Seminar on Combinatorial Computing September 20, Wednesday, 6:30 p.m.

Room 8404, Graduate Center 365 Fifth Avenue, New York

New proof of a theorem on recurrence relations

Florian Lengyel CUNY Graduate Center

Abstract

The following theorem relating rational generating functions and homogeneous recurrence relations and their solutions is a basic result in combinatorial analysis.

Theorem. Suppose that d ≥ 1 is a positive integer, and suppose that α_1, . . . , α_d are d complex numbers with α_d ≠ 0. The following conditions on a function f : N → C are equivalent: i) ∑ n≥0 f(n)x^n =

P (x) Q(x) , where Q(x) = 1 + α_1x + · · · + α_dx^d and P (x) is a complex polynomial in x of degree less than d.

ii) For each n ≥ 0,

f(n + d) + α_1f(n + d − 1) + · · · + α_df(n) = 0.

iii) For each n ≥ 0,

f(n) = k∑ i=1 P_i(n)γ^n_i ,

where 1 + α_1x + · · · + α_dx^d =

∏_k

i=1 (1 − γ_ix)^{di} , the γ_i’s are distinct, and P_i(n) is a polynomial in n of degree less than d_i.

The statement was taken from Richard Stanley’s Combinatorics and Commutative Algebra. We give a simpler proof than the one sketched there.

For further information contact Janos Pach at pach@cims.nyu.edu, or visit our website: http://math.gc.cuny.edu/Seminars/Combinatorics.html