 and v of ¥/ with at least one which is not «,

say . Then instances of v in ' cannot be replicated with

« in T so the two terms cannot be equivalent. Now if p

is not injective there there are two variables $ and v of T

with only one correspondent « of T, so again the instances

of § and v cannot be matched with «. Finally, if p is
not surjective, then there is a variable v with arbitrary
instantiations in ¥ with no correspondent in 7, which
again prevents equivalence. In conclusion, p is a bijection.

(<) Conversely let p € wars[t] »» vars[t'] be such

p(t) = 7. Given any @ € P”, define ¢'(a) = o(p~'(a)),

a € V. Let us show, by structural induction on «, that

o(v) = o/(¥).

o If 7 = « then p € vars[tr] » vars[t] and p(1) = 7
imply that v/ = 8 is the variable 5 = p(7). It follows
that o'(7') = ¢'(8) £ e(p"(9)) = e(a) = e(7);

e Otherwise, T = f(71,...,7T,) so that p(r) =
P(f(Tl,u-,Tn)) = f(P(ﬁ),,,O(Tn)) = T/ im-
plies that ¥ = f(7},...,7,) with ¥, = p(1;),

i € [I,n]. It follows, by (6) and ind. hyp., that

o'(7) = o'(f(7,...., 1)) = f(e'(m),....0 (7)) =
fle(tr), ..., e(m)) = e(f(71),..., 7)) = 0(7). o

The comparison of equivalence classes is equivalent to
the comparison of the representatives of these classes.

Lemma 5. [T1]~y =Sov [To]ar © 71 XY T2,
Proof of lemma 5.

[Tl]:‘/ =ov [1'2}31/

& 37 € [11]av, Th € [To)av . T) XV T, {def. (10) of <+ §
& I, AT, AT =V T, (def. [1]-§
S AT, .o N OAY A AY M AT =

T1 N\ T2 ju T/Q ZdEf EVS
& 123

{((=) transitivity
(<) choosing T} = 71, T, = 72, and reﬂexivityé

B. The symbolic abstraction function

The abstraction of {f(a,a), f(b,b), f(c,c)} s
fla,a) since the parameters of f are equal while
{f(a,b), f(b,a), f(a,a)} is f(B,7) since the parameters
of f are not always related. The abstraction function
must select variables so as to identify equal parameters
on all instances of f. For this purpose, we encode sets
as families, for example, sequences (f(a,a), f(b,b),
fle,e)) and (f(a,b), f(b,a), f(a,a)). In the first case,
the subterms all yield (a, b, ¢) which is abstracted by a
variable say «. In the second case we get (a, b, a) encoded
by § and (b, a, a) which is different so is encoded by a
different variable . Notice that the variable name does
not matter and that the order in the sequences does not
matter either (so sets of ground terms encoded differently
as index families will have the same abstraction, up to
variable renaming via a bijection between variables; see
lemma, 6).

We arbitrarily define a scheme to name sets of ground
terms by a unique variable thanks to an injective function

ve(A->T)» W (11)
assigning a variable v({t; | i € A}) to any arbitrary family
of ground terms {t; | ¢ € A}. Injectivity ensures unique-
ness, that is, different families of terms are abstracted by
different variables.

The abstraction is called the least common generaliza-
tion (lcg).
legw)(0) = @"
legW)({fi(th,.... 1) i€ A}) £
lfVZ,jEAﬁ:f] :f/\ni:nj =n then
let T% = leglw]({tF | i € A}),k=1,...,nin
f(rt, ...,
else v({f;(t',... . t") | i€ A})
If all the terms in the family have the same structure
then the abstraction proceeds recursively else the family is

(naming scheme)

(12)



abstracted by a variable. Equalities between all subterms
of the family are preserved by the abstraction since the
families of these subterms are abstracted by the same
variable when they have different structures.

Example 2. Assume that v({a, b)) = a and v({b, a)) = B,
then

legv]((f(g(a,a), h(b,b),a,b), f(g(b,b), h(a,a),b,a)))

= f(leglvl({g(a, a), 9(b,b))), legw]({h(b,b),
h(a,a))), leglv]({a, b)), legv]((b, a

= [fg(leglv]((a, b)), legvl({a, b)), h(lcg[v]({b,
a)), legv]((b, a))), leglv]((a, b)), leg[v]((b, a)))

= flowl{a, b).w((a, ), hw((b, a))w((b, a)),((a,
b)), v((b, a)))

= f(g(a,oz)),h(ﬁ,ﬂ),a,ﬂ) d

Lemma 6. The definition (12) of the symbolic abstraction
leglv] is independent of the naming scheme v. If v,V €
(A > T)» W then VT € o(T) . legw|(T) =¥ leglv'|(T).
Proof of lemma 6. Since v € (A — T) » W is injective, it
has a left inverse (improperly) denoted »~* such that =1 o
v = T, is the identity on o(T) (encoded as families
A — T). Define p = v/ o v~!. Given T € p(T), let us show
that p(leg[v](T)) = leg[v'](T), by structural induction and
case analysis on the def. (12) of lcg[v].
(T

1) If T = 0 then p(legw)(T)) = p(leglv](0)) = @Y =

leglv'](0) = leglv/'|(T);
2) Else, if leg[v|(T) = v(T) then leg'|(T) = V(T ) 5o
that p(leglw](T)) = p(W(T)) = ¥' o v=! o (T) =

) =
lom(T) =v(T) = lcg[ 1(T);
3) Otherwise, T = {f(t},...,t")|i € A}, so that by
ind. hyp., p(Tf) = plegl({t | i e A))
leg|({tF | i AY) = Tk Kk = 1,...,
Therefore, by (6), p(lcglv](T)) = ,I)
Fp(Ty), - p(Ty

=

p(f(Ty, .-
)) ( u’?"'vT;L) ng[ ](T)
If « € wvars[leglv'](T)] then case 1. of the above proof
shows that a = legV/|(T") = V/(T") for some T' € p(T)
and therefore p(lcglv](T')) = p(w(T")) = V' o vt o
v(T') = v o 1,n(T") = V(T') = «, proving that
p € vars[[leglv](T)] - vars[leglv'|(T)] is surjective.

If ay,a0 € wvars[leg[v](T)] then case 1. of the above
proof shows that a1 = leg[v](e1) = v(aq) and as =
leglv](a2) = v(ag) for some ag,as € p(T). Assume that
p(a1) = p(az). Then we have v/ o v~ 1(ay) = v o v 1(an)
that is ¢/ o v~ 1(v(aq)) = V' o v~} (¥(az)), which implies
V(o) = V(ag) since v! o v = T,). It follows that
a1 = ag since V' is injective. Therefore ay = v(a;) =
v(ag) = ag, proving that p is injective.

It follows that p € vars[lcgw]|(T)] » vars[lcgv'](T)] is
bijective so that legw](T) ~* leg[v']|(T) by lemma 4. o

||A(T\|

We now want to identify a Galois connection with ab-
straction leg[v] and concretization ground. Several prelim-
inary results are needed. First, the symbolic abstraction
leglv] is <¥-increasing.

Lemma 7. Let A C A’ be index sets andt € A" > T (and
therefore {t; | i € A} C {t; | i € A’}). Then leglv]({t; |
i€ A}) =V leglv)({t; | i € A'}).

Proof of lemma 7. By lemma 3, we must prove that Vg €
P30 € PY . ollcglu({ts | i € A}) = o (eglul({t; |
i € A’'})). Given any g, let us define @’ such that, for any
{ti|ie A’} ¢ A’ 5 T, we have (including the case of
constants when n =0 or m = 0)
o If {t; | i€ A} = {f(t},...,t") | i € A} and Fj €
A'\NA Lt = g(t;vl, e ,t;m) with g # f then

ewtilieA})) £ elleglwl({ti | i € A}))

o Otherwise, {t; |i € A’} = {f(ti,...,t?) |ie A}, in
which case

Wt lieA})) £ e(w({ti|icA}))

Let us show that e(leglv]({t; | ¢ € A})) = o' (leg[v]({t; |
i€ A'})), by structural induction on leg[v]({t; | i € A}).
There are two cases.

o If leglv]({t; | i € A}) is a variable a = v({t; | i € A})
then3j,k € A . t; = f(t],..., t7 )At = g(tg, ..., t7")A
[ # g. By (12), since t;, t, € {t; | i € A'}, legv]({t; |
i € A’}) is a variable 8 = v({t; | i € A’}). By our
definition of @', we have o(lcg[v]({t; | i € A})) = o(a)
— 0/(B) = o' (leglw]({t: | i € A'});

o Otherwise {t; | i € A’} = {f(t},...,t7) | i € A’} and
then

o(leglv]({t; | i € A}))
= o(legW]({f(t;,....t}) | i € A})) (ACA'S
= o(f(leglW]({t1 | i € A}),..., legW]({t}, | i € A})))
{def. (12) of lcg[v]§

= fle(leglw]({ti |i € A}))..... e(leglW]({t,, |i € A}))

L(6)§
= f(o'(leglv)({ty | i € A})),....0 (legW]({t;, | i €
A'}) , ~ {ind. hyp.§

= o/ (flleglv]((ty, i € A'))), ..., leglW]({t;, | i € A'}))
{(6)§

= 0'(leglv]((t;, i € A')))

Let us prove that the abstraction of a set of terms over
approximates any term of the set.

{def. (12) of lcg[v]§ ©

Lemma 8. Let A be a nonempty set andt € A - T be a
family of terms. Then Vj € A . t; <Y leglv]({t; | i € A})
that is V5 € A . 30" € PY . t; = o' (leglv]({t; | i € A})).

Proof of lemma 8. By lemma 3, we must prove that Vj €
A . Ve eP”. do' € P . o(t)) =o' (lcglv]({ti | i € A})),
By t; € T has no variable so Vo € P” . o(t;) = t;. It
follows that we have to prove that Vj € A . Jo’ € P” .
t; = o/ (leglw]({t; | i € A}).

For any element of j be of A, let us define ¢'(3) £ t;-
forall B=v({t;|ic A})and {t; |ic A} e A >T.



The proof that t; = @'(legw]({t; | i« € A})) is by

structural induction on leg[v]({t; | i € A}) € T.

o If leglv]({t; | i € A}) is a ground term a € Fy then, by
(12), Vie A .ty =asot; =a=¢'(a) = o' (lcyg[¥|( {t |
i€ A})).

o If leglv]({t; | i € A}) is a variable « = v({t; | i €
A}) then, by (12), there exist ¢,k € A such that t; =
f(ti,h N >ti,n) and tk = g(tk,h . ,t]“m) with f 75 g.
Then, by def. @', ¢'(av) = t;.

e Otherwise, by (12), we have Vi € A . t =

f(ti1,-..,tin), so by structural induction hypothesis,
VE € [1,n] . j’[ = 0'(leglv]({tie | ¢ € A})). Therefore
= f(tj1, - tin) = f('(leglv]({tin | @ € A})), .,
({tin | @ € A}))) = @' (f(leglwl({tin | i € A})),

( gl

s leglv)({tin | i € A})) = @' (leglv)({f (ti, s tin) | i €

A}) = ¢/ (legll({tis | i € A)})~ O

The following corollary shows that the symbolic ab-

straction is an over approximation of properties of ground
terms, that is, ground o lcg[v]() is extensive.

Corollary 1. If A is a nonempty set and {t; | i € A} €
A > T, then {t; | i € A} C ground(lcglv]({t; | i € A})).
Proof of corollary 1.
{ti | i € A} C ground(lcg[v]({t; | i € A}))
& {ti|ic A} C{o(legv]({ti | i€ A})) | e € P}
{def. (9) of ground§

& VjeA.JeeP” t;=po(lcglv]({ti | i € A})) {def. C§
which is true by lemma 8. o

The following corollary shows that the abstraction of
the concretization of a term with variables looses no
information.

Corollary 2. For all T € T¥
ground(t) = ground(t).

ground o lecgly] o

Proof of corollary 2. By corollary 1 (where ground(t) =
{t; | i € A}), ground(t) C ground o lcg[v] o ground(t). It
remains to prove that

ground o leg[v] o ground(t) C ground(T)
& {e(lcglv] o ground(t)) | @ € P*} C {e(7) | ¢’ € P"}
{def. (8) of grounds
& Vo eP¥. 30 € P .o(lcg[v] o ground(t)) = 0'(7)
{def. C§
which holds by lemma 8. ]
C. The symbolic term Galois connection

In order to take into account the equivalence of terms
with variables up to variable renaming (see lemma 4), we
reason on the quotient partial order of terms (PH, <.v).
We extend the concretization (8) and the abstraction (12)
to equivalence classes as follows.

legn[W]({ti |1 € A}Y) = [leglW]({ts | i € A})]~r (13)
ground.. ([T]=) ground(T).

> 1l

Theorem 1. For any naming schemev € (A - T) — W,
ground.v

(p(T), C) —— (P!, =)

14
ng:V [U] ( )

This definition of the Galois retraction is independent of
the choice of the naming scheme v. ]

Proof of theorem 1. By def. of a Galois connection, we
must prove that for all families of terms {t; | i € A} €
©(T) and term with variables ¥ € T U {@"},

lege W)({t | 1 € A}) <o [T)er &
{t; | i € A} C ground.. ([t']~v).

This is obvious for A = ) since leg.. [v](0)
the infimum. Otherwise, we have

legn W({8: | § € A}) <or 7)o
o leg({t: | € AY)or <o [2]or
{def. (13) of lcg.. [V]§
& leglvl({t; | i€ AY) =¥ {def. (10) of Z~» and ~¥§
& ground o leglv|({t; | i € A}) C ground(t’)
{def. (9) of =¥ §

= @" which is

& {t; i€ A} C ground(t)
{(=) by corollary 1 and transitivity;
(<) By lemma 7, leg[v] is increasing. By def.
(9) of =¥, ground is increasing. Their composi-
tion is increasing so ground o leg[v]({t; | i € A})
C ground o legly] o ground(t') = ground(t') by
corollary 2. §
< {t; | i€ A} C ground.. ([7']~)
{def. (13

Moreover ground.. is injective so (14) is a Galois retrac-
tion (also called Galois insertion).

By lemma 6, if v, ' € (A - T) — ¥ then VT € p(T) .
leg[v)(T') =¥ leg[v'](T) so that this definition of the Galois
retraction (14) is independent of the choice of the naming
scheme v. o

)) of ground..

In a Galois connection (C, <) %; (A, O), a =

a o v o a. It follows immediately that (ground..(PH),
ground.v H

Q) &——— (P", 2=
legv [V]

essential remark for completeness in typing [22].

) is a Galois isomorphism, an

D. The symbolic abstract domain is a complete lattice

By [26, THEOREM 4.1], the image of a complete lattice
by an upper closure operator is a complete lattice. This
extends to a Galois retraction (C, <) % (A, C) since
v o « is an upper closure operator, « is surjective so
that v(A) and «(C) are isomorphic, @« = a o v o a,
and « preserves existing joins. Therefore, the terms with
variables form a complete lattice since they are the image
of the complete lattice of properties of ground terms by
the Galois retraction (14).



Corollary 3 (symbolic abstract domain). For any nam-
ing scheme v € (A — T) » W, (PH <.,
[3"]~v, [a]~v, LCGxv, GCIv) is a complete lattice
where o € VW, the least upper bound is LCG~v(S) =
lego. V(U ground.. (S)) (binary lcg for symbolic terms
and leg.. for term classes), and the greatest lower bound
is GOl (S) £ lcg. [V](N ground..(S)) (binary gci and
gciv ). This characterization of the lattice operations is
independent of the naming scheme v which is used.

Proof of corollary 3. Since (p(T), C, 0, T, U, N) is a
complete lattice and (14) is a Galois retraction, it fol-
lows that, for any naming scheme v € (A — T) »-
%, its image lcg. [V](p(T)) = PH by lcg..[v] is also
a complete lattice (PH, <. v, [@"]~v, [a]~v, LOGav,
GCl~v) where the infimum is leg.. [V](0) = [BY]~,
the supremum is leg.. [V](T) = [w({t, t € T))]~r =¥
[@]~v, @ € W, the least upper bound is LCG~.(S) =
lege [W](U ground.. (S)) and the greatest lower bound
is GCIv(S) £ lcg. [V](N ground.. (S)).

By lemma 6, if v, ' € (A > T) —» W then VT € p(T) .
leglv|(T) ~=¥ leglv'](T) so that this characterization of
the lattice operations is independent of the choice of the
naming scheme v. o

We use lcg.. (respectively gci, ) for the binary version
of LCG~v (respect. GCluv).

Observe that ground terms [t].» € PH belongs to
the abstract domain and abstract the concrete property
{t} of being that ground term. Then lcg..[v]({t}) =
LCG~v ({[t]~}), because, by (14), we have

LOG~v ({[t]~+})

£ leg [W)( ground... ({[t]=+}))
J(\J ground.... ({[t]~}))

= lcgzy[u](U ground.. ({t}))

= leg. (UL

= lego. [W)(8).
This explains why the abstraction and the lub in the
complete lattice have been given the same name.

= legon[v

VII. THE CLASSICAL DEFINITION OF THE SUBSUMPTION
PARTIAL ORDER USING SUBSTITUTIONS

The subsumption preorder <V is classically defined syn-
tactically, using substitutions [7, pp. 180-188] (instead of
(9)) [3]-[5]. We show that this classical syntactic definition
is equivalent to the semantic definition (9) based on the
interpretation of terms with variables as properties of
ground terms.

A. Substitutions

The same way that assignments (5) record ground values
of variables, we use substitutions to record symbolic values
of some variables, so substitutions are partial functions

v o€ T &2 YBAT (15)

mapping variables « in its domain dom(4) to terms with
variables ¥(«).

A substitution is extended to a total function ¥ €
% — TY and homomorphically to terms with variables,
as follows

Ha) a when a ¢ dom(9)
Hf(T1,...,Th)) F(T1),...,9(10))

Observe that the substitution is carried out simultaneously
on all variable occurrences.

The empty substitution € is totally undefined, that is
dom(g) = 0. It’s total extension is the identity Vo € W .
g(a) = a. By structural induction on terms with variables,
we have VT € TV . g(7) = 7.

(16)

> f>

B. The classical characterization of the subsumption pre-
order using substitutions

The following theorem 2 shows that the syntactic and
semantic definitions of subsumption are equivalent. It
follows that the subsumption lattice of [3]-[5], [27] is the
complete lattice considered in corollary 3 since the partial
order is the same (although defined differently).

Theorem 2. V1,7, € TV .
19(1'2) =1T.

[T1]ar Sav [To]ar & T €T .

Proof of theorem 2. Let us first show that for all 71,72 €
T,
(VoeP’.30 €P”.o(11) =0 (12)) &
(319 €Y. ’19(1'2) = Tl)

(17)
(18)

(<) Choose ¢ = Aa-o(¥(a)) so that, by structural
induction on terms with variables, VT € TV . ¢/(1) =
o(¥(7)). Then ¥(12) = 7; implies o(¥(72)) = o(71) and
so 0'(12) = o(11).

(=) We assume that Vo € PY . 3¢’ € PV . o(71) = 0'(72).
The structural proof is by cases on the pair (77, T2) ordered

lexicographically. It consists in constructing ¥ given g and
/

0.
e Ty =a€F

— T3 = b € Fy. If b # a, the hypothesis is false and
the implication is true. Otherwise b = a and any
substitution has ¥(71) = ¥(a) = a = 9(72).

— 73 = [ € V. Any substitution s.t. 9(8) = a has
(t2) =V(B) =a=11.

-1 =g(tf,...,7)), g € Fp,. Yo,0' . o(71) # 0'(72)
so that the hypothesis is false and the implication is
true.

e T1 = € %

— 72 = b € Fy. If (o) # b, the hypothesis is false and
the implication is true. Otherwise g(«) = b.

— 72 = € %. Any substitution such that ¥(8) = «
will do.

-1 =g(t/,..., 7)), g € Fp,. Since we assume that the
signature F has at least two different function sym-
bols, there is a term T with this different symbol at



. '1'1:'](.('1'/1,...7

the root. For g such that g(a)) = 7 there is no @’ such
that e(a) = © = @'(t2) = g(e/(¥}),....@'(¥})). In
that case, the hypothesis is false and the implication
is true.

T,), feF,

— 1o =b€eFy. Vo,0' . o(11) # 0'(72) so the hypothesis

is false and the implication is true.

— 73 = 8 € %. Simply choose ¥(8) = 7.
-1 = g(tf,...,7)), g € Fp. The hypothesis
that e() = (w2}, that s f(e(e)). ... elel) =
glo'(t]),...,0'(Tl)), implies that f =g, m =n, and
Vi e [1, ] o(7;) = 0'(7}). So, by structural ind.
hyp., 39; . ¥,(7}) = T; that is 7 = f(t),...,7,) =
f(191(1"1) ., (7). We now have to define ¥ such

that 19(1'2) =T1.

* For the variables a that do not occur in 7o, we
choose ¥(a) = o

* For variables a that occur once or more in 7o, say
in 7 and 7, j,k € [1,n], we have

o= e
T = fC a0

There are two subcases:

- If for all occurrences, the substitutions are iden-
tical, we choose ¥(a) = ¥;(a) = Yy ();
- Otherwise, Ja,j # k V() # Ip(a)?
and so 9;(7}) + Ig(7}). Therefore,
Jo . e(V;(7})) # e(Jk(7y)). By hypothesis, Jo’ .
elri) = ¢(rs) 20 o(m) = fle(x).....elx.)
= f(0(191('f’1’))7 o(Un(7y))) =
o' (t2). If follows
) = e(0,(¥) = @(¥) and el(c))
'rk)) = g(‘rk). For the term T}, we
TR
and so @ ) Slmllarly, for the term
T, we get o' (o) = o(¥(a)). It follows that
o(¥;(a)) = o(Vk(a)), a contradiction. This case
is therefore impossible.

=
|
Q

In conclusion, in all cases which are possible, the hypothe-
sis Vo . 3¢' . o(11) = ¢'(72) implies that 39 € T . ¥(12) =
71. It follows that

to 0

[T1]ar <ov [To]av

T 3V 1 {lemma 5§
{def. (9) of =¥§
(®)5

{def. C§

(ans o

ground(ty) C ground(Ts)

{o(m1) e € P} C{o(12) | o' € P"}
Vo€ PY .30 € P . o(11) = 0'(72)
Jyex .19(1'2) =T

VIII. CONCLUSION

We have shown that a concrete program property repre-

sented by a set of ground terms can be over-approximated

2An example is f(a, B) =7 f(a, o) with ¥1(a) = o and J2(a) = S.

by a term with variables. Of course a concrete property
P represented by a set of terms with variables can be
overapproximated by the term with variables LCG~v (P)
(this is Galois connection of the homomorphic abstraction

a(X

) 2 | {h(z) | * € X} of a set X, where h is the

identity). The complete lattice structure follows from the
fact that the image of a complete lattice by a Galois
retraction is a complete lattice [26, THEOREM 4.1]. This
approach yields algorithms together with their soundness
proof by abstraction preservation [28, section 48.8].

We have shown that this semantic construction yields
the same subsumption partial order defined syntactically
by Gordon Plotkin [3], [4] and John Reynolds [5].

One can avoid variables by representing a term with
variables as a rooted directed acyclic graph (DAG) that is
the term syntax tree where the leaf nodes that have the
same variable are joined [29] (mathematically represented
by a tree and an equivalence relation between leaves that
have the same variable). The lattice structure of symbolic
terms generalizes to rooted order-sorted feature (OSF)
graphs [30], [31].
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