COmPu‘raﬁom\ ComP\eX‘nJrj
This s a stady of inherent complexidy of
ComPquc«H(mo\ Pmb\ems aond  "esources (Hme,

Space, communicaton eic) meeded to solve them,
Tepics  Studied include.

— Time complexity, Space comP!ex;Py
— Determinism Vs  Non-deteimini sl

~ Role of ~vandomness in computathion

- Compu’rmg éxach VS ﬂ\ppmximo&e solutons

—~ Woyst case Vs aveyoge caSe COﬂ’)P?exIJf\j
—  Cormmunicahon QomPlexi’*y

~  Foundatons of Cm‘)%gmphy) interachwe Pmo%.
- Move - ...

T +s coutse . We wil) Qn)7 5+«1cb7l the
topic .of NP,CQmPleJrQ”neSS Hat involves
considevations gf  time Ccymp)ex‘ﬁ‘l/) non-det-
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Aﬂ walems/laﬂg\/@ﬁﬁ con.gsdemcl %enCQFOYH?v

are decidable . The main  ComceYn wowld he

Lime  needed o solve them as o dunchon
6] +he input size.

Example | = § 0¥ | kzo0f

Algovithm (= ™M program)  thad decides L ¢

- 7= Scan input lefF 4o right IF 1" s
followed by 0", veject
Tyaverse bock and fovth = CYDSSING
out a 1" for eveny ‘0" thatis crussed ot

— Accept if ol O's and 4's are

cvossed oul ( simultaneousl).

- Othetwise Ye\)eck d

Def Givenn a TM M oand i‘np\fr X € Zf
b’)r:hmr\g Hme of M on x is the Numbey
of steps M fokes il it occeply oy rejects.
(Note: We are henceforth deah’nj With oran




those TMs  that  olways halt)

Def  The (wovst case) TuMming  -Hme of M
o0s o Junchon of the inpul Size IS Q@
funchon £ N — N s+,

£(n) = Maximum numbpey of SJrePs M

tokes a0y mpvt xe s
st. e[ = T, i
we make Sewevol obsetvohons:

) The ™ decfdmﬁ | = 5\0K1K}k7fo}
as described  before hos  yuntime of
Toughly . Fov inputs of  type Okﬁ
7= 2k and  the TV hos 1o tvaverse
bod - and- forth  k Himes, eadh fraversol

Meeding Toughly l¢. SWPS*

@ We '30\&{&”7 ave not too aneYeSjrﬂzl in

the  preciSe funchon  F (= runtime)

but \APPQ“( bouﬂolmﬁ L) In &




" veasonable " mmanner. we mmbuduce the

Riq-0  tlotolon  mext towavds  this  end

() The Same lan quage could be decided

by another M that uns inless

“’Cirﬁe,.

Tn fock L~ {o“‘ﬂkm} can  be
decided bv onothey TM N Toughly
Hme (ond still  WLsSiNg oﬂl7

'Y\\o%lY\/
This moachine (Y0555 Out

one toape)
every altevnate O and then every

albeynate 4  TH now knows Whethet

the mumber of Os and {'s 1S even
or odd. If the Jwa pantes diffey, [k
\Fejec’rs. Otherwise it mpeaﬁ This ‘
pWCQdMQ omt the 'O's ond 1's that

yemawn ( ie. not cvossed out yet).




@ The vuntime could de‘oeﬂd omn the
Specific  model, i 4-tope TM VS
J- +c1Pe ™ Vs RAM ( Random Access

Memony ) madel -
Eg. L- M | & O}- con be decided

N Hme  a0ughly YU ONn Q/JFCL,DQ ™.

The mjc can Simply copy the Suffix
© onte  the second tope and then
by |-to-[ comparison match 'O's  with
eﬂ“&”“/ mnany RS in o single leff
+o Tight  Scan.

'70

We now intwduce the %fg—@ nofoon  and

then de fine  the “Hme comP&X‘)H closses
Keeping i mind  gbsetvahons @ -& obOVE.

By "nojrklmllr ‘FuY\Q‘HOYP) W mean  any "Shmdafb{“
2,
L o " I(‘)ﬂlﬂ/ 2_% e-)'c

Cupchon  Such os

(+his is odmittedly imprecise fevminelogy




bul lets live with it).
Big- O Noh@_

P_@f_ b Fo), 9 N—= N be two Funchions.
We say +hat £ s OC9m) (BigO of
8QM> \F there e xists L ( larﬁe eno v\gh)

constant € and  (lavge enowgh) fnﬁge( s
S Such that

£y £ ¢ qm) oz M, 7

We motivate the definiton with Severad

cms?ymﬁ pomﬁ-

® wWe think  of fon) - os He yuntime OF
an algovthm ond gm) o0s o mMotursd
%mcHon Hhod uPpeY bounds fn).
Eq. the vuntime s}  the Hfwo cdgowthms for
L= %ok1klkz0} is  o(m) and o(.moﬁz,n)
YGSPQQBV&HQ and thot o} the algonthm on

(on 1-tope mMic)
2-tape e i5 O(M)-



@ We  Qre 'mo;m\7 infevested N Uppet
bounding £ fov  sufficienty leavge M
<{~e- L7 ﬂo}, This is g7efered 1o as an

"asymploic  uppes bound " and makes sense

i Hne NOTlO‘ O(F explodi‘oﬁ Gi Ze Of c;QOfraSQB‘

and meed For a\go%’%hms +he wortk on

such lovge  datasets:

) Theorekcally  Speaking " copstants  den’} mater
(but of couvse they do M PY@CHCQ.;).
Thus the Funckons oM and logn are
both simply o). There are two reasons
‘o iﬁnom" comstants (j.e. the constant C
in  the upper bound Pn) & - 9w, which
gejrs " ESY\OYQOIP by the mMotahton OC&’WQ)) :

@ SuPPose there are +wo dlgonthms

with  qun+imes - . )
Ala 4 fend) n=10 Nn=10 n=10
15 1000 7L (ot 106 163

2.
Alg 2. n* (0 106 10°



Cleagly, in Ams o/g having oW untme,
Algo-2  wins by smal values of N (upto
10°)  but eventually (10" and there-after)

Algo-1  wins and  wins  more and more
convincingly as L INCRQSes fusther and
Lfoxther,  This "Otsymp’mﬁc hehavioy — Yemoins

~true  ivrespechve of +he constant 1000

in  the (000 1L VS ﬂq’ comPom‘scﬂ‘

@ T} Jwins  out that a Strange Loature
ol the TM mode s  that if +there
s a T™M M that YUNS 0D +Hme f(n))
thern if can be gsimulated by another

™ M +thal uns iy time fn)

C
where C  can be any constank The

io\eq) Wugh\\// is thal M can ,oon/}i hon
+he mpuut ‘l’OLPe intfo ohunks /blocks of
3ize C  each and  +thent  treal each block

as one SU\PQT'CE,U containing one gmpedfsymbl—



This ollows M’ 4o smulate C moves o
M by a single (Super—) move | Thus

in the T moded, on "alg onthm' can
be SP ceded up (07 any  com stant PO\ULUC
'makmﬁ Constant  foctors  mMmeamingless ( as

Lor  as Jcheorj iS ccmce(ﬂed)-

—-_— X

Exarmples sf (- morahom

i prt

This 1S becouse ane Ccan toke F,=100
C =7

50 +hat
9 7 1. o
5n + 70Mm 100 £ 5S5M + AN

2
7
CVLL vﬂ;naﬂ

1)

\)

One coud also —ake =1, C=175

2
S50 “that s5p 3+ 7om +100
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@ Geneml\% amy po\\/nmmio& funchor
k)

O(kﬂnkqL le nw 4 --- d,ﬂJr Ao
-\

s o(m')  where y s the higest degree.

20

nois 0(2Y)-

lo\ﬂmn [ O (m) )

@ \oﬂ LAY 15 OC“BZYL> y [o _ (031?/L
(OBZ'YL S Q(IOj\OY\) o

10_3216

Thus  all logavthms  (with base >1) ar
the same up o constant  Foctor In
COmP\ﬂ'ﬁf science {ogn ’YG)CEYSJ by convmﬁon’
to  log M
) T may be wusefud do  Temember Hhak
logn & Q_W & dn & n & Mnlygn

LD P
s B 3 mn

g
&K N KK n - L 2 K 3%« 2




wheve gn) & ) indicates  Fhat )
has  higher  asymptohic  gmawkh - than  g(n).

X

to define the “Hme
the following, £(n)

We Qve Now \FeaoH
comple xity closses”  In
demnotes natura)  Punchon  (eq. n, nlegM,
N> e;k) s}. Tt 7 M.

Def A languoge | s decidable in  Hme

An)  if there 1S Q ™ M that
_ decides L and

_ quns o Hme at most O(tm)>,anc!

~ maoay have k »1 topes for comstomt K.
7

Note That accc)n(o\\‘rﬁ +o  the deﬁm‘,%‘on)
L= 304" | k%ol is decidable jo fme

OM) Since there IS Q 0 -tape TM  that

decides n Hme Q) -




Def et £l 721N be @ notuyal  funchon,

—

DTIME (L) is  the class of ol languages

P

decidable in  Hme o( )

(bj o fmu\Hfl’aPQ TM)
2,

1\”?}}_ ) We ge"r)e“(odM consSider Lt FM SinCe
o TM  meeds ot Jeast L Steps

JuS’r +0 “o”eCLd 115  Size TL fﬂpuju

® - D iD he mototon DTIMEC )
vefeys O ¢ Jekercmnistic” TMs. We

Wil considet nom- detetministic  TMs lafer

—_— N —

we mole the aeo\)owmj absexwahonS and
vesults  bub these are mo} +he Focus oOF
+his  couvse-
@® 1-tape VS k'ﬁli)e mochines.

Theorem  Any k-tape  TM +that ~uns in

I

Lime +() can be STm\/LlO“‘QC’
by o 1-tope TM



in +Hme JEIODE
This +heorem 18 easy. It Awns out thod
the Quoadyatic  [ess M +he Tuntime 15
inheremt ond mecessary - Evg‘

L = { we {o,\}*) W isS a Pciino?'mme}
can be decided by @ Zfi”ape ™ in Time
OC), but on o 1-tape T, necessovly
ond pWWO‘DW meeds  asym ptotic Hme 7 WL%\(")

@ k*‘?OLPE V'S QPWL&P@ mackhines -

Theovem  Any K"'hPQ ™ (\L7/3> that  uns
in Yime -t con be gimulated by

Q 2~%ape ™ in Hme O(t(ﬂ)lo\jﬂv\p
This theorem is  difficutt |
The definifon ol +the class DT)ME({;(M)
allLo ws mu\H’)rQPe TMs,

@ One coan ask whether ™MOoYe fime albows
TMs o S®|VQ hov(def meb)ems- The answey



1S affirmathve

Theovem  ( Time Hieravchy Theorem)
natuwra)  Funchons

et W), be
such  that ) » t) leg O, Then

DTIME (4£(m) g DTIME ( ("),
ie. “there exists a languoge L. that s
decided in FHme 4t  but nok in time
+(n) - ,
72

The theovem 18 mnot  difficull. The proof
Yelies om tbe diagonalization  methed,
e —

Hen ceforth  we will not be overly
concevned about Spedﬁc vuntimes %(n)/

hut On';o whether +£() 1S pofyﬂom‘»a\

tme  (m, o, N, A ele) 0¥ mot,

/
/



