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Patrick Cousot

PROPERTIES OF STRONGEST POSTCONDITIONS
LEmMMA 1.1 (COMPOSITION). post(X 3Y) = post(Y) o post(X).

Proor or LEM. 1.1.
post(XsY)

AP-{c"|3ceP. {0, d")eX3Y)} {def. post§
AP+{c" |3oceP.3c" . (0,0 )eXA(d', o")eY} (def. 5§
AP-{c" |30’ .c'€{c’'|FoceP . (0, 0')eX}An{d, 0")eY} {def. 3 and €§
AP-{c" | 30’ e post(X)P . (o', 6" ) e Y} {def. post§
AP+ post(Y)(post(X)P) { def. post§
post(Y) o post(X) { def. function composition o§ m|

LEMMA 1.2 (TEST). post[B]P = P n B[B].

Proor or LEm. 1.2.

post[B]P

{¢'|3oceP. {0, o) e[B]} {def. post§
{c|ocePnroeB[B]} {def. [B] = {{(o, o) | 0 € B[B]}§
PnB[B] { def. intersection U§ ]

LEMMA 1.3 (STRONGEST POSTCONDITION). 7 (S) = ag © post[S] = {{P, post[S]P) | P e p(Z)}.

Proor or LEm. 1.3.

T(s)

ag o postoay o ac({[s].}) {def. T'§
ag o post o ay([s].) {def. ac§
ag o post([s]L N (Z x X)) (def. a;§
ag © post[s] {def. (1) of the angelic semantics [[S] §
{(P, post[S]P) | Pep(Z)} {def. aG} m|

LEMMA 1.4 (STRONGEST POSTCONDITION OVER APPROXIMATION).
Ta(S) 2 post(2.€) o T(s) = {(P, Q)|post[S]PcQ} = post(=C)oT(S)
Proor or LEm. 1.4.

post(2.€) o T(S)

post(2.)(7(s)) { def. function composition ©§
post(2.) ({{P, post[S]P) | P ep(Z)}) {Lem. 1.3§
= {(P', Q") [ 3(P, Q) € {(P, post[s]P) | Pep(2)} . ((P, Q), (P, Q")) e2.c}  {def. (10) of post§
= {(P', Q') | 3P . ({P, post[S]P), (P', Q")) e 2.c} {def. €§
= {(P", Q") | 3P . (P, post[s]P) 2.c (P, Q')} (def. €§
= {(P, Q"Y|3P.P2P Apost[s]PcQ} {def. 2.€§
= {(P', Q"Y|3P.P c P Apost[s]Pc Q'} {def. 2§
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{(P", Q') | post[s]P" c 0"}
©) by Galois connection (12), post is increasing so that P’ € P A post[S||P € Q' implies
(<) by p g P p
post[S]P’ € post[S]P A post[S]P € Q" hence post[S]|P’ € Q’ by transitivity;
(2) take P = P’

= {(P", Q") |3P.P' =P Apost[s]Pc Q} {def. =§
= {(P', Q') | 3P . (P, post[s]P) =,c (P', Q')} {def. =,c§
= {(P", Q") [ 3P . ((P. post[s]P). (P', Q")) € =.c} (def. €§
= (P, Q)| 3P, Q) € {{P, postlsIP) | P e p(5)} . (P, Q). (P, @) € =} Ldef. €5
= (P, Q') 3(P, Q) € T(5) - (P, O), (P, Q') € =) {Lem. 13§
= post(=S)(T(s)) {def. (10) of post§
= post(=,S) o T(S) { def. function composition o |

For simplicity, we consider conditional iteration W = while (B) S with no break.

LEMMA 1.5 (COMMUTATION). post o F’® = F¢ o post where F¢(X) = id U (post([B] 5 [S]¢) o X)
and F'® 2 AX «idu (X ¢ [B] ¢ [S]¢), X € p(Z x =) by (70).

Proor or LEm. 1.5.

post(F’¢(X)) {where X € p(2)§
= post(idu (X 3[B] s [s])) {def. F¢§
= post(id) U post(X s [B] 3 [S]*) {join preservation in Galois connection (12)§
= id U (post([B] ¢ [S]?) ° post(X)) {def. post and composition Lem. 1.1§
= F°(post(X)) {def. F¢§ m|

LEMMA 1.6 (POINTWISE COMMUTATION). VX € p(3) — p(Z) . VP e p(2) . FE(X)P = Fe(X(P))
where F§(X) = P U post([B] 5 [S]¢)X.

Proor or LEM. 1.6.

F¢(X)P
= (id U (post([B] s [S]¢) = X))P (def. F¢§
= id(P) u (post([B] ¢ [S]¢) - X)(P) {pointwise def. U and function composition o§
= Pupost([B] 5 [s]®)(X(P)) {def. identity id and function application§
= Fp(X(P)) (def. F3(X) = Pupost([8]  [s[)XS O

_ THEOREM 1.7 (ITERATION STRONGEST POSTCONDITION). post[W[P = post[-B] (Ifp= F5) where
F(X) = Pupost([B] 5 [s]¢)X.

Proor or TH. 1.7.

post[[Ww]
= post(Ifp= F¢ ¢ [-B]) {def. (49) of [W] in absence of break§
= post[-B] e post(Ifp= F®) {composition Lem. 1.1§
= post[-B] o post(Ifp= F’®) {since Ifp© F¢ = Ifp= F'® in (70)§
= post[-B](Ifp= F®) {commutation Lem. 1.5 and fixpoint abstraction Th. 11.2.2§
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= post[-B] o AP+ IfpS F§

{pointwise commutation Lem. 1.6 and pointwise abstraction Cor. I1.2.2§ o

COROLLARY 1.8 (CONDITIONAL ITERATION STRONGEST POSTCONDITION GRAPH). 7 (W) = {(P,
post[-B](Ifp= F§)) | P € p(Z)} where F5(X) = P U post([B]  [S]°)X.

Proor or Cor. 1.8.

T(w)
= ag o post([W]) {Lem. 1.3§
= ag o post[-B] o AP« Ifp F§ (Th. 1.7§
= {(P, post[-B](IfpS FE)) | P e p(2)} {def. (7) of oG § ]
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2 CALCULATIONAL DESIGN OF HOARE LOGIC HL

2.1 Calculational Design of Hoare Logic Theory
THEOREM 2.1 (THEORY OF HOARE LoGIC HL).

Ta(W) = post(2.€) o T(W)
= {(P,Q)|3A.PcIA{InB[B], I)eTu(s) A (In-B[B]) c O}

Proor or TH. 2.1 .

T (W)
= post(2.) o T (W) {def. Ty §
= post(=,C) o T (W) {Lem. 1.4§
= {(P, Q") (P, Q) e T(W) . (P, Q) = c (P, Q')} (def. post§
= {(P,Q')|(P,Q)eT(W).P=P' AQcQ'} { component wise def. =, c§
= {(P,Q)[3Q.(P,Q)eT(W).QcQ"} (def. =§
= {(P. Q") |3Q . post[-8](Ifp" F}) € Q A Q £ Q'} (Th. 17§
= {(P, Q') | 3Q . post[-8](Ifp" F§) < 0"}

(<) 30 . post[-B] (IfpS F5) € Q A Q € Q' and transitivity;
(9) take 0 = 0’
= {(P. Q') | 3Q . fp" F € Q A post[-B](Q) < Q'} ]
{(c) take Q = Ifp= Ff;  (2) post[-B] is increasing by (12)S§
= {(P,Q)|3Q.3I.F5(I) cIAI < QApost[-B](Q) Q'} {Park fixpoint induction Th. 11.3.1§
{(P, Q") | 31 F§(I) 1 A post[-B](I) € Q'}
{(€) I ¢ Q implies post[-B](I) ¢ post[-B](Q) since post[-B] is increasing by (12) hence
post[-B](I) ¢ Q' by transitivity;

(2) take Q = I
= {(P, Q)| 3I.Pupost([B] s [s]®)(I) < I A post[-B](I) c O} {renaming, def. F§§
= {(P, Q)| 3I.Pupost([B] s[s])(I) €I Apost[-B](I) = Q} [[S]° = [S] in absence of breaks
= {(P, Q) |3 .PcIApost([B] s [S])I <A post[-B](I) c Q} {def. c and U§
= {(P, Q) | 3I. P <cInpost[s](post[B]I) c I A post[-B](I) c O} {composition Lem. 1.1§
= {(P,Q)|3I.PcInpost[s](InB[B]) cIA(In-B[B])c O} (test Lem. 1.2
= {(P,Q)|3I.PcIA(InB[B], I} € {{P, Q) | post[S[P < Q} A (In-B[B]) €O (def. €§
= {(P, Q)| 3T.P<IA(INB[B], I) € post(=S) o T(s) A (In-B[B]) cQ (Lem. 1.4§
= {(P,Q)|3.PcIA{InB[B], I) e Ta(s) A (In-B[B])cQ {Lem. 1.4§ o
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2.2 Hoare logic rules
THEOREM 2.2 (HOARE RULES FOR CONDITIONAL ITERATION).
Pcl {InB[B]}s{I}, (In-B[B]) <O
{P}while (B) S{Q}

Proor oF TH. 2.2. We write {P}S{Q} = (P, Q) € TiL(S);
By structural induction (S being a strict component of while (B) S), the rule for {P} s {Q} have

(1)

already been defined,;
By Aczel method, the (constant) fixpoint Ifp= AX S is defined by {2 | c e S};
So for while (B) S we have an axiom with side condition P ¢ I, {In

{P}whlle ®) s{0}
Bg]}s{1}, (In-B[e]) € Q

Traditionally, the side condition is written as a premiss, to get (1).
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3 CALCULATIONAL DESIGN OF REVERSE HOARE AKA INCORRECTNESS LOGIC
(L)
3.1 Calculational Design of Reverse Hoare aka Incorrectness Logic Theory
THEOREM 3.1 (THEORY OF IL).

To(W) = post(c.2) o T(W)
= {(P,Q)|3(J" neN).J"=PA(J"nB[B], J"*") € Tu(s) AQ < (U J") n B[-8]}

Proor or TH. 3.1. neN

T (W)
= post(S.2) o T (W) {def. 1§
= {(P, Q) | Q c post[w]P} {S-order dual of Lem. 1.4§
= {(P, Q)| Q < post[-B](IfpS F§)} {Th. 1.7 where F§(X) = P u post([B] 3 [S]€)X§

= {(P, Q)| 3I.Q < post[-B](I) AIC Ifp= F&}
{(€) Take I = Ifp© F§ and reflexivity;
(2) By Galois connection (12), post[-B] is increasing so Q < post[-B[(I) ¢
post[-B] (Ifp© F§) and transitivity § i
= {(P, Q) |3I.Q cpost[-B](I) AI(J", n<w).J =@ A ] cFs(J") Al | J"}

n<w

{fixpoint underapproximation Th. I1.3.6§
= {(P.Q) 30U n<w). )" =@ A ] € Fp(J") A Q < post[-8]( U T}
{(€) By Galois connection (12), post[-B] is 1ncreasmg so Q ¢ post[-BJ(I) <
post[-B] (Un<w J*) and transitivity;
(2 takel=Up<,J"S
= {(P. Q)30 n<w).J =@ n]" ¢ (Pupost([B] 3 [s]°)(J")) A Q < post[-B] (LU J")}

n<w

{def. F&§
= {({P,Q)[3(J" 1<n<w) . J' =PAJ"™ cpost([8] 5 [s]*)(J") A Q € post[-B]( U J")}

1<n<w

{ getting rid of J° = &'§
= {(P.Q)[3(J" neN) . J* =P AJ"" cpost([8] 5 [s]°) (") A Q & post[-B] (LU J")}

nelN

{changing n + 1 to n§
= {(P, Q) [3(J" neN).J* =P AJ"" cpost[s]*(J" n B[8]) A Q < (U J") n B[-8]}

neN

{Lem. 1.2§

={(P, Q)| 3" neN). " =PA(J"nB[B] J™") € {(P, Q') | Q" € post[s])P)} A Q <
(UN]”) n B[-8]} {def. €§

= {(P,Q)|3(J" neN).J° =P A{J"nB[B], """y e T(S) AQ < (UN]") nB[-B]}  {def. Tr§
O
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3.2 Calculational design of IL rules

J* =P, [J"nB[E]]s[J"™] @< (U J") nB[-8]
nenN (2)
[P]while (B) S[Q]
Proor. We write [P]S[Q] = (P, Q) € Ti.(S);
By structural induction (S being a strict component of while (B) S), the rule for [P]S[Q] have
already been defined,
By Aczel method, the (constant) fixpoint Ifp= AX S is defined by {2 | c e S};
So for while (B) S we have an axiom with side condition J° = P, [J" n

{P}while (B) s{Q}
BEIIs[J™), Q € (UnenJ") 0 BI-8];

Traditionally, the side condition is written as a premiss, to get (2).
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4 CALCULATIONAL DESIGN OF HOARE INCORRECTNESS LOGIC
4.1 Calculational Design of Hoare Incorrectness Logic Theory
THEOREM 4.1 (EQUIVALENT DEFINITIONS OF HL THEORIES).

Tgr(s) = post(c,2)ea” o Tur(s) = a o Tu(S)

Observe that Th. 4.1 shows that post (S, 2) can be dispensed with. This implies that the consequence
rule is useless for Hoare incorrectness logic.

Proor or TH. 4.1.

T (s) = post(S,2) ca™ o Tar(S) {def. T §
= post((<,2)(={(P, Q) | post[S]P € Q}) (Lem. 1.4 and def. (30) of a~§
= post(S,2)({(P, Q) | ~(post[s]P < Q)}) (def. -§
= post(<,2)({(P, Q) | post[S]Pn-Q * &}) {def. cand —§
= {(P". Q") (P, Q) € {(P. Q) | post[s[P N ~Q # &} . (P, Q) &, 2 (P", Q") } (def. post
= {(P', Q") | 3(P, Q) . post[S]Pn-Q = @ A (P, Q) ,2(P', Q")} {def. €§
= {(P", Q") | 3(P, Q) . post[S]PN-Q #@APSP AQ2Q"} {component wise def. of ¢, 2§
- (P, Q') |30 . post[S|P' 1 ~Q £ 57 0 2Q')

{(c) if P c P’ then post[S]P < post[S]P’ by (12) so that post[S|P n -Q # @ implies
post[S]P' n-Q * @;
(2) conversely, if 3Q . post[S]P’, then 3P . post[S|P N -Q # & A P € P’ by choosing
P=P.§

= {(, Q') | post[S]P' n-Q' £ 2)

() if Q2Q" then -Q" 2 =0 so post[S]P’ n -=Q # & implies post[S|P' n-Q’ + &;
(2) conversely post[S]P'n-Q’ # @ implies 3Q . post[S]P'N-Q + @AQ 2 Q' by choosing
0=0"9§
= {{(P, Q) | ~(post[s]|P c Q)} {def. € and -
= a” o T(S) {def. ™ and Try, for Hoare logic§ |
THEOREM 4.2 (THEORY oF HL). W =while (B) S
TE(W) = {(P, QHEIn}l.EI(UiEI,ie[l,n])‘oaeP/\

Vie[1,n[.(B[B] n{o:}, ~{oit1}) € Tg(S) A on ¢ B[B] A 0 ¢ O}

Proor or TH. 4.2.

Tar(W) i i
= {(P, Q)| post[[_—B]](lfpg F)n-Q + o} (Lem. 1.3, where F§(X) = P u post([B] 5 [s]¢)X §
= {(P. Q) | Ifp® Fp npre[-8](-Q) * &} ((39.d)§

= {(P, Q) | T € p(3) .FE(I)E:I/\EI(W, QeWf.IJvel >W . Hoyel,ic[lo0]).0; €
Fi(@) AVie[1,00] . 0511 € Fp({0i}) AVi € [1,00] . (07 # 0141) = (v(07) > v(0141) A Vi €
[1,00] . (v(07) # v(0i+1) = {o;} npre[-B](-Q) # 0} {induction principle Th. H.3§
={(P,Q) | ep(=).PcInpost([BIs[S])SIAIW,<)eWf.Ivel >W.IHo;€el,
i€[l,00]).01€PAVie[l,00]. (0141 €PV {011} S post([B] ¢ [S]*){ci}) AVie[l,00]. (0; %

oir1) = (v(07) > v(oi41) AVie[1,00]. (v(0;) # v(0i41) = o; € pre[-B](-Q) }
(def. F§(X) = Pu post([B] 5 [S]¢)X, <, and post, which is @-strict §
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={(P,Q) | ep(=).PcInpost([BIs[S])SIAIW,<)eWf.Ivel >W.IHo;€el,
i€ [1,00]) .01 € PAVie[l00]. {01} S post([B] §[S]®){oi} A Vie[1,00]. (0; # 0i41) =
(v(0i) > v(oiz1) AVie[L00]. (v(o;) ¥ v(0ir1) = o; € pre[-B](-Q) }
{since if 0,41 € P, we can equivalently consider the sequence (o €I, j € [i+1,00])§
= {(P,Q)| I ep(X).PcInpost([B]s[s])IcIndnz1.3(o;el,ie[L,n]).o e PAVie
[Ln[ - {oi1} < post([B] 5 [S[*){oi} A on € pre[-B](-Q)}
() By (W, <) eBWf,vel >W,Vie[loo]. (g # gi11) = (v(oy) > v(0i41), the
sequence is ultimately stationary at some rank n. For then on, ¢;11 = 0, i > n and so
v(07) = v(0i4+1). Therefore Vi € [1,00] . (v(0;) # v(0i41) = o7 ¢ Q implies that o, €
pre[-B](-Q);
(2) Conversely, from (o; € I, i € [1,n]) we can define W = {o; | i € [1,n]} U {-oco} with
—00 < 07 < 0341 and v(x) = (x € {o; | i € [LLn] ? x 3 —oo]) and the sequence (o; € I,
j €[1,00]) repeats oy, ad infimum for j > n.§
={(P,Q) | ep(Z).PcInpost([B]s[s])IcIndnz1.Fo;el,ic[l,n]).oi€PAVie

(L[ {oir1} < post([8] 5 [SI°){oi} A o ¢ B[B] A on ¢ Q} (def. pre§
={(P,Q)|3In21.3oyeLic[Ln]).orePAVie[Ln][.{oi1} < post([B]s[S]®){ci} A on ¢
B[B] Aon ¢ Q} {I is not used and can always be chosen to be X §
= {(P,Q)|3In21.FoyeLic[L,n]).o1 € PAVie[Ln].post([B]s[S]*){oi} n{0is1} * DAOn ¢
B[B] Aon ¢ Q} {sincex e X < X n{x}+ 2§
={(P,Q)|In>1.Foielic[Ln]).orePaVie[L,n[.post([B]5[s]){oi} n=(-{0is1}) #
S Aop ¢ B[B] Aon ¢ Q} {def. - X =E\ X§
={(P,Q)|3n>21.3oieLic[lLn]).or e PAViel[ln .-(post([B]¢[s]®){oi} <
(~{ora 1)) A on ¢ BIB] A ow £ O} (~(XEY) = (XY £ 25
={(P,Q)|3In>21.F oy el ie[Ln]).ore€PaVie[ln].-(post([s]*)(B[B] n{ci})
(~{oit1})) non ¢ B[B] Aon ¢ O} {def. post, [B], and 5§
={(P,Q)|3Inz1.FoseLie[Ln]).orePAaVie[ln[.(B[B]n{oi} —{oi+1}) € {(P,
Q) [ ~(post([s[)P = Q)} A on ¢ B[B] A on ¢ Q} (def. €]
= {(P.Q)|3n>1.Ho;eLic[l,n]).ore PAVie[Ln[ . (B[B]n{ci}, ~{0is1}) € Tir(S) Ao £
B[B] A oy, € O} (def. T (s)§ |

4.2 Calculational Design of HL Proof Rules
THEOREM 4.3 (HL RULES FOR CONDITIONAL ITERATION). W =while (B) S
Hoyel,ie[l,n]).orePaVie[Ln[.(B[B]n{oi})s(-{cis1})Aon ¢ B[B] Aon ¢ Q
(P)while (B) s(Q)

®)

PRrOOF OF (3). We write (P)S(Q) = (P, Q) € HL(S);

By structural induction (S being a strict component of while (B) S), the rule for (P)) s ( Q) have
already been defined,

By Aczel method, the (constant) fixpoint Ifp= AX « S is defined by {£ | ¢ € S};

So for while (B) S we have an axiom with side condition 3(o; € I, i €

QP[)whileQ(B) s(0)
[Ln]) .01 e PAVie [Ln[. (B[B]n{ci})s(-{oit1}) A on ¢ B[B] A on, ¢ O where (B[B] n
{0i}) S (—{0i+1}) is well-defined by structural induction;

Traditionally, the side condition is written as a premiss, to get (3). O
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This is nothing but debugging formalized as a logic since {(o; € I, i € [1,n]) is a finite iteration in
the loop starting with P true and finishing with Q false, which is obviously a counter example to

Hoare triple {P} while (B) S{Q}. Notice that recursively (B[B] N {ci}) S ({ci+1}) enforces the
execution of the loop body S to start in state o; and terminate in state ;4.
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5 COMPARISON OF INCORRECTNESS LOGIC AND HOARE INCORRECTNESS

LOGIC

LEMMA 5.1 (IL 1S SUFFICIENT BUT NOT NECESSARY FOR INCORRECTNESS). Assuming Q # 2.

-({P}s{0}) post(R)P N -0 + @
JoeP.30"¢Q . (0, 0") €e[s]
Pnpre[s]-Q + @

Vo' ¢Q.3ceP . (0, 0')€e[s]

[PIs[-Q]

8 N0 0O

Proor or LEm. 5.1.
~({P}s{0})
< —(post[S]P c Q)
< post[S]Pn-Q * @
< 3JoceP.30'¢Q . (0, ") e[s]
<=Pnpre[s]-Q + @

[PIS[-0]
< -0 ¢ post[s]P
< -0c{o'|3oceP . (0, 0")e[s]}
= Vo' '¢Q.30¢eP . (0, d')e[s]
i:)E]O'EP. 3o’ (o, o'y e[s]rd" ¢ 0

©

{Lem. 1.4§
{De Morgan§
{def. nand &
(def. pre§

(reverse Hoare aka incorrectness logic§
{ def. triple§

{ def. post§

{def. c and —§

{(=) Assume -Q # @ so pick gy € =Q. Then, by hypothesis, 301 € P . {0y, 01) € [9]
proving 3o € P. 30’ . (0, ') € [S] A o’ ¢ Q with ¢ = 6y and ¢’ = o7y;
(A)If-Q=gie.Q=3thenVo' ¢ Q.3Jo € P. (o, o) € [5] is vacuously true while
Jo' .0’ ¢ Qhence 3o € P. 30’ . (0, o'} € [S] Ao’ ¢ Q is false§ i

LEMMA 5.2 (PROVING HOARE INCORRECTNESS WITH IL).

-({P}s{Q}) < 3FRep(Z).[P]S[RIARN-Q+@ (5)

PRrROOF OF LEM. 5.2.
~({P}s{0})
< 3Jo0eP.30"¢Q . (0, 0')e[s]
< 30¢Q.30"eP. (0, o) €e[9]
< 3JoeX. 30’ eP.(c/,o)e[s]rctQ

= 3JoeX. VYo" e{o} .30 eP . (o), d")e[s]rctQ

< JoeX . [P]s[{c}]rc¢Q
< 3dRep(Z).[P]S[R]ARN-Q+3
(e) takeR = {o};

< JoeX.[P]s[{c}]rc¢0O

{ def. incorrect Hoare triple §
{lem. 5.1§

{ commutativity and renaming§
{def. 3§

(def. €§

{def. IL§

(2) since Rn-Q # @, we have 3o € R. o ¢ Q and [P] S [{c}] since otherwise we would
have =(Vo” € {c} .30’ € P. (6", ') € [3]) < Vo' € P. (o, 0’} ¢ [5]), in contradiction

with [P]S[R] and o € R. §

]
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