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In this lecture, we complete the proof of hardness of approximation for the Max-Ek-Hypergraph-
Indepedent-Set problem. We also give a proof of hardness of approximation for the Asymmetric
k-Center problem.

1 Max-Ek-Hypergraph-Independent-Set

In this section, we complete the proof of hardness of approximation for the Max-Ek-Hypergraph-
Independent-Set problem.

Theorem 1.1. For all constant even-valued k > 4 and all constants €,6 > 0, the Weighted Max-
Ek-Hypergraph-Independent-Set (1 — % — d) vs. € decision problem is NP-hard.

The proof of Theorem 1.1 uses a reduction from the Label-Cover(K,L) problem. Given an
instance G = (U, V, E) of the Label-Cover(/,L) problem, we construct a k-regular hypergraph H.
For each vertex v € V, we add a corresponding “block” {0, 1}L of 2L vertices in H. We assign a
p-biased weight to each vertex, withp = 1 — % — 4. For each pair of edges (u,v), (u,v’) € E, we
add a hyperedge on the set of vertices { A, ..., A} , BY,..., B};'/z} if and only if ﬂvéu(ﬂfﬁ AY)

and 7, ( fi ? B;’/) are disjoint sets of keys. For more details on the reduction and the intuition

behind it, see Lecture 8.
The reduction takes polynomial time. In the previous lecture, we used the reduction to prove
the completeness of Theorem 1.1.

Lemma 1.2 (Completeness). Under the above reduction, if Opt(G) = 1 then Opt(H) > p— 2 — 0.

el

Proof. See Section 3 of Lecture 8. [

In order to complete the proof of Theorem 1.1, all that remains is to show the soundness of the
theorem.

1.1 Proof of soundness
We will use the following tool to prove the soundness of Theorem 1.1.

Theorem 1.3. Fort = t(s,¢,6) = O(55 log(Z)), if F C {0,1}* has p-biased weight > ¢, where

s€6
p=1-— % — 0 then F is too big to be s-wise t-intersecting.

Proof. See Homework 3. 0



Lemma 1.4 (Soundness). Under the above reduction, if Opt(G) < then Opt(H) < e

€
2t(5.5.6)%’

Define 7 := €/2t(%, £,5)% Note that 7 > 0 and that  does not depend on |K| or |L|. Take

| K1, [L] < poly(;).

1
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Proof. We prove the contrapositive of Lemma 1.4. Let Z be an independent set in H with weight
at least €. Let F, = Z N {0, 1}Z. By an averaging argument, at least an ¢/2 fraction of the vertices
in V have weight wt(F,) > ¢/2. Call these vertices the “good” vertices.

Lett = t(g, £,0). When v is a good vertex, Theorem 1.3 tells us that F, is too big to be g—
wise t-intersecting. Therefore, there exist Aj, ..., A} , € F, such that | ﬂfi 2 AY| < t. For every
good vertex v, define Sugg(v) = ﬂf’l ? A?. We claim that any two good vertices v, v’ that share a
common neighbor have consistent sets of suggestions:

Claim 1.5. If (u,v), (u,v") € E and v,v" are good vertices, then

To—u(Sugg(v)) N my . (Sugg(v')) # 0 .

Proof. By contradiction. Assume that 7, ., (Sugg(v)) and 7, _,(Sugg(v’)) are disjoint. Then
{AY, .. AL, BY,... ,B;;'/Z} is a hyperedge. But all A’s and B’s are in Z, so they form an
independent set. Contradiction! [

Having defined “goodness” for vertices in V, let us now extend the definition for vertices in U.
Specifically, we say that a vertex u € U is “good” if it has a good neighbor: u € U is a good vertex
if there exists a good vertex v € V such that (u,v) € E. For each good vertex u € U, define the
“buddy” b(u) € V of u to be one of the good vertices in V' adjacent to u (choosing arbitrarily when
there are multiple possible choices).

We now randomly construct the labeling function f : V — L, U — K according to the
following rules:

e For good v’s, choose f(v) randomly from Sugg(v).
e For good u’s, choose f(u) randomly from 7, (Sugg(b(u))).

e For the rest of the vertices, choose the key or label arbitrarily.

To complete the proof, we want to show that Pr(, ,)cp ¢ satisfies m,_,] > €/2¢*. Note that
instead of choosing an edge (u,v) € E randomly, we can first choose v € V randomly, then
choose a random u € U uniformly from the neighbors of v. The resulting edge (u,v) is still
chosen uniformly from all edges by the right-regularity of G. When we pick v € V randomly,
v will be good with probability at least €/2. Then any neighbor v € U of v that we select is
good too. By Claim 1.5, there exists a label key a € m,_.,(Sugg(v)) N Mp(u)—u (Sugg(b(w))).
With probability at least 1/¢, v is assigned the label f(v) such that 7, (f(v)) = a, and with
probability at least 1/¢, u is assigned the key f(u) = a. So the probability that f satisfies m,_,, is
atleaste/2 - 1/t - 1/t = €/2t*, as we wanted to show. O



1.2 Max-Ek-Hypergraph-Vertex-Cover

For the proof of hardness of the Asymmetric k-Center problem that we will cover in the next
section, we are particularly interested in a special case of Theorem 1.1.

Corollary 1.6. For all constant even-valued k > 4, the Weighted Max-Ek-Hypergraph-Independent-
Set (1 — 2) vs. ¢ decision problem is NP-hard.

Proof. Apply Theorem 1.1 with § = ¢ = 1/k. N
Theorem 1.1 also gives a hardness result for the vertex cover problem.

Corollary 1.7. For all constant even-valued k > 4, the Weighted Min-Ek-Hypergraph-Vertex-

Cover (1 — 2) vs. 1 decision problem is NP-hard.

Proof. This follows directly from Corollary 1.6 and the complementarity of the independent set
and vertex cover problems. 0

1.3 When £ is not constant

Theorem 1.1 and its corollaries apply only when k is constant. When £ is not constant, we can
prove similar results but we need to keep track of the size of the problem instances after reductions.

Fact 1.8. There is a reduction of the SAT problem to the Unweighted Min-Ek-Hypergraph-Vertex-
Cover % vs. (1— %) decision problem in which an instance of the SAT problem of size n reduces
to an instance of the Min-Ek-Hypergraph-Vertex-Cover problem with |V | = n®1°8%) vertices and

|E| < 200 () V] edges.

‘We omit the technical details of the reduction.

2 Asymmetric k-Center

In Lecture 7, we introduced the Asymmetric k-Center problem. In the same lecture, we saw an
O(log" n)-approximation algorithm for the problem. In this section, we give a matching lower
bound of 2(log™ n).

2.1 Overview

We obtain a hardness result for the Asymmetric k-Center problem through by a reduction from the
Min-Ek-Hypergraph-Vertex-Cover problem. In order to apply Fact 1.8, we will consider instances
of the Min-Ek-Hypergraph-Vertex-Cover problem with |M| = n©1°8%) vertices and |N| < |M] -
2F edges.

Recall that we can look at the vertex cover problem as a problem on a bipartite graph G =
(U, V, E): vertices in U represent vertices (or elements) in the original problem, vertices in V'
represent a k-hyperedge (or set) in the original problem, and the edge (u,v) is in £ iff v contains
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u in the original problem. The minimum vertex cover problem is now equivalent to finding the
smallest subset U’ C U such that every vertex in V' is covered by a vertex in U’.

The YES and NO instances of the Ek-Vertex-Cover problem that we use in the reduction are
chosen to satisfy Corollary 1.7: the YES instances have a vertex cover of size at most 3/k - | M|,
while the NO instances have no vertex cover of size less than (1 — 1/k) - |M|. One observation
that we use in the proof of hardness of the Asymmetric k-Center problem is that in NO instances,
any vertex cover with fewer than (1 — 2/k) - | M| vertices leaves a large number of hyperedges
uncovered.

Claim 2.1. In a NO instance of the Ek-Vertex-Cover problem, any set of vertices of size at most
(1 —2/k) - |M| leaves at least 1/k2*" - | N| hyperedges uncovered.

Proof. By contradiction. Suppose on the contrary that more than (1 — 1/k2F") . |N| edges are
covered by a set of (1 — 2/k) - | M| vertices. Cover the remaining edges with one vertex each. This
process requires fewer than 1/k2%” . |N| < |M|/k vertices. Thus, with less than (1 — 2/k + 1/k) -
|M| = (1—1/k)-| M| vertices, all the edges are covered. This contradicts the fact that the instance
is a NO instance. L

Let us define f(k) = k2" /2. Then we can restate our claim as saying that in NO instances,
any set of 1 — 2/k vertices covers at most 1 — 2/ f(k) of the edges.

2.2 Reduction

We build instances of the Asymmetric k-Center problem by putting many copies of the Ek-Vertex-
Cover problem in parallel. Specifically, we will build ¢ + 1 layers of vertices Ly, . .., L;, with layer
L; containing v; vertices, each having d; in-edges from vertices in layer L;_;.! The layer L, will
contain a single vertex (with no in-edges), and the vertices in layer L, all have a single in-edge
from the vertex in L.

When we take YES instances of the Ek-Vertex-Cover problem, we can build an instance of
the Asymmetric k-Center problem with the above construction for which 3v; /d; vertices from the
layer L; cover all vertices in layer L;;;. So we can cover every vertex in the construction with
14 3”1 + -+ 3% Letusdefine k := 1+ 3% ... 4 32,

For instances of the Asymmetric k- Center problem generated with NO instances of the Min-
Ek-Vertex-Cover problem, we argue that when we pick any k centers, there is always at least one
vertex at distance ¢ of any center. In our construction, we can always t-cover all the vertices by
picking the single vertex in Ly. So we are arguing that we can’t do any better even if we include
another k& centers. For this argument, it suffices to show that it is impossible to ¢ — 1 cover all the
vertices in L; with k — 1 vertices from L,.> For the argument, assume that k¥ < (1 —2/d,) - v; and
define d; = f(d;—,) forall 1 < i < ¢. By Claim 2.1, at mosta 1 — 2/f(dy) = 1 — 2/d, fraction

Note that the vertices in layer L; play two different roles in the two instances of the vertex cover problem that
include L;: in the instance of the problem between layers L;_; and L;, the vertices in L; represent hyperedges, while
in the instance of the problem between layers L; and L, 1, they represent the vertices in the original problem.

2To see this, consider any potential vertex v in Ly, for k& > 1 that we may include as one of our centers. This vertex
has a parent v € Ly that (k — 1)-covers v. So any vertex that is (¢ — k — 1)-covered by v is (¢t — 1)-covered by v'.
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of the vertices in Ly are covered by the centers in L,. Applying the same claim once more, we
then get that at most a 1 — 2/ f(dy) = 1 — 2/dj fraction of the vertices in L3 are 2-covered by the
vertices in L;. Repeating this argument for every layer, we eventually get that at mosta 1 — 2/d;
fraction of the vertices in L; are (£ — 1)-covered by any k& — 1 vertices in L;. When (1 —2/d;) < 1,
then at least one vertex in L; is not covered by the vertices in L;.

2.3 Analysis of the reduction

Our reduction gives YES instances of the Asymmetric k-Center problem for which each vertex is
within distance 1 of a center and NO instances of the same problem for which some vertex is at
distance ¢ from any center. How large can ¢ be in the NO instances? Let us examine the fraction
of vertices covered by vertices from L, in each layer:

e The fraction of vertices in L selected to be centers is < 1 — 2.

di

e The fraction of vertices covered in Lo is < 1 — f(il) =1-2/ oy

3
o The fraction of vertices covered in Lz is <1 — 755 =1 -2/ 22"

d
e The fraction of vertices covered in L, is < 1 — % =1-2/ 222
[ J

Nt
e The fraction of vertices covered in L; is < 1 — % =1-2 /22»' , where
the tower of exponentials has height ¢.
B

o1
So we can continue increasing the number ¢ of layers until 22 < 1, where the tower has height

t. Thus, we can add a total of ¢t ~ log™ v; + O(1) layers.

2.4 Technicalities

There is a small but important detail in the reduction that we have not yet considered. In the
construction of the instances of the Min-Ek-Vertex-Cover problem, we provide the values of n and
k, and the construction returns an instance with M, ,, vertices (or left-vertices in the bipartite view
of the problem) and [V, ;, hyperedges (right-vertices in the bipartite view of the problem). Let’s
say we use this instance for the ith layer of the construction of the Asymmetric k-Center problem
instance. Then for the (i + 1)th level, we give the value &’ and obtain a new instance of the Min-
Ek-Vertex-Cover problem of size M), ,,, N, ,,. For our construction to work out, we would like
M, 1, = Ny 1. How can we enforce this condition?

One way around the problem is to take M’ copies of the (M, N) construction and N copies
of the (M’, N') construction. The resulting structure satisfies A/’N = NM'. This solves the

Furthermore, v' may also cover other vertices that are not covered by v, so we are better off including v than v in our
choice of centers. We also need to include the vertex in Lg in our set of centers to cover the vertices in L.



matching-sizes problem, but we also need to show that Claim 2.1 still holds when we have dupli-
cated instances of the Min-Ek-Vertex-Cover problem.

Claim 2.2. When we have duplicated instance of the Min-Ek-Vertex-Cover problem, any set of at
most a (1—3/k) fraction of vertices leaves at least a 1/ k225" fraction of the hyperedges uncovered.

Proof. The proof uses an averaging argument, which we leave as an exercise to the reader. [

Lastly, to complete the proof of hardness for the Asymmetric £-Center problem, we need to use
the duplication construction on all levels so that every adjacent layer has compatible sizes. This is
done by using the appropriate parameters. For more details on this and other aspects of the proof,
we refer the reader to the original article by Chuzhoy et al.[1].

References

[1] J. Chuzhoy, S. Guha, E. Halperin, S. Khanna, G. Kortsarz, R. Krauthgamer, and J. Naor.
Asymmetric k-center is log* n-hard to approximate. J. ACM, 52(4):538-551, 2005.



