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1 Introduction

Ramon E. Moore [31,32,33] may have introduced the first dynamic analysis ever
to put bounds on rounding (or roundoff) errors in floating point computations
[24,37]. Similar to static analyses, this can be formalized and proved sound (but
incomplete) by abstract interpretation [6,8].

Given the formal structural trace semantics of a C-subset on reals, the interval
abstraction provides the best abstraction of these execution traces on reals into
execution traces on float intervals. Unfortunately, this best interval abstraction is
not implementable since it is not inductive and requires computations on reals to
guarantee that the interval abstraction is the best possible (i.e. the float intervals
are the smallest possible that include the real computation).

By calculus, we design a formal structural trace semantics of this C-subset
on float interval which over-approximates the best abstraction of real traces
into float interval traces. All computations on reals are over-approximated by
performing the computation on two ends of an interval [l, h] where 1 and h are
floating point numbers so that this abstract interval semantics is implementable.
For tests and loops both true and false alternatives may be taken while only one
would be taken with reals. Although incomplete and sometimes imprecise, this
is sound.

The difference with dynamic analysis [21] is that, interval arithmetics collects
interval information about real executions but does not check this collected infor-
mation for a specification. Instead, it is used to replace the real computation. But
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the formalization by abstract interpretation is exactly the same. As discussed in
the conclusion, abstraction is used to relate the original and the instrumented
semantics as well as the instrumented semantics and the specification and so the
original semantics and the specification via a monitor [5].

2 Syntax and Trace Semantics of the Programming
Language

Syntax Programs are a subset of C with the following context-free syntax.

XY, € X variable (X not empty)
Aec An=0.1]x]| A -A arithmetic expression
B € B::=A; <A, | B;nandB, boolean expression
Sed:= statement
x=A; assignment
|3 skip
| if(B)S | if (B) SelseS conditionals
| while (B) S | break ; iteration and break
| {s13} compound statement
Ste $l::=s1 s | € statement list
PeP::=S1 program

The float constant 0.1 is 0.000(1100)* in binary so has no exact finite binary
representation. It is approximated as 0.1.0000000149011611938476562500.... A
break exits the closest enclosing loop, if none this is a syntactic error. If P is
a program then int main (void) { P } is a valid C program (after adding
variable declarations that we omit for concision). We call “[program| component”
S e Pc £ $USTU P either a statement, a statement list, or a program. We let <
be the syntactic relation between immediate syntactic components. For example,
if s=1f (B) S, else Sy then B<S, S, IS, and S; <IS.

Program labels Labels ¢ € [ are not part of the language, but useful to discuss
program points reached during execution. For each program component S, we
define

at[s] the program point at which execution of S starts;

aft[s] the program exit point after S, at which execution of S is supposed to nor-
mally terminate, if ever;

esc[[s] a boolean indicating whether or not the program component S contains a
break ; statement escaping out of that component S;

brk-to[S] the program point at which execution of the program component S goes to
when a break ; statement escapes out of that component S;

brks-of[S] the set of labels of all break ; statements that can escape out of s;

in[s] the set of program points inside S (including at[S] but excluding aft[s] and
brk-to[s]);
labs[s] the potentially reachable program points while executing S either at, in, or

after the statement, or resulting from a break.
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Here is an example,

Sp

s, s, S5 s, S5
. —— —~— —~—
whilet (---) {¢& -~ break ;---&break j -+ } & ---

¢ = at[S] = aft[s,], & =at[s,] =at[s,], & =at[s,] = aft[s,], & = at[s;],

& = at[S;]] = brk-to[[S,] = aft[S], esc[S,] =tt, brks-of[S,] = {&, &}, esc[s] = ff,
in[sp] = {8, ... 0, ons 6,0}, inf[S] = labs[Sy] = {0, &, o0 sty oen s 8,00}

labs[[S] = {0, &1, ..., & en, 8y, 8}

Float intervals Let F! be the set of floating point numbers (including —co and
+00, but excluding NaN (Not a Number)? and -0, +0%). The float intervals are

I2 {B}u{lxX]|xxelF\{-c0,+c0} Ax <X}
{[-00,x] | x € F\ {~oo}} U {[x,+00] | x € F\ {+oo}}

with the empty interval & and the intervals [-00,—00] ¢ I and [0co,c0] ¢ I are
excluded. . ' .
The order on intervals is @ C' @ C' [x,x] C' [y, y] if and only if y < x <X <

y. We have the complete lattice (I, ci, @, [-o0, +00], |—]i, |_|i).

Values Programs compute on values V. Values can be reals R, floating point
numbers (F\ {NaN, -0, +0})uU {0}4)7 or float intervals I. For simplicity, we assume
that execution stops in case of error (e.g. when dividing by zero).

Traces A trace 7 is a non-empty sequence of states where states (¢, p) € Sy =

(L x [Evy) are pairs of a program label ¢ € [ designating the next action to

be executed in the program and an environment p € Evy, 2 X — V assigning

values p(x) € V to variables x € X. A trace 7 can be finite 7 € S, or infinite

m e Sy (recording a non-terminating computation) so Sy £ Sy, U Sy°. We let
n-1

|7| = n € N, be the length of a finite trace m = :0 = Ty ... T,y € Sy and

|7z| = co for infinite traces m = ‘TIN ;=7 ... T, ... € Sy. Trace concatenation = is
1€

defined as follows

! For simplicity, we consider only one category of floats say of type float in C, ignoring
double, long double, etc.

2 For simplicity, we ignore NaN and assume that execution stops in case a NaN would
be returned when executing an expression.

3 For simplicity, we ignore —0, +0 used to determine whether +0o or —oo is returned
when dividing a nonzero number by a zero.

4 Therefore +0 = —0 = 0 and 0 is positive for the rule of signs
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0y T 0,7, undefined if oy # 0, | m; T 0o,my 21y if 1y € SFP is infinite
7m0y 7 oy, £ moym, if my € S is finite

In pattern matching, we sometimes need the empty trace >. For example the
match oo’ = ¢ holds when 7 =5 and o = ¢’.

Formal definition of the real and float prefix trace semantics The prefix
trace semantics 8y [S] for reals V = R or float V = F is defined below. The defi-
nition is structural (by induction on the syntax) using fixpoints for the iteration.
Sils] and SE[s] will be abstracted in the prefix trace interval semantics 8[S]
in Section 7.

o The value of an arithmetic expression A in environment p € Evy, 2 X - V is
dy[A]p e V:

dyfe.1lp =01y dyx]lp=p(x) dy[a -alp=dy[alp-v dylrle (1)

where 0.1y, denotes the real 0.1 and —, the difference in V. For example — is the
difference found on IEEE-754 machines and must take rounding mode (and the
machine specificities [30]) into account.

o The prefiz traces of an assignment statement S ::=¢ x = A ; (where at[s] = ¢)
either stops in an initial state (¢, p) or is this initial state (¢, p) followed by
the next state (aft[s], p[x « &y [A]p]) recording the assignment of the value
.y [A]p of the arithmetic expression to variable x when reaching the label aft[s]
after the assignment?.

vIsl =& p) | p € Evy} Ut p)(aft[s], plx — Ay [Alp]) [ p € Evy}  (2)

o The prefix trace semantics of a break statement S ::= ¢ break ; either stops
at ¢ or goes on to the break label brk-to[S] (which is defined syntactically as the
exit label of the closest enclosing iteration).

4Is] 2 {8, p) | p e Ewy} ULt p(bricto[S], p) | p € Evy} (3)
o The value of an boolean expression B in environment p is the boolean 9By, [B]p €

B = {tt, ff}: N
By[Aa <nlp = dy[adp < dy[r]p (4)
By B, nand B,]p = By [B,]p T By [8B,]p

where < is strictly less than on reals and floats while T is the “not and” boolean
operator.
o The prefix trace semantics of a conditional statement S ::=ift (B) S, is
o either the trace (¢, p) when the observation of the execution stops on entry
¢ = at[[s] of the program component S for initial environment p;

5 If we had NaNs and &, [A] p returns a NaN, the second term would include a condition
d,[A]p # NaN to terminate execution on error.
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e or, when the value of the boolean expression B for p is false ff, the initial state
(¢, py followed by the state (aft[s], p) at the label aft[s] after the conditional
statement;

o or finally, when the value of the boolean expression B for p is true tt, the
initial state(t, p) followed by a prefix trace of S, starting at[[s,] in environment
p (and possibly ending aft[s,]] = aft[s]).

UISI2 {6 p) | p e Evy} UKE p)aftls], p) | 9By [8]p = ) (5)
UL p)atls ], py | Bylelp =t A (atls,], pyr € 83[s,])

Observe that definition (5) includes the case of termination of the true branch s,
and so also of termination of the conditional S since aft[s] = aft[s,]. Moreover, if
the conditional S is within an iteration and contains a break statement in the true
branch S, then brk-to[[S] = brk-to[S,], so from (at[s,], p)r(brk-to[s,], p’} € SY[S;]
and SB[B]p = tt, we infer that (at[s], p){(at[s,], p)m{brk-to[S], p') € SY[S]-

e The prefix trace semantics of the empty statement list SU= € is reduced to
the states at that empty statement (which is also after that empty statement
since at[s1] = aft[s1]).

YIsU 2 1t p) | p e Evy) (6)

e The prefix traces of the prefiz trace semantics of a non-empty statement list
Sl ::= s’ s are the prefix traces of S’ or the finite maximal traces of s’ followed
by a prefix trace of S.

vIsi = Sy[st]u Sy [sV] = SY[s] (7)
S~S8'"2{n~n|ne8SAn" e¢8 An~n'is well-defined}

Notice that if w € 8y[SU], n’ € 8Y[S], and == 7' € 8%[S1] then the last state
of m must be the first state of n' and this state is at[s] = aft[sU'] and so the
trace  must be a maximal terminating execution of Sl i.e. S is executed if and
only if S’ terminates.

o The prefiz finite trace semantic definition 8Y[S] (8) of an iteration state-
ment of the form S ::= whilet (B) S, where ¢ = at[[s] is the C-least solution
Ifp® Fy[S] to the equation X = Fy/[S](X). Since Fi[S] € p(S*) — p(S*) is ¢
monotone (if X ¢ X' then F{[s](X) € Fy[s[(X') and (p(S), <, @, S*, U, N)
is a complete lattice, Ifp= F3 [S] exists by Tarski’s fixpoint theorem and can be
defined as the limit of iterates [7]. In definition (8) of the transformer g [S],
case (8.a) corresponds to a loop execution observation stopping on entry, (8.b)
corresponds to an observation of a loop exiting after 0 or more iterations, and
(8.c) corresponds to a loop execution observation that stops anywhere in the
body s, after 0 or more iterations. This last case covers the case of an itera-
tion terminated by a break statement (to aft[S] after the iteration statement).
This last case also covers the case of termination of the loop body S, at label
aft[s,] = at[whilet (B) S,] = ¢ so that the iteration goes on.

vIwhilet (B) S,] = Ifp® Fy[whilet (B) S,] (8)
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Fylwhitet (B) S,] X 2 {(¢, p) | p € Evy} (8.a)
U {m, (¥, p)(aft[s], p) | m, (¥, p) € XA B[B] p=fF At =¢}° (8.b)
Ufme, p)atlsy), phms |7,V p) € X A B[] p = tt (8.0)

(at[s,], p)m; € SY[sp] A¢ =2}

e The other cases are similar.

e Observe than the only difference between real (V = R) and float (V = [F)
computations is the constant 0.1y, and the difference —,, which for floats depends
on the rounding mode (round-to +0o, round-to —oo, round-to 0, or round-to-
nearest). For simplicity, we assume that the rounding mode is fixed, not changed
during execution, and correctly taken into account by these operations.

Maximal trace semantics Let V be R, [, or I. The maximal trace semantics
S3°[s] = Sy[s] u 8[s] is derived from the prefix trace semantics 83[S] by
keeping the longest finite traces 8y, [S] and passing to the limit 8{[S] of prefix-
closed traces for infinite traces.

vIs] 2 {mt € SY[s] | (¢ = aft[s]) V (esc[S] At = brk-to[S])} 9)
8[s] = lim(87[s]) (10)
where the limit is im 7 2 {m € S{° | Vn € N . n[0..n] € T}. (11)

The intuition for (11) is the following. Let S be an iteration. m € SY[S] =
lim 8Y/[S] where 7 is infinite if and only if, whenever we take a prefix 7[0..n] of
7, it is a possible finite observation of the execution of S and so belongs to the
prefix trace semantics 7[0..1] € 8Y[S].

3 Float intervals

Let Tx (which may be —c0) be the largest float smaller than or equal to x € R
(or Tx = x for x € F) and x[[ (which may be +00) be the smallest float greater
than or equal to x € R (or x[ = x for x € F). We let x be the largest floating-
point number strictly less than x € F (which may be —co0) and x[ be the smallest
floating-point number strictly larger than x € F (which may be +00). We assume
that

Tx =gyl < Nx—y ) (VisRor F) (12)
X =¢ Ny = (c—y M
(x € [xX] Ay €[y, Y] Ax<y) = (x € [x, min(x, y)] Ay € [max(x, y), y]) (13)

(xe[xX Ay €[y, 7IAx<y) = (x € [x,minX, )] Ay € [max(x, y), 1) (13.bis)

5 A definition of the form d(#) 2 {f(#') | P(*', ®)} has the variables X' in P(#', #) bound
to those of f(&') whereas % is free in P(&', X) since it appears neither in f(*') nor (by

assumption) under quantifiers in P(%',%). The % of P(¥', %) is therefore bound to the
X of d(X).
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Machine implementations of IEEE-754 floating point arithmetics [24] are some-
times incorrect [14,30]. So the above hypotheses (12) and (13) on floats must
be adjusted accordingly, for example replacing (13) by (13.bis). In particular
(13.bis) follows the recommendation of [30, Sect. 6.1.2]. If x <y then the value
of x is smaller than its maximal value ¥ and the maximal y value of y, by
precaution, certainly smaller or equal to the next float greater that y.

4 Abstraction of real traces by float interval traces

Given a real trace semantics i.e. a set I € p(S§*™), we define a float interval trace
semantics by abstracting the real x € R values by an interval [Jlx, x[']. More
precisely, since abstract interpretation is about the abstraction of properties,
the strongest property {x} € @(R) of this value is over-approximated by a weaker
interval property, that is {x} < [Tx, x['], or equivalently x € [Tx, x[’']. Formally

al(x) 2 [T, x[] real abstraction by float interval (14)
Y((x) 2{xeR|x<x <X}
al(p) 2 Ax € X« al(p(x)) environment abstraction
PP) 2 {p € X — R | ¥x € X . p(x) € Y (p(x))}
al((e, ) = (¢, o'c]I(p)) state abstraction
1L BY) 2 {8 p) | p e 7 (P)}
Ay ...m,.) 2d(ry) .. al(m,) . [in]finite trace abstraction
P72 .n, . | nl =@ AYi=1,...,n,... .7 € ()}
GX(1D) 2 {@Y(n) | e T} set of traces abstraction

P 2 {r | 6l e T = (@) | 7 € TH)

Because the floats are a subset of the reals, we can use a! to abstract both real
and float traces in (14) (i.e. R becomes V standing for R or F).

(@(ST), ) == (p(S{), ©) (15)

Proof (of (15)).

I cII
e {d(n) | rell} cTT {def. (14) of &'§
oVrell.dl(n) el {def. c§
e N cin|al(n) e} {def. c§
& I ¢ pI(I0) {by defining p1(TT) 2 {r | & () € T}
where

(r) e T

eImell.dl(n) =7 {def. €5
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e Irell.mej(@m) {def. &() and $1(7)§
emne | )@ {def. US§
and thglfgfore
71D
s {r | @(n) € TI) {def. Y15
={n|me U L)} = U{?H(ﬁ) | 77 € II} {as shown above§ O
el

5 Sound over-approximation in the concrete

Let II = {(&, x = 0.1g)(%, x = 2.1g), (&, x = —0.1g) (%, x = 1.93)}. Assume that
ﬁl = al(I1) = {(&, x = [0.09,0.11])(&, x = [2.09,2.11]), (&, x = [-0.11,-0.09]){t,
x = [1.89,1.91])} where each trace 7 of II is over-approximated by a trace a!(m)
of TI, with a +0.01 rounding interval. We have IT ¢ $I(IT;) so II, is a sound
over-approximation of IT. But II, = {{&, x = [-0.11,0.11]){&, x = [1.89,2.11])} is
also a sound over-approximation of IT since IT € y(TT,). Although TI, € @(S§)
is more precise than I1, € p(S§*), they are not comparable as abstract elements
of (p(S§*), <) in (15). The intuition that TI, is more precise than II, is by
comparison in the concrete that is y1(I1,) € $1(TT,). We now express this preorder
relation &' between I, and II, which will allow us to over-approximate intervals
when needed.

me' 2 50 < y1aT) (16)
=Vaell.Vnej'(@m .In' el . m e PX(7')

Proof (of (16)).

me' i
2 (I < ' (IT) {(16)§
= '@ 7 em c | J§' @ | 7 e TT'} {(14) for sets of traces}
=vrell.y'@ < | '@ | 7 e TT'} {def. <§
=vVrell.Vnej'@ . me| JH'@) | 7 €T} {def. §
=Vrell.Vrej'(@m .7 ell' . n ey (@) {def. S O

It follows that we have a Galois connection (note that the abstract preorder and
concretization are different from (15))

O(ST™), ©) = (p(Si™), &) (17)

Proof (of (17)).
L e’ T
e @) neme' T {def. (14) of &¥§
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ovieldn) | n' el . Vre i@ .37 €. nej' @)  {def. (16) of &S

e vn' ell.Yr ey @ (n"). 37 el. e Y27 (def. €§
STc i |Vre @@ . ¢ el.ne ' @) {def. §
& TI ¢ y(10)

by defining ?(ﬁ) 2 {n' |vr e yU@l(n')) . I €. m e (7)) ]

Soundness is now &(8%[s]) e’ :[s] or equivalently 8%[s] < p(8%[s]). Our
objective is to calculate 83[s] by &'-over approximation of &%(8 v[Isl). However
e’ in (16) is impractical since it is defined by concretization to @(Sy™). We
look for a definition Ei in the abstract only that provides a sufficient soundness
condition (TT &' ') = (I &' TT).

6 Sound over-approximation in the abstract

We define T &' T so that the traces of T’ have the same control as the traces of
I but intervals are larger (and I1' may contain extra traces due to the imprecision
of interval tests).

Formally, the interval order C’ is extended pointwise ' to environments, and
to states £' with same control points/program labels. Then it is extended 2’ to
traces of same length with same control but larger intervals, and finally to sets
of traces, by Hoare preorder [41].

[ X [p,7] 2 y<x<X<y (18)
pCip 2¥xe X . p(x) ' p'(x)
(& pyE (, ply 2 (=) A(p L p))
e 2 (=7 AWielo .7 el ')

"avygell.In ell! .7l 7

=l
ﬁo
|

Lemma 1. (I &' TT') = (I &' TT'). ]

Proof (of Lem. 1). By (14) and (18), we have [x,%] C’ [y, 7] implies yﬂ([g,i]) C
Y[, 7]) and so p &' p' implies yX(p) < y1(p') and therefore (¢, p) & (¥, p')

implies yI((¢, p)) € YI((¥, p')) so that finally 7 e implies () < y1(7@'). It
follows that

=
evVrel.iw el .7t 7 {def. (18) of E'§
Svaell. 37 e . 7'@ < @) {since 7 &' 7 implies 71(7) < P(7") §

SvVrell. 37 eIl . Yn e @) . m € L) {def.
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SvVrell.Voeyi(m) . In" e’ . e 1 (@")
. {choosing the same 7" =7’ for all 7§
=y i=aii ((16)§ O

It follows that we have a Galois connection (note that the abstract preorder and
concretization are different from both (15) and (17))

(@(ST), €) == (@(Si™), E) (19)

Proof (of (19)).
G g I

o @) | nel} & 1 {def. (14) of &¥§
eVreld) | nell}. 37 el .7t 7 {def. (18) of E'S
eVrell. 37 c¢.al(n) e 7 (def. €§
o Icir| 37 el.al(n) e 7} {def. §
oIlc %(ﬁ)
by defining 3(0) 2 {r | 37 € T . d(n) & 7). o

7 Calculational design of the float interval trace semantics

The float interval trace semantics 87[S] of a program component S replaces
concrete real or float traces (as defined by 8%/[S]) by interval traces. It is sound
if and only if the concrete traces are included in the abstract traces that is
8[s] < y1(S83[s]) or, equivalently, by (15), &'(8%[S]) < S3[s]-

Although, the soundness condition &(8%[s]) € 8;[s] allows the abstract se-
mantics 83[S] to contain more traces, including with larger intervals, it requires
the abstract traces in &'(8%[S]) (which are the best float interval abstractions
of real computations) to all belong to the abstract semantics 83[s].

We introduced E' in (18) to relax this requirement about the presence of
best interval trace abstractions of real computations in the abstract seman-
tics. The weaker requirement &1(8%[s]) € 83[s]) implies, by Lem. 1, that
al(8Y[s]) € S;i[s]) so that, by (16), L& (S [s]) € 7(S;[s]), which, to-
gether with 8%/[s] < (&' (8%/[s])) from the Galois connection (15) yields, by
transitivity, that 8%[s] € Y (S3[S])-

This weaker soundness requirement &'(8%[s]) & 83[s]) yields a calcula-
tional design method where &*(8%[s]) is [ -over-approximated so as to elimi-
nate any reference to the concrete semantics 8y,[S]. We proceed by structural
induction on <, assuming &1(8%/[s']) € 83[s'] for all s’ <'s.

To design 8%[s] such that a¥(8g[s]) E" 8;[s] by structural induction, we
will need to prove a stronger result stating that any interval overapproxima-
tion of an initial state of a real computation can be extended into an interval
computation abstracting this real computation. Formally, we have
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V(at[s], pyr e X .Vp e vy . (20)
@ (p) £ p) = (I . o) E' T A (at[[s], p)T € X)

which we will use for X = 8}[s] and X = 8}[s] is well as for the concrete X
and abstract X fixpoint iterates in (8) for iteration statements.

Interval abstraction of an arithmetic expression Given p € Ev,, (where V
is R or F), let us evaluate a®(sy[A]p) by structural induction on A and define
d[A] such that

oMty [Alp) € sy [A]a (). (21)
— ol (dyfe.1]p)
= oal(0.1y) {def. oy, in (1)§
= [70.1y,0.1y ] (real abstraction by float interval in (14)§
2 dlyfo. 1] (p)) by defining sty0.1]p £ [10.1,,0.1, 15
— al(dy[x]p)
= ol (p(x)) {def. oy, in (1)§
= a(p)(x) {def. environment abstraction in (14)§
> sty [x](@(p) {by defining st [x]p 5003
— al(Ay[A, - A]p)
= o (dy[r]p -y dy[A]p) {def. oy in (1)§

= [MAy[Alp -y dy[Alp). (Ay[a]p ~y SAy[A]pT]
{value abstraction by float interval in (14)§
' [y [A]p) ¢ (A [A]P)T) (A [A DT —¢ Ty [A]P)]
{(18) and hyp. (12)§
C let [x, %] = o y[A,]a(p) and [y ¥] = A [A]Jat(p) in [x “F X —F )]
(By ind. hyp. [Ty[a]p dy[a]pl] = o’ (dy[alp) € dy[a]d (p),

i=1,2.5
= dy[a]d"(p) - Ay[A,]é"(p)  {by defining [x,X] -y [y, 7] 2 [x —¢ 7, X —¢ YIS
2 oyA - AJd (p) (by defining e y[A, - A,]p = Ay [A]p -1 Ay[A,]p)
We observe that ofj[A] is C-increasing. o

If we had a division, we would have to handle NaN. A simple way is to stop
execution, by choosing dy[1/0]p £ &. Another way would be to include the NaN
in the abstraction by considering N[x,X] meaning a float between the bounds
while NaN[x,x] would mean a float between the bounds or NaN. We chose the
first alternative, which is simpler.
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Interval trace semantics of an assignment statement We can now abstract
the semantics of real (V = R) or float (V = F) assignments by float intervals.

(83 [s) {where S=¢x=A ;]
= {od(n) | me SY[ex=A;]} {set of traces abstraction (14)§
— ol | e [t p) | p e Evy} UL p)aft[s], plx — sty [Alp]) | p € Evy})
(def. $y[e x=A ;] in (2)§
= (&, &(p)) | p € Ev} U (L, dX(p))(aft[s], a(plx — sty [Alp])) | p € Eviy}
{def. (14) of trace abstraction §
= (&, &l(p)) | p € Evy} U (L, d(p))(aft]s], aX(p)lx — ol (shy [Alp])) | p € Evi}
{def. (14) of environment abstraction §
E 14 &%) | p € By} UL, dX(p) aftls], o (p)lx g Al (p)]) | p € Ew)
{def. (18) of E' and (21)S§
E (6, 7) | 7 € Evg} U, P (aft[s], Blx — sty [Alp]) | 5 € Evg)
U (p) | p € Evy} € Evy by (14) for environment abstraction§
2 8ilex=A3] {by defining 83t x = A ;] as in (2) for V =1I§
(20) follows from of;[A] is C'-increasing. O

Interval trace semantics of a break statement
&(S%[s]) {where S = ¢ break ;§
&t p) | p € b U (e, p)(brietolS], p) | p € Evg)) ((3)3
({4t p) | p € Evgh) Uad({(e, p)(brk-to[S], p) | p € Evg})

{the abstraction preserves joins in the Galois connection (15)]§
= {(¢, &' (p)) | p € Evg} U{(t, &(p))(brk-to[s], &' (p)) | p € Evg}

{def. (14) of &'

E (¢, B 1 P € Evg) U{(, p)(brito[S], P) | P e Evg)  {{6%(p) | p € Evy} € Evy§
2 8i[s] {by defining 8§7[s] as in (3) for V = I
(20) follows from p € Evy and p £’ p implies p’ € Evy. O

1>

Interval trace semantics of the statement list Given sets of traces IT;,I1, €
©(Sy), let us calculate

ol (IT; = 1)
= d({mom, | m0 € 11, Aom, € TL,} {def. =§
= {d(myomy) | my0 € T, Ao, € T1,} {def. al§
= {ocu(nla) - (x“(anz) | my0 € II; Aom, € I1,} {def. =§

= {mo~07, |0 ed(ll)Aom, € al(I1,)}

{letting 77,0 = al(mr,0) and o7, = al(o71,)S§
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= ol(I1)) = &I(11,) {def. =§

The case of an empty statement list S ::= ¢ is trivial and we get 83[s1] =
{(at[s1], p) | p € Evq}. For a non-empty statement list S ::= SU' S, we have

& (SR[s
&(SH[sU] U SR[sU] = SIS UDS
= &!(S[sV] ua'(S[sV'] = SRIsD
{the abstraction preserves joins in the Galois connection (15)§

= &dN(SR[sU]) ual(Sy[sU]) = & (Sk[S]) {as shown above§
' 8ilsu]u 8;[sV'] -~ Sils] | |

(hyp. ind., (T, E' TIj ATI, € TIj) implies (IT, = I, &' IIj = II}) and

(T, UTT, £ TTH U TT))S

IL3

(20) follows by ind. hyp. and def. =. ]

Interval abstraction of a boolean expression The situation is more com-
plicated for conditionals. While a test is true or false for V = R and V = F, it
might be true for part of a float interval and false for another part of this interval
when V = I. Moreover in case of uncertainty (e.g. < is handled as <) the two
part may overlap.

Therefore we assume that the abstract interpretation 9Bj[[B] of a boolean
expression B is defined such that

let (p,,» Pg) = By[B]&(p) in (22)
d(p) ' p, if By [B]p = tt
a'(p) ' pg if By [B]p = ff

and (B> By) = BylBlp) = (B, ' 5 AT E' )
stating that no concrete state passing the test is omitted in the abstract and
that the postcondition p, or pg is stronger than the precondition p since, in
absence of side effects, the test cannot introduce any new state. Examples of
def. of 9By, are found e.g. in [3]. If By [B]p = tt (respectively ff), there is no
constraint on pg (respectively p,. ), the best choice being the tlinfimum empty
interval environment &.

Interval trace semantics of a conditional statement We can now abstract
the semantics of real tests using float intervals.

al(SH[ife (B) S,])

&'({(6 p) | p e Evg} U (L, p)(aft[s], p) | By[Blp = f} U {(&, p)(at]s,], p)m |
ABy[B]p =t A(at[s,], pyr € SRIS:]D) {def. Si[ift (B) S,] in (5)§
{(&,d(p)) | p € Evglu{(t, & (p)) (aft[s], " (p)) | By [B]p = Fu{(t, &' (p))(at[s,],
o (p)a'(m) | By [Blp = tt A at]s,], p)m € Sg[s,]} {(14)§

IL3
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E (&, B | P € Evg} ULt P)aft[S], B | 3py - BulBlp = (B Pe) AB5 # DU,
p)(at[s], p)7 | Tpg - By[Blp = (Py> Pg) Npy # A (ats,], py)7 € Spls.]}
{— For the first term, by def. (18) of [E', we must prove that Vp . 3p . (¢,
o'cn(p)) c! (¢, p). Since {dn(p) | p € Evg} € Evq, we can simply choose
p=d(p). .
— The second term may be empty, in which case pg = &. Otherwise, by
def. (18) of ', we must prove that Vp.3p. (L, o'c]I(p))(at[[Stﬂ, o'cﬂ(p)) el
(¢, p){(aft[s], pg). The control abstraction is the same. We can choose
p = dX(p) so that B [B]p = ff implies, by (22), that &'(p) C’ p.
— The third term may be empty, in which case p, = &. Otherwise,
by def. (18) of C', we must prove that Vp, 7 . Ip,7 . (¢, d¥(p))(at[s,],
al(p)al(m) € (¢, p)(at[s,], p, )7 where By[B]p = tt, (at[s,], p)m €
Skls:], BilB]p = (Py> Pg), and (at[s,], p,)7 € Sy[s,]-
The control abstraction is the same. We can choose p = &' (p) so that
By [B]p = tt implies, by (22), that &!(p) ¢’ Py ' 5 so that &¥(p) = Py
since p = dX(p).
It remains to find 7 such that oX(7) &' 7 and (at[s,], p,)7 € St[S;]-
It is given by (20) where (at[s,], p)7 € 8%[s,] implies for p = &!(p) that
Iz . () & A (at[s], &X(p))7 € 83[s]. Tt follows that «l(mr) 2’ 7 and
(at[s,], p,)7 € 8i[s,] since p =™ (p). §
2 Silife (B) 5]

{since the above term involves only computations in Sy and none in Sy, §

It remains to show that $3[if ¢ (B) S,] satisfies (20), which is trivial for the first

two terms. For the third term, this follows from the induction hypothesis. O
By calculational design, we have got the interval test as follows
SiIs] = (6, B) | P e Evy) (5bis)

U {(t, p)(aft[s], pg) | 3p, - BulBlp = (Py> Pg) A pg # O}
UL P@tIS ] Pe) | 3oy - BulBlp = (B ) APy # B A
(at[s], Py )T € SilsJ}

Most libraries raise an error exception in case of split (or chose only one branch)
which we can formalize as an undefined behavior, & la C, where any behavior is
possible.

Syfs] = - (5.ter)
U{(&, p)m | 3p, P - BrlBlp = (P> Pi) A Py ﬁipﬁ #+ S A1 e S§e}

Fixpoint approximation For the iteration statement, we rely on the following
fixpoint abstraction theorem (adapted from the more general [9, Prop. 2]).

Theorem 1 (least fixpoint over-approximation in a cpo). Assume that
(C, 5, L, 1) is a cpo, f € C*> C is U-upper continuous, 1 € p(C) contains the
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iterates fO(J_) =1 and f”“(J.) = f(f"(L)) of f from L, (A4, %, 0, Y) is a cpo,

feA=5 A is Y-upper continuous, 9 is a preorder on A, a € C - A, a(L) 40,

VxelyeA. (ax)dy) = (a(f(x)) 2 f(y), and for all C-increasing chains (x,

i € N) of 7 and <-increasing chains (y', i € N) of 4, oc(|_| x') < Vyi. Then
i€EN ieN

«(Ifp f) < Ifp™ f. O

Remark 1. If ? is <-increasing, and Vx € 7 . a - f(x) & ? o a(x) (semi-
commutativity) then Vx € 7. a(x) 4 y = ?(cx(x)) g 7()/) = a(f(x)) < 7()/).
Since, in general, this property does not hold for all x € C and it is used for the
iterates of f only, 7 € p(C) can be used to restrict the elements of C for which
the property is required to hold. O

Proof (of Th. 1). By Scott-Kleene fixpoint, f € C % C is U-continuous function

on a cpo (C, E, L, U) so f has a least fixpoint Ifp° f = |_| f"(L). Similarly,
neN

Ifp* f = \/7‘(0). We have a(f%(L)) = a(L) 9 0 = f (0). Then f*(L) € 7 and

neN

a(f(1) < F(0) by ind. hyp. so that a(f"™(L)) = a(f(f*(L) < F(F (0)) =

f l(0). By recurrence Vn € N . a(f"(1)) € ?n(O). Since the fixpoint iterates are
increasing, it follows, by hypothesis, that a(lfp” f) = (x(|_| (L) = v7n(0) =

neN neN

Ifp™ f. O

Interval trace semantics of the iteration statement We define 7 in Th. 1
by assuming that iterate X satisfies the induction hypothesis (20), which is triv-
ially satisfied by the first iterate &.

&N(Fy[whitet (B) s,] X)

= a&'({(t, p) | p € Evg} U {my(¥, p)(aft[s], p) | my(¥, p) € XN B[B] p=fAE =
U fmy(, p)(at[s,], p)ms | mp(, p) € X A B[R] p = tt A at[s,], p)my €
rlspl At =t} (def (8) of F{[whilet (B) S,[§
= d'({(t, p) | p € Evg) ual({my (¥, p)aft[s], p) | my(¥, p) € X A B[B] p =
ffae =) uad({m, (¥, p)at[s,], p)ms | m, (¥, p) € X A B[B] p = tt A (at[s,],
pymsy € Spls,] At =¢}) {join preservation in the Galois connection (15)§
The first two terms have already been handled in the case of a conditional
statement if ¢ (B) S,. It remains the third term (simplified with ¢ = ¢), which,
in the non-empty case is as follows.

&' ({rry (¢, p)at[sy], phms [ (8 p) € XAB[B] p = tt A (at[s,], p)ms € SRS,
= {a(m,y)(t, d(p))(at[s,], & (p)yal(m;) | my(t, p) € X A B[B] p = tt A (at[s,],
s € Sg[su]} {def. (14) of &§
E' {7, (8 P at]sy], pe)s) | Ta( P) € &l () A Fpg . By [Bp = (B Py) A (at[[s ],
P03 € S1[S]}
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{By def. (18) of E', we must prove that &@(m,)(t, &l(p))(at[s,],
al(p)al(m;) ©f 7, p)(at[s,], p)7;) where By[B]p = tt, (at[s,].
pis € Sg[spl, BilBp = (Py> Pg), and (at[sy], p)7; € Sy[S,]-

The control abstraction is the same. We can choose p = &'(p) so that
B, [B]p = tt implies, by (22), that aX(p) ’ P t’ 5 so that &(p) = Py
since p = dX(p).
We choose 7, = @l(,) so that m,(¢, p) € X implies, by def. (14) of
ol that 7,(t, p) € d(X) with & (m,(t, p)) E' 7,(¢, ) since p = & (p) and
£’ is reflexive. '
It remains to find 7, such that &'(m;) €' 7, and (at[s,], p,)7; €
8i[s;]- It is given by (20) where (at[s,], p)m; € 8k[S,] implies for
5 = d(p) that I, . &(m;) E' 7, A (at[s], dX(p))7rs € 83[s]. Tt follows
that al(r;) e’ 7, and (at[s,], p,)7; € 8i[S,] since p = dl(p) §
Since the above terms involves only computations in S§; and none in Sy, we can
define (again an undefined behavior can be introduced for overlapping tests)

Fillwhitlet (B) S,] X 2 {(¢, p) | p € Evy} (8bis)
U {7, (¥, p)(aft[s], pg) |
T, (Y, p) € XATp,, . ByBlp = (P> Pg) NP + DAY =t}
U, P atls ], P | Folt' B € XA
e - Balblp = By ) APy # D1 atlS,], P € Sils] A€ = 1)
so that &I(F 7 [while € (B) 5,]X) = Fwhilet (B) s,](a!(X)). We have to show
that the next iterate Fwhilet (B) S,] X satisfies (20), which is trivial for the

first two terms. For the third term this follows from the induction hypothesis. It
follows that

s[whitet (B) s,] = &l(Si[whilet (B) S,]) {by def.§ (23)
= &l (Ifp° Fix[whilet (B) S,]) {by (8)§
&' Ifp Fy[whilet (B) S,] {by Th. 1§

It remains to show that Sj[whilet (B) S,] satisfies (20). We have shown that
it holds for all fixpoint iterates. Moreover, it is trivially preserved by trace set
union. O

In conclusion of this section, 87 is similar to 8}, in (2)—(7) except for state-
ments involving tests for which we have (5bis) or (5ter) and (8bis).

8 On floating point computations

Unfortunately real computations are usually performed using floating point
arithmetics. One computes only one floating point value hoping it is not too
far from the real one. This problem has been deeply studied in static analysis
[10,11,13,15,16,18,19,20,17,29]. Another dynamic analysis solution is to check
the precision with an interval analysis.
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Consider the execution with reals (at least their semantics), floats and float
intervals, maybe with different possible execution traces for float intervals due
to the nondeterminacy of tests. These interval executions abstract both the real
and float executions.

If there is only one interval execution trace or we can prove that the real and
float executions follow exactly the same control path then the real execution is
in the join of the interval executions to which the float execution belongs to,
when projected on all program points.

Otherwise, the real and float executions may have followed different paths but
both are guaranteed to belong to the union of all interval executions projected
on all program points.

In both cases this provides an estimate of the rounding error of the float
execution compared to the ideal real execution. Of course the estimate might
be rough since specific properties of the computation are not taken into account
(e.g. [25, pp. 91-94]).

9 Abstraction to a transition system

One could argue that a sound maximal trace semantics of interval arithmetics
does not describe an implementation. However, we can abstract to a small-step
operational semantics that is a transition system describing elementary steps of
an implementation.

A transition system is a triple (I, I, ;) where ¥ is a non-empty set of

states o, I C X is a set of initial states, and BN ©(X x %) is a transition relation
between a state and its possible successors.

A transition system (Z, I, —T—>) can be used to define a state prefix trace
semantics as follows.

PE L —T—>)) 2my--m, |lne NAmy e IAVie [0,n].m = it (24)
(where o L, ¢ is a shorthand for (0, 0') € L»)
Conversely a prefix trace semantics S can be abstracted in a transition sys-
tem

a’(S) 2 (5, 1, ) (25)
where
S2{m | Ine Ny, oo s T s iy g5 ov s Ty, < T -+ 7T, € S} (or S)
I2{n,|IneN,n,...,m, .7, 7, €S}
LN {mi > | Ine N, mg, .., 1, Wipgs oo s T, - T -+ 7T, € S}

This is a Galois connection

T

(p(T"), g)%({(z, L) [TepS)AICSA- cExs), ¢)
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In general information is lost by the abstraction of a prefix trace semantics to a
transition system (take for example IT = {a, aa} so that y* - a"(IT) = a* is the set
of all non-empty finite sequences of “a”s). However, this is not the case since the
maximal semantics has been defined as the limit of prefix-closed traces, finite
maximal final traces are not strict prefixes of any other trace, and so, final states
have no possible successor.

Notice that the abstraction of the prefix trace semantics of a program into
a transition system will only comprehend reachable states. So the transition se-
mantics for a language is the join of all transition systems of the prefix trace
semantics of all programs in the semantics. This may still be a strict overap-
proximation.

The transition semantics of the programming language /P with program com-
ponents Pc is

a®(8y[s]) = (S, {(at[s], p) | s € Pc A p € Ev}, ST[S])

defined by structural induction on program components S € Pc as follows.

9.1 Transition semantics of an assignment statement S ::=¢x=A;

SYIs] = {t, py — (aft[s], plx — A[A]p]) | p € Evy} (26)
Proof (of (26)).

$yls]
={m >, Ine N ..., |, Tips s T, . Ty -+ 7T, € Sy[S]} 1(25)§
= {{¢t, p) — (aft[s], plx — A[A]p]) | p € Evy} L(2)§ o

9.2 Transition semantics of a statement list St ::=slU' s
Sy[s1 =8y [sV]uSy[s] (27)
Proof (of (27)).
Si[s1
={m > | Ine N 7y ..., 71, Mgy s T, 7y - 71, € Sy[S} 1(25)§

={m > myy | Ine N, mg .o, T, Tipgy oo s T, - T oo 71, € SY[SUJ U {mm - (at[s],
py-m' | m-(at[s], p) € SY[SU]A(at[s], p) - 7' € SY[S]}} {def. (7) of 8[S1]§

={m; > | In € N7 s iy Tyygs oo s Ty, - 771, € SY[SUJ}U{m; —
Ty | I € N g, oo\, gy ooy T, - T oo 1, € {m - (at[S], p) -7’ | - (at[$],
p) € 8Y[SU] A(at[s], p) - 7' € SY[S]}} {def. U
={m, > my, | 3n € N Tg o s T, gy ove s Ty, - g o+ TT, € S’{,[[Sl’]]’} uim —
Ty | In € N, 7o, oo, Ty, gy s 71, - 70071, € {(at[S], p) - 7' | (at[s],

py ' e 8[|}
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{since all transitions originating from 7 - (at[S], p) = 7 - (aft[SU], p) €
v[sU'] have already been collected in the first term of the U§

={m, >y, | 3n € N, Mg s Ty g s Ty, - g7, € SY[SU U {m; —
T | I € N T0gs oo s s T wen 5 Ty - T -+ T, € SY[S]}

{since all traces of 8Y[S] start with state (at[s], p)§

= 8y[sU]uSL[s] {(25) and ind. hyp. § O

9.3 Transition semantics of an iteration statement S ::=whilet (B) S,
and a break statement S ::=¢ break ;

Real (V = R) and float (V = F) semantics.

S funitet (8) 5] = {(& p) — Gaft[s], p) | B8] p = i} (25)
u{(e, p) — (at[sy], p) | B[B] p =t} UST[s,]
A{/[[break ;] = {6 p) — (brk-to[S], p) | p € Evy} (29)

By definition of aft[s,] = at[while ¢ (B) S]] = ¢, there is no need for a transition
from after the loop body S, to the start ¢ of the loop.

Float interval (V = I) semantics. For float intervals, the transition is non-
deterministic.

Silunitet (8) 5, = {(t. p) — (aft[S]. p) | Fp, - Balelp = (B P} (30)
U {¢t ) — (atlsyl, py) | 3pg - BulBlp = (Py> P2t U STIS]
Proof (of (30)). (The proof of (28) and (29) is similar).

ST[s] {where S ::= whilet (B) S,§
= {7, = Ty | €N T oo, T Tl ooe s Ty - T o T € SU[S] 1(25)§
= {(t ;) — (G, Py ) [ 3 € N (8, Po)s vens (biots iy )s (Givzs Pig)s vvvs (s P,) - (o,
Po) (b p,) € SY[S} {def. (2)—(4), (5bis), ((6)), (7), (8bis) of &F,§

Following the fixpoint definition of 83 [whilet (B) S,], we have to collect the
transitions after 0 or one more iteration in (8bis), so the proof is on the number
of fixpoint iterations of Fwhilet (B) Sp] X, knowing that, by induction, the
transitions of all traces in X have already been collected.

— For the basis, {(¢, p) | p € Evy} yields no transition;

— {72, YGRS Pg) | Tale P) € X ATy . BalBIP = (P Py) A ¢ = ¢ yields
transitions {(¢, p) — (at[s,], pg) | Fp, - B1[Blp = (P> P} The transitions
of m,(t', p) € X have already been collected. p can be chosen arbitrarily for
the converse inclusion; _ B o

— [, PatISyl P | ot P) € X ATp, . Bylelp = (Bys i) A Catlsy]
P73 € Sy[s,] A¥ = ¢} yields the transitions of 7,(¢, p) € X which have
already been collected by induction on the iterates, the transitions of (at[s,],
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P73 € Sy[S,] which have already been collected in 87[s,] by structural
induction, plus the transitions {(¢, p) — (at[s,], p,) | Ips - BilBlp = (P,
P} o

The transition semantics of a program P ::= S1 ¢, an empty statement list SU ::=
€, a skip statement S ::= ¢;, conditional statements S ::= if ¢ (B) S, and
S:u=1ift (B) S, else S, and a compound statement S ::= { S1 }. are similar.

9.4 The transition semantics generates the trace semantics

Theorem 2. The prefiz trace semantics 8y, of Sections 2 and 7 is generated by
the transition semantics 8§, of Section 9.

Proof (of Th. 2). The proof is by structural induction on the program com-
ponents S € Pc of the language P. Let (S, 8[s], I[s]) where I[s] 2 {(at[s],
p) | p € Evy} be the transition system of the program components S, as de-
fined in Section 9. Let 8*((S, 8 [s], I[S])) be the set of stateful prefix traces
generated by this transition system, as defined in (24). We must show that
S*((S, ST[s], I[s])) = 8%[s] for the structural stateful prefix semantics 8%[S]
defined in Sections 2 and 7.

—  We observe that traces of length 1 in 83/[S] are all of the form {(¢, p) | p €
Evy} which are exactly the same for n = 0 is (24). So, in the following, we just
have to consider prefix traces of length strictly greater than 1.

— For the assignment statement S ::=¢ x = A ;, we have

(g -m, |ne NAmy eI[s]AVie[0,n]. (m, m,,,) € ST[S]} 1(24)§
={ny-m, | neNAm, e I[SJAVi € [0,n] . (m;, m; ;) € {(&, p) — (aft[s],
d[A]p) | p € Evy}} {(26)§

= {mymy | {1y, 1) € {8, p) — (aft[s], A[A]p) | p € Evy}}
{since ¢ = at[[s] # aft[s] and 7, = (¢, p) € I[S] by def. I[S]§

= {(t, p)(aft[s], A[A]p) | p € Evy} (def. €§
= SY[SI\ (L p) | p € Evy} (2)5

so we conclude that (24) generates 8%/[S] since in the proof we have left apart
the trivial case of traces {{¢, p) | p € Evy} of length 1.

— For the statement list S1 ::= SU' s, we have

g1, | ne NAmy e I[SUAVie [0,n]. (m;, m;,,) € ST[S1]} 1(24)§
= {my-m, |ne NAm e [[SUAVi € [0,n] . (m;, m;,,) € ST[sSU]UST[s]}
(27)§
={ny--n'y |0 e NAAy e I[SUAVi € [0,n'[ . (7', 7'y,) € ST[sU}U
mly-ooonymaly ", I n e NAar!y e I[SU AV € [0,n'] . (n',, n',) €

ST[sU]AmeNAnr", eI[s] AVie[0,m].(n", n",,) € ST[S]}
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{since all states involved in (¢, p) € ST[s1'] have ¢ € labs[sl'] and
similarly all states involved in (¢, p) € SE[s] have ¢ € labs[s] and
my = 'y € I[S1] = [[SU] so that labs[s'] nlabs[s] = {aft[slU']} = {at[s]}
implies that the first transitions in 7'y - -+ - 7', from 7, = 7' must be
transitions in 8 [sU'].

Then there are two cases. The first case is when 7'y-----7’,, never reaches
a final state of ', # 7" of SU so that n'y-----n', = my--+--m,. Otherwise,
a final state n', = 7" is reached for which ¢ = aft[sU'] = at[s] so

wly ety = aly o = my - oo -, since after 7', = 7’y the
transitions in "y - --- - 7", if any when m > 0, must belong to 8 [S].
Both cases includes the empty statement list SU ::= € for which n’ = 0§

= SY[sV]u{r-(at[s], p)- 7' | m- (at][s], p) € SY[SV] A (at[s], p) - 7' € SY[S]}
{ind. hyp. §

= Sylsu ns o

— For the iteration statement S ::= whilet (B) S,, we use the fact the prefix

traces with entry label ¢ = at[sS] = aft[s,] have the form

()’ (n) € 8% [s] (31)

n-1
— n(n) 2 ((f, i) B, (at[s,], p;ym(i)(e, pm)) is the trace of the first n > 0
i=1
iterations (reduced to (¢, p,) for n = 0) such that Vi € [1,n—1] . ((at[[sb]],
n-1
piym(i)(e, pi+1)) is the maximal finite trace of the i-th iteration in the loop
i=1
body S;
— ¢’ (n) traces the prefix execution of the n-th iteration in the loop body S,
or a loop exit, so

e’ (n) € {(& p )t U{(L p,) L, (at[sy], p,) | B[B]p, = tt}
UL o) 2 Gafts], p,) | Blslp, = )
U{(E po) —o (at[sy], po)n” () |

Blelp, =t A (¢, p,) — (at[syl )" (m) € 8 [s,])

U{(t, pa) = Gat[Sy], pamrs =222 (bricto[S], p,.) | BIBp, = t A

(at[sy], paymy == (bricto[s], p) € 8 [5,]}

Obviously the traces in (31) can be generated by the transition system.
Conversely, let (&, py) -+ (&, p,) be a trace generated by the transition system
for an iteration S so that ¢ = at[s]. By reductio ad absurdum, let k < n such
that (%, po) === (& pg) is in SY[S] but (&, py) -+ (& pr) (&1, pryq) is not. By
recurrence, there exists mt such that p, = o(myt = mt). Since we have the
transition (&, pi) — (&, pryy) there is one statement S’ in Section 9 from
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which this transition comes from such that & € labs[s']. The contradiction is
that a similar step is possible in € 8Y[S]. We have to go on by considering all
possible cases for S'. Since the reasoning is similar for all these cases, let us
consider the typical cases (26) and (28).

In case (26), & is at an assignment statement S’ ::= ¢ x = A ;. Because of
unicity of the labelling, the transition (&, pi) — (&, pryp) in (26) cannot come
from any other statement. The contradiction is that (2) provides a transition in

v[s] that abstracts to the desired transition (&, pi) — (%1, Prry)-

The reasoning is the same in case (28) for {(¢t, p) — (aft[s], p) | R[] p = ff}
and {(¢, p) — (at[s,], p) | B[B] p = tt}. Otherwise, & € labs[s,] and we consider
recursively the contradiction within s’ = 8 [s,]. The reasoning is the same for
the float interval semantics. o

It follows from Th. 2 that we could have followed the traditional way of defining
a small-step operational semantics by first postulating the transition semantics
of Section 9, then deriving the stateful prefix trace semantics by (24), and finally
deriving the maximal trace semantics by taking limits as in (9) and (10).

10 Conclusion

Dynamic interval analysis can be extended to ball analysis (also known as
midpoint-radius interval arithmetic) [39,40].

Most applications of dynamic interval analysis involve tests (including the
loop condition) on intervals but consider only the deterministic case where only
one branch is taken. For example interval libraries raise an exception when more
than one alternative should be taken in tests [2]. This can be understood as a
trivial widening to all possible continuations after the test. When expressed as
a transition system, the choice can be implemented e.g. by backtracking, which
is natural in logic or constraint programming [35,36,38].

Our formalization of the float interval semantics as an abstraction of the real
semantics uses an approximation preorder ' different from the fixpoint order-
ing ¢ (also called computational ordering). This is a rare example in abstract
interpretation with [9,34].

Dynamic interval analysis is different from other instrumented dynamic anal-
yses for runtime verification [1,12,21,22] in that it does collect interval informa-
tion upon executions, but does not check the collected information against a
specification. Instead it replaces that execution (on reals or floats) by another
one (on float intervals).

More generally, runtime verification of single executions collects information
on the execution to check the execution against a formal specification, or to pro-
tect against errors [23]. Since only safety properties can be checked at runtime,
this instrumented semantics can be formalized by abstract interpretation of the
program prefix trace semantics 8y[S].

— The abstraction ay,(nr, -~ 77,) € D instruments the prefix m, --- m, of a trace

in a domain D;
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— The instrumented trace o, () £ (7, oy, (770)) (777, oy, (o 71)) {705, @y, (o701 77,)) -+
(1, o (g, -+ 11,)) -+ on states S" 2 Sy, x D collects this information during
execution;

— The instrumented semantics is 8"[[s] 2 a,(Sy[s]) € p(§h+) where oy, (IT) £
{a, () | m € I} is the set of instrumented traces of the semantics 8Y[S] €

@(S*). It follows that (p(S*), €) 2 (p(S""), <).
Xh

We have provided the example of interval arithmetics. Another example would
compute with float and collect rounding errors to guard against meaningless
computations. An execution involving integers would collect their minimum and
maximum values.

Moreover, the instrumented semantics must be checked by providing

— a specification S (such as an invariant, temporal logic, etc.);

— A specification abstraction (p(§h+), <) % (B, &) into Booleans checking
that the specification is satisfied at runtimes. In practice abstraction providing
more information than a binary decision would be preferable.

The best dynamic analysis semantics 8[s] is then 8[s] 2 ag(a;,(S[S])). An
instrumented dynamic analysis can be directly derived from the instrumented
semantics by considering a single execution at a time.

An example would be the specification of bounds for integer variables in a
language like Pascal. The best dynamic analysis semantics & dﬂs]] is implemented
by runtime checks.

It might be that ag(a;,(S[S])) is not computable or too expensive to compute.
An example is regular model checking [5] where executions are monitored by a
regular expression specifying sequences of invariants (and more generally any
temporal logic specification can be handled as in [5]).

In that case, what can define an approximation preorder &' (allowing for ap-
proximate instrumentation and check) and soundness would then be ag(e,(S[S]))
£ 89[s]. For example, verification by regular model checking [5] would become
debugging by bounding executions or ignoring some checks.

By deriving the transition system from the instrumented checking semantics
S d[[s]], we have a formal specification of the code to be generated for the runtime
analysis, thus paving the way for certified runtime analysis (similar to certified
compilation [27] or certified static analysis [26]). Notice that trace abstractions
are more general than simulations [28]. Notice that trace abstractions are more
general than simulations [28] for such correctness proofs.

A static analysis would be derived by a further finitary abstraction of all exe-
cutions defined by the instrumented semantics o, (8 [S]) (e.g. using extrapolators
and interpolators [4] or abstraction into Noetherian abstract domains).

The reduced product of the static and dynamic semantics would formalize
the idea that the dynamic semantics can be simplified thanks to a preliminary
static analysis. A single execution of this reduced product would certainly be
more efficient since some runtime tests would have been eliminated in the re-
duced product. For the integer interval example, this would definitely reduce the
number of runtime checks.
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