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1 A modified greedy algorithm

Recall the greedy algorithm for non-metric facility location that was done in Lecture 4, which was
obtained by formulating the problem as set cover. In this section we present a modified greedy
algorithm for themetricfacility location problem that achieves a constant approximation ratio. Let
the facility location instance consist of clientsD, facilities F , metric d on D ∪ F , and facility
opening costsfi ∈ R+ for eachi ∈ F . Then the goal is to open a setF ∗ ⊆ F of facilities that
minimizes

∑
i∈F ∗ fi +

∑
j∈D d(j, F

∗). Above for any clientj ∈ D, d(j, F ∗) = mini∈F ∗ d(j, i)
denotes the distance fromj to its nearest facility inF ∗.

As seen in Lecture 4, the facility location problem can be cast as a set covering problem where
elements are the clientsD, and sets correspond to ’stars’ centered at some facility. Any set can be
represented as(i, A) wherei ∈ F is a facility andA ⊆ D is a subset of clients; the cost of this set
is fi +

∑
j∈A d(i, j). The modified greedy algorithm is as follows.

• SetF ′ ← φ.

• While (D 6= φ) do:

1. Pick a set(i, A) wherei ∈ F andA ⊆ D that minimizes the ratio
fi+
P

j∈A d(i,j)

|A| .

2. SetF ′ ← F ′ ∪ {i}, fi ← 0, andD ← D \ A.

• OutputF ′ as the set of open facilities.

Note that the only difference from the greedy algorithm of Lecture 4 is that the same facility
may be picked multiple times in step 1 (however the facility cost is non-zero only the first time it is
picked). In order to analyze this algorithm, we study a primal-dual procedure (different from one
seen in Lecture 5) which turns out to be identical to the modified greedy algorithm!

1.1 Another primal-dual algorithm

Recall the primal and dual LPs for the facility location problem:

min
∑

i fiyi +
∑

j

∑
i d(i, j)xi,j∑

i xi,j ≥ 1 ∀j ∈ D
(P ) xi,j ≤ yi ∀j ∈ D i ∈ F

yi ≥ 0 ∀i ∈ F
xi,j ≥ 0 ∀j ∈ D i ∈ F
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max
∑

j αj∑
j βi,j ≤ fi ∀i ∈ F

(D) αj − βi,j ≤ d(i, j) ∀j ∈ D i ∈ F
αj ≥ 0 ∀j ∈ D
βi,j ≥ 0 ∀j ∈ D i ∈ F

Consider the following procedure that maintains an integral primal solution (implicitly given
by F ′) and an infeasible dual solution(α, β).

1. InitializeF ′ ← φ (open facilities),D′ ← D (clients with active duals),α← 0 andβ ← 0.

2. WhileD′ 6= φ, uniformly raise dualsαj (for j ∈ D′) andβi,j (for j ∈ D′ andi ∈ F \ F ′

such thatαj ≥ d(i, j)) until one of the following happens:

(a) αj = d(i, j) for somej ∈ D′ andi ∈ F ′. In this case, setD′ ← D′ \ {j} andβi,j ← 0
for all i ∈ F . Client j is assigned to already open facilityi.

(b)
∑

j βi,j = fi for somei ∈ F \ F ′. In this case, letA = {j ∈ D′ | βi,j > 0}. Set
βi′,j ← 0 for all i′ ∈ F \ {i} andj ∈ A. Modify F ′ ← F ′ ∪ {i} andD′ ← D′ \ A.
ClientsA are assigned to newly opened facilityi.

Let (α, β) be the dual solution at the end of the algorithm, andF ′ the final set of facilities
opened. It is clear that for each clientj ∈ D, βi,j > 0 for at most one facilityi ∈ F . Also for any
facility i ∈ F ′, if Ai ⊆ D denotes the set of clients assigned to facilityi when it was added toF ′

thenfi =
∑

j∈Ai
βi,j =

∑
j∈Ai

(αj − d(i, j)). Finally note that for any clientj ∈ D \ ∪i∈F ′Ai that
got assigned to an already open facilityi, we haveαj = d(i, j). Since theAis are disjoint,∑

i∈F ′ fi +
∑

j∈D d(j, F
′) =

∑
i∈F ′

∑
j∈Ai

(αj − d(i, j)) +
∑

j∈D d(j, F
′)

=
∑

i∈F ′
∑

j∈Ai
αj +

∑
j∈(D\∪i∈F ′Ai)

d(j, F ′)

=
∑

j∈D αj

So we have an integral primal solution of objective value at most the infeasible dual solution
(α, β). We next show that(α/3, β) is a feasible dual solution, which would show that that the
above primal-dual algorithm achieves an approximation guarantee of 3.

Claim 1.1. For any facility i ∈ F and clientsj, j′ ∈ D with αj ≥ d(i, j) andαj′ ≥ d(i, j′), we
haveαj ≤ d(i, j) + 2αj′

Proof. If αj ≤ αj′ the claim is trivial; so we assume otherwise. Note that each clientl ∈ D
gets assigned to some facility exactly at timeαl in the algorithm. Sinceαj′ < αj, it follows that
client j′ got assigned to some facilityi′ at timeαj′, when clientj was still unassigned. Note
that facility i′ is open at least from timeαj′, but clientj is not assigned to it until (at least) time
αj > αj′: so d(i′, j) ≥ αj (otherwisej would have got assigned toi′ at some time< αj).
Using the triangle inequality,d(i′, j) ≤ d(i′, j′) + d(j′, i) + d(i, j) ≤ 2αj′ + d(i, j) (note that
d(j′, i′) ≤ αj′ asj′ is assigned to facilityi′, andd(j′, i) ≤ αj′ by assumption). Thus we have
αj ≤ d(i′, j) ≤ 2αj′ + d(i, j).
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Claim 1.2. For any facilityi ∈ F ,
∑

j∈D max{0, αj

3
− d(i, j)} ≤ fi.

Proof. Fix a facility i for the rest of the proof. LetCi = {j ∈ D | αj

3
≥ d(i, j)}, note that∑

j∈D max{0, αj

3
− d(i, j)} =

∑
j∈Ci

(
αj

3
− d(i, j)). Number the clients inCi, 1 throughk = |Ci|

such thatα1 ≤ α2 ≤ · · · ≤ αk, soCi = {1, · · · , k}. We now claim that
∑k

j=1 max{0, α1 −
d(i, j)} ≤ fi. Suppose (for a contradiction) that this were not true: then at timeα1 in the algorithm,
none of the clients inCi have been assigned and hence at that pointβi,j = max{0, α1 − d(i, j)}
for all j ∈ Ci; and this would imply

∑
j βi,j > fi at timeα1, a contradiction!

Using Claim 1.1 withj′ = 1 and anyj ∈ Ci = {1, · · · , k}, we haveαj ≤ d(i, j) + 2α1. Now,

k∑
j=1

αj ≤
k∑
j=1

(2α1 + d(i, j)) = 3
k∑
j=1

d(i, j) + 2
k∑
j=1

(α1 − d(i, j)) ≤ 3
k∑
j=1

d(i, j) + 2fi

So we have
∑k

j=1(
αj

3
− d(i, j)) ≤ fi, which proves the claim.

Claim 1.2 implies the feasibility of the dual solution(α/3, β) to linear program(D), and hence:

Theorem 1.3. The primal-dual algorithm described above is a 3-approximation algorithm for
metric facility location.

In fact, a more careful analysis [3] shows that(α/ρ, β) is also a feasible dual forρ ≈ 1.861
(this uses an auxiliary LP to capture the worst realization of the infeasible dualα, distancesd and
facility costsf ). So this algorithm has an approximation guarantee at most1.861.

1.2 Relating the greedy and primal-dual algorithms

Consider any instant of timet in the primal-dual algorithm, when the set of ’active’ (or unassigned)
clients isD′: the dualsαj = t for all j ∈ D′. If condition 2(a) does not currently apply,t ≤ d(i, j)
for all i ∈ F ′ (already open facility) andj ∈ D′ (unassigned client). If condition 2(b) does not
currently apply,

∑
j∈D′ max{0, t− d(i, j)} ≤ fi for all i ∈ F \F ′ (unopened facility). So the next

event in the primal-dual algorithm corresponds occurs exactly at time:

t̂ = min

{
min

j∈D′, i∈F ′
d(i, j), min

i6∈F ′, S⊆D′

fi +
∑

j∈S d(i, j)

|S|

}
Observe that this is precisely the criterion that is used in deciding the greedy augmentation

(the facilitiesF ′ have their costs reset to0, so for i ∈ F ′ minimizing
P

j∈S d(i,j)

|S| is equivalent to
minimizingd(i, j)). Hence the two algorithms make an identical sequence of decisions. Thus:

Theorem 1.4.The modified greedy algorithm achieves an approximation guarantee of 3 for metric
facility location.
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2 Local search

Local search is a technique that involves starting with any feasible solution to the problem at
hand, and repeatedly making small changes in the solution as long as these (strictly) improve the
objective. In the context of facility location, ifS ⊆ F denotes the current solution (set of open
facilities) then a local change involves moving to a solutionS ′ where the symmetric difference
|S4S ′| ≤ 1. Letψ(S) denote the cost of solutionS to the facility location problem. The algorithm
chooses to move to any neighborS ′ of S that decreases the total cost (i.e.ψ(S ′) < ψ(S)). A
solutionS is said to be locally optimal if it has no neighbor that decreases total cost. The following
are two important questions regarding the local search procedure.

• If S∗ denotes a globally optimal solution andS denotes any locally optimal solution, how
large canψ(S)

ψ(S∗)
be?

• How fast does the algorithm converge to a local optimum?

The above mentioned local search procedure for facility location satisfiesψ(S)
ψ(S∗)

≤ 3 for any
locally optimalS [1]. It has also been shown [1] that for every solutionS there exists a neighbor
S ′ with ψ(S) − ψ(S ′) ≥ ψ(S)−3ψ(S∗)

n2 , which implies that one can obtain a3 + o(1) approximate
solution in polynomial time by this local search algorithm.

2.1 Local search fork-Median

In this section we study a local search algorithm for thek-median problem, which is closely related
to facility location. In thek-median problem, we are givenn points in a metric space(V, d) and a
parameterk; the goal is to find a setF ⊆ V with |F | ≤ k that minimizes

∑
j∈V d(j, F ). Given a

setF of at mostk facilities, thek-median cost is denoted

kmed(F ) =
∑

j∈V d(j, F ) =
∑

j∈V mini∈F d(j, i).

The local search algorithm we consider in this section is the simplest one: we start with any set of
k facilities. At each point in time, we try to find some facility in our current set of facilities, and
swap it with some currently unopened facility, so that the cost of the resulting solution decreases.
It is known that any local minimum is a5-approximation to the global minimum [1], and that
the bound of5 is tight for these local-search dynamics. Here we give a simpler proof of this
5-approximation.1

2.1.1 A Set of Test Swaps

To show that a local optimum is a good approximation, the standard approach is to consider a
carefully chosen subset of potential swaps: if we are locally optimal, each of these swaps must be
non-improving, which gives us some information about the cost of the local optimum. To this end,
consider the setF ∗ of facilities chosen by an optimum solution, and letF be the facilities at the
local optimum. Without loss of generality, assume that|F | = |F ∗| = k.

1Thanks to Kanat Tangwongsan for providing his writeup on this simpler version!
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F

F ∗

Figure 1: An example mappingη : F ∗ → F and a set of test swapsP.

Define a mapη : F ∗ → F that maps each optimal facilityf ∗ to a closest facilityη(f ∗) ∈ F :
that is,d(f ∗, η(f ∗)) ≤ d(f ∗, f) for all f ∈ F . Now defineR ⊆ F to be all the facilities that have
at most1 facility in F ∗ mapped to it by the mapη. (In other words, if we create a directed bipartite
graph by drawing an arc fromf ∗ to η(f ∗),R ⊆ F are those facilities whose in-degree is at most1).

Finally, we define a set ofk pairsP = {(r, f∗)} ⊆ R× F ∗ such that
• Eachf ∗ ∈ F ∗ appears in exactly one pair(r, f∗).
• If η−1(r) = {f ∗} thenr appears only once inP as the tuple(r, f∗).
• If η−1(r) = ∅ thenr appears at most in two tuples inP.
The procedure is simple: for eachr ∈ R with in-degree1, construct the pair(f, η−1(r))—let

the optimal facilities that are already matched off be denoted byF ∗
1 . The other facilities inR have

in-degree0: denote them byR0. A simple averaging argument shows that the unmatched optimal
facilities |F ∗ \ F ∗

1 | ≤ 2|R0|. Now, arbitrarily create pairs by matching each node inR0 to at most
two pairs inF ∗ \ F ∗

1 so that the above conditions are satisfied.
The following fact is immediate from the construction:

Fact 2.1. For any tuple(r, f∗) ∈ P and f̂ ∗ ∈ F ∗ with f̂ ∗ 6= f ∗, η(f̂ ∗) 6= r.

Intuition for the Pairing. To get some intuition for why the pairingP was chosen, consider the
case when each facility inF is the closest to a unique facility inF ∗, and far away from all other
facilities inF ∗—in this case, opening facilityf ∗ ∈ F ∗ and closing the matched facility inf ∈ F
can be handled by letting all clients attached tof be handled byf ∗ (or by other facilities inF ). A
problem case would be when a facilityf ∈ F is the closest to several facilities inF ∗, since closing
f and opening only one of these facilities inF ∗ might still cause us to pay too much—hence we
never consider the gains due to closing such “popular” facilities, and instead only consider the
swaps that involve facilities from the set of relatively “unpopular” facilitiesR.

2.1.2 Bounding the Cost of a Local Optimum

In this section, we use the fact that each of the swaps in setP constructed in Section 2.1.1 are
non-improving to show that that the local optimum has small cost.

Breaking ties arbitrarily, assume thatϕ : V → F andϕ∗ : V → F ∗ are functions mapping
each client to some closest facility. For any clientj, letOj = d(j, F ∗) = d(j, ϕ∗(j)) be the client
j’s cost in the optimal solution, andAj = d(j, F ) = d(j, ϕ(j)) be it’s cost in the local optimum.
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Let N∗(f ∗) = {j | ϕ∗(j) = f ∗} be the set of clients assigned tof ∗ in the optimal solution, and
N(f) = {j | ϕ(j) = f} be those assigned tof in the local optimum.

Lemma 2.2. For each swap(r, f∗) ∈ P,

0 ≤ kmed(F + f ∗ − r)− kmed(F ) ≤
∑

j∈N∗(f∗)

(Oj − Aj) +
∑
j∈N(r)

2Oj. (1)

Proof. The first inequality is obvious since we are at a local optimum. Consider the following
candidate assignment of clients (which gives us an upper bound on the cost increase): map each
client inN∗(f ∗) to f ∗. For each clientj ∈ N(r) \ N∗(f ∗), consider the figure below. Let the
facility f̂ ∗ = ϕ∗(j) (note thatf̂ ∗ 6= f ∗): assignj to f̂ = η(f̂ ∗), the closest facility inF to f̂ ∗. Note
that by Fact 2.1,̂f 6= r, and this is a valid new assignment. All other clients inV \(N(r)∪N∗(f ∗))
stay assigned as they were inϕ.

. . .

. . .

F

F ∗

j

f̂∗ = ϕ∗(j)

f̂ = η(ϕ∗(j))ϕ(j)

Note that for any clientj ∈ N∗(f ∗), the change in cost is exactlyOj −Aj: summing over all these
clients gives us the first term in the expression (1).

For any clientj ∈ N(r) \N∗(f ∗), the change in cost is

d(j, f̂)− d(j, r) ≤ d(j, f̂ ∗) + d(f̂ ∗, f̂)− d(j, r) (2)

≤ d(j, f̂ ∗) + d(f̂ ∗, r)− d(j, r) (3)

≤ d(j, f̂ ∗) + d(j, f̂ ∗) = 2Oj. (4)

with (2) and (4) following by the triangle inequality, and (3) using the fact thatf̂ is the closest
vertex inF to f̂ ∗. Summing up, the total change for all these clients is at most∑

j∈N(r)\N∗(f∗)

2Oj ≤
∑
j∈N(r)

2Oj, (5)

the inequality holding since we are adding in non-negative terms. This proves Lemma 2.2.

Note that summing (1) over all tuples inP, along with the fact that eachf ∗ ∈ F ∗ appears
exactly once and eachr ∈ R ⊆ F appears at most twice gives us:

0 ≤
∑
f∗∈F ∗

∑
j∈N∗(f∗)

(Oj − Aj) + 2
∑
r∈F

∑
j∈N(r)

2Oj = 5 kmed(F ∗)− kmed(F )

Theorem 2.3.At a local minimumF , the costkmed(F ) ≤ 5 · kmed(F ∗).
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3 Hardness of approximation

It is known [2] that the metric facility location problem has no polynomial time algorithm achiev-
ing an approximation guarantee better than 1.463, unlessNP ⊆ DTIME(nO(log logn)). This is
essentially a reduction from the set-cover problem (see Guha and Khuller [2] for more details).
A more direct reduction from the max-coverage problem can be used to show that thek-median
problem is hard to approximate better than a1 + 2/e factor.
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