ALLAN ]J. GOTTLIEB, ‘67

Seeking the Constants
in the Physical Constants

academic year, I once more review
the ground rules under which this
department is conducted.

In each issue I present five regular
Eroblems (the first of which is chess,

ridge, or computer-related) and two
“speed” problems. Readers are invited
to submit solutions to the regular prob-
lems, and three issues later one sub-
mitted solution is printed for each
problem; I also list other readers whose
solutions were successful. For example,
solutions to the problems you see below
will appear in the February/March issue.
Since I must submit that column some-
time in November, you should send
your solutions to me during the next few
weeks. Late solutions, as well as com-
ments on published solutions, are ac-
knowledged in the section ““Better Late
Than Never” in subsequent issues.

For “speed” problems the procedure
is quite different. Often whimsical,
these problems should not be taken too
seriously. If the proposer submits a so-
lution with the problem, that solution
appears at the end of the same column
in which the problem is published. For
example, the solutions to the issue’s
“speed”’ problems are given below.
Only rarely are comments on “speed”
problems published or acknowledged.

There is also an annual problem, pub-
lished in the first issue of each new year;
and sometimes I go back into history to
republish problems that remained un-
solved after their first appearances.

Since this is the first issue of a new

Problems

OCT 1. Lawrence Kells reports that a
friend of his once held
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Despite the lack of power, he took five
tricks in his own hand. Nobody made
any illegal plays. What was the deal and
how did the play go?

OCT 2. Hy Tran wants you to show that
fork, r, and positive integers the expres-
sion

<«

is always even—i.e., an integral multi-
ple of 2.

OCT 3. The following problem first ap-
peared in Computers and People in 1985.
A “numble” is an arithmetical problem
in which digits have been replaced by
capital letters; there are two messages,
one which can be read right away and
a second one in the digit cipher. The
problem is to solve for the digits. Each
capital letter in the arithmetical problem
stands for just one digit 0 to 9. A digit
may be represented by more than one
letter. The second message, expressed
in numerical digits, is to be translated
(using the same key) into letters so that
it may be read; but the spelling may use
puns or deliberate (but evident) mis-
spellings, or may be otherwise irregular,
to discourage cryptanalytic methods of
deciphering.
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OCT 4. Here is a ladder problem from
Joseph Molitoris and George Butwin. It
looks familiar so I would not be sur-
prised to hear that a similar if not iden-
tical problem appeared in Puzzle Corner
ten or fifteen years ago:

Given an alley of width W. Two ladders
of length 40 ft. and 30 ft. are laid against
opposite walls. They intersect 10 ft.
above the ground. Find W and L, the
width and one of the lengths of inter-
section. (See diagram next page.)
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OCT 5. Oren Cheyette has a problem
concerning the first digit of various
physical constants. The answer may sur-
prise you. It surprised me:

Suppose you take a table of physical
constants expressed in scientific nota-
tion (e.g., the speed of light is 2.998 x
10°mv's) and construct a histogram of the
first digits of their mantissas (e.g., 2, for

the speed of light). In other words,

count how many times each of the digits
1 to 9 occurs as the leading digit. What
functions a priori do you expect to best
fit this histogram? That is, for a random
physical constant, what is the probabil-
ity that its leading digit is n?

Speed Department

SD 1. Jim Landau wants to know why
for any x between 0 and =/2 the se-
quence

x, cos(x), cos(cos(x)), cos(cos(cos(x))),

'cc.m-verges to .739085 . . .

SD 2. Our last problem is from Harry
Zaremba:

Let the decimal system numbers 31, 331,
3331, . . . be represented by the short-
hand symbol 3,1 in which the subscript
k =1,2,3,... signifies the number of
the threes to the left of the one. What is
the smallest value of k for which the
number 3,1 is composite? What are the
number’s prime factors?

Solutions

M/J 1. Construct a hypothetical bridge hand that
contains the maximum possible number of fin-
nesses, all of which would be successful. Consider
spades as trump.

The following solution is from Winslow Hartford:
1 come up with 9 finesses. It's easy to plan the hand
so N-5 make ecither 7 spades or 7 no-trump. One
entry is provided by the opening lead; the remain-
ing 8 entries are readily available through winning
finesses and 4 aces. The opening lead is immaterial.
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Also solved by the proposer Jim Landau, who
reports that Allen Beadle, mentioned in the original
statement of M/J 1, is also the (heretofore) anony-
mous slide rule expert who “computed” .99" men-
tally. Moreover, it was Beadle who told Landau the
Zorn’s Lemmon riddle.

MJJ 2. What is the pressure due to gravity at the
center of a spherical heavenly body of uniform den-
sity, mass M, and radius R?

The following solution is from Dennis White:
Consider a small right cylinder with its axis placed
radially within the spherical body:

plr+dr)

plr}

The gravitational force on it is provided by the cen-

tral sphere “underneath” with radius r (outer layers

have a nel zero attraction on it), and this sphere’s

mass can be considered to be concentrated at 0.

Taking the cylinder to be a point mass, this force is

Fg = ~G[@d3nrp)(Adp)lir = - 4HnGpArdr)3

where p is the body’s density. For the cylinder to

be at equilibrium, this must be matched by the

buoyant force provided by the pressure differential

dp = plr + dr} — p(r). (The pressure is a function

of 1 alone by symmetry.) This force is

Fy = Ap(r + dr) — Ap(r)

= Alp(r + dr) - p(r)]

= Adp

Setting l} = F,, we have

- 4(nGp’Ardr)y3 = Adp, or

dpldr = - 4l(nGpY)r}/3.

Solved, with the boundary condition p(R) = 0, this
ves

p) = 2nGpi(R? - )3

or substituting

p = MI4/3)mR}

plr) = (¥8)GMYR)R? - 1),

and so p{0), the pressure at the center, is

p(0) = (3/8)G(M ImROR? - ) = (IBG(M¥nRY).
Also solved by Matthew Fountain, Winslow Hart-

ford, and the proposer, Bruce Calder.

M/] 3. Find nine single-digit numbers with sum 45
and product 362880. One solution is
(1,2,3,4.5,6,7,8,9).

The following solution is from Bob Marshall, who
says “thanks for publishing this puzzle that | could
solve™: :

Start by observing that all such sets must be assem-
bled from numbers included in the prime factori-
2ation of 362880 with the optional addition of one
or more 1s. (Note that the starter solution included
a 1; therefore this must be permitted.) The prime
factorization of 362880

363880 = 2" x 3* x 5% 7.

Note immediately that each solution must include
the single digit numbers 5 and 7, because these
factors must be included to achieve the product and
any multiple of either of these numbers is not a
single digit. The case of whether or not a 1 is in-

*
cluded in the solution will be dealt with specially
because the 1 does not change the product but will
change the sum. For the case of no 1s the factors 2’
x 3' must be distributed among 7 single digit num-
bers. These are constructed by inspection as follows:

Digits
123456789 Sum

99822225746
9944222574
98632225744
98433225743
96642225743
96443225742
94443325741
88333325742
86633225742
86433325741
84433335742
66662225742
66643225741
66443325740
64443325739

As can be seen from the Sum column none of these
sets of single-digit numbers has the required sum.
For the case with a single 1 the factors 2’ x 3* must
be distributed among six single-digit numbers.
These are constructed by inspection as follows:

Digits
123456789 Sum
99842215747
99444215745
98833215746
98662215746

98643215745
9844331574
96644215744
96444315743
88633315744
86643315743
86663215744
66664215743
66644315742

In this case there are two solutions—the combina-
tions: 1,2, 4.4 4,57, 9and 9, and 1, 2,3, 4,5,
6, 7. 8 and 9. This latter solution is the “given”
solution and my method would be proved nonex-
haustive if it failed to find this solution. For the case
with two 1s, the factors 27 x 3* must be distributed
among five single-digit numbers. These are con-
structed by inspection as follows:

Digits
123456789 Sum
99882115750
99844115748
98863115748
98664115747
86666115746

Thus there are no solutions for the case of two 1s.
For the case with three 1s the factors 27 x 3' must
be distributed among four single-digit numbers.
However, this cannot be done as any combination
of those factors distributed among four numbers
yields at least one two-digit number. Therefore the
search for solutions is complete. To recap, the two
solutions are:
123456789
124445799

Also solved by Thomas Stowe, Avi Ornstein,
Mike Gennert, Michael Jung, Alan Taylor, Dick
Robnett, James Landau, John Woclston, Larry Bell,
Matthew Fountain, Winslow Hartford, Ken Rosato,
and Steve Feldman.

M/] 4. Find the axes of the largest (in area) ellipse
that can be inscribed in a triangle having sides of
length 3, 4, and 5 inches.

The following solution is from the proposer, Mat-
thew Fountain:



The major and minor axes are 2.93986 and 1.57110.
When the 3,4,5 triangle is viewed from an angle
that makes it appear to be equilateral, the maximum
area ellipse must appear as a circle. The foreshort-
ening takes place in the direction of the major axis
of the ellipse, with no foreshortening in the direc-
tion of the minor axis, so it may be concluded that
the angle of view does not affect the ratio of ap-
parent area of ellipse to apparent area of triangle.
If an ellipse does not appear as a circle when the
triangle appears cquilateral, it follows that if the
ellipse is viewed as a circle, the triangle would then
appear not an equilateral triangle, implying that the
ratio of ellipse area to triangle area was smaller than
the previous case. An equilateral triangle is the
smallest triangle circumscribing a circle.

Similarly, a proper-size equilateral triangle can be
foreshortened into a 3,4,5 triangle. The figure above
shows such an equilateral triangle with sides of
length S, tilted so that its projection on a plane js
the 3,4,5 triangle ABC. One vertex is the distance
aabove A, one vertex is the distance c above C,and
the remaininf vertex lies in the plane at B. Sis found
by writinga? = §? - 32 2 = §2 - 4%, and (a~c)?
= 5% - 5" and solving for S. The elimination of a
and c results in the equation
35¢ + 1008? + 24? = 0,
with the solution 5 = 5.091984. The altitude of the
equilateral triangle is (5/2)V/3 = 4.409787 and the
diameter of the inscribed circle is two-thirds the
altitude—that is, 2.939858. This is also the major
axis of the ellipse in the 3,4,5 triangle. The respec-
tive areas of the equilateral triangle and the 3,4,5
triangle are (5.091984)(4.409787)12 = 11.227282 and
(3)(4)/2 = 6. The minor axis of the ellipse is
(2.9398858)(6)/11.227282 = 1.571036.

Also solved by Norman Wickstrand, Winslow
Hartford, Edward Dawson, and Dennis White.

M/ 5. Through which regular polyhedra can one
arve a hole such that another regular polyhedron
f the same size and type can pass? For example,
dearly a cube with unit edge cah pass through a
iitably cut hole in another cube with unit edge.
The following solution is from Matthew Fountain:
"he regular tetrahedron, the cube, and the regular
xtahedron can each be passed through a hole in a
wlyhedron identical to it. The dodecahedron and
‘osahedron cannot. One procedure to determine
shen this is possible is to view each polyhedron
"om various angles and compare silhouettes. When
ne silhouette can fit into another, it is possible. If
1e polyhedron is rotated, it is possible to obtain
oth silhouettes as projections of the polyhedron
n one plane, in positions that assist comparisons
:tween them. As a regular polyhedron rotates, its
’rtices move in the surface of a sphere, their pro-
ctions on a plane moving to and from the circum-
rence of a circle. The dodecahedron and
osahedron have so many vertices that no matter
hat axis of revolution is chosen, the vertices of
eir silhouettes are never going outward to the
cle at the same time. This would be necessary for
s silhouette to fit within another, as there i$ not
ance for any appreciable rolation of one silhouette
owing it to fit into another.

A c

The figure above shows equilateral triangle ABC as
the sithouette of the regular tetrahedron projected
upon a plane parallel to one face. Tilting the tet-
rahedron backward shortens its silhouette as
shown. Then rotating this tilted tetrahedron about
a vertical axis through the center of its bottom edge
shortens the bottom edge of the silhouette. The fig-
ure exaggerates the foreshortening that occurs in
order to show it more clearly. The last silhouette
will fit in ABC when raised slightly.
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The second figure (above) shows the square ABCD

as the sithouette of a cube projected upon a plane
parallel to one face. Rotating the cube about its cen.
ter on an axis parallel to AC produces the silhouette
AA'B'C’EFG. As EF and GH are perpendicular to
AC, the first sithouette will fit in the second when
rotated slightly.
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The third figure (above) shows the square ABCD as
the silhouette of a regular octahedron projected
upon a plane parallel to four edges. Rotating the
octahedron about its center on an axis paralle] to
AC produces the diamond-shaped silhouette ex-
tending between A and C. An additional rotation
of the octahedron about its center on an axis parallel
to BD produces a silhouette lying within the ABCD.
Also solved by Winslow Hartford.

Haley

Consuiting
Geotochnical
Englnecra, Goclogists
and Hydrogeologlats

Soll and Rock
Machanica
Foundation
Engingering
Englroering Geology
Hydrogeology
Engineering
Geophysics
Earthquake
Enginooring
Groundwator Supply
Investigations

Oil and Hazardous
Waste Site
Evaluations
Romedial Action
Doslign

&
Aldrich,

Inc.

Harl P, Aldrich "47
Martin C. Murphy 'S1
Edward B. Kinnor ‘67
Douglas G. Gifford *7
Joseph J. Rixnor ‘68
John P. Dugan ‘68
Kenneth L. Recker ‘73
Mark X. Haley ‘75
Robin B. OIlt *77
Andraw F. McKown '78
Robert P, Rein *79
Keith €. Johnaon ‘80
Oolrdre A. O'Nelll ‘81
John A. Conala ‘g2
Chris M. Erikson '85

238 Maln Streot

P.0. Box 60
Cambridge, MA 02142
(617) 492-6460

TECHNOLOGY REVIEW

MIT 61



LEA Group

LINENTHAL Consultants to
EISENBERG industry, commerco,
ANDERSON, INC. government and
ENGINEERS Institutions.
Bullding Design Fugem R. Eisenboerg
Environmental 43

Enginesting Louis Rexroat

Anderson ‘50
William S. Hartloy ‘52
Viesturs H. Ule "78

Sito:Civll Dosign
Rooling Tochnology

75 Kneeland Streot
Boston, MA 02111
(617) 426-6300

Sulte 213

981t Mallard Drive
Laurel, MD 20708
(301) 725-3445

Artisan

Industries

Inc.

Problem Soiving In
-~ ENGINEERING -
Chomical-Machanical
Blotechnical-
Microprocossor
Food-Process
Dovelapmont
Systom
Instrumentotion

73 Pond Stroot

Waltham, MA
02254-9193

{617) 893-6800

TLX 923312

FAX {617) 647-0143

James Donovan "28
James L. Balrd ‘40
Victor Takata "43

Or. Joscph Qualitz *72

Kearsarge
Ventures,
L.P.

A venture capltal fund secking Invostments
In companies:

locatod within ons hundred miles of
Manch . Y

’ * L hd

products or services which are developed
In the markeotplace

rapld growth In sales and profits
Invostments from $250,000 to $600,000

Kurt D. Bleicken '62
Alan Voulgaris

Genoral Partnsrs
66 Honover Street

Sulte 202
Manchestar, N.H. 03101 (603) 825-1466

Blesser

Associates

C ftants in El

ic Systems

Sarvices In resoarch, dovelopment

and proto-typo products

e analog and digital
slgnal processing
electronic hardware
analog-digital
conversion

activo filtors
deslgn audits and
ovalualion

vidoo systems
simulations ond
modeling
clectronic
roverberation
clrcult design

Barry Blosser ‘64, Ph.D,
Box 335

Raymond, N.H. 02077
{617} 484-5405

Better Late Than Never
JAN SDL1. Sidney Williams has responded.

JAN 3. Dennis White notes that an unstated re-
quirement was that the i term uses the digit i.

F/M 2, 3, 4. Winslow Hartford has responded.

APR 3. Joseph Muskat, Naomi Markovitz, and
Winslow Hartford have responded.

APR 4. Naomi Markovitz and Winslow Hartford
have responded.

APR 5. Joseph Muskat and Winslow Hartford have
responded.

M/) SD1. Linda Kalver has responded.

M/] SD2. Both Turner Gilman and the proposer Jim
Landau assert that the answer should be 4 meters
and not 2.8284 . . . meters. Mr. Gilman writes: “The
answer given would be correct if the ‘lateen rig’ was
constructed logically, in which case the center of
area of the triangular sail would be at the mast lo-
cation. This would minimize rotational forces. But
that is not the way the puzzle is presented. 1 ‘assume
that the lateen yard is attached to its center to a
mast 2 meters high.” The key is the word center.
There are some details omitted, i.e. the clearance
between deck and sail and any excess height above
the sail, but on the same basis that the proposer
gets his 2.8284 meters [ arrive at a solution of 4.0000
.. . meters!”

Propasers’ Solutions to Speed Problems

SD 1. You are just using an iterative method to find
the solution to cos(x) = x.

SD 2. All the numbers 3'1 are prime for k equal to
the consecutive numbers 1 to 7, inclusive. The
smallest value of k for which the number is com-
posite is 8:

3,1 = 333,333,331 = 17 x 19,607,843.
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