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ler F be an isoYone operator on the uomp\eft ol L
e ltseﬁf . Tarski 's \athice theorebical fixpoink theorem stales that
the 3o c? ?ixpoil\*& °$’ Fu a r\on—eﬂ\pYa Uomp‘ere lattice Pbr the
.Q\-ir\'r\a og L. We %ioe o wnyfrudive proof o% this theorem 5hom{\8
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oki mmm\.dni% waotone ope_rrx\'ors.
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4 a dnoud -empldl  posel. e Ueralive  methods wirespond &
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r wmpu;\'er with rno >ﬁ(\(}\foni£ahcl ockween the

L ‘«J_Ltu\(-\ ‘,f&.ﬁ-&,t’g .
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Recc\\ui\a classical fixpoint theorems

Tacski (1955) :
L(e,:,T,u,0N) complele (attice
Fe iso(L-nL) wolone operator on L e L

fp(F) = {zeL: F(x)=x] W a wmplde (hene nor emply)
lattice (=, eBY(F); 3&0(!’), V,A)

_p(5) + M patfp(F) = N{zel: Flo)e )

" ﬁfP(F) U prefo(F) = U{zel : xe F(x))

- V= dAs efp(F|[us, )

- A AS. ot (F| [+, ns])

Kleene (A95Q) :

L(g,+,T,9,N)  complle lakkice
Fe uswnt (Lal)  uppr semi ontiauows operalor

on L nte L.

G (F) = U FC(J.)

Y

Oevide” (1964 ), Hiltheoek and Park (|$13)) Pasiny (1979) :

Gom an  alstrack eob\v of view , one Can aweid the

cpn\.iwi.‘a \vapo\'heus ‘oa cen;ic\th't\a “hwn?v.i\i’! Treration |
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— upper rerafion sequene for F s}ofbi\a with Del
sequence <x3. Scod > defred by teenspade cearsion ¢

X = D

st F(Xa'i) LP § is a succenor eordiral

ng \_| X'( i.f d »a (WP ot&thce
o<é

— lower Werakion sequence for ¥ shd&a whth Del :

=D

st F()&s'd) u? d w a mccesor otduaal

X8= N Xe( '.f & o o Gt erdral
ol <é

i S\Q\hnua werafion yequence :

Je . ¥R, pPe = xP.xt

— Uit o} he (Shhonata) wppe teration requence
for ® s‘wt&a wh D
XE denoked  Quss (F) (®)

- \imi} og the (sh\tonn(a) Cower ‘decalion sequence
for ¥ 8‘0(‘75\3 with D

)(é dencted €L (F)(®)

Voke :  Cuis(F) ond €1 (F) are partial functions .



Rehavior of an upper Yeralion sequence @

)(_E xf)‘“’, x(g*“\)'wa..

R

= In genem\ X‘o.nd X, 5% §' are not

comparoble , but :

KB+ n g B’

3 ¥ R>R ¥n€n

ol W ‘
_ <X :9e0d? i3 a s\’chonata (hcreasing

thawn , s limit X270 the least of the
pott - fixpoinls cf F sreckr thon o equal to D

- O = s (Ax xUFE) (@)

= &y ((AX.DU F(x) )(®)

— Let § be the gmallest &emit ocdaaf

such ot XS and F(X‘) are  wmporable :
— 1t Le posthp(F)

. <xX5*® Seod> » o “csc(’ice&
deccearng™ seqwen of podt- fixpoinky of F
o R (F)(XF) » the greatest of dne
Pinpoirks of F  less than or equal %o x&

~ Tt xSe pefp(F):

o The \Wiereasig  dhon <Xg*8= deord>

of elements of pefp(F) & shakierary .
o Tts Vet Ruis (F)(XZ) & equof te

XOW Which is the \east of the fixpoints
of F %ma\er than or equal te D,



Chotadreizolion of ¥he sek of fxpoints of F @

We ‘howe seen  thalk :

w+ - If De F) then Cuis(F)(D) exists
e W T P Depefo(®) ) .

@ ‘ &k i3 the \east of the fixpoints °F d
X+

A caler thon o equaf te D
./x“’ 3
A0 _ The raVidion of Guis(F) 4o gefp(F)
(C' :: W on wppet cPoaurg QFJ’Q,\'at L@Q}Me)
C:p dempolent extenive ).
T\nere?ore. :

4. Gus(F)( pebptx) )E fo (F)
. VYPe {P(F) )3Q€ prP(F) ;o P = Cuis (F)(Q) (l'qu Q:P)

fhee efere 1 (F) = Guo (F)( prefe (F) )

= PP = Cuis(F)( pretp (%))
= fp (F) = C&s(F) (?osbfp(F)) (b3 dunabity)

3. ¥oeb D 2 pn F®)
= D e postfp (A XN F(x))
= O (Ax. xNF(XY)(D) € fp (AX. x F(x))
buk  Po (Ax. XM F(x)) = prefp (F) avice XeF(x) &> XoXnF(x)
= ®n (A XNFER)(L) = prefp (F)

h.  vee pefp(F) ,3Qel : P: 6l (AX. XPF(x))(Q) (koke g:P)
therefere prcfp(?) < e&.'s< AX. XN F(x) )(L)

= pce?p (F') e @3 (r\x XM F(K))(L)
= poatfp (F)= Quis (Ax. X‘LI F (K)) (L) Qng duralily)



Image of o Complete LoMice by a closuie operater

Ward [1943) .
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Imege of (omplefe LaMice by a closure oferoﬁ‘or

Ward [1943] .

L. (; ,4, T, M) weplete  \attice
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L (Q,.&,T) U, M) wmp\dle \allice
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Con\mdl'\oe ¥ T) Y7 g' Tusks ’3

& (F)

s (M.x 1 Fo) Busa (A%, XUF(R))

®  poobfp(®) = Guis (Ax.xU F(x)) L) & VN (q\X XU F®)e e fen (LaL)
= postfp(F) (r. &us(.-\x AUF@)(L) , T, AS. G (Ax. xuﬂ(x))(us) mn)

® pefp(F) = s (M xnFR)(L) £ & (AX. x 1 F(x)) e Pert (L= L)
» pedp(F) (B, 4, B (M xrE)(T), L, A3, Chs (Ax. XAF(X)( F15) )

= ir(r) (c. Buis (F)(L) - , AS. Guss (FY(US) o )
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Note on Wleepe fit point theotem and the X
upper ey eon¥inui by kap“kesis

Pp(F) = Cuis(F) ()

= xt
whete
©L=2 , X“r- F(X‘)) e Xe)
\_’N j\\—-\f—-—‘
s\'t‘\c\\a hueaing dhoun squ*:onqca
Let ua lock for o mg";q’e& \\.ﬁpo\'hosis imy\dchs eLW
e : X‘* x&i e Xm= xw«-ﬂ.
&> = F(x%*
b o
=> KO) L-J dﬁ\

=
ol+l <wx ()( )
&= M

e\ <wW F(x«) : F(Xw)

o o
<= Iy F(X a Al R
al<w ( ) (okw >
w& fhf\ d\oox :

P ol N . ’
(=2, . X F(x ),..,S = [LL;JOF(x) F(f;‘f)&
or \en generally  the wpper- um\-w\*.nuc}a ht)po\-\new

- 4 4| < ,, -

e Xie..e e xe | ){L.IF(K ”o)t)j
o which caney:

e (F) = ¢L>,"o Fo(a)



CondVeuckive  veidion of Tannk: % 'r"xpoh\r +heorem @
?’f QMM\L'\‘C\G (AO‘“ MQ‘PS F

- (E LT,U,N) wmplde \akkice

1079 0

1% tceTd f\en-emP\o Jomily of isolone wnmuting operalors
kV’J"&eI/ F;_s"'n"zgs F:iep‘-_)_

8W(L:¢‘C‘IS> = {xel: Weel | f,(x) g;}

Be({r: :ce1l) (-.fﬁo(UF sfr(” "'») )

As. Buis ( LI Fr)(us), 4. ee-s(nr:, (ns))
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- CdnoTiC @}j
- RASYNCHRONOUS .
- ASYNUHRONOUS WITH MEMoRY

TTERATIWE RetMomd  for xlung @ Rirpoutr syirem

o‘ Qevene eqwoxu'o'\& on a tom P\d’c |atlice

L (E)J.;\’,L\'l“\) @mplete \dce
Feie (M= LY

fae  dutet  decom posien 9; the equ&én
K= F(X)

s the  apatem of equakicas
lx4= F“_(X;\/...) Xa)

x'&. Fal(Xa,.., K)
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Gonvergence  of an  Uerafive method, &)

In %u\e.ro.\ , thae Leruefgene o? an drdwe methed X
dependent wpan, e Healion a\'rq\rcsb, Fr  exam p\e:

{m it £(z,~5) e : e| %) a :\: ¢

b %(‘)3) o c N
< b *p
ClO c p ~
Sny\'Qﬁs 4 . skm»‘sﬂ 2.
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Y = 9lg) . e v = W -
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.-x‘\ — {(13) 33 . [’1« : z-s . _ -
gl e 3 s gly) < b
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In Yhe e of iso¥one opt!dars on o ump\d’e \aklice ) @A
tne onergence theorems  Jor Facobi s succewive approvimation
be oenetalized 4o ohher Teradion shealegies ?



S pedi featiion of o chaolic Jeration *N’ﬂ’;) A

At eadh sep S we give the sek 38 of
Coon ponents  whidh evofue ab Hhis siep

Exom pk 34
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Gnoergene  of chacke  eraTions B
A=F(X) {m « R (X4, Xa)
czd o, n
g\‘f\‘\\';ﬂ\ H

« dnaokie YeioXion sequente <& Seod) Ror F s&uhha with D
ond dedined by the irrateqy < Jeod> where |
Fel™» LY
Véeod I0s 4. n]
@ Yhe Aeguent, dc?v\&:l ba ‘\"COA§?\:A'\"’¢ &wi\onz as follows ;

- 0 o
- x‘s‘; = Kf'é‘ £ ¢4 3° amd & sucenor orhiraf
. X{ = F(X '1) $ C€§fg and O \)u(ccmr ordinal
- ¥ . d & lmt edinef.
al<d
~ Theotem :
- (.5;*,’;‘-’, n) complete lattice
F€ s (.L&"’ ) nzd

If De pre,?p("'-") then  the chacke iheral:

~}[i¢r = ;\vwhi\% with D and de{fmec\ b_a any fair‘ 5#@#@33

<3I%: de cd> a a\'u."isnargj (ndca.scnj deun b €k
o Gus (F)®) . :

oN .seqs&emce.

The s\‘rakggj <3°. Se od> & fair F ne eomponent s
ooandoned for ever :

VSeod, Wie {40}, Fod28 : ceTd



Specficakion of al chookic trerakion with defay D
a.3y Achronous Jerakion

focallel algenthms 3o so\o\i\a the spivem of eqmﬂom

an o ~ulhiprocensor  with wo sanchton\!u}ion belween +he
(.oopcu.’(ina plocesses

Example : 2,0t B (v, %)
z" S F.. (t.q)‘l,)

— fProcedwt 4

—  plocenot £
— protene; 3

%

)
- ‘z:- "3 2, é
et 4
4
2 Ly

-
e

C: g‘r

:“ e —— . TN
NN
‘ “ —— B — @ —

2 =« | 3

e

x3 ‘!": z{
‘e © ! 2 2 " 5

At tme & we do.fu.\c :

— The st 3% of components which ewolve at time &

— For each component Cé€ 3 medidied of tme §
we ;pecifsa which voblues
x5 (¢) Sf (n)
4 7' PN
have leen SWbeJ wn ml;r te compule ths  value
S
i (x;(‘),... : x:*(“’) d ceTd



Oefinikion Chazan & Hicanker (63) , tevised Rauded (76) . @/

cevived  Cousok (77)

An asyncheonouy Urerakion eq uence <x6'.560«|> .f.;r
Fe "o " a‘qt\'«\a with Del* ond de‘?u'\ed Bd the ;Vm}eat‘.)
<3%:8c0d> , <5%: 50y i the sequence

- X%
x$. x$-2

-

)
¢ - 'of ‘*3 A & uuer o«.‘ino,e
Sc 4 '
— xf s FC(X‘ ( ))...) X,\S" (“)) .bf t‘e3‘ A ; anceeror orduiap
- K.ux § & Cinit el

o<
ConVrains :

— Véeod Pe 13,..,n
- Yécod, Viedd , s ¢(o)"
- No omponent b Lorqotten for ever
VéeUd Wicd.n Folp§ . ¢¢3”
— Faliness candibions : ¢ 'y
o BT o5 ciiinn Bt >8) %)
: afrer X, " e, X Y have been
red « V8 VieTE Vise,.m, $3(5)<8
e The evafuokion of l'-‘,;(xfg(‘-'),..., Xiﬂ”)) takes a

*v.'niﬁ amount °' thme (but nel n«mw;b bow\d«‘)

nvergence  theorem :
L(e,4,7,\4, ﬂ) wmp\d'c la\’u‘co, Fe {»(L"AL“)

“"3 asyndnfonews trecalion sequence ahuhr’\a wi Y

Ve ?(CQFU’) w \\a\'\mo.ta 5 Us Wy is Guis (F)(b)

-.L \ t\ . i 2.l D e e pa Lot ,lA,.



“33“6\\‘0'\0% '\»Q(Qho'\ wibn mmgra @/

Lek * be AX. 3(&) W W(x), A pesgible Aepreai‘n'M
f e wmpukadion ©of Cuis(P)(D) w :
() ) xX°:=D { ¥°: D
8 xo', 3()(8)\.! VS y&.!g \\.(X‘)
Ao thak ‘we aav\dntoc\‘u&é Plocenery ean be uwced Yo
evafuofe Yhe dame compu\ent. his  dewm pbiJ\én
o oot decioable \5 i dnionoua therations, We

muat use  an  asyndniencua trerafion wWith €
wmermoned oA fo\\ows

2) X°=D
x'eD
x&-ﬂ!g %( x&\-ﬂ.) U k(’(&)
 [Fx0 xf)

where, F(x,Y) e q(x) H h(¥)  that f(x)= F(x,x)



Co‘wetaw.g o‘ M«andnfmuo d’v«h‘m wi“\\ memora

Defi Vion

_<3:, de0rd > ‘hu\\f\'n'\\'c. ey wente ot wb seky OF {i,...)n,j Mk
that (0) {¥deOd, Yeeid,., ny Fa3d: ey

- (38,5 e0idY ‘\m\a'f.'n‘\\i yequence o’ elementy o; (Ocd ")Mmch
b (B) \Veedd, 0l Ve {4, m) Vicod , (5 f)c <6
(&) 1¥deOd, Vie 13,.,nY, Vi€ {4,...,m) , 3P 28
Lve2p, 6 (59D )
() LVvp,deod | prmt odina and ﬁ<63 =3
{Yoeis,.,n) ,V\ie’.“a")mﬁ , PpE (S";);S
- et LM W o ump\t\i laMice , ¥ ¢ iso [(L")M"’ (L“)M)
o L™, An awpndnionous rerakion with m memories $or
F shl\w'\% with Del™ and defw'\d bﬁ Yhe shrdeaa
<39, 8e00>, < 5e0d> W W squene <X Seod> of
elements of L™ depined by Aeanshinle  reeninion a0 Pollows :
) x° e D
. X?: Xf" ~? L‘[‘l,ﬂ]’ 56 ord & succenor ordine!
. X8: F (1‘”.)2"‘) g (e3¢ wd 8 N“s?)w' erdinal
whee  Woe [4,0), Vie[am) e x%‘ ;
Xf . 58 xX i-f § eeene; ordupal

Lonvergerke  ¥nedrem :

056 o.uand\(u\ouo Veration Jequence wilh Memofa

s\m\.‘n& with DeL? such et DEF(D,.. D) & ;\mhv\ara

B et o equak bo Quis (Ax. F(x,...x))(D).





