
It took me a little while to understand the problem and see what it wasn’t trivial−that we are talking about
the probability of being ahead of another strategy, independently of by how much, not about expected val-
ues.

Let S(c, n) be the stake of a player using constantc aftern coin flips. We hav e

S(c, n + 1) = S(c, n) × ((1 − c) + c × [2 or 0. 4])

The second factor is either1 + c or 1 − 0. 6c.

Assume first thatn is a large even number. There aren + 1 outcomes, whose probabilities are determined
by a binomial expansion. Letus ask what value ofc maximizes the expected value of the most probable
outcome, in which there aren/2 heads and tails. In that case, the new stake is

S(c, n) = S(c, 0) × ((1 + c)(1 − 0. 6c))(n/2)

What value ofc maximizes the value raised to the power? Thevalue is−0. 6c2 + 0. 4c + 1; its derivative
is −1. 2c + 0. 4and the latter is 0 whenc = 1/3 (the second derivative is neg ative, so this is a maximum).

So cmax = 1/3 wins for the outcome for equal numbers of heads and tails.For outcomes with fewer heads
than tails, there are some number of((1 + c)(1 − 0. 6c)) ‘‘ paired’’ f actors, and some number of excess
(1 − 0. 6c) factors. For outcomes with more head than tails, we have excess(1 + c) factors. Thetotal
probability of these sets of unequal outcomes are the same.If c > cmax, than cmax wins all the former
cases; ifc < cmax, cmax wins all the latter cases.Sincecmax wins the ‘‘middle’’ case, it wins in a majority
of cases.

For the case where n is odd, we consider the two middle cases, which have one excess head or tail, and thus
one unpaired (1 + c) or (1 − 0. 6c) factor. For c ≠ cmax, the ratios (1 + c)/(1 + cmax) or
(1 − 0. 6c)/(1 − 0. 6cmax) may exceed 1.However, since cmax maximizes(1 + c)(1 − 0. 6c), the ratio of
this forcmax to any other value ofc exceeds 1. And this is raised to the power  n/2 . As n → ∞, this will
exceed the single-term ratio, so, asn gets large,cmax wins for both middle terms. As before,cmax will win
for either the rest of the cases with more or fewer heads, so it wins overall.

Obviously, since the expected value of a trial is positive, c = 1 maximizes the expected value, but it does
not lead to the most-likely to dominate strategy.


