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Abstrtct. Thc au$ors give o shod proofofa $eorem of Lipron and Tlrjan, rh!t,lor d.ry planar gEph
wnh r  > 0 v€nic6,  therc k r  pani  on( , . { ,a .C)of iBv.nqs.Guchthat l ,4 l . lA l  < i . .  tc l  s  2(2, ) , : ,
and no vcncx in,{ i! adjac.nl lo any lcfl.x in ,. Secondly, thcy apply rhe same rcchniquc more cletult} |o
dedlc. that, in facr, such ! panirion (.a, !, c) cxills *irh l,-11. l8l < i,, aid lCl s ](2,)r :: thir imp.o\6
th. bcsl pEviously known rcsull, An analo8ous rcsult holdswhcn thc v.nic6ored8.s aE wlighr.d,

Kcy vordr. scp!,alo6. &ihiclds. 6rn€r

1. The Lipton-Tarjsn theorem. Our first objective is 10 give a shon proof ol
the fo l lowing theorem of  L ipton and Tar jan [3]  ( l / (C)  denores lhe vene\  set  of lhe
graph c):

ll.l). Let G be a planar gruph with n > 0 w ices. Then tlerc is a pa irion (A, B,
C) ol V(G) sttch rhar IAl, I  Bl <3n,lCl < 2' '12' l  n, antl no te ex ih A is adjacent ro
anv in B,

Proo/. We may assume that C has no loops or multiple edges, that n > l. and (br
adding new edges to C) that G is drawn in the plane in such a way rhat etery region is
bounded by a circui l  of thrce edges. (Ci.cuits have no "repeared \eniccs.) Ler
k = LV2nl. For any circuit C of G, we denote by /(C) and t(C) the seis of venices
drawn inside C and outside C, respeclively; thus (,,1(C), B(C), t(C))isapart i t ionof
Z(C), and no venex in ,,  (C) is adjacent io any in 8(C). Choose a circuit C of c such
th3t

( i )  l v (c ) l  <  2k ,
( i i )  l r (C) t  <  in .
( i i i )  sub jec r to ( i )and ( i i ) .  l , . l (C ) l  -  l a (C) l  i sm in imum.

(This is possible because the circuit bounding the inf inite region satis6es (i) and ( i i  ) .)
we suppose, for a conlradict ion, tha( 1,4(C)l > jrr.  Ler D be the suhgraph of O

druwn in the closed disc bounded by C. For x, ir  e I/(C), le! c(l / ,  0) (r.sp€ctivel\.
/(rr. u)) be the number of edges in the shoctest parh of C (respectivel!. D) bcrween

(  I  )  . ( r ,  u )  =  .1 ( r .  v )  Jb t  a l l  ,  n  e  l , (C ) .

For cenainly. d(| l ,  o) < c(lr,  u). since C is a subgraph of D. l f  possibl..  choose a
pair l l ,  u € I/(C) with ,1(l l ,  u) minimun such thal /(1, !) < c(rr. u). Lel P be a palh
of D b€tween u and D. wilh ,/(|l. u) edges. Suppose that some internal !en.x n'of P
belongs ro I/(C). Then

, / ( r r ,  n  )  +  . / (  t r ' ,  0 )  =  d ( r r ,  r )  <  c ( r r ,  u )  <  ( ( r r ,  r )  +  c ( r r , ,  o ) ,

and so either ../( rr. n ) < c(x, xJ or r/( 'r. f) < c( x , r')t either crse is conrnry to th.
choice of l l ,  D. Thus there is no such x'.  Ler C, C1, Cr be the rhfee circuiG of C U P.
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where  l l (Cr ) l  >  l l (Cz) l .Now la (Cr ) l  <3n,s ince
t1-  lB \c t )1  :  lA (c t ) l  +  v (c t ) l

>  i (  A lc , \  +  1A(c , ) l  +  v (p )1  2 )= l lAG) l> \n .

However, lZ(Cr)l < l l l(C)1, since E(P)l < c(r, o), and so C, sarisfr€s (i) and (i i).
By (i i i), B(C,) = B(C), and, in panicular, c(x, 0) < l, which is impossible since
1(l l ,  r) < c(r/,  u). This proves ( I  ).

Suppose rhat I Z(C)l < 2i(. Choos€ e € E(C) and let P be rhe rwo-edge parh ofD
such that the union ofP and e forms a circuit bounding a region inside of C. Ler u be
the middle vert€x of P and let P' be the parh C\e. Now P + P', sinc€ A(C) + @, ̂ nC,
so r4 t / (C )by ( l ) .HencePUP ' i sac i r cu j t sa t i s f y i ng ( i ) and ( i i ) , con r ra r y to ( i i i ) .
This proves that lVlC, = 2k.

Letthe venicesofCbe!'0, ul, . . . ,  12*- r, o:* = oo, in order. Thereare k.f I  venex-
d i s jo in t  pa ths  o f  D  be lween  { r0 ,  11 , . . . ,  o r )  and . {u r ,  r ^+ r , . . . ,  r 2 r } ; f o r  o rhenv i se ,
by a well-known form of Menger's theorem lor planar triangulations, there is a parh ol
D between o0 and ,^ with <k vertices, contrary to ( I ).

Let these paths be P0, PL, .. . ,  P/ ' ,  where P, has ends 0,, ur_j (0 < i  < k).
Bv  (  l ) ,

l Z (P , )  >  m in (2 t  +  1 ,2 ( l  -  i )  +  l ) ,

and so

n= lv (G) l  >  >  min(z t  +  t ,2 (k  -  i \  +  r )> l (k+ l ) '1 .
0 . i i (

Yer I + I > f;  by rhe dehnit ion ofk, a conrmdicrion. Thus our cssumprion rhat
lA lC ) l>1n \ \as  fa l se ,  and  so  A (q  < lnand(A lC) ,  a (C) ,  r (C ) )  i s  a  pan i t i on
satisfying the theorem. n

2. Shields. In the remainder ofrhe paper, we use dre same technique more carefully
to improve (1.1) numerical ly. A. separutar in a gtaph C is a part i t ion (,-{,  I ,  C) ol l"(O)
such that 1,41, lBl <3ll l(C)l and no vertex in , is adjace ot !o any venex in B; irs
o /de l i s lC l .The re fo re , i t i s imp l i €dby ( l . l ) t ha lanyp lana rg raphw i th rv€ ( i ceshas
a separator of order s 8 r/lrrl'1, and we might lry lo nnd the smallest constant tr such
that every planar graph wilh ,? vertices has a sepaotor ofo.der < ).rrl:. The Liplon-
TarjaD result ( l . l )  asse(s thal tr < 8r/: = 2.828, and this was improved by Oazit I2l,
who showed that I < I :  2.333. We give a furlher improvement, showing thar \ <
i.2rl :  = 2.121. lncidental ly, the best lower bound known appears to be rhat of Djidjev
[ ] , lvho showed that

r>iV;; t i= r .s55.
Actually, lve prove a slight stfengthening, below(and indeed, we prove an extension

when the vertices or edges have w€ights).
(2.1\. Let C be a loopless graph *i!h n vertices, druvrn it1 a sphere Z. Then tlrcre it

a simple closed cwve F in Z, meeting the drawing onlv in ve ices, slrch thal
nr + jnr, n: + lnr < 2n/3, and n! <1en)1t2, $here F passcs thrcugh j ve1ices and
Ihe nvo open discs bounded by F contain n1 and n2 vertices, rcspectivelt,

We are concerned with graphsdrawn in a dhc orsphere 2 and, tosimplify notalion,
we usually do not distinguish between a vertex ofthe graph and the point of t used in
the drawing to rcpresenl the vertex, or between an edge and the open line segment
reprcsenting it. A subset of > homeomorphic to the closed interval [0, l] is called

{oMAS$
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