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Abstract

The approximation of implicitly de ned curves or surfaces is a problem of interest for many
elds. As a result, this problem has been explored using algebraic, geometric, and numeri-
cal methods. Amongst these, a numerical method called Marching Cubes Algorithm ([4]) has
been the primary choice in implementations because of its e ciency and implementability, even

though a guarantee for topological correctness was not generally present.

Research in this area has largely focused on approximatiors ofL dimensional manifolds
in = dimensional Euclidean space. These are called co-dimension 1 manifolds, de ned as the zero
sets of single equations mvariables. Plantinga and Vegter (2004) [8] derived the rst algorithms
with guaranteed topological correctness using interval arithmetic and adaptive subdivision for
= = 23. Faster variants of such algorithms were described by Yap et al. (2009, 2014) [10] [11].

Galehouse (2008) [9] succeeded in producing such algorithms fer all

This thesis addresses the problem of computing isotopic approximations of co-dimension 2
manifolds, i.e.= 2 dimensional manifolds ir= dimensional Euclidean space. Such manifolds
are the intersection of the zero sets of two equationsiwariables. The rst interesting case is
== 3, i.e., the problem of computing an isotopic approximation of a space curve in 3D. We work
on devising new algorithms by extending the previous interval techniques in co-dimension 1.

Moreover, we implement and visualize such algorithms in order to verify their practical e ciency.
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1 Introduction

1.1 Problem Statement

We present work on the problem of constructing an ambient isotopic estimatf@rio a

space curvd de ned by two implicit surfaces given byg = O and% = 0in a bounding box

0 R® where functions5+5% : R® | R are smooth and non-singular ing. We use the
notationf = 15 5° - for which the traced curve can be de ned as the set of points given by

(=f 120°=fp 2R%f 1p°=0g=5 110°\ 5 11(r.
An important result of non-singularity in ¢ is the truth of the following statement:
8p2 " 151p°=03 r §IP°<PI5P°=03) 1 Hp°< 0

This result, alongside the smoothness condition, plays a central role in our arguments for the

guaranteed halting of our algorithm steps, as it is presented in part 3 of this report.

1.1.1 Assumptions

1. We assume thgt =f 110°is a 1-dimensional curve.

2. We assume that box functions (point convergent interval functions)3eher 5er % exist

and are denoted by 5 ¢ r 5¢ r 5.



3. We assume that the surfaces given®y= 0 and 5 = 0 never intersect tangentially in .

Bp 2 *822™ 5:'p°=3'Pp°=0 3 r H'p°<2r 3'p°)

4. We assume that the traced curve and the implicit surfaces givergby Oand% = 0

intersect the bounding box o transversally or not at all.

The softening or removal of our 4th assumption can presumably be achieved by adequately
processing the boundary ofg in future research. Steps to ensure the prevention of problems of

similar origin in the tracing of curves in 2D space have been previously presented by Lin and Yap

([10])

1.2 Relevant Background

Our work on this problem builds upon concepts from di erential geometry and interval arith-
metic. The following sections (1.2.1-1.2.4) can be seen for the explanation of core constructs and

principles utilized by our approach.

1.2.1 Implicit Manifolds and Curves

For arbitrary<e= 2 Z-, an implicit manifold is a manifold de ned as the set of points2 R*
satisfying the system of equatiorisp® = 151p% 51p% """e8p° = 0~ = Owhere5e % """<each

mapR* to R. An implicit curve is an implicit manifold with topological dimensiof.

1.2.2 Isotopy

Two manifolds(s (° R3areambient isotopic if there exists a continuous map

W 01vs R RS



such that:
1. For eaciC2 »01¥the mapw: R3! RS given byW?° = WCe?is a homeomorphism;
2. W is the identity function;
3.wre=("

Such a maps also called ammbient isotopy from ( to (° It is anY-ambient isotopy if,
in addition, we havekW?° W:?°k 6 Yfor all ? 2 (. Note thatY-ambient isotopy of and(°

implies that the Hausdor distance betwegnand(®is 6 Y.

If the continuous map

W:s01vs (! R

satis es (i)-(iii), then we say thawis anisotopy from ( to (% we also say( is isotopic to (°
Clearly, ambient isotopy implies isotopy, which in turn implies homeomorphism. The di erence
between ambient isotopy and (plain) isotopy is that the former requires a simultaneous transfor-
mation of the complementary spad®® n(. But Hirsch [[2]] shows that, conversely, an isotopy

can be extended to an ambient isotopy in cgsis a smooth manifold.

1.2.3 Interval Arithmetic

Interval arithmetic is a tool to derive information about the range of functions over their do-
main. For this, operations are carried out on intervals rather than single values to achieve bounds

on the global maximum and minimum of the function over the evaluated domain.

More formally, interval arithmetic and its methods are described by Ratschek and Ronke [3]

as follows:



Let- R be an arbitrary compact interval (i.e. = 0+ ¥%/such that0«12' and0 1) and
let5:- ! Rbeacontinuous function. Let us also denote the range Bfon its domain as

51 0 = f51P|G2 - g

Then, one can de ne inner (- °) and outer ( - °) estimations of5!- © as estimations sat-

isfying the following criterion:

1. 0 51_ (0] 1. O

We are particularly interested in functions outputting outer estimations!{ °), which are
known to always exist for continuou$ as denoted by Moore (1966) [1]. These functions are

often referred to as inclusion functions ([3]) and will be referred to as such here.

These inclusion functions are also often directly computable, speci cally for rational func-
tions. An outer bound - © for 5- © (for a continuous rational functiorb : - ! Re- 2
where | is the set of compact intervals In) can be directly calculated by replacing the variables
in an arithmetic expression ob with the domains of the respective variables and using interval

arithmetic operations de ned as follows ([3]):

el 2= 0, 201, 3Ya
el ReFEs0 31 Y
500 /i3 /= <8102+ 03+ 12+ 13<0G-02+ 03+ 12+ 3,

Mo BaeBe /= e Badp 1010 2Yif 08 523/

This provides a direct way to evaluate functions over intervals in algorithms. However, the

exact de ning arithmetic expression used in this evaluation a ects the tightness and convergence



of the calculated outer bound ¢- ©), and thus, a good representation should be utilized for the
e cient use of interval arithmetic. The standard-centered form and Krawczyk's form are two
commonly used expression forms with particularly good convergence rates. The formulations of
these forms, as well as the further properties of interval arithmetic operations, can be seen in the

work of Ratschek and Ronke [3] but are not explicitly discussed here.

1.2.4 Boxes and Box Functions:

Building upon interval arithmetic but abstracting away the speci c evaluated arithmetic ex-
pressions of interval functions, the work discussed in this thesis research builds upon the prop-

erties of two constructsboxes andbox functions

Boxes: An n-dimensional box is de ned as a Cartesian product efcompact intervals de-
notedas = 1 2 """=. Oneimportant point of interest for such a box is the mid-point of the

box denoted by * ©, which has the coordinates< 1 (%<1 ;0 """ _00,

The evaluation of a functiord with = interval arguments on such a box is then de ned with

the following equality:

51 0 - 51 1. ﬂnn.:o

Box Functions: A inclusion function 5 is called a box function for5 if, in addition to
being an inclusion function, it is a point convergent, i.e., for any strictly decreasing sequence

o 1 ""ofboxes that converges to a poifff we have 5! £! 51?°as8!1 . ([10])

These are the main mathematical constructs of interest in our current research and allow us

to discuss methods utilizing arbitrary implementations of box functions.



1.3 Related Work

Ourwork builds upon previous research on the certi ed isotopic approximations of co-dimension
1 manifolds and root isolation algorithms. Amongst the algorithms produced by previous studies,

the following algorithms serve as the main foundations of our approach:

1.3.1 The Plantinga-Vegter (PV) Algorithm ([8])

Let : R? 7! R be an implicit function, and R? be a square bounding box. Also, let
6 denote a convergent inclusion function fd for all functions6. The 2D PV algorithm de-
nes a procedure that generates a guaranteed topologically correct piecewise linear estimation
for( = 120° where( is a regular curve@is a regular value of as the gradient is non-zero

at every point of the curve.).

This procedure de ned by the algorithm starts by initializing a quadtie®n this box (initially
with only one node), and subdivides the boxes until either a predicate ensuring the discarding of
the box 0 8 * ©) or a stopping conditionif r * % r 1 9 j 0)is satis ed where is the
two-dimensional interval de ning the box. This result is then re ned to make the subdivision
guadtree balanced (ensuring that boxes that are adjacent are the same size or have a 1/2 ratio in

between).

The termination of this process is certain under the assumptions on the inputs (as proven
by Long Lin & Chee Yap in [10]). Furthermore, the inner product constraint puts an upper limit
of c+2 radians for the angles between the gradients ofn any terminal box and furthermore

implies the local parameterizability of the implicit curve in either the x or y direction.

This local parameterizability implies that S intersects at most two edges of each catid

6



that there cannot be any self-intersections. With this, within any such cellif there are two
intersection points along the edges, the part of the curve insidean be seen to be isotopic to

a line segment. And thus, an approximation of the implicit cury&an be constructed by linear
lines between the centers of box edges with di erent signs that will be isotopig tshowing

the correctness of the algorithm with the given restrictions. Moreover, even if any given box has
more than two intersection points along the edges, it can be shown that the produced result is still
globally isotopic to the original curve even though it might not be isotopic to the approximation

in each box.

This method is particularly powerful, as it forgoes local isotopy (at each subdivided box) to

be able to produce a globally isotopic approximation while being guaranteed to halt.

The 3D PV algorithm builds upon this base, providing a mesh construction method in 3D to

give certi ed isotopic approximations of surfaces in 3D.

1.3.2 Miranda Algorithm ([13])

Given an initial bounding box o, the Miranda algorithm provides guaranteed isolation of sim-
ple zeros of a functiof : R™! R~ forsome=2 Z: in (. For this, an existence test (proving
the existence of at least one root in a box) and a Jacobian tegproving the existence of at most
one root in a box) are utilized alongside an exclusion predicate de ned@s®=08f 1 °) with

the following algorithm:



Figure 1.1: The Miranda algorithm as presented in [13]

This algorithm is guaranteed to produce correct outputs and can be shown to always halt for

the proposed EC and JC tests.

The proposed EC test (the MK Test) is of particular interest to us, as it is a predicate proving
the existence of a root df when it holds. This test utilizes a preconditioning phase (in which the
range off is multiplied by the inverse Jacobian matrix bfevaluated at the midpoint of . Then,
the value of i< 1 90 lfgjs evaluated at the opposite ends of the evaluation box in 8tie di-
mension. If all such evaluations show thigfis negative towards the negative direction in ti&h
axis and positive on the opposite side, the test is said to succeed as this proves the existence of at

least one root in the box (as an extension of the Poincare-Miranda Theorem, as explained in [13]).



This test is formally presented as follows in the [13] paper:

Figure 1.2: The MK test, as presented in [13]

A numerical version of this abstract test proven to work under the constraints of nite-
precision arithmetic is also provided here, which serves as a foundational tool utilized by our

proposed approach.



2 Preliminaries and Theory

2.1 Box Predicates
We introduce several predicates (also called conditions ) on boxesR3:

" (Exclusion Condition o)

The condition ot °= 1 °holdsi &t °_ 21 °where
h [
210 085 °  19= 1o (2.1)

If {* ©holds, then the curvéf 110° does not intersect (so can be excluded in our

search).

(Inclusion Condition 1)
We write 85forthefunctionmﬂé(8: 1.273). The condition ;1 ©° = fll °holdsi ?1 on
le °where
h & [
F1o 08 1 gy o (2.2)
8=1

Note that the expression of the right is the natural set extension of the usual arithmetic
operations, with(? B fBCB«@ (g (not(2 = B :B2( ). Condition 1! °©implies that
the angle between the gradients at any two points ins at most90degrees; this implies

that does not contain any any closed surface?r_.gf110° or 5 110, However may still

10



contain a closed loop o 1P\ 5,110° =f 110°. The next condition will address this.

(Jacobian Conditions g)

First let
5-0 1X0 15_0~1X0 15_0 1X0
fixog g © ! (2.3)
50G1X0 1!’.—20~1X0 150I 1X0
denote @2 3 matrix where15°% = m—gand similarly for15° (8 = Ge~¢). The Jacobian
condition at a pointp  R® is when the matrix f is full-rank® when evaluated ax B p.
Next, we de ne the corresponding condition for a box Let & : R3! R (8= 1:2:3)

denote the determinant of th@ 2 matrix obtained by deleting th&h column of fx°,

multiplied by * 1°¢ 1 Thus

5_0~1X0 15-0 lxo 5-0 lxo 15-0 lxo (o] lXo 150~1X0

.f B det ' 4o B detf© "7l 4 B det .
QON 1Xo 1@0| 1Xo 5061)(0 1@0| 1Xo ioGlxo 1520—~ lxo
(2.4)

The Jacobian condition at is de ned by

h(® i
f1 0 2‘31 ) (2.5)
g1
where
h i
gl ° 08 10 18= 1e2e3°" (2.6)

Thus f1 °implies that fip°is full-rank for eachp 2 . But the main geometric con-

clusion is seen in Lemma 2.3 in the subsequent sections.

For algebraic curves, a birational correspondence between an irreducible algebraic spaceéCcamdean irre-
ducible plane curvé® with the same genus a€ depends on a similar full-rank condition (see [5]).

11



2.2 Jacobian Condition in Planar Curve Intersection

Temporarily, let us de ne a pair of planar curvds= 15+8 : R R?, We prove the following

lemma (to be used in subsequent sections):

Lemma 2.1 (2D Jacobian Condition)et R? and f31 ° holds, i.e.,

G51 o __51 (o]
08 (! °B det ” 2.7)

@1 (0] ~61 (0]
Thenj/4A>58\ |6 1

Proof.Letasb 2  be two distinct zeros of. Dene! : R! R?where! @ =a, Gb &°.

Consider the function 1C B 5! 1®°: by an application of the Chain Rule, we have

01(9:3

TE=r5IC th e (2.8)

where denotes dot product. From(Q° = 511 10°° = 51g° = Qand 11° = 511 1190 = 51j° = (,

the Mean Value Theorem (MVT) for'C implies that there exist® 2 »0»1¥such that

0= 10° 11°= OQpp=y5110 1) " (2.9)
Similarly, if we de ne 1C B 6! 1C°, there exista 2 »0»1%such that

0= 1° 11°= Ype=r@U P 1ph " (2.10)

But 2.9 implies that 5! 1b°° is perpendicular tdo a. Similarly,r 61! 1a°° is perpendicular to

12



b a Thusr 5! 1p°° andr 61! 1a°° are parallel, i.e.,

ol theo 51l 1o

0= det
(ﬁl! 1a00 ~61! 1a00

Sincel 1% 113° 2 | this implies

510 51 o
02 detd © .

Cﬁl (0] ~61 (0]

which contradicts 2.7.

13



2.3 Geometric Conse ence of the Jacobian Condition
R3 has geometric consequences that can be derived

The Jacobian condition on a box
from the Inverse Function Theorem (IFT) of mathematical analysis [7]. Here is a version from

[12] which is suitable for our needs:
, =Vvariables,
(2.11)

Suppose we have a system<offunctions in<
R! R

f=15e""®: R

R~ and eachx = 'x;y° is a function in the real variables

where is an open set oR®
X = 1Ge """ L3P andy = 1~1¢ """e=2, Assumd is 1 for which we can de ne:

- mg =
nx MG g-1.g1
ms
mG
mb
m=
<eo— n
- mp = 5
R M= ge1e:=1
mb
m=

Theorem 2.2 (The Implicit Function Theorem)
R° R satisfy

Givenf asin2.1] letta; b° 2
fla;b° = 0 and B 14 b° is invertible.
R~ containingb, and an

R containinga, an open set

Then there exists an open set
- such that:

(implicit) functiong : . !
14



" Foreacly 2. ,thereisauniqu& 2 - suchthatfix ey © = 0. In fact,x = gly °. It

follows thatg!b® = a.

" Thefunctiorg:. ! - is !with Jacobian matrixgatanyy 2. given by

h i1 h i
1y 0 = nM1~1y Oey O 141y Oey O
gty mw Y °y < < nygy y < -

See [12, Theorem 2] for a proof.

An immediate consequence of the IFT theorem is this:

Lemma 2.3 (Implicit Function under Jacobian Condition)
Let the Jacobian condition gl ° hold. If contains a poinp = 1?21 2% 2° of the curvef 110°

then there exists an implicit! function
g: p! R (2.12)

where p is an open interval containiri satisfying
() g'?3° = 121220
(i) Foralll 2 p,

figll oo =0

5061 XO 1 ElO~ 1XO
Proof. The condition f31 °implies that 3f = det is non-zero akk = p (see
@O 1X0 1@0 1XO
G -~
2.4). To apply Theorem 2.2 (IFT Theorem)det 1e==2,f = 15¢ 5% x = 1Ge2andy = 1 °. If

1a;b° = 1?40 %; ?23° = p, then the hypothesis of IFT Theorem is satis ed, namely

flab°=0 and %1p°: af1pe < 0"

15



We conclude that there exists an implicit functiog : - ! . where- R? is an open set
containing 1?1¢ 2,°, . R is an open interval containings, and for ally 2 . , f1gty°;y° = 0.

The theorem follows if we rename to be , and view the range ofj to beR?.

In other words, this lemma tells us that the set
g1l 2 |

(viewed as the graph of the functiog) is a parameterization of the curvie 10° in some neigh-
borhood ofp. Next, ifgg: g! .g(82 ) is a collection of such graphs with the property that
B [ gis aconnected interval. Then we can de ne a unique functign: ! R?where

g p° =ggtp°forallp 2

Lemma 2.4 (No Loop under the Jacobian Condition)

If 1 °holds, then does not contain a closed curve (i.e., lodp)-&i°.

Proof.Consider a box such that ft © holds. Without loss of generality, assume tha\tg1 0
holds. Then, Suppose contains a loopC  f 110°. Pick a pointp = 1?12 2+ 2%° 2 C where
?3 is maximum. Note that such a point exists sin€eis contained in . By Lemma 2.3, and
;1 °, there must be an open interval containiry in which C is parameterizable by the third
coordinate axis. This contradictgz being the maximum of the third coordinates amongst the

points in C when C is non-singular.

16



2.4 The Miranda Conditions

So far, we have given three conditionsy? % 11 % 1 ° They all amount to the exclusion
of 0 from various algebraic expressions evaluated on the boXhe next one is slightly di erent,

and may be called Miranda conditions .

We temporarily consider the general setting of aadimensional axes-parallel box R™:
let 5 and g (for 8= 1+ """+ }denote the pair of opposite facétthat are normal to theh axis.
Moreover, if g'x° = Gdenote the projection to thé&h coordinate, then assume th&, Y G
where g ¢°= G and g 4°= G . Iff =15"8: R | R, the following box
predicate ~

hu _ [

") fi o 1 g YOY 5 300 (2.13)

8=1

was called the simple Miranda test in [13]. The Miranda Theorem (1940) says tHat ff2 ©
holds, then \ f 110°is non-empty (e.g., [6]). But in our co-dimension one setting, the number

of functions is not=, but= 1. If f = 15¢"""«5,° then we de ne theMiranda condition

m 10=r f1o0gg
hG [
v f1 0 n f1 0
8
&1
where" g °=" [1 ojsgiven by
hé) 1 o i hG o i
"ogt e 5L YOV E ¢ A 15t YOV Bt (2.14)
=1 81

Note that" g' ° places no restrictions on the pair of faceg and 3.

2|.e.,1= 1°-dimensional faces of.

17



2.5 A Miranda-Type Theorem for Space Curves

For==3 andf =155°," 1 9jssimply
" 31 0:151 10?0?&1 ,100/\1 1 20Y0V51 ,200

Now, we present the following theorem:

Theorem 2.5 (Miranda Theorem for Curves)

Let R® and the following conditions hold:
fll on f31 oA ;1 o» (2.15)

Then/4A>5+8\ is comprised of a single curve component with endpointsand 3, respec-

tively.

If the given theorem is true, the local curves in a set of boxeis an initial box g satisfying
fr on fionm 11 0canpe "stitched together" to curve components ig allowing for an

approximation of the traced curve components.

Now, let us consider the following lemma:

Lemma 2.6 (Existence of a curve)Assume that a box satises 3! °~" 31 © then

there exists a curve : ! R3within f 110°, which connects the facgsand ;.

Proof. Because of the standard 2-dimensional Miranda theorem, we know that there exists a point
p 2 ; suchthatflp® = 0. By Lemma 2.2, there exists an open interygakontaining?s, and a

di erentiable function

hp: p! R (2.16)



such thathp1?:° = 1?2 2% and, for alll 2 p,
fthptl©l° =0

Among all open intervals , with that property, let = 10+ be one, which minimize$. Note
thatthe curve : | R3] 7! f1hptl % ° cannot intersect any of 's faces except for, and

; since” 3! ®issatised.If0Y 3! | °thenthe curve connects the opposite faces and

i as desired. We will now show thad 3! | © leads to a contradiction. We again use the
Lemma 2.2 fog = *h10% @ to derive an open intervalq together with a di erentiable function
hq similar as before. But this is a contradiction to the maximality of intervabecause also the

longer interval [ g could have been chosen together with the functibn

ghpll0 ifl1 |0
h: [ g7 (2.17)

2hgtl°  otherwise

Note that alsoh is di erentiable because both, andhq are so and the domains (z-components)

and images overlap.
Building upon this, we now present a proof of the Miranda Theorem for Curves (Theorem 2.5):

Proof. Without loss of generality, consider abox= » 1s1%4satisfying f* oA f1 oa" fi o
For such a box , the faces ; and | lieinthe planed =1andl = 1

By the standard Miranda theorem applied to pair of functiofs G « ~3% 6'G « ~3°°, we can see
that there is a poinfpy = 1?1 2+1° 2 ; such thatf *p;° = 0. By applying the quantitative IFT, we
can constructthe graph of afunctiody : »L 1 % ! R?suchthatf6,2%1°:1 2 »1 ‘el g

is a parameterization d4A>f° aroundp;. Then, we can choose a poipt = 16,11 %1 "©2
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on the curve. This pointis in and thus we can apply the theorem again to get another function

6ol el Vsl R

whose graph is a parameterization 64A>f° around the pointp,. Continuing in this way, we

can construct a curve through the pointgep,e "””p. (for some: > 1) until the curve reaches the

face | .

Now, let be such a curve.

As" 3! °holdsin , it can trivially be seen that the curve cannot be intersecting the pair

of facets , or the pair of faces ,. (882 129" 5 °YOY &' ;5 085% ,°"085% ,°)

This implies:

8?7 = 1?1’ ?2' ?30 27 ?1' ?2' ?3 2 » 11, (2.18)

Moreover, as the curve connects the faces; and |, we have:

8l 2 » 11¥2 9Ge~2 » 121Va 1Ge~9 2 (2.19)

We now claim that4A>f°\ is contained in , which proves our theorem. Suppose, for the

sake of contradiction, that there is some poipt= :G*~% |®02 1/4ASfo\ onp |

For such g°= 1G*%1® we haveGd %102 » 1e1Vpy 1218

However, for the samé® we must also havedGe~2 """ 1Ge~«P 2 by 121P.

(1Ge2 < 1G*~® s known asp’8 )
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This implies that, for the box %= »» 1e1%» 1¢1%I%4ve must have:
jjAA35.8\ 9> 2
As we havefl Ge~eQe1Ge~ePg [4AX5.8\ YandiGe2< 1G-P
Moreover,as ® ,wehave [t ®(asaresultof £t ©°).
However, by Lemma 2.1, we know f2 ® =) j /4A35.8\ G611

Thus, we have ft ®7j/4A35.6\ §>241 11 ® 5 j j4a35.8\ G 6 1° which

is a contradiction.

Hence, our assumption that there exigt8 = 1G*~%®0 2 1/4Axfo\ °n must be false,

proving our claim that/4A>f°\ is contained in .

This completes the proof of the Miranda Theorem for Curves.
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2.6 Preconditioning

Unfortunately, the Miranda conditions discussed in the preceding sections are not guaranteed
to hold as we consider smaller and smaller boxes around an arbitrary non-singular space curve.

As discussed in [13], a preconditioning operation is needed to provide such guarantees.

To describe an adequate preconditioning operation, let us denotgfor 82 f 1+2¢3gthe unit
vectorst1s0+0? «10»1s0” eand10-0+ 19 respectively. Moreover, let us denote Mythe Kronecker
delta, i.eXgg= 1if and only if 8= 9 OtherwiseXgg= 0. We usergfor the partial derivative along
the 8th coordinate direction. Denote for a matrikx 2 R~ = by" ggthe 8th row and 3th column

entry of "

Then, the standard preconditioning of the MK uses the following transformation:

Cch2
- R
- ®
8?2 R3: -58 --rgg ; (2.20)
- ®
«%—n?o —|1< o « 170

Lemma 2.7 (Derivatives for the standard preconditioningYhe standard preconditioning aligns

the function space &, 5 and 5 such that

882 f1e2:3y: 1 H=4 (2.21)

Moreover every root bis also a root of.
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Proof. The second equation holds to linearity of derivatives:

Therefore,r = 4gas claimed.

a

G
r@51<°=4>gfra$
- ®

€): 5T

g

« 7 P00
1

a (@gaa
g ®
- o ® ®
=49-r 58 g:2i0
- ® ®

«r 5} —c o «I’@@_n?o

| {z }

4

= X9

The transformation matrix is invertible and therefoi@? 2 R3:

GG

2

« =0

|.e. a root off"is also a root of.

It has been proven that this preconditioning ensures the halting of the test in a small
enough box around roots if in [13]. Thus, this preconditioning can be used before the test

in a subdivision algorithm searching for the roots bfiwhere boxes far from the roots are even-

- ® - ®
% 53* ; =0 . g
- ® - ®

A

—|1< o « —170 « =70

tually discarded by E)) to guarantee eventual halting of the search.

1 1 . .
Unfortunately the curvey 10°\ 5 (P in transformed space does not directly tell us any-

thing about the curves Lage 5 L1° in primal space. As a result, preconditioned Miranda tests
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cannot be directly combined with the Miranda Theorem for Curves (Theorem 2.5) for an isotopic

approximation of the traced curve.

On the other hand, the information regarding the roots bfgiven by information regarding

the roots off) is valuable, as it can be seen by its use in our algorithm in the subsequent chapters.
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3 Algorithm Design

Here, we present two algorithms which, combined, allow us to approximate space curves.

These algorithms build upon the tests and theoretical results provided in Chapter 2.

3.1 Curve-Isolating Subdivision Algorithm

Let us rstde ne a subdivision of a box o as a seB of disjoint boxes for which  ,5 = ¢

holds. Let us consider the elements of sucB aonnected if and only if the boxes share a face.

Let us also de ne the concept of an octree subdivision of a b@xas a subdivision of ¢
achievable by starting with the seB = f g and splitting an arbitrary element oB to eight
boxes sharing the same ratios of dimensions as the original box iteratively for an arbitrary num-

ber of iterations.
Moreover, for an arbitrary box RS, let 024B ° be the set of all 2D faces of.
Now, for arbitrary box or box face and real numbe2 1, de ne "B20;42° as the box/box

face sharing the same mid-point and proportions a$ut having all interval widths multiplied

by 2.
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Forf = 15¢ 5° implicitly de ning a space curve and satisfying the presented assumptions on
an initial bounded box ¢ R3:

For all5022 024B ° for some R3, consider the standard preconditioning de ned as

follows: )

S @52 2
=28 = : -8

r
« T—n7p0 « < g K o

Then, consider the preconditioned test: %" 15024 ") 5024 B2
(Where") is the simple Miranda test de ned as ii2"13)

Such a test can be equivalently written as:%" 115022

h

[
15115 024°"B202°° Y 0 Y 5115 024°"B20;40%° A 1 5115 024°"B202°° Y 0 Y 5115 024°"B20;40°°

(3.1)
Then, de ne preconditioned MK test for boxes de ned as follows:
U
%" fio %" }15024"B2@2ee (3.2)
0225 024B°
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Using the tes@" 1 © alongside o, 1,and de ned in previous sections, we can de ne

the following algorithm:

Algorithm 1 (D138E834 *2¢A
Input: o R%»2 1en2R [f1g
Output: A subsetB of an octree subdivision ofg

Ensure: 8 2B" 1. f1 oonipgla o pon 21 0a 21 0n  f17BD(;4400 A 06" f1 o

B ;
&fog

while & <; do
&"?>20
if : [1 othen « If not excluded
if 1B8I4 © neA 21 on 21 on fi"BD(:a400n o5 f1 Othen
B"?DBt ° * Subdivision halted for box B
else
&"?DB! "B?;8C° « Further subdivision required
end if
end if

end while

Where Boolean expressions are evaluated using short-circuit evaluation. This ensures that
each testinmB8I& © oA 21 on 21 on  f17B20:4400 A 05" f1 ©js only carried out if

the preceding tests are true.

Note thatas all 2 Bsatis es%" ! ° we can see that there exisis0242 024B "B20;420°
such that the 2D MK test ob 024"B2024 succeeds.
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By the Miranda theorem ([6]), this implies:

8 2B" 95022 024B "B20;42°°" 9p 2 5024"B202% fp° =0

which means that there is a point close to the volume of box which lies on the traced curve

( = \ f 120°. This closeness is determined Byassed to the algorithm.

We also know that for the traced curve cannot be passing through any volume not covered

bya 2 Basallboxesinsuch volumes must have been discarded by glfexclusion) predicate.

Moreover, as”’B20;44° for all boxes 2 B, we know by Lemma 2.4 that there are no closed

loops of the traced curve in'B20;44° for all 2 B.

Unfortunately, however, we have no proof of further properties regarding the traced curve's
behavior in the outputted set of boxdsas the results of the Miranda Theorem for Curves (Theo-
rem 2.5) do not directly imply any guarantees when a preconditioning step is used. (As explained

in Section 2.6)

However, experimentally(D138E8R34 ¢ 2+ A has been observed to output a set of bo&s
whose connected componentge """ . each cover exactly one of the connected components of
the traced curve in (. (i.e. connected components Bfisolate the connected components of the

traced curve in q)
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3.2 Reconstruction Algorithm

Let &curve be a set of boxes, outputted §P138E8R4 e 2+Afor some ¢ R3,2i Lnj O
Then, we present the following algorithm to nd approximations for the connected components

of the traced curve in q:

Algorithm 2 '42>=BCADB&& e
Input: &curve R3
Output: An n-approximation of the curve(s) ih = 0

1: Create a directed graph that contains:

2: A vertex for each box ik ¢yrve
3: Adirected edge fromito », bothboxes share a piece of an edge and the direction of

the edge conforms with * °and 1 °

N

. Split the graph into simple connected componentge

6: for each componentgdo

7: if 9 directed cycle in gwith ;4=6C | 2then

8: Output short(estilirected cycle in gwith ;4=6C | 2

o: else

10: Output a path realizing the graph diameter of the undirected version gf
11: end if

12: end for
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where the graph diameter for the undirected version is determined with the following

algorithm:

Algorithm 3 8=3_80<4C4A ©

Input: undirected graph =1+ ©
Output: A path Ee """ [ealizing the diameter of
1: LetD2 +

2: Use BFS to nd a verteEwith maximum distance fronD
3: Use BFS to nd a vertek with maximum distance front

4: Return a shortest path frorito F

In the '42>=BCAD&@brithm, A directed edge fromto » is considered to conform with
1 1%and ! °ifand only if the vector pointing from the center of ; to the center of , does

not contradict the parameterization implied by the * ;°and * ,° conditions.

With this, the '42>=BCAD&@orithm works by constructing directed graphs for each con-
nected component gof the input set&qyre Where the direction of each edge represents a poten-

tial way the traced curve passes between the boxes in the connected component.

If such a graph for a connected component includes cycles with length greater than two, the
'42>=BCADaé@orithm returns the shortest of such cycles. While we currently do not posses
theoretical guarantees for such an approximation, we have experimentally observed that such
cycles have only been detected in the created graphs when the traced curve piece was a closed
loop inside the related connected component (for which the smallest of such cycles presented a

simple approximation).

If the graph for a connected component does not include any cycles with length greater

than two, then we know that the traced curve must not have a cycle of length greater than
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two in the connected component as the predicates used are conservative (and thus only ever
over-approximate the possibilities for the real behavior of the curve). For such cases, the approx-
imation of the traced curve piece by a path realizing the graph diameter has been experimentally

a good approximation.

Here, it must be noted that the limit of two for cycle length is necessary as cycles of length
two occur sporadically in the created graphs due to the way directed edges are created. While this
has not caused the erroneous approximation of any traced curve components in our experiments,

further work is needed in either providing guarantees or improving this method.
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4 Implementation and Experiments

4.1 Implementation

The algorithms described in Chapter 3 have beenimplemented in Matlab alongside the needed
data structures, predicates, and interval arithmetic.
In this process, th D138E82dgorithm has been implemented with tH20A 5 >#inction of

Matlab for parallelizing the subdivision of boxes at each depth as follows:

%Depth limit for phase 1
depthlimit = 8;

%Depth limit for phase 2
numiterMKlimit = 6;

%% Subdivision Phase 1
Q = BO; %lnput of the first phase of subdivision
QJac = []; %Output of first phase of subdivision

% Depth for phase 1
depth = 0;

% Create a subdivision of boxes, which all satisfy the predicates untill C1 tests
% and the Jacobian tests hold (where boxes satisfying CO get excluded at each level)
while ~isempty(Q) && depth <= depthlimit

Q_next = cell(length(Q),1);

QJac_add = cell(length(Q),1);

disp([ ' Phase 1: depth ="', num2str(depth), ' | length(Q) = ', num2str(length(Q))]);

%Parallel Subdivision
parfor i = 1:length(Q)
B_par = Q(i);
if ~local_predicate.CO(B_par,f,1) && ~local_predicate.CO(B_par,g,2)
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if B_par.radiussMAXEPS && local_predicate.C1(B_par,df,3) &&

+ local_predicate.C1(B_par,dg,4) && ... %&&

+ local_predicate.Clcross(B_par,df,dg,5)
local_predicate.Jacobian(B_par,df,dg,5)
QJac_add{i} = B_par;

else
children = B_par.split;
Q_next{i} = children;

end

end
end

accepted = [QJac_add{:}];
disp([ '# accepted boxes =", num2str(length(accepted))]);

%Collection of results

Q = [Q_next{:}];
QJac = [QJac, QJac_add{:}];

depth = depth+1;
end

if ~isempty(Q) && depth == depthlimit + 1
disp("Phase 1 stopped due to depth limit");
end

disp([ ' Time for Phase 1:',num2str(toc(tStart)), "s'));

disp("Phase 1 finalized.");
disp("Proceeding to phase 2...");

tPhase2 = ftic;

%% Subdivision Phase 2

QMK = QJac; %lnput of the second phase of subdivision
Qcurve = []; %Output of second phase of subdivision
%%

%Depth for phase 2

numiterMK = 1;

while ~isempty(QMK) && numiterMK <= numiterMKIimit
%lteration cell arrays
QMK _next = cell(length(QMK),1);
Qcurve_add = cell(length(QMK),1);

disp([ ' Phase 2: numiterMK =, num2str(numiterMK), ' | length(QMK) =",

s num2str(length(QMK))]);

%Parallel Subdivision
parfor i = l:length(QMK)
B_par = QMK(i);

if ~local_predicate.CO(B_par,f,1) && ~local_predicate.CO(B_par,g,2)

if local_predicate.Jacobian(B_par,df,dg,5) &&
+ local_predicate.MK_face(B_par,f,df,g,dg,7)
s %local_predicate.MK_face(B_par,f,df,g,dg,7)
if any(B_par.testresults{7})
Qcurve_add{i} = B_par;

end %Else: MK test has succeeded not in finding a root, but in excluding all in

1+ internal call to CO_faces
else
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children = B_par.split;
QMK_next{i} = children;
end
end
end

accepted = [Qcurve_add{}];
disp([ '# accepted boxes =", num2str(length(accepted))]);

%Collection of results
QMK = [QMK_next{:}];
Qcurve = [Qcurve, Qcurve_add{}];

numiterMK = numiterMK+1;
end

As it can be seen, the subdivide algorithm has been split into two steps here to better under-
stand the depth of subdivision required for all boxes to satisfy thecondition and the additional

depth of subdivision required to satisfy the test.

Then, the output of this subdivision steR2DAE4 used to create the required graph struc-
tures, and is used to nd approximations for the traced curve pieces. (Appendix A.1 can be seen

for the whole main code including these steps for Algorithm 2.)

The code presented in Appendix A can be seen for further details regarding these steps, as

well as the implementations of the related functions and the main data structures.

4.2 Experiments and Results

In the following pages, the results for the experimental approximations of several space curves

(each implicitly de ned by two functions) can be seen.

When discussing the result, the rst subdivision loop will be referred as Phase 1 and the

second subdivision loop will be referred as Phase 2.
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4.2.1 Experiment 1

Approximation of an implicit space curve de ned bly= 15+ 5° given by:

where inputs for(D138E8R34 ¢ 2+ A are as follows

51Ge~9=G, ~? |

BiGe~9=G, ~% 1% 1

0= »» 1e1%» 1e1%» 1e1V4Y4

2=173

n=1

presents the following behavior:

Table 4.1: Experiment 1 - Phase 1

Depth Number of Evaluated BoxesNumber of Accepted Boxe
0 1 0
1 8 0
2 64 0
3 224 44
4 128 4
Time: 0.84525s
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Table 4.2: Experiment 1 - Phase 2

Depth Number of Evaluated BoxesNumber of Accepted Boxes
0 48 36
1 96 0

Time: 1.1794s

The outputted curve approximation can then be seen drawn on top of the boxes used in the

approximation in the following gures:

Figure 4.1: The output for experiment 1 seen in 3D
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(a) Front view (b) Side view

(c) Top view

Figure 4.2: The output for experiment 1 viewed from the front, the side, and top
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4.2.2 Experiment 2

Approximation of an implicit space curve de ned bly= 15+ 5° given by:

where inputs for(D138E8R34 ¢ 2+ A are as follows:

presents the following behavior and results:

51Ge~9=G, ~? |

BiGe~9=G, ~% 1% 1

0= »» 1e1%» 1e1%» 1e1V4Y4

2=173

n= 005

Table 4.3: Experiment 2 - Phase 1

Depth Number of Evaluated BoxesNumber of Accepted Boxe
0 1 0
1 8 0
2 64 0
3 224 0
4 480 0
5 928 0
6 1664 424
Time: 3.5449s
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Table 4.4: Experiment 2 - Phase 2

Depth Number of Evaluated BoxesNumber of Accepted Boxes
0 424 408
1 128 0
Time: 13.8679s

The outputted curve approximation can then be seen drawn on top of the boxes used in the

approximation in the following gures:

Figure 4.3: The output for experiment 2 seen in 3D
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(a) Front view (b) Side view

(c) Top view

Figure 4.4: The output for experiment 2 viewed from the front, the side, and top
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4.2.3 Experiment 3

Approximation of an implicit space curve de ned bly= 15+ 5° given by:

51Ge~=G',6 2%, ~* 2&F, ~® 1 |

1Ge~9=05% |

where inputs for(D138E8R34 ¢ 2+ A are as follows:

0= »» 1"21"2%» 1"2¢1"2%» 1720 1"2Y/4Y4
2=173

n=1

presents the following behavior and results:

Table 4.5: Experiment 3 - Phase 1

Depth Number of Evaluated BoxesNumber of Accepted Boxes
0 1 0
1 8 0
2 32 0
3 128 0
4 480 0
5 1920 108
6 3456 660
7 96 0
Time: 10.9647s
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Table 4.6: Experiment 3 - Phase 2

Depth Number of Evaluated BoxesNumber of Accepted Boxes
0 768 364
1 1824 0
2 736 0
Time: 31.1397s

The outputted curve approximation can then be seen drawn on top of the boxes used in the

approximation in the following gures:

Figure 4.5: The output for experiment 3 seen in 3D
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(a) Front view (b) Side view

(c) Top view

Figure 4.6: The output for experiment 3 viewed from the front, the side, and top

43



4.2.4 Experiment 4
Approximation of an implicit space curve de ned biy= 15¢ 5° given by:

5iGe~1=G,~% 12 2

5iGe~9=G -~? 12 1

5

where inputs for(D138E834 ¢ 2+ A are as follows:

0= »» 33%» F3%» FP3Vals
2=173

n=1

presents the following behavior and results:

Table 4.7: Experiment 4 - Phase 1

Depth Number of Evaluated BoxesNumber of Accepted Boxe
0 1 0
1 8 0
2 64 0
3 384 16
4 896 200
5 384 40
Time: 3.1143s
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Table 4.8: Experiment 4 - Phase 2

Depth Number of Evaluated BoxesNumber of Accepted Boxes
0 256 224
1 256 0
2 256 0
Time: 23.67165

The outputted curve approximation can then be seen drawn on top of the boxes used in the

approximation in the following gures:

Figure 4.7: The output for experiment 4 seen in 3D
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(a) Front view (b) Side view

(c) Top view

Figure 4.8: The output for experiment 4 viewed from the front, the side, and top
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4.2.5 Experiment5
For this experiment, we look at the approximation of an implicit space curve de ned by

15¢ 50 given by:

51Ge~ 9 =kl@2 7?1 »G~;lYaikel@2k kh@2s 2 »G~;|Yikel®d2k

51Ge~ 4= kl@2 7?1 »G~;lYaikel@2k kh@3*?3 » G~;| Yikel@d3k

where?1s 72 23 represent coordinates of three points a@i? @2 @3represent 3D vectors,

given as follows:

?1=>0;0;44

?2=0;0; 4%

?3=»1:1:04
@2= ;3,04
@2=4; 3;0/4
@3=;1;44

With this, the given5 function implicitly de nes the surface of equal distance to the line
de ned by point ?1 and vector@?2 and the line de ned by point?2 and vector@2. Similarly,%
implicitly de nes the surface of equal distance to the line de ned by poift and vector@?2 and

the line de ned by point?3 and vector@3.

Thus, the 1D manifold implicitly de ned by and % is the Voronoi diagram of the lines

de ned by the given points and the corresponding vectors.
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For the experiment, inputs fofD138E8R34 ¢ 2+ A are given as follows:

0=»»1010%4» 10104» 101044

2=173

n=1

and we observe the following behavior and results:

Table 4.9: Experiment 5 - Phase 1

Depth Number of Evaluated BoxesNumber of Accepted Boxe
0 1 0
1 8 0
2 64 0
3 368 16
4 1368 200
5 4504 40
6 10424 186
7 20376 2945
8 19056 4949
Time: 305.34645
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Table 4.10: Experiment 5 - Phase 2

Depth Number of Evaluated BoxesNumber of Accepted Boxes
0 8080 1551
1 44312 31
2 59488 0
3 45816 0
4 11504 0
5 296 0
Time: 4451.3464s

The outputted curve approximation can then be seen drawn on top of the boxes used in the

approximation in the following gures:

(a) View 1 (b) View 2

Figure 4.9: The output for experiment 5 seen in 3D, from two di erent angles
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