SCAFFOLD: Stochastic Controlled Averaging for Federated Learning

Sai Praneeth Karimireddy ' > Satyen Kale® Mehryar Mohri®* Sashank J. Reddi® Sebastian U. Stich '
Ananda Theertha Suresh *

Abstract

Federated Averaging (FEDAVG) has emerged as
the algorithm of choice for federated learning
due to its simplicity and low communication
cost. However, in spite of recent research ef-
forts, its performance is not fully understood. We
obtain tight convergence rates for FEDAVG and
prove that it suffers from ‘client-drift” when the
data is heterogeneous (non-iid), resulting in un-
stable and slow convergence.

As a solution, we propose a new algorithm
(SCAFFOLD) which uses control variates (vari-
ance reduction) to correct for the ‘client-drift’ in
its local updates. We prove that SCAFFOLD re-
quires significantly fewer communication rounds
and is not affected by data heterogeneity or client
sampling. Further, we show that (for quadratics)
SCAFFOLD can take advantage of similarity in
the client’s data yielding even faster convergence.
The latter is the first result to quantify the useful-
ness of local-steps in distributed optimization.

1. Introduction

Federated learning has emerged as an important paradigm
in modern large-scale machine learning. Unlike in tradi-
tional centralized learning where models are trained using
large datasets stored in a central server (Dean et al., 2012;
Iandola et al., 2016; Goyal et al., 2017), in federated learn-
ing, the training data remains distributed over a large num-
ber of clients, which may be phones, network sensors, hos-
pitals, or alternative local information sources (Konecny
et al., 2016b;a; McMahan et al., 2017; Mohri et al., 2019;
Kairouz et al., 2019). A centralized model (referred to
as server model) is then trained without ever transmitting
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client data over the network, thereby ensuring a basic level
of privacy. In this work, we investigate stochastic optimiza-
tion algorithms for federated learning.

The key challenges for federated optimization are 1) deal-
ing with unreliable and relatively slow network connections
between the server and the clients, 2) only a small subset
of clients being available for training at a given time, and
3) large heterogeneity (non-iid-ness) in the data present on
the different clients (Konecny et al., 2016a). The most pop-
ular algorithm for this setting is FEDAVG (McMahan et al.,
2017). FEDAVG tackles the communication bottleneck by
performing multiple local updates on the available clients
before communicating to the server. While it has shown
success in certain applications, its performance on hetero-
geneous data is still an active area of research (Li et al.,
2018; Yuetal., 2019; Li et al., 2019b; Haddadpour & Mah-
davi, 2019; Khaled et al., 2020). We prove that indeed such
heterogeneity has a large effect on FEDAVG—it introduces
a drift in the updates of each client resulting in slow and un-
stable convergence. Further, we show that this client-drift
persists even if full batch gradients are used and all clients
participate throughout the training.

As a solution, we propose a new Stochastic Controlled Av-
eraging algorithm (SCAFFOLD) which tries to correct for
this client-drift. Intuitively, SCAFFOLD estimates the up-
date direction for the server model (¢) and the update direc-
tion for each client ¢;.! The difference (¢ — ¢;) is then an
estimate of the client-drift which is used to correct the local
update. This strategy successfully overcomes heterogene-
ity and converges in significantly fewer rounds of commu-
nication. Alternatively, one can see heterogeneity as intro-
ducing ‘client-variance’ in the updates across the different
clients and SCAFFOLD then performs ‘client-variance re-
duction’ (Schmidt et al., 2017; Johnson & Zhang, 2013;
Defazio et al., 2014). We use this viewpoint to show that
SCAFFOLD is relatively unaffected by client sampling.

Finally, while accommodating heterogeneity is important,
it is equally important that a method can take advantage of
similarities in the client data. We prove that SCAFFOLD
indeed has such a property, requiring fewer rounds of com-

"We refer to these estimates as control variates and the result-
ing correction technique as stochastic controlled averaging.
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munication when the clients are more similar.

Contributions. We summarize our main results below.

e We derive tighter convergence rates for FEDAVG than
previously known for convex and non-convex functions
with client sampling and heterogeneous data.

o We give matching lower bounds to prove that even with
no client sampling and full batch gradients, FEDAVG
can be slower than SGD due to client-drift.

e We propose a new Stochastic Controlled Averaging al-
gorithm (SCAFFOLD) which corrects for this client-
drift. We prove that SCAFFOLD is at least as fast as
SGD and converges for arbitrarily heterogeneous data.

e We show SCAFFOLD can additionally take advantage
of similarity between the clients to further reduce the
communication required, proving the advantage of tak-
ing local steps over large-batch SGD for the first time.

e We prove that SCAFFOLD is relatively unaffected by
the client sampling obtaining variance reduced rates,
making it especially suitable for federated learning.

Finally, we confirm our theoretical results on simulated and
real datasets (extended MNIST by Cohen et al. (2017)).

Related work. For identical clients, FEDAVG coincides
with parallel SGD analyzed by (Zinkevich et al., 2010) who
proved asymptotic convergence. Stich (2018) and, more
recently Stich & Karimireddy (2019); Patel & Dieuleveut
(2019); Khaled et al. (2020), gave a sharper analysis of the
same method, under the name of local SGD, also for iden-
tical functions. However, there still remains a gap between
their upper bounds and the lower bound of Woodworth
et al. (2018). The analysis of FEDAVG for heterogeneous
clients is more delicate due to the afore-mentioned client-
drift, first empirically observed by Zhao et al. (2018). Sev-
eral analyses bound this drift by assuming bounded gradi-
ents (Wang et al., 2019; Yu et al., 2019), or view it as addi-
tional noise (Khaled et al., 2020), or assume that the client
optima are e-close (Li et al., 2018; Haddadpour & Mahdavi,
2019). In a concurrent work, (Liang et al., 2019) propose to
use variance reduction to deal with client heterogeneity but
still show rates slower than SGD and do not support client
sampling. Our method SCAFFOLD can also be seen as an
improved version of the distributed optimization algorithm
DANE by (Shamir et al., 2014), where a fixed number of
(stochastic) gradient steps are used in place of a proximal
point update. A more in-depth discussion of related work
is given in Appendix A. We summarize the complexities of
different methods for heterogeneous clients in Table 2.

2. Setup

We formalize the problem as minimizing a sum of stochas-
tic functions, with only access to stochastic samples:

Table 1. Summary of notation used in the paper

N, S,and i total num., sampled num., and index of clients
R, r number, index of communication rounds
K,k number, index of local update steps
x” aggregated server model after round r
Yik ith client’s model in round r and step k
c’,cy control variate of server, ith client after round r

—Ecli@ e |

zERY

) = min{ f@ i

The functions f; represents the loss function on client i. All
our results can be easily extended to the weighted case.

We assume that f is bounded from below by f* and f; is
B-smooth. Further, we assume g;(x) := V f;(x;(;) is an
unbiased stochastic gradient of f; with variance bounded
by o2. For some results, we assume x> 0 (strong) con-
vexity. Note that o only bounds the variance within clients.
We also define two non-standard terminology below.

(A1) (G, B)-BGD or bounded gradient dissimilarity:
there exist constants G > 0 and B > 1 such that

N lesz

If { fz} are convex, we can relax the assumption to

Z\\sz

(A2) §-BHD or bounded Hessian dissimilarity:
IV2fi(x) = V2 f(z)|| <4, Va.
Further, f; is §-weakly convex i.e. V2f;(x) = —d1.

WP <G+ B2V (=)]*, va.

P < G? +28B*(f(x) - f*), Ve

The assumptions Al and A2 are orthogonal—it is possible
tohave G =0and § = 253,0ord = 0 but G > 1.

3. Convergence of FedAvg

In this section we review FEDAVG and improve its conver-
gence analysis by deriving tighter rates than known before.
The scheme consists of two main parts: local updates to the
model (1), and aggregating the client updates to update the
server model (2). In each round, a subset of clients S C [N]
are sampled uniformly. Each of these clients ¢ € S copies
the current sever model y; = x and performs K local up-
dates of the form:

Yi < Yi — mYi(yi) - (D

Here 7; is the local step-size. Then the clients’ updates
(y; —x) are aggregated to form the new server model using
a global step-size 74 as:

et 23 (y ). )
‘S‘ €S
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Table 2. Number of communication rounds required to reach e accuracy for p strongly convex and non-convex functions (log factors
are ignored). Set p = € for general convex rates. (G, B) bounds gradient dissimilarity (A1), and § bounds Hessian dissimilarity (A2).
Our rates for FEDAVG are more general and tighter than others, even matching the lower bound. However, SGD is still faster (B > 1).
SCAFFOLD does not require any assumptions, is faster than SGD, and is robust to client sampling. Further, when clients become more
similar (small §), SCAFFOLD converges even faster.

Method Strongly convex Non-convex Sampling  Assumptions
SGD (large batch) <41 <+ 1 x -
g uNKe i NKe2 €
FedAvg
. o2 G’K
(Li et al., 2019b) ZNFKe + 2e — . X (G,0)-BGD
(Yuetal,, 2019) - e + SHK x (G,0)-BGD
o2+G? | 0+G | NB? _ )

(Khaled et al., 2020) ”N]\I/ﬁ + “\[ + u B2 X (G, B)-BGD

Ours (Thm. T)! TSRe Jg M\[ W SKEQ + 63/2 + = v (G, B)-BGD

Lower-bound (Thm. IT) NFm + \/%) ? x (G,1)-BGD
FedProx (Li et al., 2018)2 372 B2 (weakly convex) v =0, (0, B)-BGD
DANE (Shamir et al., 2014)23 2—22 _ x o =0, -BHD
VRL-SGD (Liang et al., 2019) - Mo + X « .
SCAFFOLD

Theorem I1I +14+ & o Llyg v

corem MSKG SKe2 e\ S 5 -
3 L (0] S L @

Theorem IV MNKe -+ HK —i— NR2 + e -+ c X 6-BHD
' M? := 0%+ K(1 — £)G?. Note that £ T = W when no sampling (S = N).
2 proximal point method i.e. K > 1.
3 proved only for quadratic functions.

3.1. Rate of convergence It is illuminating to compare our rates with those of the

simpler iid. case i.e. with G = O and B = 1. Our
strongly-convex rates become e + . In comparison,
. ' ‘ the best previously known rate for this case was by Stich
Theorem 1. For -smooth functions {f;} which satisfy g Karimireddy (2019) who show a rate of 2> % The
(A1), the output of FEDAVG has expected error smaller main source of improvement in the rates came from the

than € for some values of i, 14, R satisfying use of two separate step-sizes (n; and 74). By having a

We now state our novel convergence results for functions
with bounded dissimilarity (proofs in Appendix D.2).

e Strongly convex: n, > \/S, n; < 1 . and larger global step-size 7,4, we can use a smaller local step-
! (1+5%)68Kn, size 7; thereby reducing the client-drift while still ensur-

o o2 ( i) Gi VBG BB ing progress. However, even our improved rates do not
(I Se NJuSe T /e Tl ) match the lower-bound for the identical case of et % Ku

(Woodworth et al., 2018). We bridge this gap for quadratic

o General convex: ng > VS, m < and functions in Section 6.

1
(1+B2)68Kny’
We now compare FEDAVG to two other algorithms Fed-

o2D?2 272 23792
R @< D" oG, VPG | B°BD > . Prox by (Li ct al,, 2018) (aka EASGD by (Zhang et al.,
KSe? Se? €2 € 2015)) and to SGD. Suppose that G = 0 and 0 = 0 i.e.
we use full batch gradients and all clients have very similar

e Non-convex: n, > /S, n < and

1
’ . . 2
(1+B2)65Kn, optima. In such a case, FEDAVG has a complexity of %

which is identical to that of FedProx (Li et al., 2018). Thus,
) , FedProx does not have any theoretical advantage.

o’F G?’F G B?BF
rR—o(PL —=+(1-%) 2+\/B3 + b
KSe Se €2 €

Next, suppose that all clients participate (no sampling) with

where D := ||z° — x*||? and F := f(z") — f*. S = N and there is no variance ¢ = 0. Then, the
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Figure 1. Client-drift in FEDAVG is illustrated for 2 clients with
3 local steps (N = 2, K = 3). The local updates y; (in blue)
move towards the individual client optima @; (orange square).
The server updates (in red) move towards % >, x; instead of to
the true optimum x* (black square).

above for strongly-convex case simplifies to “L\/g + %2. In
comparison, extending the proof of (Khaled et al., 2020)
using our techniques gives a worse dependence on G of
Mfg‘—jvﬁ + ;4?/2' Similarly, for the non-convex case, our rates
are tighter and have better dependence on G than (Yu et al.,
2019). However, simply running SGD in this setting would
give a communication complexity of % which is faster, and
independent of similarity assumptions. In the next section
we examine the necessity of such similarity assumptions.

3.2. Lower bounding the effect of heterogeneity

We now show that when the functions {f;} are distinct,
the local updates of FEDAVG on each client experiences
drift thereby slowing down convergence. We show that the
amount of this client drift, and hence the slowdown in the
rate of convergence, is exactly determined by the gradient
dissimilarity parameter G in (Al).

We now examine the mechanism by which the client-drift
arises (see Fig. 1). Let «* be the global optimum of f(x)
and 7 be the optimum of each client’s loss function f;(x).
In the case of heterogeneous data, it is quite likely that each
of these x} is far away from the other, and from the global
optimum x*. Even if all the clients start from the same
point x, each of the y; will move towards their client opti-
mum x;. This means that the average of the client updates
(which is the server update) moves towards % Zf\;l x;.
This difference between +; Zf\; 1 7 and the true optimum
a* is exactly the cause of client-drift. To counter this drift,
FEDAVG is forced to use much smaller step-sizes which in
turn hurts convergence. We can formalize this argument to
prove a lower-bound (see Appendix D.4 for proof).

Theorem I1. For any positive constants G and i, there
exist p-strongly convex functions satisfying Al for which
FEDAVG with K > 2, 0 = 0and N = S has an error

Algorithm 1 SCAFFOLD: Stochastic Controlled Averag-
ing for federated learning

1: server input: initial = and ¢, and global step-size 7,
2: ¢;, and local step-size ;

3: foreachroundr =1,..., Rdo

4:  sampleclients S C {1,..., N}

5:  communicate (x, c) to all clients i € S

6: onclient i € S in parallel do

7 initialize local model y; + x

8 fork=1,..., K do

9 compute mini-batch gradient g;(y;)

10: yi < yi —m(9i(y:) — ¢+ ¢)

11: end for

12: c; + (i) gi(x), or (ii) ¢; — ¢ + Klm (x —vy;)
13: communicate (Ay;, Ac;) + (y; — x, ¢ — c;)
14: ci + ¢

15:  end on client
16:  (Ax,Ac) + I«%\ Yics(Ayi, Acy)

17: a:(—w+ngAwandc<—c+‘iNlAc
18: end for

This implies that the % term is unavoidable even if there
is no stochasticity. Further, because FEDAVG uses RK N
stochastic gradients, we also have the statistical lower-
bound of Mziive Together, these lower bounds prove that
the rate derived in Theorem I is nearly optimal (up to de-
pendence on u). In the next section, we introduce a new

method SCAFFOLD to mitigate this client-drift.

4. SCAFFOLD algorithm

In this section we first describe SCAFFOLD and then dis-
cuss how it solves the problem of client-drift.

Method. SCAFFOLD has three main steps: local up-
dates to the client model (3), local updates to the client
control variate (4), and aggregating the updates (5). We
describe each in more detail.

Along with the server model , SCAFFOLD maintains a
state for each client (client control variate ¢;) and for the
server (server control variate ¢). These are initialized to
ensure that ¢ = 5+ 3 ¢; and can safely all be initialized to
0. In each round of communication, the server parameters
(z, ¢) are communicated to the participating clients S C
[N]. Each participating client ¢ € S initializes its local
model with the server model y; <— x. Then it makes a pass
over its local data performing K updates of the form:

Yi < Yi +m(g9:(y:) +c—ci). 3)

Then, the local control variate c; is also updated. For this,
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= i local gradient

correction

Py T
.11 |

m client update

Figure 2. Update steps of SCAFFOLD on a single client. The
local gradient (dashed black) points to @] (orange square), but
the correction term (¢ — ¢;) (in red) ensures the update moves
towards the true optimum x* (black square).

we provide two options:

ot {Option L gi(z),or 1 @

ci—ct+ g (T —vi).
Option I involves making an additional pass over the local
data to compute the gradient at the server model . Op-
tion II instead re-uses the previously computed gradients
to update the control variate. Option I can be more stable
than II depending on the application, but II is cheaper to
compute and usually suffices (all our experiments use Op-
tion II). The client updates are then aggregated and used to
update the server parameters:

w<—w+n—92(yi—:c)7
P>

‘ Option II.

) 5)

cec+NZ(cffci).
€S

This finishes one round of communication. Note that the

clients in SCAFFOLD are stateful and retain the value of

¢; across multiple rounds. Further, if ¢; is always set to 0O,

then SCAFFOLD becomes equivalent to FEDAVG. The

full details are summarized in Algorithm 1.

Usefulness of control variates. If communication cost
was not a concern, the ideal update on client ¢ would be

1
Yi <y + ~ zj:gj(yi) . 6)

Such an update essentially computes an unbiased gradient
of f and hence becomes equivalent to running FEDAVG
in the iid case (which has excellent performance). Unfor-
tunately such an update requires communicating with all
clients for every update step. SCAFFOLD instead uses
control variates such that

1
cj~gj(yi) and e~ — > 95w
J
Then, SCAFFOLD (3) mimics the ideal update (6) with
1
(9i(yi) —ei+c) = N Zgj(yi) :

J
Thus, the local updates of SCAFFOLD remain synchro-
nized and converge for arbitrarily heterogeneous clients.

5. Convergence of SCAFFOLD

We state the rate of SCAFFOLD without making any as-
sumption on the similarity between the functions. See Ap-
pendix E for the full proof.

Theorem III. For any B-smooth functions { f;}, the output
of SCAFFOLD has expected error smaller than € for g =
V'S and some values of n;, R satisfying

1t S5
818Kmny’ 15uNKngy

~( o2 8 N

e Strongly convex: n; < min(

) and

e General convex: n; < m and
_/02D? BD® NF
R_O<KSGQ+ € +S>7

(SN

e Non-convex: n; < and

71775 (V)

ol (2)'2).

KSe2 S €

where D := ||x° — x*||? and F = f(x°) — f*.

Let us first examine the rates without client sampling (S =
N). For the strongly convex case, the number of rounds be-
comes ﬁ;e + i This rate holds for arbitrarily heteroge-
neous clients unlike Theorem I and further matches that of
SGD with K times larger batch-size, proving that SCAF-
FOLD is at least as fast as SGD. These rates also match
known lower-bounds for distributed optimization (Arjevani
& Shamir, 2015) (up to acceleration) and are unimprovable
in general. However in certain cases SCAFFOLD is prov-
ably faster than SGD. We show this fact in Section 6.

Now let o = 0. Then our rates in the strongly-convex case

are - + & and (%) %% in the non-convex case. These ex-
actly match the rates of SAGA (Defazio et al., 2014; Reddi
et al., 2016¢). In fact, when o = 0, K = 1l and S = 1,
the update of SCAFFOLD with option I reduces to SAGA
where in each round consists of sampling one client f;.
Thus SCAFFOLD can be seen as an extension of vari-
ance reduction techniques for federated learning, and one
could similarly extend SARAH (Nguyen et al., 2017), SPI-
DER (Fang et al., 2018), etc. Note that standard SGD with
client sampling is provably slower and converges at a sub-
linear rate even with o = 0.

Proof sketch. For simplicity, assume that o = 0 and con-
sider the ideal update of (6) which uses the full gradient
V f(y) every step. Clearly, this would converge at a lin-
ear rate even with S = 1. FEDAVG would instead use an
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update V f;(y). The difference between the ideal update
(6) and the FEDAVG update (1) is ||V fi(y) — Vf(y)].
We need a bound on the gradient-dissimilarity as in (A1)
to bound this error. SCAFFOLD instead uses the update
V fi(y) — ¢; + ¢, and the difference from ideal update be-
comes

ZH(Vfi(y)—ci+c>—Vf<y>H2 < Z||ci—Vfi<y>\\2-

Thus, the error is independent of how similar or dissimilar
the functions f; are, and instead only depends on the qual-
ity of our approximation ¢; = V f;(y). Since f; is smooth,
we can expect that the gradient V f; (y) does not change too
fast and hence is easy to approximate. Appendix E trans-
lates this intuition into a formal proof.

6. Usefulness of local steps

In this section we investigate when and why taking local
steps might be useful over simply computing a large-batch
gradient in distributed optimization. We will show that
when the functions across the clients share some similarity,
local steps can take advantage of this and converge faster.
For this we consider quadratic functions and express their
similarity with the § parameter introduced in (A2).
Theorem IV. For any B-smooth quadratic functions { f;}
with § bounded Hessian dissimilarity (A2), the output of
SCAFFOLD with S = N (no sampling) has error smaller
than € for ng = 1 and some values of n;, R satisfying

e Strongly convex: n; < m and

- 2 0K

R=0( 7 PEORY
uwKNe nK
o Weakly convex: n; < m and
Bo?F (B4 dK)F
R=0
(KN62 TR ’

where we define F := (f(x°) — f*).

When o0 = 0 and K is large, the complexity of SCAF-

FOLD becomes %. In contrast DANE, which being a prox-

imal point method also uses large K, requires (%)2 rounds

(Shamir et al., 2014) which is significantly slower, or needs
an additional backtracking-line search to match the rates
of SCAFFOLD (Yuan & Li, 2019). Further, Theorem IV
is the first result to demonstrate improvement due to simi-
lairty for non-convex functions as far as we are aware.

Suppose that { f;} are identical. Recall that § in (A2) mea-
sures the Hessian dissimilarity between functions and so
0 = 0 for this case. Then Theogem IV shows that the com-
plexity of SCAFFOLD is %5~ + k= which (up to ac-
celeration) matches the i.i.d. lower bound of (Woodworth

et al., 2018). In contrast, SGD with K times larger batch-
size would require m ;jve + 1 (note the absence of K in the
second term). Thus, for identical functions, SCAFFOLD
(and in fact even FEDAVG) improves linearly with increas-
ing number of local steps. In the other extreme, if the func-
tions are arbitrarily different, we may have § = 2. In this
case, the complexity of SCAFFOLD and large-batch SGD
match the lower bound of Arjevani & Shamir (2015) for the

heterogeneous case.

The above insights can be generalized to when the func-
tions are only somewhat similar. If the Hessians are j-close
and ¢ = 0, then the complexity is %. This bound im-
plies that the optimum number of local steps one should
use is K = % Picking a smaller K increases the com-
munication required whereas increasing it further would
only waste computational resources. While this result is
intuitive—if the functions are more ‘similar’, local steps
are more useful—Theorem IV shows that it is the similar-
ity of the Hessians which matters. This is surprising since
the Hessians of { f;} may be identical even if their individ-
ual optima « are arbitrarily far away from each other and
the gradient-dissimilarity (A1) is unbounded.

Proof sketch. Consider a simplified SCAFFOLD up-
date with 0 = 0 and no sampling (S = N):

yi = yi —n(Vfi(yi) + Vf(x) = Vfi(z)).

We would ideally want to perform the update y;, = y; —
1NV f(y;) using the full gradient V f(y;). We reinterpret
the correction term of SCAFFOLD (¢ — ¢;) as perform-
ing the following first order correction to the local gradient
V fi(y;) to make it closer to the full gradient V f(y;):

Vii(yi) = Vfi(z) +
~V2fi(x)(y; —) ~
~ Vf(yi)
~ Vf(y:)

Vi(z)

——
V(yi)+V2f(z)(x—y:)
+ (Vfi(m) — V? f(2))(yi — )
+6(yi — x)

Thus the SCAFFOLD update approximates the ideal up-
date up to an error §. This intuition is proved formally for
quadratic functions in Appendix F. Generalizing these re-
sults to other functions is a challenging open problem.

7. Experiments

We run experiments on both simulated and real datasets
to confirm our theory. Our main findings are i) SCAF-
FOLD consistently outperforms SGD and FEDAVG across
all parameter regimes, and ii) the benefit (or harm) of local
steps depends on both the algorithm and the similarity of
the clients data.
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Figure 3. SGD (dashed black), FedAvg (above), and SCAFFOLD
(below) on simulated data. FedAvg gets worse as local steps in-
creases with K = 10 (red) worse than K = 2 (orange). It also
gets slower as gradient-dissimilarity (G) increases (to the right).
SCAFFOLD significantly improves with more local steps, with
K = 10 (blue) faster than K = 2 (light blue) and SGD. Its per-
formance is identical as we vary heterogeneity (G).

7.1. Setup

Our simulated experiments uses N = 2 quadratic func-
tions based on our lower-bounds in Theorem II. We use
full-batch gradients (¢ = 0) and no client sampling. Our
real world experiments run logistic regression (convex) and
2 layer fully connected network (non-convex) on the EM-
NIST (Cohen et al., 2017). We divide this dataset among
N = 100 clients as follows: for s% similar data we allocate
to each client s% i.i.d. data and the remaining (100 — $)%
by sorting according to label (cf. Hsu et al. (2019)).

We consider four algorithms: SGD, FEDAVG SCAF-
FOLD and FEDPROX with SGD as the local solver (Li
et al., 2018). On each client SGD uses the full local data
to compute a single update, whereas the other algorithms
take 5 steps per epoch (batch size is 0.2 of local data). We
always use global step-size 1, = 1 and tune the local step-
size 77; individually for each algorithm. SCAFFOLD uses
option II (no extra gradient computations) and FEDPROX
has fixed regularization = 1 to keep comparison fair.

7.2. Simulated results

The results are summarized in Fig. 3. Our simulated data
has Hessian difference § = 1 (A2) and 5 = 1. We vary the
gradient heterogeneity (Al) as G € [1, 10, 100]. For all val-
ued of GG, FEDAVG gets slower as we increase the number
of local steps. This is explained by the fact that client-drift
increases as we increase the number of local steps, hinder-
ing progress. Further, as we increase G, FEDAVG continues
to slow down exactly as dictated by Thms. I and II. Note
that when heterogeneity is small (G = = 1), FEDAVG
can be competitive with SGD.

SCAFFOLD is consistently faster than SGD, with K = 2
being twice as fast and K = 10 about 5 times faster. Fur-
ther, its convergence is completely unaffected by G, con-
firming our theory in Thm. III. The former observation that
we do not see linear improvement with K is explained by
Thm. IV since we have § > 0. This sub linear improvement
is still significantly faster than both SGD and FEDAVG.

7.3. EMNIST results

We run extensive experiments on the EMNIST dataset to
measure the interplay between the algorithm, number of
epochs (local updates), number of participating clients, and
the client similarity. Table 3 measures the benefit (or harm)
of using more local steps, Table 4 studies the resilience to
client sampling, and Table 5 reports preliminary results on
neural networks. We are mainly concerned with minimiz-
ing the number of communication rounds. We observe that

SCAFFOLD is consistently the best. Across all range
of values tried, we observe that SCAFFOLD outperforms
SGD, FEDAVG, and FEDPROX. The latter FEDPROX is
always slower than the other local update methods, though
in some cases it outperforms SGD. Note that it is possible
to improve FEDPROX by carefully tuning the regularization
parameter (Li et al., 2018). FEDAVG is always slower than
SCAFFOLD and faster than FEDPROX.

SCAFFOLD > SGD > FedAvg for heterogeneous
clients. When similarity is 0%, FEDAVG gets slower with
increasing local steps. If we take more than 5 epochs, its
performance is worse than SGD’s. SCAFFOLD initially
worsens as we increase the number of epochs but then flat-
tens. However, its performance is always better than that of
SGD, confirming that it can handle heterogeneous data.

SCAFFOLD and FedAvg get faster with more similar-
ity, but not SGD. As similarity of the clients increases, the
performance of SGD remains relatively constant. On the
other hand, SCAFFOLD and FEDAVG get significantly
faster as similarity increases. Further, local steps become
much more useful, showing monotonic improvement with
the increase in number of epochs. This is because with
increasing the i.i.d.ness of the data, both the gradient and
Hessian dissimilarity decrease.

SCAFFOLD is resilient to client sampling. As we de-
crease the fraction of clients sampled, SCAFFOLD ,and
FEDAVG only show a sub-linear slow-down. They are
more resilient to sampling in the case of higher similarity.

SCAFFOLD outperforms FedAvg on non-convex exper-
iments. We see that SCAFFOLD is better than FEDAVG
in terms of final test accuracy reached, though interestingly
FEDAVG seems better than SGD even when similarity is 0.
However, much more extensive experiments (beyond cur-
rent scope) are needed before drawing conclusions.
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Table 3. Communication rounds to reach 0.5 test accuracy for logistic regression on EMNIST as we vary number of epochs. 1k+
indicates 0.5 accuracy was not reached even after 1k rounds, and similarly an arrowhead indicates that the barplot extends beyond the
table. 1 epoch for local update methods corresponds to 5 local steps (0.2 batch size), and 20% of clients are sampled each round. We
fix 4 = 1 for FEDPROX and use variant (ii) for SCAFFOLD to ensure all methods are comparable. Across all parameters (epochs and
similarity), SCAFFOLD is the fastest method. When similarity is O (sorted data), FEDAVG consistently gets worse as we increase the
number of epochs, quickly becoming slower than SGD. SCAFFOLD initially gets worse and later stabilizes, but is always at least as
fast as SGD. As similarity increases (i.e. data is more shuffled), both FEDAVG and SCAFFOLD significantly outperform SGD though
SCAFFOLD is still better than FEDAVG. Further, with higher similarity, both methods benefit from increasing number of epochs.

Epochs 0% similarity (sorted) 10% similarity 100% similarity (i.i.d.)
Num. of rounds Speedup Num. of rounds Speedup  Num. of rounds Speedup
SGD 1 317 e— (1x) 365 e— (1x) 416 — (] )
SCAFFOLD1 77— | (4.1x) 62 == | (5.9%) 60 == I (6.9%)
5 152 | (2.1x) 20 = I (182x) 10+ I (41.6%)
10 286 m— | (1.1x) 16 » I (22.8x) 7 I (59.4%)
20 266 m— (1.2x) 11 I (33.2x) 4. I (104x)
FEDAvG 1 258 — (1.2x%) T4 = | (4.9%) 83 I (5%)
428 — ()7 %) 34 = I (10.7x) 10+ I (41.6x)
10 71] —— ()4 ) 25 = I (14.6x) 6 I (69.3%)
20 1k e— (< ().3x) 18 I (20.3x) 4 I (104x)
FEDPROX 1 Tkt e———l— (< ().3x) 979 e——————|pp (().1x) 459 e— (().9X)
1k+ e—————— (< ().3x) 794 e————j (().5x ) 35| — | (1.2x)
10 1k e— (< ().3x) 804 e— (().4x) 308 | (1.4x)
20 Tk+ e———l— (< ().3x) 916 e———— (). ) 35] m—— | (].2Xx)

Table 4. Communication rounds to reach 0.45 test accuracy for
logistic regression on EMNIST as we vary the number of sam-
pled clients. Number of epochs is kept fixed to 5. SCAFFOLD is
consistently faster than FEDAVG. As we decrease the number of
clients sampled in each round, the increase in number of rounds
is sub-linear. This slow-down is better for more similar clients.

Table 5. Best test accuracy after 1k rounds with 2-layer fully con-
nected neural network (non-convex) on EMNIST trained with
5 epochs per round (25 steps) for the local methods, and 20%
of clients sampled each round. SCAFFOLD has the best ac-
curacy and SGD has the least. SCAFFOLD again outperforms
other methods. SGD is unaffected by similarity, whereas the local
methods improve with client similarity.

Clients 0% similarity ~ 10% similarity
SCAFFOLD 20% 143 (1.0x) 9 (1.0x) 0% similarity  10% similarity
% 10 6> 28 G1x FEDAVG 0.787 0.828
FEDAVG 20% 179 (1.0x) 12 (1.0x) SCAFFOLD 0.801 0.842
5% 334 (1.9%) 17 (1.4x)
1% 1Ik+ (5.6+x) 35 (2.9%)

8. Conclusion

Our work studied the impact of heterogeneity on the per-
formance of optimization methods for federated learning.
Our careful theoretical analysis showed that FEDAVG can
be severely hampered by gradient dissimilarity, and can be
even slower than SGD. We then proposed a new stochastic
algorithm (SCAFFOLD) which overcomes gradient dis-
similarity using control variates. We demonstrated the ef-
fectiveness of SCAFFOLD via strong convergence guar-

antees and empirical evaluations. Further, we showed that
while SCAFFOLD is always at least as fast as SGD, it can
be much faster depending on the Hessian dissimilarity in
our data. Thus, different algorithms can take advantage of
(and are limited by) different notions of dissimilarity. We
believe that characterizing and isolating various dissimilar-
ities present in real world data can lead to further new algo-
rithms and significant impact on distributed, federated, and
decentralized learning.
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Appendix

A. Related work and significance

Federated learning. As stated earlier, federated learning involves learning a centralized model from distributed client
data. This centralized model benefits from all client data and can often result in a beneficial performance e.g. in including
next word prediction (Hard et al., 2018; Yang et al., 2018), emoji prediction (Ramaswamy et al., 2019), decoder models
(Chen et al., 2019b), vocabulary estimation (Chen et al., 2019a), low latency vehicle-to-vehicle communication (Sama-
rakoon et al., 2018), and predictive models in health (Brisimi et al., 2018). Nevertheless, federated learning raises several
types of issues and has been the topic of multiple research efforts studying the issues of generalization and fairness (Mohri
etal., 2019; Li et al., 2019a), the design of more efficient communication strategies (Konecny et al., 2016b;a; Suresh et al.,
2017; Stich et al., 2018; Karimireddy et al., 2019; Basu et al., 2019), the study of lower bounds (Woodworth et al., 2018),
differential privacy guarantees (Agarwal et al., 2018), security (Bonawitz et al., 2017), etc. We refer to Kairouz et al.
(2019) for an in-depth survey of this area.

Convergence of FEDAVG For identical clients, FEDAVG coincides with parallel SGD analyzed by (Zinkevich et al.,
2010) who proved asymptotic convergence. Stich (2018) and, more recently Stich & Karimireddy (2019); Patel &
Dieuleveut (2019); Khaled et al. (2020), gave a sharper analysis of the same method, under the name of local SGD, also for
identical functions. However, there still remains a gap between their upper bounds and the lower bound of Woodworth et al.
(2018). The analysis of FEDAVG for heterogeneous clients is more delicate due to the afore-mentioned client-drift, first
empirically observed by Zhao et al. (2018). Several analyses bound this drift by assuming bounded gradients (Wang et al.,
2019; Yu et al., 2019), or view it as additional noise (Khaled et al., 2020), or assume that the client optima are e-close (Li
et al., 2018; Haddadpour & Mahdavi, 2019). In a concurrent work, (Liang et al., 2019) propose to use variance reduction
to deal with client heterogeneity but still show rates slower than SGD. We summarize the communication complexities of
different methods for heterogeneous clients in Table 2.

Variance reduction. The use of control variates is a classical technique to reduce variance in Monte Carlo sampling
methods (cf. (Glasserman, 2013)). In optimization, they were used for finite-sum minimization by SVRG (Johnson &
Zhang, 2013; Zhang et al., 2013a) and then in SAGA (Defazio et al., 2014) to simplify the linearly convergent method
SAG (Schmidt et al., 2017). Numerous variations and extensions of the technique are studied in (Hanzely & Richtarik,
2019). Starting from (Reddi et al., 2016a), control variates have also frequently been used to reduce variance in finite-sum
non-convex settings (Reddi et al., 2016c; Nguyen et al., 2018; Fang et al., 2018; Tran-Dinh et al., 2019). Further, they
are used to obtain linearly converging decentralized algorithms under the guise of ‘gradient-tracking’ in (Shi et al., 2015;
Nedich et al., 2016) and for gradient compression as ‘compressed-differences’ in (Mishchenko et al., 2019). Our method
can be viewed as seeking to remove the ‘client-variance’ in the gradients across the clients, though there still remains
additional stochasticity as in (Kulunchakov & Mairal, 2019), which is important in deep learning (Defazio & Bottou,
2019).

Distributed optimization. The problem of client-drift we described is a common phenomenon in distributed optimiza-
tion. In fact, classic techniques such as ADMM mitigate this drift, though they are not applicable in federated learning.
For well structured convex problems, CoCoA uses the dual variable as the control variates, enabling flexible distributed
methods (Smith et al., 2018). DANE by (Shamir et al., 2014) obtain a closely related primal only algorithm, which was
later accelerated by Reddi et al. (2016b) and recently extended to federated learning (Li et al., 2020). SCAFFOLD can
be viewed as an improved version of DANE where a fixed number of (stochastic) gradient steps are used in place of a
proximal point update. In a similar spirit, distributed variance reduction techniques have been proposed for the finite-sum
case (Lee et al., 2015; Konec¢ny et al., 2016a; Cen et al., 2019). However, these methods are restricted to finite-sums and
are not applicable to the stochastic setting studied here.
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B. Technicalities

We examine some additional definitions and introduce some technical lemmas.

B.1. Additional definitions

We make precise a few definitions and explain some of their implications.

(A3) f;is pu-convex for p > 0 and satisfies:
(Vii(@)y — @) < = (fi@) = fily) + Sz —y]?) , forany i@, y.

Here, we allow that i = 0 (we refer to this case as the general convex case as opposed to strongly convex). It is also
possible to generalize all proofs here to the weaker notion of PL-strong convexity (Karimi et al., 2016).

(A4 g;(x) := Vf;(x; ;) is unbiased stochastic gradient of f; with bounded variance

ECi [

Note that (A4) only bounds the variance within the same client, but not the variance across the clients.

gi(x) — Vfl(m)HQ] < ¢?, for any i, x .

(A5) {f;} are S-smooth and satisfy:

|V fi(x) = Vi(y)|| < Bllx —yl, forany i, z,y. (7

The assumption (AS5) also implies the following quadratic upper bound on f;

fiw) < Fiw) + (Vf()y — @)+ 5y ol ®

If additionally the function { f;} are convex and &* is an optimum of f, (A5) implies (via Nesterov (2018), Theorem 2.1.5)

N
r@lN S IVi@) = Vi@h)|? < f@) - £ )
i=1

Further, if f; is twice-differentiable, (AS) implies that || V2 f;(x)|| < 3 for any .

B.2. Some technical lemmas

Now we cover some technical lemmas which are useful for computations later on. The two lemmas below are useful to
unroll recursions and derive convergence rates. The first one is a slightly improved (and simplified) version of (Stich, 2019,
Theorem 2). It is straightforward to remove the additional logarithmic terms if we use a varying step-size (Kulunchakov &
Mairal, 2019, Lemma 13).

Lemma 1 (linear convergence rate). For every non-negative sequence {d,_1},>1 and any parameters (i > 0, Nmax €
(0,1/u], ¢ >0, R > T there exists a constant step-size ) < Nmax and weights w, := (1 — un)'~" such that for

1
2N max
. R+1
WR = Zr:l Wy,

R+1
> (w" (1= ) dypy — —=dy + anr> =0 <Mdo exp(— M max I?) + C) .
n n uR

r=1

1

Upi= —
R Wn

Proof. By substituting the value of w,., we observe that we end up with a telescoping sum and estimate

1 cn ane d
Up=—r r—1dr—1 — Wrd, — < 0 .
R nWRZ(w 10r—1 — W )+WRZw =W Ten

r=1 r—1 R
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When R > ﬁ, (1 — un)® < exp(—unR) < % For such an R, we can lower bound nWp using

s r _rl—(1L—pm)" “r1
nWr =n(1—pun) ™Y (1= pn)" = n(1 — pm) ™ F————> (1 — un) 3
o i u

This proves that for all R > 5.,

Vg < 3udo(1 — pun)? + en < 3pud, exp(—pnR) + cn.

The lemma now follows by carefully tuning 1. Consider the following two cases depending on the magnitude of R and

Tlmax-

. 2
log(mdx(l’g Rdo/¢) Then we can choose 1 = Nmax-

e Suppose 2}+R < Nmax < m

~ &
Vg < 3udo exp [~ fimax R] + cmax < 3pdo exp [~ pimax 2] + O (uR) .

log(max(1,u%Rdg/c))
nR

e Instead if fyax > , we pick n = log(max(t];f Rdo/) 16 claim that

U < 3udg exp [—log(max(1, p*>Rdo/c))] + (7)(#;) < (’N)(MCR> .

O

The next lemma is an extension of (Stich & Karimireddy, 2019, Lemma 13), (Kulunchakov & Mairal, 2019, Lemma 13)
and is useful to derive convergence rates for general convex functions (4 = 0) and non-convex functions.

Lemma 2 (sub-linear convergence rate). For every non-negative sequence {d,_1},>1 and any parameters tyax > 0,
c > 0, R > 0, there exists a constant step-size 1 < Nmax and weights w, = 1 such that,

2

R+1 2
1 dr—l dr 9 do 2 Cldo ( do )‘3 1
Vg = > - —+ < + 2 5
8 R+1T_1( n Cl”””’)—nmax(z%ﬂ) Jrrt A Rme1) @

Proof. Unrolling the sum, we can simplify

do )
UVp<——+c¢ + ¢ .
fE R T

Similar to the strongly convex case (Lemma 1), we distinguish the following cases:

e WhenR+1< -—%  andR+1< 7‘7{? we pick 17 = Nax to claim

C1Mimax €275
2
do 2 do vV Cldo ( do )3 1
Up < ———— + C17Mmax + C2Mjpax < + + cs .
B2 (R 1) e T B =5 LR T VRFL . \R+1)

2 d 3 d i d s/ d
e In the other case, we have 7y, > R O Tmax 2 o (RIT)- We choose n = mln{\/cl(ﬁgﬂ)7 \3/62(1204»1)} to
prove

do - 2\/ Cldo 9 3 dgCQ

Up< —— +

~n(R+1) A RT1 + (R+1)2°

Next, we state a relaxed triangle inequality true for the squared ¢5 norm.
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Lemma 3 (relaxed triangle inequality). Let {vy,...,v,} be T vectors in R%. Then the following are true:
L lvi + v )1> < T+ a)||vi | + (1 + 2)||vs]|2 for any a > 0, and
2. Xl < 7 %
Proof. The proof of the first statement for any a > 0 follows from the identity:
lvi + v5l1* = (1 + @) [lwsl|* + (1 + D)llws1* = Vavi + J=v;1*.
For the second inequality, we use the convexity of & — ||z||? and Jensen’s inequality

2 1 T 9
<22 il
i=1

T

2w

i=1
O
Next we state an elementary lemma about expectations of norms of random vectors.
Lemma 4 (separating mean and variance). Let {Z1,...,2.} be T random variables in R? which are not necessarily
independent. First suppose that their mean is E[Z;] = &; and variance is bounded as E[||Z; — &||?] < o2 Then, the

following holds

END Sl < I &l? + %0
i=1 i=1

Now instead suppose that their conditional mean is E[Z;|Z;_1,...E1] = &; Le. the variables {Z; — &;} form a martingale
difference sequence, and the variance is bounded by E[|Z; — &;||?] < o2 as before. Then we can show the tighter bound

END_=illPT <20 &l + 270°.

i=1 i=1

Proof. For any random variable X, E[X?] = (E[X — E[X]])? + (E[X])? implying

E[”Z 2l?) = ||Z§i||2 + E[”Z Zi — &ll°]
=1 =1 =1

Expanding the above expression using relaxed triangle inequality (Lemma 3) proves the first claim:

||Z~z &l <TZE — &%) < %0

For the second statement, &; is not deterministic and depends on =;_1,...,=;. Hence we have to resort to the cruder
relaxed triangle inequality to claim

E[”Z Eil?) < 2||Z§iH2 +2 E[”Z 2 — &ll%]
i=1 i=1 i=1
and then use the tighter expansion of the second term:
E[HZ Z - &l* = Z E[(E -&)T(E-&)] = ZE[HEz —&lI?] < 7o
i=1 i, i

The cross terms in the above expression have zero mean since {Z; — ¢;} form a martingale difference sequence. O
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C. Properties of convex functions

We now study two lemmas which hold for any smooth and strongly-convex functions. The first is a generalization of the
standard strong convexity inequality (A3), but can handle gradients computed at slightly perturbed points.

Lemma 5 (perturbed strong convexity). The following holds for any [3-smooth and p-strongly convex function h, and any
x,y, z in the domain of h:

I
(Vh(z), 2 = y) > h(z) = h(y) + [y = 2I|” = Bll= — |-
Proof. Given any x, y, and z, we get the following two inequalities using smoothness and strong convexity of h:

(Vh(z),z —x) > h(z) = h(z) — ]|z — ||

(Vh(z), 2 —y) = h(z) = h(y) + 3

Further, applying the relaxed triangle inequality gives

K 2 o M
"y — > =
Sy — ) > &

I
ly = 2I* = Sl — 2[|*.

Combining all the inequalities together we have

(Vh(w),z =y} = h(z) = hiy) + Ty — 21 = —Fl|=—2|*.

The lemma follows since 8 > p. O

Here, we see that a gradient step is a contractive operator.

Lemma 6 (contractive mapping). For any 3-smooth and p-strongly convex function h, points x,y in the domain of h, and
step-size n < %, the following is true

& — nVh(z) —y +nVh(y)|® < (1— )|z —y|°.
Proof.
|z —nVh(z) —y +nVh(y)|* = |z — ylI> + n*|Vh(z) — Vh(y)||> — 2n(Vh(z) — Vh(y),z — y)
(45)

<l —yll* + (*8 — 2n)(Vh(z) — Vh(y),z — y).

Recall our bound on the step-size n < % which implies that (p?3 — 2n) < —n. Finally, apply the u-strong convexity of A
to get
—1(Vh(z) = Vh(y),z —y) < —nullz —y|*.
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D. Convergence of FEDAVG

Algorithm 2 FEDAVG: Federated Averaging

1: server input: initial z, and global step-size 7,
2: local step-size n;

3: foreachroundr =1,..., Rdo

4:  sample clients S C {1,..., N}

5: communicate x to all clients i € S

6: onclient i € S in parallel do

7: initialize local model y; + x

8 fork=1,..., K do

9 compute mini-batch gradient g;(y;)

10: Yi < Yi — m9i(Yi)
11: end for
12: communicate Ay; < y;, —

13:  end on client

. 1
14: Az« s Yics
150 x <+ x+nAx
16: end for

Ay;

We outline the FEDAVG method in Algorithm 2. In round r we sample S” C [N] clients with |S”| = S and then perform
the following updates:

e Starting from the shared global parameters y; , = zr!

, we update the local parameters for k € [K]|
Y =Yl —mgi(Yl 1) (10)

e Compute the new global parameters using only updates from the clients 7 € S” and a global step-size 7,:

af:af—1+%g Syl —a ). (1)
iesT
Finally, for some weights {w, }, we output
R _r—1 o Wy
x'v = x" " with probability 5 forre{l,...,R+1}. (12)
- Wr
D.1. Bounding heterogeneity
Recall our bound on the gradient dissimilarity:
| X
% 2IVEH@)I? < G+ BV (). (13)
i=1
If { f;} are convex, we can relax the assumption to
| XN
¥ LNVEA@)IP < G+ 28B2(f(x) - 7). (14)
i=1

We defined two variants of the bounds on the heterogeneity depending of whether the functions are convex or not. Suppose
that the functions f is indeed convex as in (A3) and 5-smooth as in (A5), then it is straightforward to see that (13) implies
(14). Thus for convex functions, (A1) is mildly weaker. Suppose that the functions { f1, ..., fx } are convex and 3-smooth.
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Then (14) is satisfied with B? = 2 since
N
Z Vi@)|* < ZHsz ?+ ZIIVJ‘Z — Vi)

Q2 an VP +4B(f () - 7).

—ZO'f

Thus, (G, B)-BGD (14) is equivalent to the heterogeneity assumption of (Mishchenko et al., 2019) with G? = JJ%. Instead,
if we have the stronger assumption (A1) but the functions are possibly non-convex, then G = e corresponds to the local
dissimilarity defined in (Li et al., 2018).

D.2. Rates of convergence (Theorem I)

We first restate Theorem I with some additional details and then see its proof.

Theorem V. Suppose that the functions { f;} satisfies assumptions A4, AS, and Al. Then, in each of the following cases,
there exist weights {w, } and local step-sizes 1, such that for any ng > 1 the output of FEDAVG (12) P satisfies

. . 1 8(1+B*)8
e Strongly convex: f; satisfies (A3) for > 0, m; < SATB2 AR, R> m then

_ oA M pG? .
E[f(@")] - f(z*) < O(u rics T age D e 16(1432);@) !

e General convex: f; satisfies (A3) for p =0, n < m, R > 1then

MD D4/3(ﬂG2)1/3 B2,8D2)>

Elf@™)] - fot) < O o+ 2 1 B

e Non-convex: f; satisfies (Al) and m; < i then

1
1+B2)8BKn,’

RKS (R+1)2/3 R

E[|Vf<mR>|2]<o<5Mﬁ PG B%’F)

where M? := o2(1 + %) +K(1-2)G% D= |z° — 2*|, and F := f(z°) — f*.

D.3. Proof of convergence

We will only prove the rate of convergence for convex functions here. The corresponding rates for non-convex functions
are easy to derive following the techniques in the rest of the paper.

Lemma 7. (one round progress) Suppose our functions satisfies assumptions (Al) and (A3)—(AS). For any step-size
satisfying n; < m and effective step-size 1) := Kngn,, the updates of FEDAVG satisfy
g

Ella” — 2" < (1 = ) Ella™" — a*|2 + (g5)if0? + (1 - £)*F-G* = 4(E[f(@ )] - f(=")) + 387, ,

where E, is the drift caused by the local updates on the clients defined to be

1 KX 2
= gy 2o 2l — o)
k=1 i=1
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Proof. We start with the observation that the updates (10) and (11) imply that the server update in round 7 can be written
as below (dropping the superscripts everywhere)

7
A:l: — _FS p iesgi(yi’k_l) and E[ASC ZE sz yl k— 1)]

We adopt the convention that summations are always over k € [K] or ¢ € [N] unless otherwise stated. Expanding using
above observing, we proceed as’

2

1
KS Z gi(yz’,k—l)

k,ieS

Er-illz+ Az —2*|* = |z — 2> - KNZ Vfilyiko)s @ — @)+ P

Le

m. 4 qf] .
< ool -5y D (VAiik-1), — )
ki

Ay
} 1 2 7252
+i Era %S > Viiwir)| + R
k€S
Az

We can directly apply Lemma 5 with h = f;, ¢ = y; x—1, y = «*, and z = « to the first term A;

Ar = % ;<Vfi(yi,k—1),w* —x)
21
< 2w L (fi@") = @) + By — ol = {lle - 2°I?)

,'l

~2(f(@) - f(2") + Ll —2*|2) + 267€ .

For the second term A5, we repeatedly apply the relaxed triangle inequality (Lemma 4)

2

N 1
Ay =P E,q %S Z Vfiir—1) — Vfi(x) + Vfi(x)
k€S
1 2
< 952 e o oy -2
_277 Er—l KS kgsvfz(yz,k—l) vfl(w) +277 Er—l Zezsvfz
2~2 ~ 2
< Kf@vza_lnw(yi,kﬂ)—Vfi(sc>||2+2n2 Er 1 Zsz Vf(z)+ Vf(x)
7 zGS
27725 2 2, S )47 2
< ZEr lyik—1 —x|* + 202V f(@)[I” + (1 — §)47) SNZHVﬂ x|
i,k

< 2P B%E + 8P B(B2 + 1)(f(x) — f(=")) + (1 — )4 G?

The last step used Assumption (G, B)-BGD assumption (14) that & > [V fi(z)||> < G2 + 28B2(f(x) — f*). The
extra (1 — % improvement we get is due to sampling the functions { f;} without replacement. Plugging back the bounds
on A; and A,,

Eroille + Az — 2| < (1 - ) e —a*|* — (27 - 8677 (B* + 1))(f (@) — f(2"))
+ (14 7iB)2B7E + 75’0 + (1 — $)4LG2

The lemma now follows by observing that 837)(B? + 1) < 1 and that B > 0. O

*We use the notation E,-_1 [ -] to mean conditioned on filtration r i.e. on all the randomness generated prior to round 7.
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have bounded drift:

Lemma 8. (bounded drift) Suppose our functions satisfies assumptions (A1) and (A3)—(AS). Then the updates of FE-
1 i
S 7 B98AK B
=2 2
Lo 188G

DAVG for any step-size satisfying m;
~ 27 r—1 *
Proof. If K = 1, the lemma trivially holds since y; o = @ for all ¢ € [N] and &, = 0. Assume K > 2 here on. Recall that

the local update made on client 7 is y; x = ¥i.x—1 — M9i(Yi,k—1). Then

Ellyire — /> = Ellyie—1 — © — mgi(yip—1) |
< Ellyik—1—x =V fi(yip—1)|I> + nj
)Ellyin—1 —|* + Knf IV fi(yix—1) I + nio
,,’720.2

<S(1- g
o, T 2
=(1- JEllYi—1 —l|” + — IV fiyie—1)[I" +
ng K K?n?
~2 2772 77}20.2
< (1= Z29)Ellyin-t — z[® + |V filwin-1) = VE@)| + 5V fi(@)]?
<( ) Ellyik—1 — 2|+ gKH filYig—1) =V fi(z)| +ngKH fi(@)|l +K2n§
27 o
<(1- A Ellyi no1 — 2| + — ||V f;(2)|?
<(Q-g+ )Ellyik—1 — | +ngKH fi(@)|l +K2n§
77]20.2

277
m) Ellyin—1 —=|* + %7||Vfi($)||2 + K22

In the above proof we separated the mean and the variance in the first inequality, then used the relaxed triangle inequality
in the next inequality. Next equality uses the definition of 7, and the rest follow from the Lipschitzness of

the gradient. Unrolling the recursion above
2 -« Uk 2 °0° 1
Elly.x — 2 < }j WK VH@I + 170 - ary)
277 2 | T0°
< ; 3K .
< (ngK @I + 57)

Averaging over ¢ and &, multiplying by 387 and then using Assumption Al
367302

1
367 < Z 1857V fi(=)||? i<
~3 2
SOTT . 366278 B2(f (@) — f(x")
O

18872 G? + Ko
g

IN

The lemma now follows from our assumption that 8( B% + 1)57 < 1

Proof of Theorems I, V  Adding the statements of Lemmas 7 and 8, we get
Ellw+ Az — 2|2 < (1 - 4) Ellz — "2 + (&5)i?0? + (1 — £)2-G* — §(E[f ()] - f(="))
+ BE ) - f(0") + F + 1857
1651~ 8y 4 18B77G2) .

~ 1
> 3+ B9)B

(- ) Ele— *2—Z(E[f(w)]—f(a:ﬂ)w?(;é(u )+

4G?

Moving the (f(x) — f(«*)) term and dividing throughout by g, we get the following bound for any 7 <
— * 4 * r * ~[ &2 -
E[f(z" )] - f() < 2(1 - ) ]ja"" I = 2lz" — 2+371<KS(1+,%)+ 5 (1—ISV)+18577G2>.
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If 1+ = 0 (general convex), we can directly apply Lemma 2. Otherwise, by averaging using weights w, = (1 — “777)1*’” and
using the same weights to pick output £'*, we can simplify the above recursive bound (see proof of Lem. 1) to prove that
for any 7 satisfying 5z <7 < m

E[f(@M)] - f(z%) < 3a° — @ |2 pexp(~FuR) + (25 (1 + 5) + 52 (1 - §)) + 7P (365G?)

=:d X =:c2
=:iC1

log(max(1,u*>Rd/c1))
nR
very similar and also relies on Lemma 2.

Now, the choice of = min{ » OF 52)8 7 } yields the desired rate.The proof of the non-convex case is

D.4. Lower bound for FEDAVG (Theorem II)

We first formalize the class of algorithms we look at before proving out lower bound.

(A6) We assume that FEDAVG is run with , = 1, K > 1, and arbitrary possibly adaptive positive step-sizes {n1,...,nr}
are used with 7, < % and fixed within a round for all clients. Further, the server update is a convex combination of the
client updates with non-adaptive weights.

Note that we only prove the lower bound here for n, = 1. In fact, by taking 7, infinitely large and scaling 7; o ﬁ

such that the effective step size 7; = 7;m,/K remains constant, FEDAVG reduces to the simple large batch SGD method.
Hence, proving a lower bound for arbitrary 7, is not possible, but also is of questionable relevance. Further, note that when
02 = 0, the upper bound in Theorem V uses 7, = 1 and hence the lower bound serves to show that our analysis is tight.
Below we state a more formal version of Theorem II.

Theorem VI. For any positive constants G, i, there exist p-strongly convex functions satisfying Al for which that the
output of FEDAVG satisfying A6 has the error for any r > 1:

GQ

@) - J(a*) = Quin(1(e) - (@) ).

Proof. Consider the following simple one-dimensional functions for any given p and G:
fi(z) == pa’® + Gz, and fo(z) == —Gz,

with f(z) = 1(fi(z) + f2(x)) = 42” and optimum at x = 0. Clearly f is p-strongly convex and further f; and f;
satisfy Al with B = 3. Note that we chose f> to be a linear function (not strongly convex) to simplify computations. The
calculations made here can be extended with slightly more work for (fo = %xQ — Gx) (e.g. see Theorem 1 of (Safran &
Shamir, 2019)).

Let us start FEDAVG from 2° > 0. A single local update for f; and f> in round 7 > 1 is respectively

y1=y1 —nr(2ur + G) and yo = y2 + .G
Then, straightforward computations show that the update at the end of round r is of the following form for some averaging
weight a € [0, 1]

K-1
e =2 (1= )1 = 2m,) " +a) +0.G Y (a— (1= a)(1—2un,)7).

7=0

Since v was picked obliviously, we can assume that & < 0.5. If indeed o > 0.5, we can swap the definitions of f; and f
and the sign of 2°. With this, we can simplify as

K-1
ro o= 2um) " + 1 G ;
PEPRILE TRLES BT SR
7=0
nGKfl

> " L= 2 T Y (= (L= 2m)7)
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Observe that in the above expression, the right hand side is increasing with 7,—this represents the effect of the client
drift and increases the error as the step-size increases. The left hand side decreases with n,.—this is the usual convergence
observed due to taking gradient steps. The rest of the proof is to show that even with a careful balancing of the two terms,
the effect of G cannot be removed. Lemma 9 performs exactly such a computation to prove that for any r > 1,

z" > cemin(zg, —) .

uR
We finish the proof by noting that f(2") = & (z")2. O
Lemma 9. Suppose that forallr > 1, n, < ;% and the following is true:
e K—1
2" > 2" (1= 2m)" + T ;0(1 — (1 —2pm,)7).

Then, there exists a constant ¢ > 0 such that for any sequence of step-sizes {n"}:

2" > cmin(xg, —)

uR

Proof. Define v, = un, R(K — 1). Such a ~, exists and is positive since K > 2. Then, ~,. satisfies

K-1 Q’YT K—1
L—2um) T =(1— ——1" < exp(—/R).
(1 —2pn,) = =( R(Kfl)) = <exp(—/R)
We then have
. a K=l
z" > z" 1(1 - QUWr)K + 1‘2 (1—(1—2un)")
7=0
G K-1
> 2" (1= 2um,) K + 2 > (1= (1—2um,)7)
r=(K—1)/2
r—1 K ’YrG
> a" (1= 2pm)" + ﬂ(l — exp(—r/R)).

The second inequality follows because 7, < i implies that (1 — (1 — 2un,)7) is always positive. If v, > R/8, then we
have a constant ¢; € (0,1/32) which satisfies

G
2> (15)
I
On the other hand, if v, < R/8, we have a tighter inequality
K—1 27, K—1 Y
1-2un) 2z =1—-—=——F+—+<)2 <1-——,
(1 —2pn,) ( ROK — 1)) <1-—4
implying that
K 2
- 27, %G
L 1 1— T
vt < R(K—1)> " 4R
_ Ay, G
>a" (1 - . 16

The last step used Bernoulli’s inequality and the fact that X' — 1 < K/2 for K > 2. Observe that in the above expression,
the right hand side is increasing with ~,—this represents the effect of the client drift and increases the error as the step-size
increases. The left hand side decreases with ~,—this is the usual convergence observed due to taking gradient steps. The
rest of the proof is to show that even with a careful balancing of the two terms, the effect of GG cannot be removed.
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Suppose that all rounds after 7y > 0 have a small step-size i.e. 7, < R/8 for all > r( and hence satisfies (16). Then we
will prove via induction that

2" > min(c.z"™, m) for constants ¢, 1= (1 — 7). (17)
For r = rg, (17) is trivially satisfied. Now for r > r,
47, G
S ) 4 R
m
G
>m
= 256uR
= min| ¢, 2",
256uR

The first step is because of (16) and the last step uses the induction hypothesis. The second step considers two cases for
7r: either 7, < § and (1 — 55%) > (1 — 5), or 42 > ;. Finally note that ¢" > % using Bernoulli’s inequality. We have
hence proved

1
2 > min( =z, L
2 256 R

Now suppose v, > R/8. Then (15) implies that zft > % for some constant ¢ > 0. If instead no such ro > 1 exists,
then we can set 1o = 0. Now finally observe that the previous proof did not make any assumption on R, and in fact the
inequality stated above holds for all » > 1. O
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E. Convergence of SCAFFOLD

We first restate the convergence theorem more formally, then prove the result for the convex case, and then for non-convex
case. Throughout the proof, we will focus on the harder option II. The proofs for SCAFFOLD with option I are nearly
identical and so we skip them.

Theorem VII. Suppose that the functions {f;} satisfies assumptions A4 and A5. Then, in each of the following cases,
there exist weights {w, } and local step-sizes 1, such that for any ng > 1 the output (22) of SCAFFOLD satisfies:

e Strongly convex: f; satisfies (A3) for i > 0, n; < min( S ) R> max(w, 30N then

1
818Kmny’ 15uNKngy

w S
Elf@™)] — ) < O —Loo(14 5) 4 pDexp( —mind 5 1 Lp
=Y\ uRrKs\ T/ THE P 30N 1628 '
e General convex: f; satisfies (A3) for =0, gy < grge— ﬂlKng, R > 1 then
_ D BD?
(@) - fa) < ( (1) R>7

o

e Non-convex: n; < ,and R > 1, then

51,5 (V)

E[IIVf(wR)Il2]§0< o 1+N2)+5F<N>§>.

RKS 3
Here D := (|[a° — @*|* + 555 i, € — Vfila*)|?) and F := (f(zo) — f(z*)).

Note that the D? defined above involves an additional term 3957 SN €9 — Vf;(«*)||%. This is standard in variance
reduction methods (Johnson & Zhang, 2013; Defazio et al., 2014; Hanzely & Richtarik, 2019) and it is standard practice
to set ¢? using warm start by focusing on the first N/S rounds to initialize ¢? = g;(x") computed over a batch size of size
K. Then, using smoothness of f;, we can bound this additional term as

No?

N 0 *
—(f(z”) — —.
53U~ 1)+ g
Thus, the asymptotic rates of SCAFFOLD for general convex functions incurs an additive term of the order of O(%)
and only affects the logarithmic terms for strongly convex functions.

N
a9z D _llel = Ve <
i=1

We will rewrite SCAFFOLD using notation which is convenient for the proofs: {y; } represent the client models, « is the
aggregate server model, and ¢; and c are the client and server control variates. For an equivalent description which is easier
to implement, we refer to Algorithm 1. The server maintains a global control variate c as before and each client maintains
its own control variate ¢;. In round r, a subset of clients S” of size S are sampled uniformly from {1,..., N}. Suppose
that every client performs the following updates

e Starting from the shared global parameters yio,,. = x" "1, we update the local parameters for k € [K]
Yik = Yip—1— MY, Wwhere vl :=gi(yi, 1)~ e (18)

e Update the control iterates using (option II):

~r r— r— T— T 1 r
&=ct-¢ 1+%m(m 1—mi7K):*Zgi(yi,k—1)- (19)

~r if i ST
cg _ {Cil 12 € (20)
G

otherwise.
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e Compute the new global parameters and global control variate using only updates from the clients : € S™:

N
"=z + %g Z (Yir — " ') and c" = %ch = %(Z c + Z crl) . 21

ieST i=1 i€EST j¢ST

Finally, for some weights {w, }, we output

iR r

= "~ ! with probability forr € {1,...,R+1}. (22)

wy
2o, Wr
Note that the clients are agnostic to the sampling and their updates are identical to when all clients are participating. Also
note that the control variate choice (19) corresponds to (option II) of Algorithm 1. Further, the updates of the clients i ¢ S”

is forgotten and is defined only to make the proofs easier. While actually implementing the method, only clients ¢ € S”
participate and the rest remain inactive (see Algorithm 1).

E.1. Convergence of SCAFFOLD for convex functions (Theorem III)

We will first bound the variance of SCAFFOLD update in Lemma 10, then see how sampling of clients effects our control
variates in Lemma 11, and finally bound the amount of client-drift in Lemma 12. We will then use these three lemmas to
prove the progress in a single round in Lemma 13. Combining this progress with Lemmas 1 and 2 gives us the desired
rates.

Additional definitions. Before proceeding with the proof of our lemmas, we need some additional definitions of the
various errors we track. As before, we define the effective step-size to be

7= Kmnmng .

We define client-drift to be how much the clients move from their starting point:

1 K N
€= 2o Do D Ellyl, — =" (23)

k=11i=1

Because we are sampling the clients, not all the client control-variates get updated every round. This leads to some ‘lag’
which we call control-lag:

1 N
= = D ElEL]) - Vi) 24)
j=1

Variance of server update. We study how the variance of the server update can be bounded.

Lemma 10. For updates (18)—(21), we can bound the variance of the server update in any round r and any 7} := qngs K >
0 as follows
127202

KS

Efllz” — " ]*] < 8B7*(E[f(z" )] — f(&*)) + 87°Cr_y + 477 B2E, +

Proof. The server update in round r can be written as follows (dropping the superscript r everywhere)

)

7)
E|Az|? = EH——KS E. vl = EH—KS }4 " (gi(yik-1) +e— e
k€S k€S
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which can then be expanded as

Elaa)? < Bk 3 (gigins) +c— e’

KS k€S
_4E|\KLS > 0ilyin-1) = V@) + 47 Ellel? +4E]| 5 Y Vi) e’
k,ieS k€S
7 .
+4E] g5 D° Viil@) - Vi)
k,i€eS
(9) n n
< 4E| s 3 i) = VA@)|” + 407 Ellel? + 4E| $ D V@) — e
k€S i€S
+ 861 (Elf ()] — f(a*))
<1E| g 3 Vi) - V@) + 1P ECE + 4 3 3 Vhie) - Eled
szS €S

127202
KS

+ 867 (E[f ()] — f(a¥)) +

The inequality before the last used the smoothness of { f;}. The last inequality which separates the mean and the variance
is an application of Lemma 4: the variance of (g > ;s 9i(¥i,e—1)) is bounded by 02 /K S. Similarly, c; as defined in

(19) for any j € [N] has variance smaller than 0/ K and hence the variance of (& >, 5 ¢;) is smaller than 02 /K S.

Using Lemma 3.2 twice to simplify:

E'Aw“%fﬁ;E!iVﬁw1>—sz o) + 4l + 4T 3 LIVAeh) - el
+ 867 (E[/f ()] - f(fv*)) T 12;; S”
S% ElVi(yis) = Vi ||+ Z||sz e
= T1
+ 8O (Elf(2)] - f(@")) + 12;;

The second step follows because ¢ = % >~; ci. Since the gradient of f; is S-Lipschitz, 7; < [324]@ > ki E||yi,k,1 —:1:”2 =

47 B2E. The definition of the error in the control variate C,_; := Z;\;l E|E[ci] — V fi(z*)||* completes the proof. [

Change in control lag. We have previously related the variance of the server update to the control lag. We now examine
how the control-lag grows each round.

Lemma 11. For updates (18)—(21) with the control update (19) and assumptions A3-AS5, the following holds true for any
1= mngK €10,1/5]: ; ,
Cr < (1= §)Cro1 + 5 (4B(E[f (")) = f(=") +25%¢,) .

Proof. Recall that after round 7, the control update rule (19) implies that ¢ is set as per

T
c; =

e/t ifi ¢ S i.e. with probability (1 — £ ).,
=5 gi(yl,_,)  with probability <.

Taking expectations on both sides yields

Elc]] = (1— £)Ele] "]+ 25 S  EIVAi(yl,_1)], Vi€ [N].
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Plugging the above expression in the definition of C,. we get
— 2
= NZHE — Vi)l

=L S $E - VA + S S EV A - VAP
i=1

< (1= R)Cro1 + wg Lie ENVE(WE 1) = Vi)

The final step applied Jensen’s inequality twice. We can then further simplify using the relaxed triangle inequality as

S S
Ealer] < (1- 3 )1+ g S EIVA(sha) - VI

S
< (13 e 3 SEIVAET e NQKZEIIVL Vi) - Vi@

—~

7 S r— 1 * 2 2 rfl 2
<(1-%)e+ 3 3 S EIVAE) = ThEI + s > Elulss -2

©) s .
< (1= 3 )i+ USEL @] - 5@ + 6.
The last two inequalities follow from smoothness of {f;} and the definition &, = %>, L Ellyr,, —2" '[]>. O

Bounding client-drift. 'We will now bound the final source of error which is the client-drift.

Lemma 12. Suppose our step-sizes satisfy m < gg STBR, Kn and f; satisfies assumptions A3—AS. Then, for any global ng > 1
we can bound the drift as

~2

3076, < BCo s + 5 Elf(27 )] - f(@) + fzo?.

Proof. First, observe that if K = 1, £, = 0 since y; o = « for all ¢ € [N] and that C,_; and the right hand side are both
positive. Thus the lemma is trivially true if K = 1. For K > 1, we build a recursive bound of the drift.Starting from the
definition of the update (18) and then applying the relaxed triangle inequality, we can expand

1 1
Ero1 [ZH(yz —mv;) — w||2} = 5B [ZHyz —mgi(ys) + me —me; — w||2}
€S €S
1
< 5B [ZHyz —mVfi(yi) + me—me; — -’EHQ} +njo’

i€S

—~
—_

< _ga T 1|:2Hyl mV fi yz)+77lvfz( _mH2:|

€S 7

Tt DR, [ S e e+ Vila >||2] npo?.

€S

T3

The final step follows from the relaxed triangle inequality (Lemma 3). Applying the contractive mapping Lemma 6 for
m < 1/8 shows

Zl\yz Y filys) + iV fi(@) — || < ||y — ||

zGS
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Once again using our relaxed triangle inequality to expand the other term 73, we get

75:57._1[ S e — e + Vi)

€S

N
= Z le — e + V()|

le —ei + Vfi(a™) + Vi(x) - Vi(z")|?

I
2[ =
'MZ I

Il
-

J

3 N 3 N
<3l + v > llei = Vi) + N IV i) = Vi(@)|?
i=1 i=1
6 & J 3 & J
<5 > llei = Vi) + N S IV i) = Vi(@)|?
= =

S—ZIICZ—VL I +65(f(x) — ().

The last step used the smoothness of f;. Combining the bounds on 73 and 73 in the original inequality and using a = K%

; 1
gives

1
7)
NZEHyzk*wH 7ZEHyzk 1*33H +njo

6Kn?
FORKB(f ()~ (@) + = S Elle — Vfilah)|.
Recall that with the choice of ¢; in (19), the variance of ¢; is less than ‘772 Separating its mean and variance gives
ZEHM —af’ < (14 s iZEHM L=l TR
N -1/N

6REB(f(z) — fla*)) + o

ZIIE[ci] —Vfi)|? (©25)

Unrolling the recursion (25), we get the following for any k € {1,..., K}

k—1
%Z EHyi,k — :1:”2 < (6K6nl — f(x*)) + 6KniC, 1 + 7577[202) (Z(l + K11)7>
i =0
< (6K Bn? f(:c — f(&*)) + 6KnCry + TBn70?) (K — 1)((1+ 25)% — 1)
< (6K B} (f() — f(x¥)) + 6KniCr—1 + 78nio?)3K
< 18K2pn} (f( ) — f(&*)) + 18K%niC,—y + 21K B o?

The inequality (K — 1)((1 + #15)® — 1) < 3K can be verified for K = 2, 3 manually. For K > 4,
(K = 1)(1+ 2555 — 1) < K(exp(#5) — 1) < K(exp(4) — 1) < 3K
Again averaging over k and multiplying by 3 yields
3E, < AR B0 (f (@) — f(@")) + 54K B/ C 1 + 638K nj'o
= & (54822 (f(@) — [ (@) + BABIC, 1 + 638725 )
< L (F(@) - f(@) + 21 +71% ) -

The equality follows from the definition 7} = K74, and the final inequality uses the bound that 7} iﬁ O
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Progress in one round. Now that we have a bound on all errors, we can describe our progress.
Lemma 13. Suppose assumptions A3-A5 are true. Then the following holds for any step-sizes satisfying ng > 1, m; <
min (m, m), and effective step-size 1) := Kngn

Efler — 2" + 2] < (1) (]! — 2*|? + 20 ) —A(ELf (27 )] f(2") + 2 (14 5.

g

Proof. Starting from our server update equation,
1

Az = ——L
= "Ks

(9i(Yik—1) + ¢ — ¢;), and E[Az] = Zgz Yik—1)
k€S

We can then apply Lemma 10 to bound the second moment of the server update as

* * 27 * 2
Er_1||ZC—|—ACL'—;c ”2 = Er_1||CC—m ||2 i/ E, 1 Z <Vf7;(yi7]€_1),.’11—.’13 >+E7~_1||A.’B||

KS ,
k,ieS
2n
< Krg S Z (Vfi(yig—1),x" — @) +E 1l — |
k,ieS
Ta

12~2 2

+ 8872 (ELf (@) = f(@")) + 8i°Cry + 4772 + L2

The term 7, can be bounded by using perturbed strong-convexity (Lemma 5) withh = f;, x = y; 1,y =", andz = x
to get

E[T4] = ;—Z E Z (Vfiyik—1),x" —x)
k€S

< LB S (fila) @) + Bllyiss - 2l — Mo — 24

k,ieS
~ * 1% * ~
= ~2E(f(2) - f(@") + Lo — " |12) + 280€ .
Plugging 74 back, we can further simplify the expression to get

Ellz + Az — 2*||* < Bl — 2*||* - 2ﬁ(f(93) — fla") + %Ilw - w*HQ) +2pn¢

~2 2
+ 12;;; + 8B (E[f (" 1)) — f(x*)) + 87°C,_1 + 47 B%E
= (1— &)@ — =*||> + (887> — 20)) (f (=) — f(z*))
1277202 ~ 252 ~2
+ g + (287 +45°7°)E +87°Cr—1 .

We can use Lemma 11 (scaled by 972 ﬂ) to bound the control-lag
92X, < (1— B9 8C, 1 + 9(BE — 1)i?Crmy + 97° (4B(E[f(2" )] — f(a¥)) + 28%E)

Now recall that Lemma 12 bounds the client-drift:

~2

-2 ~
30E, < H-Croy + gz (ELf (2] = f(a™)) + gz 0®.
Adding all three inequalities together,

Lo 9F2NC, ey 9TNC 49 .
Elle + Aa — a2+ T < (1= B (Ele - o + ) 4 (P - Zi(f(@) - fla)
127202

KS

Finally, the lemma follows from noting that 7} < 816 implies 44327 < 223 and 77 < 1, = implies 221N < 1. O

(L+ 35) + (22677 — BI)E + (%5F — $)7°Cra
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The final rate follows simply by unrolling the recursive bound in Lemma 13 using Lemma 1 in the strongly-convex case
and Lemma 2 if 1 = 0. Also note that if ¢? = g;(x), then %CO can be bounded in terms of function sub-optimality F'.

E.2. Convergence of SCAFFOLD for non-convex functions (Theorem III)

We now analyze the most general case of SCAFFOLD with option II on functions which are potentially non-convex. Just
as in the non-convex proof, we will first bound the variance of the server update in Lemma 14, the change in control lag in
Lemma 15 and finally we bound the client-drift in Lemma 16. Combining these three together gives us the progress made
in one round in Lemma 17. The final rate is derived from the progress made using Lemma 2.

Additional notation. Recall that in round r, we update the control variate as (19)

K oo
o {}( S gyl itiesT,
1
C

rt otherwise .

We introduce the following notation to keep track of the ‘lag’ in the update of the control variate: define a sequence of
parameters {a; ~ !} such that for any i € [N] and k € [K] we have a?),g_l := 0 and for r > 1,

, o yf,kq ifi e §”,
o= " ] (26)
’ [T} otherwise .

By the update rule for control variates (19) and the definition of {af;il above, the following property always holds:

X
c; = K ];gi(af,k—ﬁ-

We can then define the following =,. to be the error in control variate for round 7r:
L
Eri= ey Do D Bl — 2| 27)
k=1 =1
Also recall the closely related definition of client drift caused by local updates:

.
&= WZZEwyzk—mr—l”zy

k=1 1i=1

Variance of server update. Let us analyze how the control variates effect the variance of the aggregate server update.
Lemma 14. For updates (18)—(21)and assumptions A4 and AS, the following holds true for any 7 := mn,K € [0,1/5]:
E|E,_1[z"] — 2" || < 27?82, + 272 E||[Vf(z"1)||?, and

97202
KS

Ella” — 2™ < 47 %€, + 87 5°E, 1 + 47 E||V f(«"H|* +
Proof. Recall that that the server update satisfies

E[Az] = _KL~N Z Elgi(yik—1)]
ki

From the definition of anil and dropping the superscript everywhere we have

_ 1 _ 1
Az = “KS : 'es(gi(yi,kfl) +c—¢;) where ¢; = e zk:gi(ai,kq%
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Taking norm on both sides and separating mean and variance, we proceed as

EllAz|]* = E||—ﬁ (9i(Yik-1) — gilaip—1) + ¢ —¢)|?
k€S
~ 2 ~
7 977202
<e|-fs X (Vv +ele -eled)| + g
,,~72 2 977202
< E{KS kgg V fi(yix—1) + E[c] — E[c)] } + %S
2 977202
= KN Z ‘ (Vfi(yir—1) — Vfi(z)) + (Elc] = Vf(z)) + Vf(z) — (E[ci] — Vfi(z))|| + XS

A7 o 87 )
< N;Envfi(yi,k—l) - V/fi(x)| +ﬁ;E||Vfi(ai,k—1) — Vi)
9ﬁ202
PEIVS@IP + 2
977202

< 4P B2E, + 8%, 1 + 472 E|Vf ()| +

KS

In the first inequality, note that the three random variables—s >, .5 9i(¥ik). & Y_;cs Ci» and c—may not be inde-

pendent but each have variance smaller than I‘;—QS and so we can apply Lemma 4. The rest of the inequalities follow from
repeated applications of the relaxed triangle inequality, S-Lipschitzness of f;, and the definition of =,._; (27). This proves
the second statement. The first statement follows from our expression of E,._; [Ax] and similar computations. O

Lag in the control variates. We now analyze the ‘lag’ in the control variates due to us sampling only a small subset
of clients each round. Because we cannot rely on convexity anymore but only on the Lipschitzness of the gradients, the
control-lag increases faster in the non-convex case.

Lemma 15. For updates (18)—(21) and assumptions A4, A5, the following holds true for any 11 < ﬁ(%)“for o€ [3,1]
where 1 := nng K :

N

ag

= < (1- H9)E 1+ i (5 UV @ DI+ FE)™ 7+ () e

7)

Proof. The proof proceeds similar to that of Lemma 11 except that we cannot rely on convexity. Recall that after round 7,
the definition of oz;” k1 (26) implies that

Esrlag 1] = (1— %)a;;; + %yf,kq .

Plugging the above expression in the definition of =, we get

_ 1
S = KN Z];E”a:’k_l - $T||2
1,

S T S 1 T T
= <I—N> KNZEHavk 1T ||2+Nﬁ - Elly; 1 — = H2

Ts Te

We can expand the second term 7Tg with the relaxed triangle inequality to claim

To < 2(E. + E|Az"|)?).



SCAFFOLD: Stochastic Controlled Averaging for Federated Learning

We will expand the first term 75 to claim for a constant b > 0 to be chosen later
732 ZE ||oz“C L= P+ A2 + E 1<Am alk 1 wT_1>)
S N N ZE ol = P+ AP + FIEa[AzT]|P + bl — 2T

where we used Young’s inequality which holds for any b > 0. Combining the bounds for 75 and g,
E<(1-%)A+0)Z1 +28& +2E|Az”|* + 3 E[|E,—1[Az"]|?

o ) _ i 187202
(L= R) (A +0) +167°8%)Z, 1 + (F + 878 + 2507 5%)E, + (8 + 20) 7 EIIVf (@) *) + —
The last inequality applied Lemma 14. Verify that with choice of b = 2(}\,7573), we have (1 — &) (1+b) < (1 — 5%)
1and # < 2N Plugging these values along with the bound on the step-size 163%7% < 2 (£)2* < 2= completes tkg
emma.

Bounding the drift. We will next bound the client drift &,. For this, convexity is not crucial and we will recover a very
similar result to Lemma 12 only use the Lipschitzness of the gradient.

Lemma 16. Suppose our step-sizes satisfy m; < m and f; satisfies assumptions A4—AS. Then, for any global ng > 1
we can bound the drift as

- D — = _ ~2
§6%7E, < SB°PEr 1 + iz EIVF @I + gk o”

Proof. First, observe that if K = 1, £, = 0 since y; o = « for all ¢ € [N] and that =,_; and the right hand side are both
positive. Thus the Lemma is trivially true if K = 1 and we will henceforth assume K > 2. Starting from the update rule
(18) fori € [N] and k € [K]
Elyir — /1 = Ellyin—1 — m(gi(yir—1) + ¢ — c;) — |
<ENYir—1 —m(Vfi(Yir1) + ¢ —e) —x|* +njo?
< (1 + g=9) Ellyik—1 — 2)* + Knf E[V fi(yin-1) + ¢ — cil* +nio
= (1+ g9) Ellyin—1 — | + njo?
+ Knf B[V fi(yi-1) = Vi(®) + (¢ = V() + V() - (c; = VSi(=)|]
< (U4 259) Ellyie—1 — l” + 4K E|V filyin—1) — Vfi(@)|* +nfo?
+4K7712 Ellc — Vf()[I* + 4Kn7 E[V f(2)||* + 4Kn} Elle; — V fi()|*
< (L+ gy 4K Ellyign—1 — x| + nfo® + 4Kni B[V f ()]
+4Kn; Elle — V§(x)|* + 4K} Elle; — V()|

The inequalities above follow from repeated application of the relaxed triangle inequalities and the S-Lipschitzness of f;.
Averaging the above over ¢, the definition of ¢ = ﬁ Z@ c; and =, _1 (27) gives

1
Z EHyz k — :IC||2 (1 + K 1 + 4K/82 Z EHyz’,k—l - mHZ
+njo” +AKIE|V f(2)|” + 8K 572,

k—1
< (nfo® + AKn; E|V f(z)|* + 8Kn; B*Er_1) <Z<1 + 25+ 4K62n?)7>
7=0

=9 2 ~2 12 k—1 259
n°o 47 o, 80767 _ 1 45717
= E|V e g 1+ +
<K2n§ Kn IVF@)I"+ Kng ! ( K-1 K77§>

~ 2 ~

no 1 2 B -

< E||V =1 |3K.
= (24&(%3 + 14452 K n?2 IV )" + 4 1>
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The last inequality used the bound on the step-size 37) < 5;. Averaging over k and multiplying both sides by 3 5327 yields
the lemma statement. O

Progress made in each round. Given that we can bound all sources of error, we can finally prove the progress made in
each round.

Lemma 17. Suppose the updates (18)—(21) satisfy assumptions A4-A5. For any effective step-size 1) := Kngmn; satisfying
2

~ 1 (S)\3

= 53 (N) %,

56702
KS

(B + 1200742, ) < (Bl ]+ 126 ¥e, ) + L0+ ) - LEws@ 1P,

Proof. Starting from the smoothness of f and taking conditional expectation gives

E,af(+ @) < f@) + (V/ (@), E,[Aa) + 5 B yAa]?.

We as usual dropped the superscript everywhere. Recall that the server update can be written as

Ax — 7%5 ) .es(gi(yiyk_l) +c—c¢;),and Eg[Ax] = Zgz Yik-1)

Substituting this in the previous inequality and applying Lemma 14 to bound E[||Ax||?] gives

n p 2
Elf (o + M) = (@) <~y DTS @) EIV Al +  ElAe]

/. 4 (Vf(x), E[Vfilyir—1)])+

= KN
k
— 9872 0>
3 2 03 2
GRFE, +APFE, 1 + 2B EIV @) + L
- ~ 2
n 2 . M 1
< _1 4 i (Ui _
< JIVS@I + 3 €| gy S A - V(@)
— 98720
3 2 03 2
AP BE, + 4T BE, s+ 2B E|V f(a) |+ 2L
- 2
n 2
<1 sa)) +2KNZEHW Yokr) ~ Vhi(@)
2P, + 4B,y + 28R EIV (@) + LT
Ui n Zr—1 n IKS
- B 9877252
< (1 BP)IVF@)|? + (1 +28i2)B%, + 48°PE, 1 + 200

2KS

The third inequality follows from the observation that —ab = 1((b—a)? — a*) — £b? < ((b—a)? —a?) forany a,b € R,
and the last from the 8-Lipschitzness of f;. Now we use Lemma 15 to bound Z,. as

~ —_ 3= a— r— a— 02
126§, < 1268 (1= HE -1 + r (AP IV + @6+ (3075 )

o N— o _ —oa . _on 36720
=1%ﬁf%m7r-%ﬁﬁ:pl+ﬁha%ﬁ2IWf@W2+%ﬂ%%%ViZ&+-SKS

Also recall that Lemma 16 states that

2627757‘ 5 3772:7‘ 1_’_247] EHVf( r— 1)”2_"_4](77 2
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Adding these bounds on =, and &, to that of E[f(x + Ax)] gives

[I]

(Elf (o + M) + 12877 4E,) < E/ @) + 2674 E,-0) + (5 - )87
3 PRI S+ (] 2+ A, 4 S (1+5).

By our choice of o = % and plugging in the bound on step-size Bﬁ(%)Q_za < i proves the lemma. O

The non-convex rate of convergence now follows by unrolling the recursion in Lemma 17 and selecting an appropriate
step-size 7j as in Lemma 2. Finally note that if we initialize ¢! = g;(x) then we have =y =
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F. Usefulness of local steps (Theorem 1V)

Let us state our rates of convergence for SCAFFOLD which interpolates between identical and completely heterogeneous
clients. In this section, we always set n, = 1 and assume all clients participate (S = N).

Theorem VIII. Suppose that the functions { f;} are quadratic and satisfy assumptions A4, A5 and additionally A2. Then,
for global step-size g = 1 in each of the following cases, there exist probabilities {p},} and local step-size 1, such that the
output (29) of SCAFFOLD when run with no client sampling (S = N ) using update (28) satisfies:

o Strongly convex: f; satisfies (A3) for 1 > 0, m; < min(ﬁ, 6T ﬁ) R> max(%, W#, 20K) then

b + uD?exp| — a RK
uREN "V 206 + 440K + 20pK ‘

E[IV (@) < 0(

e General convex: f satisfies V2 f = —0I, m < min(ﬁ7 5557 )» and R > 1, then

E[||Vf(:ER)||2] < O(J (f(930) — f*) + (5+5K)(f(:n0) — f*)) .

RKN RK

Note that if § = 0, we match (up to acceleration) the lower bound in (Woodworth et al., 2018). While certainly 6 = 0
when the functions are identical as studied in (Woodworth et al., 2018), our upper-bound is significantly stronger since it is
possible that § = 0 even for highly heterogeneous functions. For example, objective perturbation (Chaudhuri et al., 2011;
Kifer et al., 2012) is an optimal mechanism to achieve differential privacy for smooth convex objectives (Bassily et al.,
2014). Intuitively, objective perturbation relies on masking each client’s gradients by adding a large random linear term to
the objective function. In such a case, we would have high gradient dissimilarity but no Hessian dissimilarity.

Our non-convex convergence rates are the first of their kind as far as we are aware—no previous work shows how one can
take advantage of similarity for non-convex functions. However, we should note that non-convex quadratics do not have
a global lower-bound on the function value f*. We will instead assume that f* almost surely lower-bounds the value of
f(xf), implicitly assuming that the iterates remain bounded.

Outline. In the rest of this section, we will focus on proving Theorem VIII. We will show how to bound variance in
Lemma 21, bound the amount of drift in Lemma 20, and show progress made in one step in Lemma 22. In all of these we
do not use convexity, but strongly rely on the functions being quadratics. Then we combine these to derive the progress
made by the server in one round—for this we need weak-convexity to argue that averaging the parameters does not hurt
convergence too much. As before, it is straight-forward to derive rates of convergence from the one-round progress using
Lemmas 1 and 2.

F.1. Additional notation and assumptions

For any matrix M and vector v, let ||[v||2, := v Mv. Since all functions in this section are quadratics, we can assume
w.l.o.g they are of the following form:

1 1
file) — fi(z]) = §||:c — |3, fori € [N], and f(z) = §||:c —zf|%, forall x,

for some {x}} and x*, A := % vazl A;. We also assume that A is a symmetric matrix though this requirement is easily
relaxed. Note that this implies f(x*) = 0 and that V f;(x) = A(x — x). If { f;} are additionally convex, we have that =7
is the optimum of f; and «* the optimum of f. However, this is not necessarily true in general.

We will also focus on a simplified version of SCAFFOLD where in each round r, client ¢ performs the following update
starting from yj 5 "~
Yik = Yin1 — 00 (Yle—1) + V(@) = Vfi(z"™), ie.

r T r * r r—1 (28)
ET*I,kfl[yi,k] =Y, k-1~ 7714(’!/1',1@71 —x*) —n(A; — A)(yi,kq —z")),
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where the second part is specialized to quadratics and the expectation is conditioned over everything before current step
k of round r. At the end of each round, as before, " = % Zivzl Y; ic- The final output of the algorithm is chosen using
probabilities {p} } as

1
"R . .- L
' = x, with probability p;, , where x}, := N Z Yik- (29)
Note that we are now possibly outputting iterates computed within a single round and that " = x%-. Beyond this, the
update above differs from our usual SCAFFOLD in two key aspects: a) it uses gradients computed at 2"~ ! as control

variates instead of those at either =" ~2 (as in option I) or yzgl (as in option II), and b) it uses full batch gradients to
compute its control variates instead of stochastic gradients. The first issue is easy to fix and our proof extends to using
both option I or option II using techniques in Section E. The second issue is more technical—using stochastic gradients for
control variates couples the randomness across the clients in making the local-updates biased. While it may be possible to
get around this (cf. (Lei & Jordan, 2017; Nguyen et al., 2017; Tran-Dinh et al., 2019)), we will not attempt to do so in this
work. Note that if K local update steps typically represents running multiple epochs on each client. Hence one additional
epoch to compute the control variate V f;(x) does not significantly add to the cost.

Finally, we define the following sequence of positive numbers for notation convenience:

&n = EralfWi)] — f@) + 601+ ) "Erallyf, — 2" 1), and
?,k; = ([f(Erfl[yE”,k])] — f(x*) +0(1+ )K FE,_ Le—1IEr—1[yix] — fBT_1H2) .

Observe that for k = 0, &7, = 1?:0 = f(x" 1) — f(z*).

F.2. Lemmas tracking errors

Effect of averaging. We see how averaging can reduce variance. A similar argument was used in the special case of
one-shot averaging in (Zhang et al., 2013b).

Lemma 18. Suppose { f;} are quadratic functions and assumption A4 is satisfied. Then let x}, and Y; i, be vectors in step
k and round r generated using (28)—(29). Then,

E 1[IV f(@p)]? < ZHVf -1 [yl RDIP + NQZET IV EolP]-

Proof. Observe that the variables {y; , — x} are independent of each other (the only source of randomness is the local
gradient computations). The rest of the proof is exactly that of Lemma 4. Dropping superscripts everywhere,

1A} — ") = Bl ZA(yi,k —a")|?
=Bl D0 AGafyin] - 2)|* + Erally D0 ACafyin] - i)
=Er ol Y AE ikl — ) * + 72 O Er 1A ayin] — yin) I
i i
=Bl D AGalyin] = @)F + 2 DBl AWk — @7 — Eralyir - 2]
<E ol Y AE syl — )P+ 3 Y Bl Ay — 2|1
The third equality was because {y; 1 } are independent of each other conditioned on everything before round r. O

We next see the effect of averaging on function values.

Lemma 19. Suppose that f is § general-convex, then we have:

ﬁ;aaaqmwrﬂm,d;
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Proof. Since f is §-general convex, it follows that the function f(z) + §(1 + &)X ~%||z — z|3 is convex in z for any
k € [K]. The lemma now follows directly from using convexity and the definition of }, = %y: i O

Bounding drift of one client. We see how the client drift of SCAFFOLD depends on §.
Lemma 20. For the update (28), assuming (A2) and that { f;} are quadratics, the following holds for any n < 21}; e

Erov—illyie — 2 P < U+ g)llyinmy — 2" P+ TEP IV F (Y] e |1 + 00
Proof. Starting from the update step (28)

Erorp1llyf — l® < llyi — @ = nA(y; — &) = n(A; — A)(y: — @)|* +1°0
< U+ sl = 0(4s = A)(y; — o) |* + 7K | Aly; — ) |1” + 00

Note that if K = 1, then the first inequality directly proves the lemma. For the second inequality, we assumed K > 2 and
then applied our relaxed triangle inequality. By assumption A2, we have the following for nd < 1

1T = n(A; = A))?[l = T = n(A; = A < (1+n8)* <1+ 300.
Using the bound on the step-size n < ﬁ gives
Erovimllyf —@l® < (L4 7)1+ sy lyi — l* + TE [ Ays — &*)||* + %0

Simple computations now give the Lemma statement for all K > 1. O

Tracking the variance. We will see how to bound the variance of the output.

Lemma 21. Consider the update (28) for quadratic { f;} with n < max (g7, %) Then, if further (A2), (A5) and (A4)
are satisfied, we have

E, 1 f(&") < f(E-a[a’]) + 3K 8% .
Further if { f;} are strongly convex satisfying (A3), we have

K
E,—1 f(z") < f(E, +B% > (1 — )t
k=1

Proof. We can rewrite the update step (28) as below:

Yik = Yik—1 — N(Ai(yip—1 — )+ (A — 4;)(x — x")) — Gk »

where by the bounded variance assumption A4, (;; is a random variable satisfying Ejx_i,_1[(;x] = 0 and
Ex—1.,-1]|¢ik]|* < o2, Subtracting z* from both sides and unrolling the recursion gives

Yix —x° = —nA)(yix-1—x") —n((A— A)(x —x*) + (i k)
K
= (I—nA) (@ —a*) = > 0l —nA)* (G + (A= Aj) (@ — @)
k=1

Similarly, the expected iterate satisfies the same equation without the ¢;

K
Eroilyi k] — @' = (I —nA) (2 —2*) = Y 0l —nA)" (A= A)(z —2*).
k=1

This implies that the difference satisfies

K
Er1lyik] — yix = UZ(I —nA) Gk
k=1



SCAFFOLD: Stochastic Controlled Averaging for Federated Learning

We can relate this to the function value as follows:
Erillwk — a3 = B —alzi] — (% + BB [w] — 2kl
= Erafaf] — @I + Eroall L Eralyik] — wir) I3
= |E—alap] = % +° Evcall X0 (= 140 Gllh
= Eralwh) = 215 + f Bt Tl = nA) Gl
< |IE,almf] — 213 + 3 o1 Xl — nA)*1Gsl3

The last inequality used smoothness of f and the one before that relied on the independence of (; . Now, if f; is general
convex we have for < 51— that I — nA; < (14 5 )I and hence

(I = nA)" ¢kl < o?(1+ 5k )2F D <302,

This proves our second statement of the lemma. For strongly convex functions, we have for n < %

(I = nA)E G kl3 < 02(1 — nu)? Y < o?(1 —nu)*=t.

F.3. Lemmas showing progress

Progress of one client in one step. Now we focus only on a single client and monitor their progress.
Lemma 22. Suppose (A2), (AS) and (A4) hold, and { f;} are quadratics. Then, the following holds for the update (28)

. . 1 1 1 . A .
withn < mln(m, 395 N—K) with i = 0 is f is non-convex or general-convex

fz k = (1
%, k: (1

)& k1 — LEalIV ()P + 78070, and
)fzk 1 "||Vf(ET,1[y;;k71])H2.

K
6

En
6

Proof. Recall that {7, > 0 is defined to be

Tr= (Een[f(yie)] = f@®) +6(1+ ) By, — 2 *).
Let us start from the local update step (28) (dropping unnecessary subscripts and superscripts)

Erovpoallyy — @[ <y — % — 20(A(y: — x*), Aly: — %)) + 20((A = A (y: — @), A(y; — x))
+7 | A(y; — ) + (A — A)(yi — 2))I[% + Bn’o”
< llyi — 2" — S A — )13+ 2nl[(A — A) (i — 2)|3
+20% | Aly: — =) 14 + 20°[1(Ai — A)(yz- — )4 + o
< lyi — "% — (5 = 20*B) | Alyi — )13 + B1°0® + 6% (205 + 20) |ly; — =13
< lyi — "% — (5 = 20?B)| Aly: — 2")II3 + B1°0” + o lyi — |3 -

The second to last inequality used that || - |4 < B]| - |13 by (A5) and that ||(A — A;)(-)||3 < 62| |3 by (A2). The final
inequality used that n < max(ﬁ, ﬁ) Now, multiplying Lemma 20 by 6(1 + %)% =* < A;‘s we have

S+ &) " Er ikl — @ <6(1+ ) P+ Fo)lly — 2l” + 200Kn?|| A(y; — 2*)|1* + 367°07
<O+ ) O+ 5k + )y — 20 — xllvi — |
+ 206 K1 || A(y; — =*)||? + 36n° 0>
< (1= 52)0(1+ )" 1+ )y — =) — Pxlly: — 2|
+ 206 Kn?|| A(y; — =*)||> + 36n°0?
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Adding this to our previous equation gives the following recursive bound:

(Ervpally =2 3+ 00+ %) " Eripallyd —2f?) <
(s =213 + (1 = s0)6(1+ ) gy — 2)?) — (3 — 20°8 — 200K 1%) | A(y; — 2*)|[5 + (30 + B)n’o?

The bound on our step-size 7 < min(ygz, 3357 ) implies that 3 — 2928 — 206Kn? > 1 and recall that § < 23. This

proves first statement of the lemma for non-strongly convex functions (¢ = 0). If additionally f is strongly-convex with
w > 0, we have

N Aly: — )3 > Sy —a* % + 31 Ay — 2|3 -

This can be used to tighten the inequality as follows

(Evovacallyf — "I+ 80+ 1)< E gy — of?) <
(1= D)~ 21 + (1~ )61+ )54 g al?) - BllAGg: — @) + T80

Ifn < 7. then (1 — 5) < (1 — &) and we have the strongly-convex version of the first statement.

Now for the second statement, recall that 5;" x = 0 was defined to be

&n = (FEalylaD)] = f(@) + (1 + ) T ErallEralyln] — 2" 7).

)

Observe that for quadratics, E,_1[Vf(x)] = Vf(E,—1[2]). This implies that the analysis of f{k is essentially of a
deterministic process with ¢ = 0, proving the second statement. It is also straightforward to repeat exactly the above
argument to formally verify the second statement. O

Server progress in one round. Now we combine the progress made by each client in one step to calculate the server
progress.

Lemma 23. Suppose (A2), (AS) and (A4) hold, and { f;} are quadratics. Then, the following holds for the update (28)

, 11 1 ; .7 1—k.
with n < min( 153, o557 T, ) and weights wy, := (1 — £1)1 7%,

K K
DN kB IVA @) < (FEpale” ™) = 1) = wic(f(Erafo’]) = 1)+ wnsny
k=1 k=1

Set = 0 if { f; }s are not strongly-convex (is only general-convex).

Proof. Let us do the non-convex (and general convex) case first. By summing over Lemma 22 we have
n K
6 1;1 Ero1l|Vf(yi)ll” < &0 — & i + TK B o?

A similar result holds with o = 0 for E,._; [y; 1]. Now, using Lemma 18 we have that

K
n
EZ [V @R <
k=1

N

N
2
Z + %&io0) — Z (& + N&iw) FTE B % -

2 \

=:07 =:0"

Using Lemma 21, we have that

0, = (1+4)(f(@™) — f&") < f(Eile’]) + LEf(a") — (1+ L) f(z") +3K5% .

Further, by Lemma 19, we have that

07 > f(Erafa’]) + p f(a") = (1+ §)f(27).
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Combining the above gives:
K
. 2
gz IV F@I? < F(Erala” ")) = F(Eri[a]) + 108K %
k=1

proving the second part of the Lemma for weights wy, = 1. The proof of strongly convex follows a very similar argument

Unrolling Lemma 22 using weights wy, := (1 — £ 1)1k gjves

K K
2
gE: wi Er ||V ()P <05 —wieb” + > TG .
k=1 k=1

As in the general-convex case, we can use Lemmas 19, 18 and 21 to prove that

K
2
+> w8 -
k=1

K
6.2k Ena VA @D < (FErole™ 1) = %) —wnc (e
k=1
O

. For general-convex

The proof of Theorem VIII follows by appropriately unrolling Lemma 23
For strongly-convex functions, we use

Deriving final rates.
functions, we can simply use Lemma 2 with the probabilities set as pj,

T o (1 — £2)1=7F 3nd follow the computations in Lemma 1.
Py 6 p



